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Abstract

In this paper, a novel methodology for hierarchical control design of piecewise linear hybrid dynamical systems

is presented. The main characteristic of this class of hybrid systems is that the continuous dynamics are described
by linear difference equations, the discrete dynamics by finite automata, and the interaction between the continuous
and the discrete part is defined by piecewise linear maps. The regulator problem is formulated and algorithms for the
synthesis of dynamical controllers are developed. Control specifications are modeled as finite automata. Both static
specifications that do not change as time progresses and dynamic specifications that include sequencing of events
and eventual execution of actions are considered. Control design is implemented using finite automata and linear
programming techniques. Simulation results of a temperature control system are used to illustrate the approach.

Introduction

In this paper, new methodologies to solve important control problems in hybrid systems are presented. Our work is
motivated by the need to address challenging problems in the control and coordination of modern complex engineering
applications such as autonomous vehicles, chemical and manufacturing plants, and multiple robotic systems. A math-
ematical model that can capture both discrete and continuous phenomena is formulated. The continuous dynamics
are described by linear time invariant difference equations and the discrete dynamics by finite automata. The inter-
action between the continuous and discrete parts is defined by piecewise linear maps characterized by sets of linear
equalities and inequalities. We refer to this class of systerpgeaswise linear hybrid dynamical systemsrder to
emphasize the hybrid nature of the systems and problems of interest. Piecewise linear hybrid dynamical systems is
an important class of systems with many practical applications. This model is general enough to describe important
engineering applications, but simple enough to facilitate the development of analysis, and more importantly, synthe-
sis tools. Piecewise linear hybrid dynamical systems have an efficient representation for modeling and simulation.

*The partial financial support of the National Science Foundation (ECS99-12458) and the Army Research Office (DAAG55-98-1-0199) is

gratefully acknowledged.



Furthermore, current modeling tools such asm/aB ,SIMULINK , and SATEFLOW offer the necessary flexibility for
modeling and simulation of this class of systems.

In the model proposed in the present work, we restrict ourselves to linear continuous dynamics evolving in discrete-
time. However, we also consider a plant that may also contain discrete dynamics. More importantly, we consider a
larger class of inputs which may contain both discrete and continuous control inputs as well as discrete and continuous
disturbances. The main advantage of the approach is that it provides a convenient general framework for both analysis
and synthesis. In particular, the regulator problem for hybrid systems is formulated as a systematic methodology for
hyrbid system controller design based on discrete abstractions of the continuous dynamics.

In order to analyze hybrid systems and design control algorithms, it is desirable to induce dynamical systems
in finite quotient spaces that preserve the properties of interest and then study the simplified models. A systematic
methodology for analysis of piecewise linear hybrid systems based on discrete abstractions of the continuous dynamics
has been presented in [21]. In this paper, we briefly present the technical results from [21] (see Section 6) that are
necessary for the formulation of the regulator problem. An important characteristic of the approach is that the available
control inputs are taken into consideration in order to simplify the system. The main mathematical tool to be used is
the predecessor operatapplied recursively to subsets of the hybrid state space. The application of the predecessor
operator corresponds to partition refinement into finer partitions that allow the formulation of conditions that guarantee
the existence of appropriate controls for the objectives of interest.

Typical control specifications investigated in this paper are formulated in terms of partitions of the state space of
the system. Examples include safety problems, where the controller guarantees that the plant will not enter an unsafe
region, for example, guaranteeing that two interacting robots will not collide. Also reachability problems where the
controller drives the plant from an initial operating region or state to a desired one; this is the case for example in the
startup procedure of a chemical plant. Safety and reachability conditions are tested using efficient linear programming
techniques. Safety and reachability specifications can be characterized as static specifications since they do not change
as time progresses. In this paper, we also present a formal control design framework for dynamic specifications that
involve sequencing of events and eventual execution of actions. In a manufacturing system, for example, the assembly
of a component may require that a set of tasks is executed in a specific order while each task is satisfying safety
specifications.

Our control design methodology is based on a formulation of the regulator problem for piecewise linear hybrid
dynamical systems. In general, a regulator requests certain types of outputs from the plant and these are to be attained
in the presence of disturbances. The desired outputs can be described as the outputs of another dynamical system,
called theexosystem We present a modeling formalism for the exosystem based on finite automata models. We
consider both static and dynamic specifications. The main advantages of the formal modeling of the specifications
are the following. First, formal modeling allows to compose complex specifications by simpler ones. The controller
synthesis relies directly on the finite automaton model of the specifications. Therefore, by putting the emphasis on the
specifications, we can develop a systematic methodology for controller synthesis. Furthermore, the formal models of
the specifications are necessary for simulation and verification tools.

Our objective is to design a controller so that the closed loop system consisting of the plant and the controller
exhibits the same behavior as the exosystem. In order to define the closed loop system, we model the constituent
systems aset-dynamical systenfi38]. The main question is if there exists a controller so that the closed loop system
follows the behavior of the exosystem. This question is directly related to the existence of appropriate control resources
in order for the plant to achieve the desired behavior. We formalize this notion usiagtaireability of the specified
behavior. In this workattainable behavior refers to behavior that can be forced to the plant by a control mechanism



Based on the proposed notion of attainability for the desired behavior of piecewise linear hybrid systems, we present
a systematic procedure for controller design. We present a convenient representation for the controller as a dynamical
system which consists of three ager(ts) The event generatowhich receives the discrete-time measurement signal

of the hybrid plant, and issues appropriate events when the state enters a new region of the stdtg Bpacentrol
automatorwhich is a finite automaton whose purpose is to select an appropriate cost functional based on the control
objective. (c¢) The actuatorthat determines the control input which is applied to the hybrid plant by solving a set

of linear programming problems at each time step. The plant and the exosystem are linked by a controller to form
a regulator. A feedback controller can be designed to regulate the system. The main characteristic of the controller
is that it contains a copy of the exosystem in “ an appropriate sense” in accordancertethal model principle
Simulation results are used to illustrate the proposed methodology using a temperature control system.

A great amount of research work has already been done in the hybrid systems area during the past decade; see for
example [3] and the references there in. Piecewise linear systems arise very often as mathematical models for practical
applications. For example, piecewise linear systems can be used to model systems with discontinuous dynamics that
arise because of saturation constraints, hysteresis, friction in mechanical systems and so on. For another example,
in order to avoid dealing directly with a set of nonlinear differential equations one may choose to work with linear
equations and switch among these simpler models. Furthermore, piecewise linear systems arise in the switching
control paradigm [28, 29] where the behavior of the plant is controlled by switching between different controllers for
each region of the state space. It should be noted that the class of piecewise linear systems has been studied extensively
in the circuit theory community; see for example [24] and the references therein. Here, we are interested in approaches
that have been developed for modeling, analysis, and synthesis of hybrid control systems. The first investigations of
piecewise linear hybrid systems can be found in [39, 40, 41]. The main problems studied in this framework were
stability, controllability, and input-output regulation. Piecewise linear dynamical systems have been considered also
in[9, 4, 5]. A methodology for approximating the reachable states is developed and a supervisory control framework is
used for controller design. A class of hybrid systems which is similar to piecewise linear hybrid systems is considered
in [6, 7, 8]. These systems are described by linear dynamic equations subject to linear inequalities involving real
and integer variables. Piecewise linear systems were also studied in [16] to develop computational algorithms for the
analysis of nonlinear and uncertain dynamical systems.

The hybrid system model used in this paper can be viewed as a input-output hybrid automaton evolving in discrete-
time. Hybrid automata provide a general modeling formalism for the formal specification and algorithmic analysis
of hybrid systems [1]. Formalisms for input/output hybrid automata have been also proposed in [27, 45, 25]. A
related approach to the work presented in this paper is based on the modeling formalism of hybrid automata and uses
bisimulations to study the decidability of verification algorithms [14, 23, 2]. Bisimulations are quotient systems that
preserve the reachability properties of the original hybrid system and therefore, problems related to the reachability
of the original system can be solved by studying the quotient system. The idea of using finite bisimulations for the
analysis and synthesis of hybrid systems is similar to the approximation of the continuous dynamics with discrete event
systems. Verification techniques of hybrid systems based on discrete approximations have been presented in [11],
where the reachable sets are approximated by sequences of overlapping convex polygons.

The approach presented in this paper is directly related to supervisory control framework for hybrid systems [43,
22]. Similar approaches based on approximations of the continuous dynamics by a discrete event system have also
been proposed in [32, 36, 12, 26]. The hybrid system model typically used in the supervisory control framework [22].
consists of a plant described by nonlinear differential or difference equations, a discrete event controller described by
a deterministic finite automaton, and an interface which provides the means for the communication between the plant



and the controller. This type of supervisory control problems arise whenever a continuous system is to be controlled
by a discrete process such as a switching mechanism or a digital computer program. Using the supervisory control
framework, it has been possible to design discrete-event controllers for hybrid systems based on discrete abstractions
of the continuous dynamics. Although supervisory control of hybrid systems has been applied successfully for an
important class of hybrid systems, it has important limitations. This approach does not intend to address problems that
involve continuous controls, as it has been assumed that any continuous control action has already been considered
and is included in the plant. However, practical engineering applications usually involve interacting continuous and
discrete control resources. Furthermore, the assumption that we can first design the continuous and discrete controllers
separately usually leads to conservative design.

Supervisory control of hybrid systems is based on the fact that if undesirable behaviors can be eliminated from the
DES plant then these behaviors can likewise be eliminated from the actual system. The uncontrolled DES plant model
is assumed to generate “illegal behavior” that should be avoided by appropriate control action. On the other hand,
just because a control policy permits a given behavior in the DES plant, there is no guarantee that that behavior will
occur in the actual system. Therefore, the supervisory control framework is not suitable when we want to guarantee
that the plant will achieve its goals and it will eventually execute the desired actions. Supervisory control can be
used efficiently only when the objective is to restrict the behavior of the system by disabling undesirable events. The
events are usually divided into two sets, those whichcargrollableand those which arancontrollable A plant
symbol being controllable means that the supervisor can prevent it from being issued. When the supervisor prevents
a controllable plant symbol from being issued, the plant symbol is said tliseéled In the hybrid system case, we
cannot guarantee that the system satisfies the control specification by only disabling events because the supervisor may
beblocking Consider, for example, a reachability specification between the reffipand R, . Using the supervisory
control framework, the goal is to disable all the events that cause the state to exikfrtom different region than
R». However, this does not guarantee that the state will eventually reach the Fggisimce it is possible for the state
to remain forever ink; .

In order to take into consideration these limitations of the supervisory control framework for hybrid systems,
we have formulated the hybrid systems regulator. The main difference is that for the regulator problem the control
objective is for the closed loop system to follow the desired output which is assumed to be generated by another
dynamical system. This framework leads naturally to an input-output representation of the constituent system which
is more similar to classical control design than the supervisory control framework. Additionally, in order to guarantee
the eventual execution of actions, a controller that can force events is taken into consideration. Events can be forced
by selecting appropriately the control signal by solving an optimization problem at every time step.

The main contributions of the paper are the following. An algebraic system theoretical framework is developed
for the analysis, verification, and synthesis of piecewise linear hybrid dynamical systems. This framework enables
us to develop a novel methodology for control of piecewise linear hybrid systems based on discrete abstractions of
the continuous dynamics. Algorithms for control design based on the regulator problem for discrete-time piecewise
linear hybrid systems are presented in detail. It should be noted that these algorithms can be applied in the general
case when the discrete dynamics contain controllable and uncontrollable events and the continuous dynamics contain
control inputs and disturbances. The research contributions of this work impact the areas of reachability analysis,
verification, and synthesis of piecewise linear hybrid systems. Note that the main results of this paper have appeared
in [17]; early results have been reported in [19, 18, 20].

This paper is organized as follows. In Section 2, we present the modeling framework for discrete-time hybrid
dynamical systems. Section 3 contains the necessary mathematical preliminaries that are used to formally define



piecewise linear hybrid dynamical systems. Our mathematical model is presented in Section 4 and is illustrated
using a temperature control system. In Section 5, we describe the proposed hierarchical control architecture using an
algebraic system theory framework and we formalize the conditions under which such a hierarchical scheme can be
used for control design of hybrid systems. In Section 6, we present algorithms for backward reachability analysis of
piecewise linear hybrid systems. The regulator problem for piecewise linear hybrid dynamical systems is formulated
in Section 7. First, we model the control specifications using finite automata models, and then, we define the notion
of attainability for the behaviors of interest and we show that if the desired behavior is attainable then there exists
a controller which guarantees that the hybrid plant satisfies the specifications. The controller design methodology is
described in Section 8 where we also demonstrate that the hybrid system regulator satisfies the internal model principle
in “an appropriate sense”. In Section 9, we present simulation results of a temperature control system to illustrate the
validity of the design methodology. Finally, concluding remarks are presented in Section 10.

2 Discrete-time Hybrid Dynamical Systems

Hybrid systems are modeled by the discrete-time dynamical system

w(t+1) = flq(t),=(t),u(t)) )
qt+1) = 6(q(t),z(t),0(t)) )
y(@) = g(qt), =(t)) 3)

where

e t €{0,1,2,...} C Ris the time index,

e z € X C R"is the continuous state,

q € Q is the discrete state anodeof the system, where the s@tis assumed to be finite,

u € U C R™ is the continuous input,

o € X are the input events,

y € Y is the output of the hybrid system,

f:@Q x X xU — X is the continuous state transition function,

0:Q x X x ¥ — @ is the discrete state transition function, and

g:@Q x X — Y is the output function.

Note that the key characteristic of the hybrid system model is the two-sided interaction between the continuous
and discrete dynamics. Often, it is desirable to distinguish between controlled and uncontrolled inputs, and we may
include in the continuous state transition function both continuous contrel&” and continuous disturbancés D.
Furthermore, the set of input events can be writteas ¥. U X,,. The sett. represents theontrollableevents
which are associated with discrete state transitions which can be issued by a control mechanismxJ lcesetins
the uncontrollableevents generated by the environment. In our modeling framework, these events are viewed as
discrete disturbances. Finally, in the case when the measurements are different from the outputs, a measurement set
and a measurement function can be included in the system’s description.



The dynamic evolution of the system is defined as follows. While the system is at mode (discrete, dtate)
continuous state evolves according to the difference equation (1) driven by the contrak(fpuf change in the
discrete state of the system can be caused by two type of events. First, an input(@yeyenerated by either the
controller or the environment. Second, an evéht generated by the continuous dynamics when the continuous state
enters a prescribed region of the continuous state sfac&he events generated by the continuous dynamics are
defined with respect to a partition of the continuous state space. The stateXspade” is partitioned into a finite
number of regions. When the continuous state enters a new region, ar@yesitriggered and may cause a discrete
(state) transition. For every region, there exists a set of feasible discrete transitions. Conversely, each discrete transition
can take place only in a specific region of the state space, which is usually caligdgattifor this transition. These
notions will be explicitly defined for piecewise-linear systems later in Section 4. The state transitions are synchronized
by a clock. At every clock tick an event(t) may be triggered and an everit) caused by the continuous dynamics
may occur. Therefore, every change in the state occurs synchronously to a clock. In many physical systems, however,
events occur asynchronously at time instants that do not necessarily coincide with the clock ticks. Discrete-time
systems can be used as approximations of physical processes. The approximation is based on the fact that events that
occur asynchronously are detected in the next clock tick (using digital computers). In many situations, the discrepancy
in the time instants of the event occurrences can be studied by considering continuous disturbances in the model.

Presently, we have focused qiecewise-linear systenj89, 41] to facilitate the development of analysis and
synthesis tools. These systems arise when the state set and/or the input set are partitioned into regions described by
linear equalities and inequalities and the dynamics at each region are described by linear (or affine) state transitions.
Output and measurement maps can be defined also in a similar way. The class of piecewise-linear systems is quite
general as it includes linear systems, finite state machines, and their interconnections. They can be used also in
many instances as approximations of more general systems. In the following, we present some necessary background
material in order to formally define the mathematical model of piecewise linear hybrid dynamical systems.

3 Preliminaries

In this section, we present some basic notions and the necessary notation that are used in the modeling formalism of
piecewise linear hybrid dynamical systems.

A piecewise-linear (PL) subsgt0] of a finite dimensional vector spaggis the union of a finite number of sets
defined by (finitely many) linear equatioli¢z) = a and linear inequalitieg(x) > a. A PL relationR : X —» Y
between PL sets is one whose graph is a PL set (as a subSet af). Similarly for a PL map. Equivalently, the map
f: X — Yis PLif there exists a covering of by PL subsets{; such that the restriction§ X; are all affine (linear
+ translation).

Consider the state spadgand define the mapping: X — 2% from X into the power set ok’. The mappingr
defines an equivalence relati@f} on the setX in the natural way

x1 Er o iff w(x1) = m(x2)-

The image of the mappingis called thequotient spacef X by E, and is denoted by / E,.. Adopting this notation
we can writer : X — X/E, wherer is understood as therojectionof X onto X/E,. The mappingr generates a
partition of the state seX into the equivalence classes Bf and will be calledyenerator

More specifically, we are interested in the case wiien= %" and the generator is defined by a set of hy-
perplanes. Note that such piecewise-linear regions arise in many practical applications. Consider the collection



{hi}iz12, ¢ hi:R" — R of real-valued functions of the formy;(z) = g7 = — w;, whereg; € R" andw; € R.
Let
H; =ker(h;) = {x € R" : hy(z) = giTm —w; =0} (4)

and assume thd{; is an(n — 1)-dimensional hyperplangh;(z) = gI # 0). We define the function; : " —
{-1,0,1} by
-1 if hi(z) <0
hi(x)=< 0 if hiz)=0 (5)
1 if hi(z) >0

Then, the generator is defined b)) = [h1(z), ..., he(x)]T. Although the generator has been defined a&t” —
{—1,0,1}* there is a bijection between-1,0, 1}* and the quotient seX/E,. (they are the same set). The quotient
set can be represented¥gE, = {F;}, i = 1,..., |r| where eaclP; corresponds to a polyhedral region¥f.

It is assumed that the partition defined by the mappiigappropriate for extraction of important information for
the system and it will be called thggimary partition The primary partition is determined by considering the regions
which are used to describe the control specifications and the interaction between the continuous and discrete part of
the open loop hybrid system.

Let E(X) be the set of all equivalence relations &n The setEp(X) of all equivalence relations oi induced
by mappingsr : X — X/E, which are defined using finite collections(ef — 1)-dimensional hyperplanes and thus,
they separate the state spafeinto polyhedral equivalence classes, is a sublattice of the equivalence Iattice
(a proof can be found in [21]), and will be called polyhedral equivalence lattice. Partition refinement is defined with
respect to the order relation of the polyhedral equivalence lattice. A partition defined by the mapisifiger than
the partition defined by, if the induced equivalence relations considered as elements of the equivalence lattice satisfy
the condition®, < E.

We are interested in characterizing the events that occur when the continuous state enters a new region of the state
space. The set of events generated by the continuous dynamics is called thplaet efentand is denoted by..
Since our hybrid model evolves in discrete-time, the generator will not be able to identify the exact moment that a
hypersurface is crossed. It identifies the first sample after a crossing has occurred. The sequence of time instants when
plant events occur is given by the following equations:

T[0] = 0 (6)
Te[n] = min{t > 7e[n — 1] : 34, hi(x(t)) hi(x(re[n — 1])) < 0} 7)

Each plant event is generated according to

eln] = ((z(7e[n]), z(re[n —1])) (8)
B e[n] if t = 7.[n]
o = { e (null)  otherwise ©

wherel : X x X — FEis a function labeling the plant events.

4 Piecewise Linear Hybrid Dynamical Systems

In the following, we define the class pfecewise linear hybrid dynamical systeritie main characteristic of this class
is that the continuous dynamics are described by linear difference equations, the discrete dynamics by finite automata,



and the interaction between the continuous and the discrete part is defined by piecewise linear maps. The proposed
modeling formalism separates the physical plant to be controlled from the control specifications and the controller. It
provides the necessary mathematical tools to describe explicitly what control actions are available in order to influence
the behavior of the plant. A very important consequence of these characteristics is that it is possible to define open
loop and closed loop connections between the plant and the controller and try to exploit the advantages of feedback.

First, we formally describe the interaction between the discrete and continuous components of a piecewise linear
hybrid system. For each discrete mode, we assign a region of the state space using the mapping

inv:Q — 2X/Bx (10)

The continuous state may evolve according to the difference equation determined by the discretengjater () €

inv(q). The regions infy) are callednvariants It is assumed that the invariants are regions of the primary partition.
These regions arise from the control specifications that do not allow certain modes in a region of the state space.
They can also arise from discontinuities in the continuous dynamics when, for example, saturation or sign functions
are used to model the physical processes. Note that in our modeling framework, the invariants do not necessarily
correspond to disjoint regions of the state space. This is a realistic assumption, since many times in modeling of
practical applications, it is not straightforward to assign a unique difference equation to each region of the state space.
This is a task to be accomplished by the controller depending on the control specifications. An alternative way to
describe the notion of invariants that will be useful in our analysis is by defining the set of feasible modes for each
region of the primary partition. Thactive mode sas defined by the mapping

act: X/E, — 29. (11)

¢,From the definition of the invariants and the active mode sets, it follows that for each discretestétend for
each region of the primary partitiadd € X/E, we have

P €inv(q) & q € ac(P). (12)

Definition 1 A piecewise linear hybrid dynamical systérLHDS) is defined by

.Z’(t + 1) = Aq(t)l'(t) + Bq(t)u(t) + Eq(t)d(t) (13)
q(t+1) = 6(q(t),m(2(t)),0.(t),0u(t), q(t + 1) € acm(z())) (14)
y(t) = gla(t),z(?)) (15)

wherez(0) = zo € R",¢(0) = g0 € Q and

e 7: X — X/E, partitions the continuous state spatéinto polyhedral equivalence classes,

e act: X/E, — 2@ defines the active mode set,

A, e RV B, € RV, andE, € R"*? are the system matrices for the discrete sfate

0:Q x ExX.xX,— Qisthe discrete state transition function, and

g: Q x X — Y is the output function which is assumed to be piecewise linear.



Assume that the current discrete state énd thaty € actw(z(t))) for some state(¢t) € R", theng' is a possible
new state, and the transitign— ¢' (or (¢, ¢')) may occur. Each feasible discrete state transition is associated either
with a controllable event. € X. or an uncontrollable event, € ¥,. A controllable event is issued by a control
mechanism and forces the transition to occur. An uncontrollable event is generated by the environment and may also
force a discrete state transition. As it is described in the previous definition, the discrete state transition function is
assumed to be deterministic which means that for a given controllable or uncontrollable event the next discrete state
can be uniquely determined. ThaardG(q, ¢') of the transition(q, ¢') is defined as the set of all statgsz) such that
q' € act(n(z(t))) and there exist controllable event € ¥, such thaty = §(¢, 7(z), 0., o) for every uncontrollable
events, € ¥,. The guard of the transition describes the region of the hybrid state space where the transition can be
forced to take place independently of the disturbances generated by the environment.

Remark It should be noted that the above model does not include jumps in the continuous state that may occur when
certain state variables are discontinuously reset, for example, upon crossing a hyperplane. Jumps can be added in the
modeling formalism described above and in the subsequent analysis if they can be represented by piecewise linear
maps. However, the notation becomes tedious, and the ideas and methodologies presented harder to follow.

Example - Temperature Control SystemWe present a temperature control system to illustrate the piecewise linear
hybrid system model. An electrical analog of a temperature control system is used by considering the temperature
being analogous to electric voltage, heat quantity to current, heat capacity to capacitance, and thermal resistance to
electrical resistance. The system consists of a furnace that can be switched on and off. When the furnace is on, a
continuous input controls the produced heat. The control objective is to control the temperature at a point of the
system by applying the heat input at a different point.

When the furnace is on, the system is described by the electrical circuit shown in Figurer}.dretz, denote
the voltages across the capacitéfisandC, respectively. Suppose that the (voltages) temperattresdz, are to
be controlled by changing the (current) heat inputvhich takes values in the sEt C R. The temperature, is also
affected by the temperatudeof the environment which is modeled as a continuous disturbance.

X, X d
u [D] - N I
C c,

Figure 1: Electric circuit describing the case when the furnace is on.

When the furnace is turned off, the temperature is decreasing and the behavior of the system is described by
the electrical circuit shown in Figure 2. The values of the resistors and the capacitors model the time constants of the
system. The time constants are, in general, different depending on whether the temperature is increasing or decreasing.

The voltages (temperatures) andz, can be affected by either the continuous control inpatU or by switching
on (modey;) or off (modeyy) the furnace as illustrated in Figure 3. For example, we can consider a safety specification
where the goal is to maintain the temperaturdetween appropriate levels described by the tolerance inféryit].
A safety guard may be included in the system representation, so that the furnace is switched off automatically whenever
the temperature; exceeds a prescribed levdl.
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Figure 2: Electric circuit describing the case when the furnace is off.

OFF ON
o @
X;> M

Figure 3: Temperature control system.

In the case when the system is on, the system is described by the state-space equation (using Kirchhoff’s laws)

- 1 1 1
_ L 0
[ 1’.1 ] = [ Rllcl Ri(h ] [ 1 + Ch u+ L ] d (16)
Z2 RiC2  Ri2C: T2 RyCs
whereR5 = lelflgz . When the system is off, then the state-space representation of the system takes the form
. 1 1
— e 0
[ $'1 ] = [ 33103 R'i*Ca ] [ e + 1 ] d. a7
T2 R3Cs ~ R3aCa Z2 R.C4

A partition of the continuous state space is obtained by considering the hyperplares; — M, hy = x5 —
lt, hg = x5 — ht, andh, = x; that describe the safety guard and the control specifications of the system. The partition
of the continuous state space is shown in Figure 4. Discrete-time representations of the continuous dynamics for each
mode are obtained using (zero-order hold) sampling. A piecewise linear hybrid dynamical system which models the
temperature control system is described by the following equations:

z(t+1) = Aq(t)x(t) + Bq(t)u(t) + Eq(t)d(t), xo = x(0) (18)
qt+1) = 6(q(t),7(z(t),0(t), 9 = q(0) (19)
y(t) = za(t) (20)

The discrete state transition function is described by the automaton of Figure 3. The transitions can be forced by
controllable events issued by a control mechanism. The tran$ition,) may also occur because of the safety guard.
The safety guard is described using the mapping &GtE, — 29 that defines the enabled transitions for each region
of the primary partition. For the temperature control system, we have that the system cannot be at discfe{@s)ate
if z; > M. The temperature control system example is used to illustrate the control design methodology in Section 7.
|
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Figure 4: Partition for the temperature control system.
5 Hierarchical Control

In order to analyze hybrid systems and design control algorithms, it is desirable to induce dynamical systems in finite
guotient spaces that preserve the properties of interest and then study the simplified models. The main mathematical
tool to be used is thpredecessor operat@pplied recursively to subsets of the hybrid state space. The application

of the predecessor operator corresponds to the refinement of the primary patrtition into finer partitions that allow the
formulation of conditions that guarantee the existence of appropriate controls for the objectives of interest.

In general, the design of the partition depends not only on the plant to be controlled, but also on the control
policies available, as well as on the control goals to be attained. Certain control goals may require, for example,
detailed feedback information while for others coarser quantization levels of the signals may be sufficient. The former
case corresponds to finer partitioning of the feedback signal space, while the latter corresponds to coarser partitioning.
The fact that different control goals may require different types of information about the plant is not surprising, as it is
rather well known that to stabilize a system, for example, requires less detailed information about the system'’s dynamic
behavior than to do tracking. Note that in general, the fewer the distinct regions in the partitioned signal space, the
simpler (fewer states) the resulting induced system will be, and this will result in a simpler controller design. Since
the systems to be controlled via hybrid controllers are typically complex, it is important to make every effort to use
only the necessary information to attain the control goals. The question of systematically determining the minimum
amount of information needed from the plant in order to achieve particular control goals is an important and largely
open question; our work only partially resolves this question.

5.1 Induced Dynamical Systems

Let f be the state transition function of a dynamical system and assume that the inputs are fixed. Consider the diagram
in Figure 5. Intuitively, the mag is used to coarsen the state set of the system. The question that arises is whether the
systemf can follow this abstraction. This question is concerned with the existence of a mafppjiﬁyng,r - X/E,

that makes the diagram commute. It is shown in [38] thekists if and only if

1 Erxy = (mo f)(x1) = (wo f)(x2) (21)

(whereo denotes function composition) and moreover, if (21) is satisfied fhisrunique. Note that the above result
does not require any structure on the &ebr the mappings and f. Using equivalence relations on the state set
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X, itis possible to define new dynamical systems in the derived quotient spaces. These systems anelwedidd
dynamical systeni88].

Figure 5: Induced dynamical systems.

In the hybrid systems case, the properties of the original system are not preserved, in general, in the induced
system. One of the main difficulties arises because abstractions of continuous systems in finite quotient spaces usually
result in nondeterniministic discrete event systems. Consider, for example, two continuous;staies R", 1 #
x2 such thatr(z1) = n(z2) = P € X/E,. The states; andz, may be driven even using the same control
input to different equivalence classes of the quotient sSga¢E;;, see Figure 6. Therefore, in general we have that
(m o f)(x1) # (z o f)(x2) and a mapping that makes the diagram commute does not exist. The induced system
defined by the mapping : X/E, — X/E, can be viewed as a nondeterministic system.

Figure 6: Nondeterminism of the induced dynamical system.

In general, piecewise linear hybrid dynamical systems cannot be induced in finite quotient spaces by preserving
the reachability properties [23]. However, there are some cases when a mappimbthe induced systerh can
be computed. A special case arise when the mappimng defined using the natural invariants of the continuous
dynamics [44]. However, it is very difficult to compute such partitions, and more importantly, the control specifications
are not necessarily defined using the invariant sets of the system. It should be noted that the problem of abstracting
continuous systems has been studied in [35] and controllability preserving quotient maps have been derived.

The solution we propose is to take advantage of the available control inputs in order to simplify the system. More
specifically, we want to formulate conditions on the available control inputs in order to induce piecewise linear hybrid
dynamical systems in finite quotient spaces. In order to illustrate our approach, we use the hierarchical architecture
shown in Figure 7. The design of hybrid control systems is decomposed in two levels. In the higher level, we are
concerned only with the existence of appropriate control inputs. The implementation of the controller and therefore,
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Existence of

Induced System control input

[ A

y A

Selection of optimal

PLHDS control input

Figure 7: Hierarchical control of hybrid systems.

the selection of the control input signal is done by the lower level. First, we want to formulate efficient algorithms
that guarantee the existence of appropriate control inputs for safety and reachability specifications. Second, we want
to develop systematic methodologies for the design of the (lower level) controller.

The first problem has been presented in [21] where conditions for the existence of appropriate control inputs for
safety and reachability specifications. The conditions are expressed as the feasibility of an optimization problem. In
this paper, we are concerned with the second problem of selecting control inputs by solving appropriate optimization
problems. The lower level problem is concerned with the selection of the optimal control inputs. A systematic design
methodology for the selection of optimal control inputs that results in a feedback control architecture is presented. This
control design methodology is formulated as the regulator problem for piecewise linear hybrid dynamical systems in
Section 7.

f
XxU > X
Te=Te X T s
XIE, X UIE,~— - - XIE,

Figure 8: Function diagram including control inputs.

First, we describe our approach using an algebraic system theory setting. Consider the diagram shown in Figure 8.
The equivalence relatiof is defined by the mappingg : X x U — X/Ex x X/Ey as follows. The restriction
of 7 in the state spac& is the mapping which describes the primary partition of the system. The restriction of
Tr, Separates the input spakinto two equivalence classes. The first equivalence class consists of all control
inputs available to the system and the second class consists of all the remaining elements of the input space. In
practical applications, physical constraints such as saturation constraints restrict the control inputs that can be applied
to the system. For example, the current input in the temperature control system example is constrained based on the
available current source. Many times, we even consider a finite set of inputs corresponding to specific commands as,
for example, in a valve can be closed, half open, open, and so on. Thefefare, ) is equivalent tqz., u-) if and
only if 7(xz1) = w(x=2) and the control inputs, , us can be applied to the system. Note that the equivalence relation
of the input space is defined in accordance with the hierarchical control architecture of Figure 7, since the higher
control level is concerned only with the existence of controls. All available control inputs are equivalent at this level
of abstraction.
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The induced dynamical systefrexists if and only if
(.771,U1) E (.772,11,2) = EI/u'17/u'2 € U: (ﬂ-EX ° f)(xlaul) = (ﬂ-EX ° f)(va’u’?)' (22)
The interpretation of the above condition is thfaexists if and only if there exist control inputs so that states that

belong to the same polyhedral equivalence class of the primary partition, will remain equivalent in the next time step.

Of course, it is desirable to consider the dynamic evolution of the system in more than one steps. In order to do
that, we consider an upper bound € IN on the number of time steps that defines the length of the time horizon of
interest. The length is assumed to be finite, since infinite-time problems in piecewise linear systems are, in general,
undecidable [41]. We introduce the following notation.

[t1,t2] = {ti,t1+1,... 00 — Lta}, t1 < t,

{u(to),...,u(ts)}.

The function diagram in this case is shown in Figure 9.

U*[tg,tl]

X x UN ¢ > X
T T[EX
X/EXX UN/EUN ********** @ 777777777 - X/E

Figure 9: Function diagram including control input sequences.

The equivalence relation on the input space is now defined as follows. The input seqi{éhces anduj|to, t2]
are equivalent if and only i (¢),t € [to,t1] andus(t),t € [to, 2] are available control inputs, and in addition we
havet; — ty < N andt, — to < N. The system mapping denoted dy X x UN — X is the extension of the map
f: X xU — X, sothat it can be applied to sequence segmetits, t], t — to < N.

The induced dynamical systegrexists if and only if
(z1,uilto, 11]) E (22, ublto, t2]) = Fuilto, t1], uslto, t2] € UY, (riy 0 ¢)(z1) = (Tuy © ¢)(22). (23)

Our objective is to compute a partition of the state space so that the diagram shown in Figure 9 commutes. Our
approach is to refine the initial partition that is used to describe the specifications, until we can guarantee that there
exist appropriate control resources that guarantee that the specifications are satisfied. Note that we consider only the
regions of the state space that appear in the specifications. Consequently, the commutativity of the diagram in Figure 9
is only required with respect to the equivalence classes that are formed from the control specifications. Furthermore,
for every region we want to find the optimal control sequenteavith respected to a cost functional that depends on
the region and the control specification. Finally, it is desirable to synthesize a new dynamical system that implements
the hybrid controller connected to the plant in a feedback configuration that guarantees that the control specifications
are satisfied.
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6 Backward Reachability Analysis

In this section,we describe a backward reachability analysis approach for partition refinement. The main contribution
is an efficient algorithm for partition refinement of piecewise linear hybrid systems based on the predecessor operator.
A regionof the state space is definedAsC @@ x X. We are interested in computing the set of all the states that can

be driven toR by either continuous or discrete transitions. In the case of piecewise linear hybrid dynamical systems,
it suffices to assume that the region is representefl by (¢, P) whereq € @ andP C R" is a piecewise linear set.

The dynamic evolution of the system is defined by discrete and continuous transitions.

Discrete Transitions

The predecessor operator for discrete transitions is denoted py pf&*X — 29*X and it is used to compute the
set of states that can be driven to the regibhy a discrete instantaneous transitign— ¢ that can be forced by the
controller for any uncontrollable event. The predecessor operator in this case is defined as follows:

pre,(R) = {(¢',z) € Q x P|3o. € E.,Yo, € Ey,q = (¢, x,0.,04)} (24)

It should be noted that the null event is included in the eventsetY. U ¥,,. A controllable and an uncontrollable

event may occur at the same time instant. If only a controllable event occurs at a time instant, then the uncontrollable
event at this time instant is assumed to be the null evantl vice versa. Furthermore, by the definition of the PLHDS,

for the transitiony’ — ¢ to be feasible, it is required that € act{w(z)).

The refinement partition algorithm consists of recursive applications of the predecessor operator starting with the
regions defined by the primary partition. For every discrete transition that can be forced by a controllable event we
have that

pre,(R) = |J G(d.q) (25)
¢'cactp)
whereR = (¢, P) andG(¢', q) is the guard of transitiot(¢', ¢). Since we assumed that the guards are described by
the polyhedral equivalence classes of the primary partition, no refinement is necessary for the discrete transitions.

Continuous Transitions

In the case of continuous transitions, given the redios (¢, P) we define the predecessor operator, prg? > X —
290xX to compute the set of states for which there exists a control input so that the continuous state will be driven in
the setP for every disturbance, while the system is at the discrete modbae action of the operator is described by

pre.(R) = {q} x {x € X|Fu € U,Vd € D, Ayx + Byu+ E,d € P}. (26)

The set prg(R) is piecewise linear and can be always represented using only linear equalities and inequalities.
Such a description is based on the fact fhiatewise-linear algebradmits elimination of quantifiers [40]. In order to
illustrate this result, we consider an alternative way to define PL sets [40].

Definition 2 Let £ be the first-order language defined by (i) a set of (countably many) varigbjes., ...}, (i) the
connective symbols: and —, (iii) the quantifierV, the parentheses ( and ) and the comma, (iv) A set of constants
{r} for each real number, (v) A set of unary functiongr - ()} for each real number, the binary functien (vi) the
relational symbols> and=.
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Lemma 1 [40] Every sentence i defines a PL set and conversely, every PL subs@#f’afan be defined in this
fashion.

The conclusion of the above lemma is that any set defined using quantifiers can be also defined using only propo-
sitional connectives. Therefore, we can represent the predecessor operator of any piecewise linear region of the hybrid
state space without quantifiers. The computation of the predecessor operator is based on combinations of three differ-
ent mathematical tools. Fourier-Motzkin elimination [30] for computing appropriate projections, linear programming
techniques [31] for eliminating redundant constraints, and equivalences from predicate logic [33] to combine the con-
straints. Consider the regidR = (¢, P) whereq € @@ andP is a PL set. A PL set is not necessarily polyhedral.
However, every PL seP can be written as

r=|Jr (27)
i=1

whereP; are polyhedral sets, as shown in the following lemma. The proof of the lemma is constructive and is used in
the developed algorithms for backward reachability analysis.

Lemma 2 Every PL set can be written as a finite union of polyhedral sets.

Proof By Lemma 1, every PL set can be written as a sentenag isuch a sentence is a logical formula without
guantifiers and can be written disjunctive normal fornfsee for example [33]) as

(Pri AP A )V ..V (dpt Appa A..) (28)

whereg;; is logical formula describing either a linear equality or inequality.

Consider a linear constraigt; and assume without loss of generality that can be represented by the linear inequal-
ity gZ;.;r < w;;. Then, equivalently we can represenf by the inequality—gg;.m > —w;;j. Therefore, every constraint
in Equation (28) can be represented using, for example, the relational symlanid =. But every conjunction of
linear constraint$g;; A ¢;2 A ...) is a polyhedral set as the intersection of halfspaces and hyperplanes. Therefore,
every PL set can be written as a finite union of polyhedral sets by representing the set as a logical formula in disjunctive
normal form. m|

In order to simplify the notation, we consider only the restriction of the predecessor operator in the continuous
state space pre 2 — 2. It should be noted that in order to show that there exists a constructive algorithm for
elimination of quantifiers, we have essentially to consider only the logical formula

(Fu € U)(p11(x,u) A dra(z,u) A..) V...V (dp1 (z,u) A dpa(z,u) A..L). (29)

Algorithms for elimination of quantifiers for more complicated logical formulas can then be derived using logical
equivalences [10]. In the case of PLHDS, we are interested in elimination of quantifiers for formulas of the form
(3u € U) and(Vd € D) for the control inputs and disturbances respectively. By Lemma 4.2, it suffices to show how

the predecessor operator is applied to a union of polyhedral sets. We compute the predecessor operator of a PL set in
two steps. First, we consider only polyhedral sets and second, unions of polyhedral sets.

Consider the system
z(t+ 1) = Az(t) + Bu(t) (30)

whered € R"*" andB € R™*™. It is assumed that the control input takes values in the polytope (bounded
polyhedral)U described by
U={ueR"|Fu<v}, FeR"™ veRt (31)
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Consider the polyhedral sét C ™ given by
P={zeR"Gr <w}, GeR"", weR". (32)
Our objective is to present a systematic methodology to compute the predecessor operator set
pre.(P) = {x € R"|Fu € U, Az + Bu € P}. (33)

We denotePr : X x U — X theprojectionfrom the setX x U = " x R to the state spac¥ = R".

Proposition 1 The set pre(P) is given by

pre.(P) = Pr(Q) (34)
where@) C X x U is defined as
Q = {(z,u)|(GAx + GBu < w) A (Fu < v)}. (35)
Proof By direct substitution, we have that
pre.(P) = {z|3u € U,GAz + GBu < w} (36)

Then, we have that if € Pr(Q), there exitsu € U such thaf(z,u) € @, and therefore: € pre.(P). Conversely,
if z € pre,(P), then by definition of the predecessor operator there exists controlingul such that(z,u) € Q,
which implies thate € Pr(()). Therefore, we have shown that ptB) = Pr(Q). O

The projection of the sdD into the continuous state spade= R" can be computed using tifeurier-Motzkin
elimination method30, 13, 47]. We project the polyhedra@p C " x R™ into the spacét™ by eliminating the
variablesu; of the control input vector. According to Fourier's method, in order to eliminate a variable from a set
of inequalities, we must consider all pairs of inequalities in which the variable has opposite sign and eliminate the
variable between each pair. Sindds bounded, all the control variablas will appear with opposite sign in at least
one pair of inequalities from the constraitfs, < v. In order to see that, consider that there existthat appear with
the same sign in all the constraints. Assume without loss of generalityttedpears with a positive sign in all the
constraintg'u < v. Then,u; can be decreased indefinitely without violating any of the constraints. Therefore, the set
U is unbounded which is a contradiction. A piecewise linear set, however, is not necessarily polyhedral, but it can be
written as the union of polyhedral sets using the proof of Lemma 4.2. Consider, the=sdt)?_, P; whereP; are
polyhedral sets. Then, the set piE) can be computed by the following lemma.

Lemma 3 Consider the piecewise linear set= | J/_, P;, whereP; are polyhedral sets, then the predecessor opera-
tor of P can be computed by preP) = |J?_, pre.(P;).

Proof
p
pre.(P') = pre, (U Pi> (37)
=1
p
= {z|FueU Az + Buc U P} (38)
=1
= {z|FuelU Az +Bue P V...VIueU Az + Bu € Py} (39)
p
= Jpre(r) (40)
i=1
O
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Therefore, the predecessor operator commutes with unions of piecewise linear sets. Note that this lemma is a
consequence of the equivaler(@)(¢(z) V ¥ (x)) + (3z)¢(z) V (3x)yp(x) in predicate logic.

Continuous Disturbances

Here, we consider that continuous disturbances are present in the description of the system which for a fixed discrete
mode is given by
z(t + 1) = Az(t) + Bu(t) + Ed(t) (41)

whered € £"*", B € R, andE € R™*?. ltis also assumed that the control inpuand the disturbanaétake
values in the polyhedral and bounded détand D respectively.

Consider the polyhedral sétrepresented by the following set of linear inequalities:

giz < w

gpr < wy
In this case, the predecessor operator takes the form
pre.(P) ={z € X|Fu € U,¥d € D, Az + Bu + Ed € P}. (42)
Consider the following linear programming problems:
o «

SinceD is a bounded set the above linear programming problems have finite solutions. The corresponding solutions
are denoted by} = argmin,. ,{—gf Ed},i=1,...,v.

Proposition 2 The set pre(P) is given by
pre,(P) = Pr(Q) (44)

where@) C X x U is defined as

Q={(uw| N 9/ Av+g/Bu<w,—g]Ed}. (45)

i=1,...,v

Proof If « € pre,(P) then by definition there exists control inpute U such that the following set of inequalities
holds for everyl € D, and therefore fod = [d}, ... ,d*]T we have that

gl Az +gTBu < wy — ¢gTEd;

9. Az + g Bu < w, — g, Ed;
Therefore, there exists € U such thaiz, u) € @, which implies thatr € Pr(Q).

Conversely, assume thate Pr(Q) butz ¢ pre.(P). Then, there exist§ € D andi € [1,...,v] such that for
everyu € U
giTA;r + giTBu > w; — giTEJ. (46)

18



But by the assumption thate Pr(Q) we have that there existse U such that
9{ Az + g} Bu < w; — g} Ed; <w; — g{ Ed (47)

which is a contradiction. O

Note that we could first apply the Fourier-Motzkin elimination method for the elimination of control variables,
and then solve the linear programming problems for the disturbance. In the case thésgaiecewise linear but
not polyhedral, then we can can compute the set(ptewithout quantifiers by using appropriate equivalences from
predicate logic. For example, in order to eliminate the universal quantifier of the disturbances forihe 9, we
can use the logical equivalence

Vde D, Az + Bu+ Ed € P, UP, < ~(3d € D, Az + Bu + Ed € Pf N P%). (48)

Then, the existential quantifier can be eliminated by writing theFet Py in disjunctive normal form and apply

the Fourier-Motzkin elimination method for each set of conjunctive constraints. Note that since the control variables
u € U are assumed to be independent of the disturbance varabl®, we can select the order for the elimination

of quantifiers.

Example In order to illustrate, that the predecessor operator can be computed in a closed-form in a straightforward
manner, we consider a piecewise linear set described by the logical formula

(¢)1 (.’L’,’U,,d) A ¢2(m,u7 d)) v (¢3(m,u7 d) A ¢4(m,u7 d)) (49)

whereg; corresponds to the linear constraiitdz + g7 Bu + g7 Ed < w;.

The computation of the set pxg®) is equivalent to the quantifier elimination for the formula
(E'U) (Vd)(¢1 (.’L’, u, d) A ¢2 (.’L’, u, d)) \ (¢)3 (.’L’, u, d) A ¢4(1‘, u, d)
By applying simple logical equivalences we have

(Fu)(Vd)(¢1 (x, u, d) A da(z,u,d)) V (d3(x, u,d) A da(z,u,d))
& (V) ((Fu)(¢1(z, u, d) A 2z, u,d)) V (¢3(, u, d) A pa(x, u,d))
& (Vd) ((Fu)(¢1(z, u, d) A ¢2(x,u,d))) V (Fu)(ds (2, u,d) A da(z,u,d)).
The elimination of the control variables can be accomplished by applying Fourier-Motzkin elimination. The resulting
set can be written in disjunctive normal form to obtain the logical formifa, d). Then, the disturbance variables
can be eliminated using the logical equivale(i¢é € D)(¥(z,d)) < (—(3d € D)-(¥(z,d)). O

We have presented constructive algorithms for the computation of the predecessor operator for any piecewise
linear region of the continuous state space. These algorithms use the Fourier-Motzkin elimination method, linear
programming techniques, and simple equivalences from predicate logic. The algorithms were presented in analytical
form and they can be implemented by software in a straightforward manner. These algorithms have been applied
for reachability analysis of practical examples usingmas and are illustrated in this paper using the temperature
control system.

Remark A special case of particular interest is the class of hybrid systems for which the control inputs take values
in a finite set. This is a rather important class of systems since it can be used to model many practical applications.
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For example, chemical processes usually involve valves and compressors that can be modeled using discrete variables.
Discrete control inputs arise also in the motion control of many systems such as satellites or underwater vehicles. Note
that in this case the projectidtr(Q)) can be computed as the union of the sets that result by substituting each possible
value for the control input. This method, however, will lead to many redundant constrains. The procedure to eliminate
these redundant constrains requires additional computational effort. A methodology for reachability analysis in the
case of discrete control inputs based on mathematical programming techniques has been presented in [20].

Algorithm for Backward Reachability Analysis

Consider a PLHDS described by the equations (13) - (15) and a régien(q, P). We denote the quotient space
X/ E; induced by the primary partition 8/ E = {P;},i = 1,...,|r|. In addition, let prg  : 2% — 2X denote the
predecessor operator for a continuous transition described by the discrete.nidaefollowing algorithm computes
all the states of the hybrid system that can be driveR io one time-step. The algorithm is implemented using the
technical results presented earlier in this section.

Algorithm for the computation of pre (R)

INPUT:R = (¢, P), S=0, T = 0;
fori=1,...,|r]|
Qi=PnNF;
if Q; #0
for ¢’ € act(F;)
S = Supre. ,(Q);
T=Tu{d}
end
end
OUTPUT: préR) = (T, S)

The algorithm computes all the regions of the state space for which the state can be dfivby tocontinuous
transition. In order to consider only the discrete modes that are feasible at each region of the state space, we write
the setP as a union of regions of the initial partition. Then, we add also the states that can be drikebyto
discrete transitions. If the initial regioR contains more than one discrete states, then the algorithm is applied for
each individual state. We have shown that the setfprés piecewise linear and is described using a finite set of
linear inequalities. Therefore, we can apply the predecessor operator to compute the set of all states that can be driven
to prg R) to get prépre(R)). Following the same procedure, we define successive applications of the predecessor
operator as

N times

——
pre" (R) = pre(- - - pre(R)) . (50)

For a given regior, we define theoreachablesetC R(R) as the set of all states that can be driverRtoThe
coreachable set for a region of the hybrid state space can be computed by successive application of the predecessor
operator

CR(R) = pre'(R). (51)
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It should be noted that the algorithm for the computation of the coreachable set for a Reigisemi-decidable. The
procedure produces the correct answer if it terminates, but its termination is not guaranteed.

In this section, we have presented a systematic approach for the computation of the predecessor operator for
piecewise linear hybrid dynamical systems. The developed algorithms can be used for backward reachability analysis
and patrtition refinement. The predecessor operator can be computed in a closed form for any piecewise linear region of
the hybrid state space. Here, we comment on the computational complexity of the presented algorithms for backward
reachability analysis. Infinite time problems for piecewise linear systems are, in general, undecidable [41]. We
have presented semi-decidable procedures for backward reachability analysis. For finite time problems, backward
reachability algorithms for piecewise linear hybrid systemshare-complete [41]. This follows from the definition of
the predecessor operator which is formulated using the existential quantifier over all possible inputs. Practically, the
number of linear constraints that are used to represent the coreachable region grows exponentially at every iteration
of the algorithm. The developed algorithms can be used for practical applications if they involve only a reasonable
number of iterations.

7 Hybrid system regulator

In this section, the regulator problem for hybrid systems is formulated. In general, a regulator requests certain types of
outputs from the plant so that these are attained in the presence of disturbances. The desired outputs can be described
as the outputs of another dynamical system, calle@xosystemWe model the control specifications using an input-

output deterministic finite automaton. We are interested on either static specifications that do not change as time
progresses or dynamic specifications that include, for example, sequencing of events. The dynamic behavior of the
exosystem is described by the set of output sequences it can generate. Our control objective is that the closed loop
system consisting of the plant and the controller shown in Figure 10 exhibits the same behavior as the exosystem.

———» Exosystem ——

Plant

Controller

Figure 10: Hybrid system regulator.

In order to define the closed loop system, we model the constituent systesasdgamical systeni88]. The
main question is if there exists a controller so that the closed loop system follows the behavior of the exosystem.
This question is directly related to the existence of appropriate control resources in order for the plant to achieve the
desired behavior. We formalize this notion using #t&inability of the specified behavior. In this wor&ftainable
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behavior refers to behavior that can be forced to the plant by a control mechamased on the proposed notion

of attainability for the desired behavior of piecewise linear hybrid systems, we present a systematic procedure for

controller design. We present a convenient representation for the controller as a dynamical system which consists of
three agents, thevent generatqgthecontrol automatonpand theactuatordescribed in detail later in this Section. The

main characteristic of the controller is that it contains a copy of the exosystem “in an appropriate sense” in accordance
to theinternal model principle

7.1 Control Specifications

In this section, we present a modeling formalism for control specifications based on finite automata models. We
consider both static and dynamic specifications. Static specifications describe desired outputs that do not change
as time progresses. For example, safety and reachability are static specifications. Dynamic specifications involve
sequencing of events and eventual execution of actions. In a manufacturing system, for example, the assembly of a
component may require that a set of tasks is executed in a specific order.

Remark Often, we are also interest in the real-time behavior of a system. For example, we may require that each
component is assembled in a manufacturing system in less than 1 min. Real-time specifications can be incorporated
into the framework by including explicitly timers in the model of the plant. The timers can be included either in the
continuous part using linear oscillators [42] or in the discrete part using finite state machine models [34, 36]. Note that
in the case when the timers are described by linear continuous models or finite state machines, the resulting system is
still piecewise linear and our analysis and synthesis methodologies can be still applied. However, the disadvantage of
such an approach is that the number of states for the exosystem and the controller becomes very large. In this work, we
do not consider real-time specifications but we concentrate only on static and (discrete-event) dynamic specifications.

7.1.1 Safety

In the following, we focus on the safety problem and we show how the refinement of the state space partition can be
used to formulated conditions for safety.

Definition 3 Given a set of safe states described by the redian @ x X and an initial conditiorigp, z¢) € R, we
say that the system safeif (¢(¢), z(t)) € R for everyt.

Our first objective is to formulate conditions on the available controls, so that a given set is safe for a PLHDS.
We formulate conditions that guarantee that a given region of the hybrid state space is safe. The conditions can be
efficiently tested using linear programming techniques.

Theorem 1 A PLHDS is safe with respect to the regiinC ) x X if and only if R C pre(R).

Proof If R C pre(R), every statdq, z) € pre(R) and therefore every state, z) € R can be driven inR, either by
selection of appropriate control inpute U or by triggering a discrete transition and therefore, the system is safe.

Conversely, assume that the system is safe and consider there exists control policy su@h thdt for everyt.
By definition, the set prER) is the set of all the states for which there exists control policy so that the next state will
be inR. Therefore, since the system is safe for every R we have that: € pre(R). m|
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Furnace ON | Furnace OFF
a1 do

Ry =2 R; =10
Ry =1 Ry =2
c, =1 C3=05
Cy=1 Ci=1

U, =1[0.5,5] Up=0

D, =10,1] | Do =[-1,0]

Table 1: Parameters for the temperature control system

In the following, we present a constructive algorithm which is used to test the conditionpre(R). Let R|X
and préR)| X be the projection of? and préR) into the continuous state spade Similarly R|Q and préR)|Q
for the discrete state spaGe Since, the set®|Q and préR)|Q are finite, we can test wheth&@Q C pre(R)|Q in
a straightforward manner. Next, we concentrate on the continuous part of the r&gambpré R). The setsk|X
and préR)|X are piecewise linear but not polyhedral, and therefore they are not necessarily convex. In order to test
whetherR| X C pre(R)| X, we represent the constraints in disjunctive normal form (DNF) and we test the feasibility
of finite set of linear programming problems.

Using Lemma 2, every PL set can be written as a union of polyhedral sets using the disjunctive normal form
representation. Therefore, we can assume that thR|3&&nd the complement of the set pfg| X can be written as

Rx= |J P (52)
i=1,...,| P|
and

preR)XI = |J @ (53)

J=1,...,Q|

where P; and ); are polyhedral, and therefore convex set&tih For each paifi, j) the setC;; = P, N Q; is
polyhedral as the intersection of polyhedral sets. Furthermore, the congjtiod) ; = () can be tested by solving the
following linear programming problem for an arbitrary cost veeter R":

min cTe

54
S.t. l’ECij ®4)

We have thatP?; N Q; = 0 if and only if the above linear programming is infeasible. Therefore, we have that
R C pre(R) and the PLHDS is safe if and only; N Q; = 0 foreveryi = 1,...,|P|andj = 1,...,|Q|.

Example - Temperature Control Systemin the following, we use the temperature control system presented in
Section 4 to illustrate how we can formulate the safety conditions. The temperature control system is modeled by the
PLHDS described in Equations (18)- (20). We consider the system parameters shown in Table 1.

The discrete statg, corresponds to the case the furnace is on. Using zero-order hold samplingj with, the
continuous dynamics are described by the difference equation

2(t + 1) = Aya(t) + Biu(t) + Eyd(t) (55)
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where

—0.6634 0.1997 0.8101 0.1369
Al = ) B, = ) E, = )
0.1997 0.2641 0.1369 0.5363

andu(t) € Uy, d(t) € Dy.
Similarly, for the discrete staig (furnace off), we have
z(t + 1) = Agz(t) + Bou(t) + Eod(t)

where

0.8259 0.1354 1.8179 0.0387
AO = 5 BO = ; EO = )
0.0677 0.5551 0.0773 0.3772

andu(t) € Uy, d(t) € Dy.

The partition of the state space is obtained by considering the following hyperplanes

hl(x) = xl—M, M =20
hg(.’L’) = T2 — ht, ht =15
hg(.’L’) = T2 — lt, Iit=0
h4($) = I

and it is shown in Figure 11.

Figure 11: Primary partition for the temperature control system.

Itis assumed that the safe region is described by th& set{(qo, ¢1), P} whereP is given by

P={zeR’(0< 2 < M)A (It <z5 <ht)}.

(56)

(57)

(58)

(59)

(60)

(61)
(62)

(63)

Next, we describe in detail the algorithm for the computation of the séf)reWe represent the sét asP =

{z|Gz < w} where

g; 1 0

T 0 1
a=|% 1=

g3 0 -1

91 -1 0
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and

w1 20
e=l =l | (65)
w3 0
Wq 0
First, we compute the set
preaqo (P) = {J}|AOJT + B()’U, + E()d € P} (66)

Note that if the system is at modg, the input isu = 0. Using Proposition 4.2, we consider the following set of
linear inequalities:

GA().’L’ S w — GEod (67)
We solve the linear programming problems
in —g7 Eod
min g9; Lo (68)
S.t. d € Dy

fori =1,2,3,4 and we obtairds, d5, dj, d;] = [0,0,—1, —1]. By substituting in Equation (67) we get

0.8259  0.1354 20
0.0677  0.5551 5
pre. . (P) = ¢z € R"| 1 < . (69)
e —0.0677 —0.5551 x2 —0.3772
—0.8259 —0.1354 —0.0387
Next, we compute the set
pre. ., (P) = {z|A1z + Byu + Eid € P}. (70)

We consider the following set of linear inequalities:

GAiz +GBiu < w-GEd (72)
v < 1 (72)
—u < -0.5 (73)

We apply the Fourier-Motzkin elimination method in order to eliminate the control variabe also solve the linear
programming problems

in —gl'Eid
min g; ta (74)
S.t. d € D
fori =1,2,3,4 and we obtaind;, d5, d;, d;] = [1, 1,0, 0]. Using Proposition 2 we have that
0.6634  0.1997 19.4580
0.1997  0.2641 4.3953
pre., (P) = { = € %?| < (75)
—0.1997 -0.2641 T 0.6847
—0.6634 —0.1997 4.0507

The sets prg, (P) and pre , (P) are shown in Figure 12.

The set préR) is computed using the algorithm presented in Subsection 6. Since both discrete trafgjtigns
and(q1, qo) are feasible we get

pre(R) = {(q,q1), pre. ,,(P) U pre. ,, (P)}. (76)
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Figure 12: Final partition for the temperature control system.

In the following, we illustrate how we can test the safety conditorC pre(R). The set préR)|X can be
represented by the logical formula

(do1 A do2 A oz A doa) V (P11 A d12 A d13 A P14) (77)

where the atomic formulas;; correspond to the linear inequalities that define the sets, pB) and pre , (P) in
Equations (69) and (75) respectively. We define theket [pre( R|X)]¢. Using DeMorgan’s laws, the sét can be
represented by

[(do1 A doz A doz A doa) V (11 A d12 A d13 A P14)]
& (gor A Poz2 A oz A oa) A (11 A dia A b3 A Pra)
& (mgo1 V do2 V g3 V 1dos) A (111 V mg12 V iz V dia)
& U (m¢oi A1)
i=1,2,3,4, j=1,2,3,4
Therefore, the sef can be written ag) = Um. Qi;. Each set);; is described by the logical formulango; A —¢1 ;)
and therefore, it is polyhedral. The conditi®X C pre(R)|X can be checked by testing the feasibility of the linear

programming problems:

min Tz

(78)
st. zePnN Qij

For the temperature control system, we have & = pre(R)|Q = {¢o, 1 } andP N Q;; = P fori =1,2,3,4 and
j =1,2,3,4. Therefore, the regioR is safe as it can be seen in Figure 12. a

7.1.2 Reachability

In this section, we study the reachability problem for piecewise linear hybrid dynamical systems. We present a reach-
ability algorithm based on the successive computation of the predecessor operator. It should be emphasized that we
are interested only in the case when reachability between two reffioasd R is defined so that the state is driven

to R» directly from the regior?; without entering a third region. This is a problem of practical importance in hybrid
systems since it is often desirable to drive the state to a target region of the state space while satisfying constraints on
the state and input during the operation of the system. Consider, for example, an unmanned underwater vehicle with
control policies that allow various combinations of screw speeds (on and off), stern plane positions (up, level, down),
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and rudder positions (left, right, straight). A control goal for such a system can be described by a target region of
the state space which represents a desirable set of displacements and velocities for the vehicle. However, while the
system is driven to the target regions the dispacements and velocities must be approprietly constrained to guarantee
safe operation.

Definition 4 Given two regionsk;, R, C @ x X, we say thatR, is directly reachablefrom R;, if every state
(¢, ) € Ry can be driven iR in finite time without entering a third region.

The problem of deciding if a regioR; is directly reachable froni?; can be solved by recursively computing all
the states that can be driven & from R; using the predecessor operator. We only consider regions of the form
Ry = (Q1,P1) andR> = (Q-, P») for which P, and P, are adjacent polyhedral regions of the primary partition. In
this case, the region®, andP. have a common boundary which is represented by a 1)-dimensional hyperplane
h(z) = g'x — w. The reachability problem between any two regions can be solved by finding a path consisting of
adjacent reachable regions. Note that if the regi®ns= (¢1, P) andR» = (g2, P) have identical continuous parts,
then the reachability problem can be solved by considering the set of feasible transitions for the polyhedr&l.region

Consider the region®; and R, and the initial statdq, ) € R; and assume that we can disable the state from
crossing all the boundaries & buth(z). Itis still possible that the hybrid system will be blocked in the sense that
the state will never exit the regiaR, through the hyperplank(z). Note that this can happen since we want to drive
the state fromR; to R, without entering a third region. In this case there is a trade-off between driving the state into
the target region and satisfying the constraints for the state trajectory. The risk of violating the operational conditions
of a system while stirring the state to a desired operating point must be addressed. Thus, this formulation of the
reachability problem that takes into consideration constraints in the state trajectory is more important than considering
only the state into the target region, both in theory and in practice.

Our approach is based on conditions that guarantee that state can be forced to cross the hyejptafieite
time by selecting appropriate controls. For this purpose, we consider a finite time horizon defiNgdvelgereT is
the sampling period any € N. Consider a PLHDS described by the equations (13)-(15) and assume that the initial
condition is(q(to), z(to)) € Ry.

Definition 5 The regionR; is directly N-reachablefrom R; if for every initial state(q(to), z(t9)) € R; there exist
control inputs for the PLHDS anl € N,0 < k < N so that(q(t),z(t)) € Ry forty < t < to + kt and
(q(to + kt), z(to + kt)) € Ra..

We define thecoreachable se«f,*Rg1 (R») of all states that can be driven from the regiBn to R, in the finite
timet < NT without entering a third region. The predecessor operator P& X — 29*X can be used to compute
the seICRg1 (R») using the following algorithm.

Algorithm for the computation of CR%1 (R»)

R® = Ry;

C'Rg1 (R2) = 0;

k= 0;

while =(R¥+! C R*) AND k < N
RF! = pre(R*) N Ry;
CRgl (R2) = C’Rg1 (Ry) U RF+L;
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k=Fk+1,;
end

Given the region®2; andR,, we compute all the states that can driven frBmto R». Note that at every iteration
k of the algorithm we consider the intersection of the set pfe¢ with the setR; since we are interested only in states
that can be driven t®. directly from the regior?; without entering a third region. At every iteration of the algorithm
we have to apply the predecessor operator to a piecewise linear region of the state space. The resulting region is still
piecewise linear, it can be represented using only linear equalities and inequalities, and it can be computed using the
algorithms for elimination of quantifiers presented in Section 6. The above algorithm can be used to determine if the
regionR, is N-reachable fron?; using the following theorem.

Theorem 2 Consider a PLHDS described by (13)-(14) and the regitas= (Q1, P1) and Ry = (Q2, P»). Then,
the set seCRg1 (R») is piecewise linear and the regiaR. is directly N-reachable fromR; if and only if Ry C
CRY (R).

Proof The set setf,*Rg1 (R») is piecewise linear since it is computed using finite unions and intersections of piecewise
linear sets. At thé iteration of the algorithm, the sdt* contains all the states iR; that can be driven iR in
t <kT.If Ry C CRY (R>) then there exists controls so that every sfgter) € R; can be driventd?, int < NT
without entering a third region. |

Furthermore, since the séth1 (R») is piecewise linear, the reachability problem betwégnand R, can be
solved using linear programming techniques similarly to the safety conditions. For regions that are not adjacent, a
feasible path connecting these regions consisting of adjacent regions must be established. Note that this can be done
at the higher level of abstraction, since the necessary information is the existence of a control policy and not the actual

policy.

Example - Temperature Control SystemWe illustrate the reachability algorithm using the temperature control
system.

Consider the regionB; = ({0, q1}, P1) andR> = ({qo, q1 }, P») where
P ={ze R0 <z <20)A(-20< x5 <0)} (79)

and
Py={zeR|(0< 2z <20)A(0< 25 <5)}. (80)

It is desirable that every state froRy can be driven td?, without entering a third region. Such a specification may
arise, for example, at the startup procedure of the system, where it is required for the state of the system to reach the
safe regior) < z, < 5 without entering the unsafe regiafn > 20.

In order to compute the set of states in the regitanthat can be driven t&, using appropriate control inputs,
we apply the reachability algorithm. The coreachable set of states for three iterations of the algorithm is shown in
Figure 13.

The regionR; is directly reachable froni, in t = 37". Therefore, there exists control policy which selects the
control inputu € U and possibly forces appropriate discrete transitions so that everygtajec R, can be driven
to the regionR;. O
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Figure 13: Coreachable set for the temperature control system.

Remark In order to guarantee that the reachability algorithm will always terminate we have also formulated a practical
termination condition based on quantization of the state space. The basic idea is that the algorithm should terminate if
the set préR*) is not “substantially different” from the set fi@*—*). By “substantially different” we mean whether

new cells of the quantized space have been added to the set of states that can be diiveh i® a parameter
selected by the designer and depends on the sampling period and the quantization of the state space. This grid-
approximation method is used only in the termination condition, and therefore there is no accumulation of error due
to the approximation; details can be found in [21].

7.1.3 Dynamic specifications

The main advantages of the formal modeling of the specifications are the following. First, formal modeling allows
to compose complex specifications by simpler ones. The controller synthesis relies directly on the finite automaton
model of the specifications. Therefore, by putting the emphasis on the specifications, we can develop a systematic
methodology for controller synthesis. Finally, the formal models of the specifications are necessary for simulation and
verification tools.

As it was discussed in Section 4, the primary partition is designed based on the specifications. We consider
specifications that are described with respect to regions of the hybrid state space. We defin¥ ttesset

Xe:{R17R27"'7RM} (81)

whereR; = (Q;, P;) are piecewise linear regions of the hybrid state space.

Since we assume that the primary partition is fine enough to describe the specifications, for every region we
can writeR; C @ x X/E,. Note that in order to reduce the number of states of the finite automaton that models
the specifications, we assume that each redtpmay contain more than one discrete modes and/or more than one
regions of the continuous state space if those are adjacent. It is assumed that theRegi@ndisjoint as subsets of
the hybrid state spad@ x X. Therefore, each state, ) corresponds to exactly one regién.
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Example

Consider the temperature control system presented in Section 4. The set of discrete §ate$ds, ¢: }. The
primary partition of the continuous state space is defined by the hyperplanes

h1 (1‘) = I — M (82)
h2 (:n) = T2 — lt (83)
h3 (1‘) = T2 — ht (84)
ha(z) = o (85)
and it is shown in Figure 14.
%2, h,
hy ht
R Ri
h, S
It M X,

Figure 14: Primary partition for the temperature control system.

As it was described in Section 4, we have an unsafe region describing that the system cann(; bevbile
x1 > M. For this specification we consider the region of the state space defined as

Ry = ({¢1}, {z € ®°|x1 > M}). (86)

Note that the continuous paft: € §R2|x1 > M} is defined with respect to the primary partition. However, it
corresponds to a union of elements from the quotienkset,, .

Next, consider a safety specification for the system, for which we requiréttkat:, < ht during the operation
of the system. This is a safety specification described by the region

Ry = ({q0, 1}, {z € R*|(0 < 21 < M) A (It < 32 < ht)}) . (87)

Dynamic specifications involve also sequencing of events. For example, in the startup procedure for the temper-
ature control system, we may require first to drive the system to a high temperature and then in the safe region. We
describe the additional regions as

Ri = ({0, 1}, {z € R*[(0 < @1 < M) A (22 <1t)}) (88)

and
Ry = ({qg,ql},{x€%2|(0§x1 < M)A (x2 >ht)}). (89)
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Then, the specification for the startup procedure is described by the seqtencd; — R, — R.
Further, we may require that during the operation of the system the temperature follows the periodic behavior
R, —+ Ry — R, -+ Rs — R;. O

In the following, we use a formal automaton model to represent the specifications of interest.

Definition 6 The control specifications are modeled by an input-output (I/O) deterministic finite automaton described

by
g:(Xe;‘/e;)/t-a,(se,)‘e;RO) (90)

where

e X, is the set of states,

V. is the input alphabet,

Y, is the output alphabet,

0. : X, x V. — X, is the state transition function,

e ). : X, — Y, is the output function returning the output associated with each state, and

Ry is the initial state.

We assume that the functidp is non-total which means that not every input can be applied to every state of the
automaton. We also assume that every state is reachable and therefore, there exists appropriate input sequences so
that every state can be reached. The I/O finite automaton which describes the specifications is a deterministic Moore
automaton [15] and is called tlexosysterfB88]. An I/O framework for modeling the specifications for hybrid systems
arises in a natural manner as in classical control design and it can be more appropriate for the design of hybrid systems
than the supervisory control framework [22].

Our objective is to control the plant so that it has the same behavior as the exosystem. In order to describe the
dynamic behavior of the exosystem, a notion of time must be included in the system’s representation. Following [38],
this is accomplished by introducing amdex setJ equipped with a simple order relation andiadex functionu :

N — J.

An index function is said to badmissiblaf

1. aisorder preservingthatis ifn; < n» = a(n;) < a(ns), and

2. aisinjective thatisn; # ny = a(ny) # a(n2).

Given the pain(«, J) with o« admissible, denoté = I'ma the image of the function.. The dynamic evolution
of the system is defined as follows. The state € X, is associated with an inde)n) € Ima meaning the
state at “time”j(n). Similarly, we associate an index with the input and output of the exosystem. The transition
functiond, leads to the “next” state where the interpretation is taken with respect to the index fulctiod we write
Ze(f(n + 1)) = 0e(ze(j(n)),ve(j(n))). Similarly, the output function represents the “current” output and we write
ye(j(n)) = Ae(ze(j(n))). By abuse of notation, we can abbreviate the index and we can write

ze[n+1] = de(we[n], ve[n]) (91)
Yeln] = Ae(ze[n]). (92)
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We are only interested on either static specifications or dynamic specifications that include sequencing of events
and not in real-time specifications. Therefore, we consider that the imdalvances only when a state transition
occurs and consequently, the index $eepresents the ordering of the input sequence. In the following, we formally
define the notion of behavior for the exosystemdynamical systernan be described as a trifl€, W, B) whereT
is the time axis}V is the signal space, aridl C W7 (the set of all functiong : T — W) thebehavior[46].

The exosystem is modeled as a dynamical system. Its behavior is descriBedbyV, x Y;z)f and consists of all
the input-output pairs that the exosystem can generate. The “time” axis is described by the indefised above. A
specification is described by the behavity, C B,.. Therefore B, consists of input-output sequences representing
the desired behavior. Since we assume that the exosystem is represented by a deterministic finite automaton, for each
input sequence we can obtain a unique output sequence. Furthermore, given the output sequence we can reconstruct
the input sequence. Therefore, it is reasonable to assume that the specification is defined only with respect to the output
set, and is given by, C Y.I. The dynamic behavior of the exosystem can be described by the set of sequences of
symbols fromY, that it can generate. Denote by the set of all strings formed by concatenation of symbols from
the output alphabéf’; the * operation is called the Kleene closurelahguages formally defined as a subset Bf.
The behavior of the exosystem can be described by the output languagée*.

The usual set operations, such as union, intersection, difference, complement (with re3figcine applicable
to languages. In addition, thprefix-closureof L, denoted byl is defined as the set of all prefixes of stringdinThe
languagel is said to beprefix-closedf all the prefixes of the language are alsalinor equivalently ifL = L. Note
that the language describing the output behavior is different than the langceggtedy an automaton. The former
is defined with respect to the output symbols generated by the output function, while the latter is defined with respect
to the input symbols and the state transition function [15]. The language generated by the exosystem is defined as
follows.

Definition 7 Given the finite set” and the sequenge: I — Y, theny € L if and only if there exist. € X, and
ve € V, such that the following conditions hold:

ze[n+1] = bc(ze[n],ve[n]), VneTl (93)
yln] = Ae(zen]),Ynel (94)

Each specification behavior can be described by a langiage .. Such a language may contain two types of
symbols. First, it may contaiterminatingoutput symbols that represent safe regions of the state space. If the hybrid
system reaches a terminating region then it remains in the state until the safety specification is not of interest. Note that
this blocking behavior describes the safety of a region and it is not undesirable as in discrete event systems. Second,
the languagel may containnon-terminatingoutput symbols. The transition from one state to the next represents
reachability for the corresponding regions of the hybrid state space.

Example

The specifications for the temperature control system are modeled by the finite automaton shown in Figure 15.
The state transition function can be obtained from the Figure 15. The output function is defined as follows:

AMR) = a
AMRs) = b
MRp) = ¢
MR, = d
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We consider the following specifications that can be described using the exosystem shown in Figure 15:

Figure 15: Exosystem for the temperature control system.

e For safety the desired behavior is described by the langlage- b, whereb is viewed here as a constant
function fromI to Y,.

¢ During the startup procedure the desired behavior can be described by the laAguageéch. This a piecewise
constant function frond to Y-.

¢ During the operation of the system we may require a periodic behavior described by the laRguadebcb)*.

O

The inputs for the finite automaton of the temperature control system correspond to control commands. The control
objective is for the closed loop system to follow the output of the exosystem for a given input sequence. Note that
these inputs are not actual inputs for the plant. However, there are certain cases where a subset of the inputs of the
exosystem may appear as inputs for the discrete part of the plant. These inputs represent events generated by the
environment and they are included to describe how we want the system to react to external events. Note that we still
assume that the exosystem is deterministic.

7.2 Attainability and the Regulator Problem

Our control objective is that the closed loop system consisting of the plant and the controller shown in Figure 10
exhibits the same behavior as the exosystem. Note that by convention it is assumed that the disturbances and the
events generated by the environment can be described as outputs of the exosystem. Next, we formally define the
composition of the plant with the controller and the behavior of interest of the closed loop system.

In order to define the closed loop system we model the constituent systeses-@gnamical systemsA set-
dynamical syster(SDS) is denoted asX, U, Y’; f, g) whereX is the state set of the systeBi,is the input set}” is
the output setf : X x U — X is the state transition function, agd: X x U — Y is the output function. It is
important to distinguish between the controlled and the uncontrolled inputs (disturbances) of an SDS. Furthermore, in
the case when the measurements are different than the outputs, a measuremeandet measurement functien
can be included in the system’s description. In order to describe the behavior of a dynamical system, the notion of time
must be included in the system’s representation and this is accomplished with an indenslein index function.
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Plant

The plant is a piecewise linear hybrid dynamical system described by Equations (13)-(15) and can be represented by
the set-dynamical system
P = (Xp:Up:Yp:Mp;fpagp:mp) (95)

where
e X, =@ x X is the hybrid state space.

o U, = (2, x X)) x (D xU) is the input set.X,, is the set of events generated by the environment¥nd
the set of events generated by the controller; the controller events are used to force a discrete tf@ngition
in the plant under the assumption that this transition is feasible @ctw(z))); D is the set of continuous
disturbances and is the set of continuous control inputs.

e Y, = {R;,..., Ry} is the output set consisting of the regions of the hybrid state space which are used to
describe the control specifications.

e M, =@ x X is the measurement set.

e fp: X, x U, = X, is the hybrid state transition function described by the following equations:

z(t+1) = Aq(t)x(t) + Bq(t)u(t) + Eq(t)d(t) (96)
(q(t), m(2(t)),0c(t), ou(t)), q(t +1) € acx(x(t))) (97)

L
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e g, : X;, = Y, is the output function; the output function is implemented by a filter that determines the member-
ship of the state into a regiaR; of the state space.

e m, : X, = M, is the measurement function; it is assumed that the state is measurable, and the fupction
can be viewed as the identity function.

The evolution of the plant is defined in discrete-time. Therefore, it is assumed that the indedesefribes real-
time which is discretized using a sampling peribdThe index functior is used to assign the time instant nT'
to the indexn.

Controller

The controller is represented by the SDS
C= (XmUc:Yc;fcagc) (98)

where
e X. is the set of states,
e U. = M, is the input set which coincides with the measurement set of the plant,

e Y. =X x U is the output of the controller consisting of the continuous control input and the controller events
that may trigger a (feasible) discrete transition,

o f.: X.xU.— X.isthe state transition function, and
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e g.: X. x U, — U, is the output function of the controller.

In order to define the composition of the plant and the controller, it is reasonable to assume that the controller also
evolves in discretized real-time.

Composition

The plant and the controller are connected in a feedback configuration as shown in Figure 10. The closed loop system
is described by
CL = (Xet,Uet, Yel; fets get) (99)

where

e X, = X, x X, is the state set of the closed loop system,
e U, =X, x D is the set of exogenous inputs,

e Y, =Y, is the output set,

e fu: X,y xUy — X isthe state transition function, and

e g.: X x Uy — Y, is the output function of the closed loop system.

Since the control requirement is for the closed loop system to exhibit the same (output) behavior as the exosystem,
we define the behavior of the plant with respect to the outpufget {Ry,....Rx }. The time-axis of the closed loop
system coincides with the time-axis of the plant. Therefore, the closed loop system is a discrete-time dynamical system.
In order to compare the behaviors of the exosystem and the closed loop system, we abstract the time information by
defining a new index functioa.; for the closed loop system. Consider the index N. The state of the discrete-time
dynamical system is associated with the indemeaning the state at time= k7. Then definex, : N — I as
follows:

aql0] = 0 (100)
auln] = min{t = kT > aaln — 1] : ya(t) # ye(aan —1])} (101)
We denotel = Ima,; the image of the functiom.;. Then the behavior of the closed loop system is defined as

B. C Y. As usually, we abbreviate the index; [n] by n.

Definition 8 Given the exosysterfi and the piecewise linear hybrid dynamical systBmwe say that theegulator
problemhas a solution if there exists a controliesuch that the output behavior of the closed loop system follows the
specified behavior of the exosystem, thaBig = B;),.

The main question is if there exists a controller so that the closed loop system follows the behavior of the exosys-
tem. This questions is directly related to the existence of appropriate control resources in order for the plant to achieve
the behaviotB,,. We formalize this notion using thattainability of the specification behavidB;,. In this work,
attainable behavior refers to behavior that can be forced to the plant by a control mechanism

We represent a sequence of symbols from the specification langlage

Y="Yoy1.-.-Yn—1 € K (102)

where the index of the individual symbols satisfy equations (100)-(101).
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Definition 9 The specification behavids,, is attainableif and only it is described by a languagéthat satisfies the
following conditions:

() yo = 9(q0,20) = 9(g(0), z(0));

(i) if y,—1 is aterminating output symbol, then for every a.[n — 1] there exist control input(¢) and controllable
eventss.(t) so that for every disturbane#t) and uncontrollable event, (¢), we have that

y(#) = g(q(t), 2(t)) = yn-1- (103)

(iii) If y,—1 is not a terminating output symbol, then there exists> «a.[n — 1] so that for everyt such that
aq[n — 1] <t < ¢, there exist(t) ando(t) such that for every(t) ando,, (t) we have

Yyn € K, aqln] =1t (104)

where
y(t) = glg(t),z(t") = yn (105)
y(t) = glgt),z(t)) = yn-1, aaln —1] <t < t'. (106)

The above definition requires that for every prefix of the desired behavior, there exist controls, that will force the
output of the system to remain iB,,. The definition of attainability implies the next technical result for the existence
of a controller that guarantees that the control specifications are satisfied.

Theorem 3 The specification behavids, is attainable if and only if the following conditions hold:

(i) Every terminating statg,,—, corresponds to a regioR,,—; thatis safe, and

(i) For every non-terminating statg, 1, there existgy,, so that, for the corresponding regions we have tRgtis
reachable fromR,,_.

Furthermore, ifB,, is attainable then there exists a controltéiso that the regulator problem has a solution.

Proof We have

() yo = 9(qo0,20) € K by the definition of attainability.

(i) If y,—1 is a terminating output symbol, considBy,_; C @ x X the corresponding region of the state space.
Then, the attainability of the languadé implies that the regiork,,_, is safe and by the definition of safety,
there exists a control policy that will force the state to remaiRjn ; for every disturbance.

(i) If y,_1 IS not a terminating output symbol, consider the regid)s; and R,, corresponding to the output
symbolsy,—1 andy, respectively. Sincés is attainable, there exist a control policy so tligf is reachable
from R,,_1, and therefore there exist a control policy so that the sequgrcgoy: - - - yn—1yn € K.
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8 Controller Design

In this section, we present a systematic procedure for controller design. It is assumed that the desired behavior is
attainable and therefore there exists a control policy so that the plant will follow the output of the exosystem. A
controller is designed as a dynamical system to implement the desired control policy. We have already shown that if
the specification behavior is attainable, the there exists control policy so that the closed loop system will satisfy the
specification. Our objective is to build a convenient representation of the controller. The design of the controller is
based on the regiodRy, . .., Ry } that are used to define the control specifications. The proposed representation for
the controller is shown in Figure 16.

| |
| |
d
uo | i Yo

<«—FC——  Actuator \
| f
|

i " i (a,x)
| _ |
| y |
| Y }
| - |
} Control | U Event }
| automaton generator| |
| |
| |
| |

Figure 16: Controller diagram.

The controller consists of three agents. Hvent generatoreceives the discrete-time measurement signal of the
hybrid plant, and issues appropriate events when the @téte z(t)) enters a new regioR; of the hybrid state space.
Thecontrol automatoiis a finite automaton whose states correspond to the regipasd its main purpose is to select
an appropriate cost functional based on the control objective. Finallgctiu@tordetermines the control input which
is applied to the hybrid plant. The control input consists of a continuous compearef and a discrete component
o. € Y. which triggers feasible discrete transitions. In the following, we formally define the controller.

Event Generator

The event generator abstracts the discrete-time sig(@l =(¢)) from the plant to a sequence of events that describe
the membership of the state to the regidi)s The event generator is defined by the following equations:

a0] = 0
ac[n] = min{t > ac[n —1]: (q(t),z(t)) € R; # Ri 5 (¢(acln — 1)), z(ac[n —1]))}
uln] = L.(Ri, Rj)

wherea, : N — I is an index function representing the order of eventsfandX, x X, — Ua (non-total) label
function assigning an event to every pair of regions with adjacent continuous parts.
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Control Automaton

The control automaton is an 1/0O deterministic (Moore) finite automaton [15] defined as

(X.,U,Y,5,X)
where
e X.={Ry,...,Ry}isthe set of states,
e U is the set of input events,
oV = {11,-..,ym} is the set of output events,

e §:X,.x U— X. is the state transition function, and

e )\: X.— Y is the output function.

The control automaton is deterministic and therefore, the next state can be uniquely determined from the current
state and the input event which is an abstraction of the state of the hybrid plant. This is a realistic assumption for
practical applications of hybrid systems. The input events represent the measurements from the hybrid plant. An event
u is generated when the state crosses to a new rdgjiafi the state space.

The Actuator

The actuator determines the control input to be applied to the plant using an optimization algorithm based on the
desired output provided by the exosystem. The output of the actuator is a discrete-time contr@bsighat(t)). At

every time step, the control input is selected as the solution to a mathematical programming problem. In the following,
we formulate the optimization problem that is used by the actuator. Consider the specification behavior described by
the languageé{ = yoy1 ---yn—1, ¥; € Y. and letR; be the corresponding region to the output symjol

First, we consider terminating output symbols that represent safety conditions for the corresponding region of the
state space. Let,_; be aterminating state altl,_, = (S,,—1, P,—1) C @ x X the corresponding region. We define
the cost functional,, 1 : Q@ x R" x " x RP —» R

Jn_l(q, T,u, d) = cT[Aq(t)x(t) + Bq(t)u(t) + Eq(t)d(t) — «i'n—l] (207)

wherez, , € P,_ is a fixed point selected by the designer ang R™ a cost vector. For example, I,
is polyhedral,z,,_; can be selected as the epicenteryf ;. The control signal is selected as the solution to the
following optimization problem:

min Jn—1(q,z,u,d)

7¢c aCl(eﬂ(Um(t))) s.t. Ayz(t) + Byu(t) + E,d(t) € P, 4 (108)

At every time step, the constraint can be computed by substituting therétatend the disturbancé(t). The above
problem can be solved very efficiently by solving a linear programming problem for each feasible discrete mode
q € aci(n(z(t))). Letq be the mode that corresponds to the minimum cost, then the control input is selected as
(oc(t),u(t)) whereq' = 0(q(t), m(x(t)), oc(t), €) andu = argmin, ., Jn—1(q', =, u, d).
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Next, we consider two non-terminating output symbglsandy;.,1 which describe a reachability specification
between the regionBy, = (Sk, Px) andRy+1 = (Sk+1, Pr+1). The control objective is to drive every statefy to
Ry1. As itis explained in Section 6, we can assume faand P, are adjacent polyhedral regions of the state
space and we denotézr) = g7z — w their common boundary. Le® be the polyhedral set defined by all the linear
constraints that defing;, excepth(z). It is assumed without loss of generality thdt:) > 0 for everyz € P. We
define the cost functional, : Q@ x R x R™ x ¥ - R

Jn(q, x,u,d) = gT[Aq(t)x(t) + Byyu(t) + Egpd(t)] — w. (109)
The control signal is selected as the solution to the following optimization problem:

min Jn(q, z,u,d)

qeaﬁzgﬁh) s.t. A,z(t) + Byu(t) + E,d(t) € P (110)

Similarly, this problem can be solved very efficiently by solving a linear programming problem for each feasible
discrete mode € act{w(x(t))), Letq’ be the mode that corresponds to the minimum cost, then the control input is
selected aso.(t), u(t)) whereq' = §(q(t), m(x(t)), 0.(t), €) andu = argmin,c; Ju(¢', =, u, d).

The action of the actuator can be described by the following algorithm by combining terminating and non-
terminating output symbols.

Optimization algorithm for the actuator

t = to;
while t < oo
INPUT: y;,7, (q, z), d;
whiley; # ¥y
Mz) = 9"z — w;
if h(z) < 0then exit;
for ¢ € act(n(z(t))
J = minyev Jn(q, z,u, d);
end
Ji = mingeactn(a() Ji
q' = argmin(J;);
u = argmin,c J5;
end
it yi=y
for ¢ € act(n(z(t))
JI = minyev Ji(q, z,u,d);
end
Ji = mingeactn(a()) 7
¢ = argmin(J; );
u = argmin,c;;J;;
end
t=t+1;
end
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Corollary 1 Consider the controller shown in Figure 16 with the event generator, control automaton, and actuator
as defined above. If the specification behavior is attainable, the output behavior of the closed loop system follows the
specified behavior of the exosystem, tha&is= B;,,.

Proof Each terminating output symbgl represents a safety specification for the regitn By the attainability
assumption, there exists a control policy that guarantees safety. Therefore, there exists a solution to the optimization
problem (108) and the corresponding control input satisfies the safety objective.

Similarly, for non-terminating output symbojs andy;.1. By the attainability assumption, there exists a control
policy that guarantees that the regiBp, 1 is reachable fronk;,. Therefore, there exists a solution to the optimization
problem (110) and the corresponding control input satisfies the reachability objective. a

8.1 Internal Model Principle

The main characteristic of the controller is that it contains a copy of the dynamical action of the exosystem. This
characteristic is known as thiternal model principle In this section, we will show that when the hybrid system
regulator problem has a solution, then the controller designed in Section 8 satisfies the internal model principle in “an
appropriate sense”. The following discussion is based on the formulation of the internal model principle presented
in [38].

The regulator is defined as the interconnection of the exosystem, the plant, and the controller as shown in Figure 10.
The regulator can be represented by the SDS

R=(SY?f.9) (111)
where

e S =X, x X, x X, Iisthe state set,
e Y2 =Y, x Y, is the output set,
e f:S — Sisthe state transition function, and

e g:S — Y?isthe output function.

The functionsf andg are derived by the composition of the exosystem, the plant, and the controller in a straightforward
manner. We also consider that the system is autonomous and therefore there are not any exogenous inputs.

In order to demonstrate that the regulator problem satisfies the internal model principle, we need to find a conve-
nient representation of the dynamic actions of the exosystem and the controller in the dynamical&yEiest) we
consider the exosystem described by the finite automé@tddbserve that the states of the exosystem correspond to
piecewise linear regions of the state sp@ce X of the plant. The main difficulty for representing the dynamic action
of the exosystem as it appears in the regulator is that the regulator is a dynamical system evolving in discrete-time,
while the exosystem is a discrete (event) dynamical system. Here, we are interested in the discrete (event) dynamic
action of the exosystem and we represent this action using the induced continuous dynamics in the finite quotient space
X/E,. We define the sef = X, x X, x X, whereX, = Q x X/E, and we consider the state transition function
f: S S by abstracting the continuous dynamics as described in Section 5. Note that by abuse of notation we use
the quotient spac&’/ E,, although it is possible to group regions of the primary partition together in order to reduce
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the number of states of the exosystem and the controller. The regulation condition can be sigjed aswhere
X, is understood as the inverse image under the output fungtafrihe regulator. Then, the dynamic action of the
exosystem in the regulator can be describegfbed — Xg.

The controller is also a dynamical system that evolves in discrete-time. Here, we are only interested in the dynamic
action of the control automaton which is the discrete (event) part of the controller. The dynamic action of the discrete
automaton is described 5y: X. — X,. First, we introduce some necessary notation. Consider the product projection
p: S — X. defined byp(ze, Zp, z.) = z.. We denote the restriction of the mappintp the setX, C S asp| X4, the
image of this mapping as Imp| X4, and= a bijective relation between two sets.

Definition 10 The controller is said to be anternal modebf the exosystem if there exisis X. — X, such that
§op|Xq = (plXa) o fIXq (112)
and

|mp|Xd ~ X, (113)

Equation (112) can be represented by the commutativity of the diagram in Figure 17 and describes the internal
model in the controller. The condition described by Equation (113) insures that every state of the exosystem is con-
tained in the controller.

Xg - Xy
pl Xy Pl Xy
XC ************* Iil ************ - XC
Pe]

Figure 17: Internal model.

The dynamic evolution of the control automaton presented in Section 8 is defined as follows. The next state of
the automaton is determined by measuring the state of the hybrid plant after the application of the regulator transition
function. Therefore, the state transition function of the control automaton satisfies the condition

5o p|Xa = (p|S) o f| X4 (114)
which is described by the diagram in Figure 18
Furthermore, we have
(plS) o fIXa = (p|Xa) o fIXa (115)
since when the regulation condition is satisfied we have fhat X, — X,. Therefore, the condition (112) is
established.

In order to show that the condition (113) also holds, observe that the state set of the control automaton is defined as
X. = X, and furthermore, the controller can uniquely determine the state of the exosystem by the overall dynamics
of the regulator. Therefore, the functippX, is injective and condition (113) is also established.

We have demonstrated that if the hybrid system regulator has a solution then the controller contains a copy of the
dynamic action of the exosystem according the internal model principle.
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Figure 18: Dynamic action of the control automaton.

9 Simulation Results

In the following, we illustrate the controller design methodology using the temperature control system. The temper-
ature control system is described in Section 4. Safety and reachability conditions for the temperature control system
were investigated in Section 7. The controller for the temperature control system consists of the event generator, the
control automaton, and the actuator. The event generator determines the membership of therstatene of the
regionsR;, Rs, Ry, or R,,; see the formal model of the specifications for the temperature control system in Section 7.
The control automaton is shown in Figure 19. Every output of the of the control automaton corresponds to a cost
functional, and the control input is selected by minimizing this cost functional at every time step over all the possible
control actions. At every time step, a linear programming problem is solved for the ggoder the modey; the

control input is always = 0.

Figure 19: Control automaton for the temperature control system.

We consider the regiom®; = ({qo,q1}, P1) andRy = ({qo,q1}, P>) where
Py ={z € ®*|(0 < 21 <20) A (—20 < 25 < 0)} (116)

and
Py ={zx e R*|(0 <z <20)A(0< x5 <5)}. (117)

The controller guarantees that every state in the regipican be driven to the safe regidty and remain safe for
everyt. The control input is selected so that it minimizes the cost functional

J(g,z,u,d) = (A + Byu+ E,d) — T (118)
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wherez = [10,2.5]T.

In the following, we present simulation results for different initial conditions to illustrate the validity of the con-
troller. In Figures 20 - 23, we consider different initial conditions in the regignand we show how the the state is
driven to the regioR,. Finally, in Figures 24 - 29 we consider different initial conditions inside the safe région
we consider the safety specification s and we plot:(t), ¢(t), andu(t). For the simulation, the disturbandevas
defined as a sinusoidal signal of appropriate magnitude (see Table 1).

10 Conclusions

In this paper, we consider hybrid systems in which the continuous dynamics are described by linear difference equa-
tions, the discrete dynamics by finite automata, and the interaction between the continuous and discrete part is defined
by piecewise linear maps. The proposed modeling formalism separates the physical plant to be controlled from the
control specifications and the controller. It provides the necessary mathematical tools to describe explicitly what con-
trol actions are available in order to influence the behavior of the plant so that the control specifications are satisfied.
We present a novel methodology for the control design of piecewise linear hybrid dynamical systems based on a for-
mulation of the regulator problem. We present a formal control design framework for both static specifications that do
not change as time progresses and dynamic specifications that involve sequencing of events and eventual execution of
actions. More specifically, we develop control design algorithms for safety and reachability of piecewise linear hybrid
systems as well as dynamic specifications describing membership of the state to regions of the state space. Our control
design methodology leads to dynamical controllers that guarantee that the closed loop system consisting of the plant
and the controller satisfies the formal specifications. Control design is implemented using finite automata and linear
programming techniques. The main characteristic of the feedback controller is that it contains the control automaton
that is used to select appropriate cost functionals that are minimized by selecting specific control actions. Furthermore,
the control automaton is a representation of the formal specifications according to the internal model principle. The
control design methodology is illustrated in detail using a temperature control system.
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Figure 20: Temperature control system simulatiomgl= [1, —20]7.
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Figure 21: Temperature control system simulation 1: Control input.
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Figure 22: Temperature control system simulation@= [20, —20].
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