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Real-Life Networks

o Infrastructures: transportation nw-s (airports, highways, roads,
rail, water) energy transport nw-s (electric power, petroleum,
natural gas)

. telephone, internet, www, etc.

* Biology: protein-gene interactions, protein-protein interactions,
metabolic nw-s, cell-signaling nw-s, the food web, etc.

. acquaintance (friendship) nw-s, terrorist nw-s,
collaboration networks, epidemic networks, the sex-web

» Geology: river networks

« Quantum Gravity: wormhole networks in space-time
[Anderson&DeWitt (1986); Requardt (2000)]

“A particularly noteworthy phenomenon is the appearance of translocal bridges or short cuts
connecting widely separated regions of ordinary space-time and which we expect to become
relevant in various of the notorious quantum riddles.”



Networks & Dynamics on Networks

< Structure of networks
(prototypical models: Erdds-Rényi ‘60,

Watts-Strogatz ‘98, Barabasi-Albert ‘99, ...)

< Dynamics and interacting particle-systems on
static networks (Scalettar 1991, ...)

<+ Co-evolving network structures — coupled to
the dynamics on the network



Collective dynamics on the network

Examples:

"[nternet (packet traffic/flux in search or routing)
"[oad-balancing schemes (job allocation among processors)
»Electric power grid (voltage and phase fluctuations)
»High-performance or grid-computing networks
(task-completion landscapes in distributed computing)
*"[nformation flow, opinion dynamics in social networks
®Coupled nonlinear chaotic oscillators (neuron networks)



Overview

**Resistor networks and random walks
Doyle & Snell (1984); Chandra et al. (1989);
Tetali (1990); Wu (2004);
Lopez et al. (2005); GK et al. (2005); Gallos (2007)

¢ Synchronization in a noisy environment in networks

(the Edwards-Wilkinson process on networks)
GK et al. (2003, 2005); Guclu et al. (2006, 2007)

¢ Optimizing synchronization on weighted networks
Zhou et al. (2006); Motter et al. (2004); GK (2007)




Resistor networks

| G. Kirchhoft (1847)
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For an arbitrary network: link conductance
| C. node j

Zcij (Vi =Vj) = 1(9 —0y)

weighted degree: |C. = Z| C,

Laplacian: |I}; =9;C;, —=C;

Z iV — _5it)




Formally inverting I Z Vi = 1 (95 —0y)

ly, =y A4
(k=0,1,2,...,N —1)

= V.=V -V = 1(G.

— VW
— /1k ki7" K]

Inversion or exact numerical diag: O(N?®) routines.
Conceptually useful, and can also be practically employed following exact
numerical diagonalization [up to O(10%) nodes on sparse networks]

V.-V, =V,-V, =1(G, -G, -G, +G,)



Effective two-point resistance:

specifically, for I=S, J=t:

Vs _Vt = | (Gss - _Gts + Gtt)
RSt
|
Rst — Gss + Gtt _2Gts
N -1 1 ) N -1 1
Z_ Wi +Wie * Wi i) Z_ Wi W)
ot Ay o Ay




A Global Observable:
the Average System Resistance

. N-1
R=— | RstziZi
N(N —-1) 3 N-13 4
max( 2 2 j<§<R <£
(N-D4 " Ay -
- N-1
R _ 2 i ., 2jp(/1)dl
N-14 A4, 2 A

From the theory of disordered systems:
e replica method, Bray & Rodgers (1988); Kim and Kahng (2006)
« effective medium approximation, Monasson (1999); Dorogovtsev et al. (2003)

o(A): density of states




Random Walks on Networks

Doyle & Snell (1984)
Tetali (1990)

symmetric weighted edges: Cij =C ji

node j prob{i — j}:
XR=t K
J

E-St _ Z E§t P.

J i

— 5 _
E ZCiI C,
|

C C.

1)

expected # of visits to node i, starting at
node s, before reaching node ¢ : (i#s,t)

(E& =0)




RWs and Resistor Networks

Doyle & Snell (1984)
Tetali (1990)

recall for resistor networks: (i = s,t)

Zj:cij Vi=V;)=0 j> Vi :Zpijvj |

E;St/C; and V; obey the same harmonic equation

EiSt =C. (V. =V,) with | =1 (unit current)
I

st st
Iij :Cij(vi _Vj): Ei Pij -E;P

o



RW node betweenness (“load”)

expected # of visits to node #, starting at node s, before reaching node 7 :
=G (Vi=V,) (=1
=C (Vi V) =C(G;, -G, =G + Gy

| |
RW node betwenness: [p. = ESt — ESX+EB) =
| N(N—l); | 2N(N—1);( | )
< > (G +Gq —2Gts)_3
2N(N -1 = 2

local load: global average load:
C = — 1 _
b =—R b=—() C)R



First-Passage and Commute Times in RWs

. Chandra et al. (1989)
ES =C(V, V) =C(G, -G =G +G;)  Tetali (1990)

expected first-passage time: st st __
4 —ZEi _ZCi(Gis_Git_GtS+Gtt)
i i
expected commute time: | _st ts _
T TT = ch (Gss +Gtt _2Gst) — (ZCi)Rst
i i

(averaged over all pairs of nodes

average expected first-passage time: Z C
= _ i ' O
in the graph) £ 2 :

(specific realization of Little’s law:) Z_- — N b



Transport and Flow in Complex Networks:
Prototypical Resistor Networks

each link 1s an Ohmic resistor
(can be identical or weighted)

=for SF networks:
Andrade et al., PRL (2005)
Lopez et al., PRL (2005)
Gallos et al. (2007)

=for SW networks:
GK et al., PLA (2005)




Eftective Resistance in SF Networks
Lépez et al., PRL (2005)

scale-free degree distribution

P(k)~1/k”

<+ anomalous transport
¢ scaling

Ry # Rg + Rg + Ry,

R, ~1/k., Rg~1/k, Ry<<R,,R,[ o

<> BA, m=3, N=1000
O BA, m=3, N=2000

ks 4 kt 10° A BA, m=3, N=4000
Rst ~ RsB T RBt ,
ks kt 10 2yt |
Ei_o é ";-’*;’.é:.._;.;‘l ;’“ 1 / g V—
107 A .
d o f]
O = 1 S :ksf(ﬁ) 10°° ﬁ
R, Kk, +Kk, K,
f(x):—x e i

g=1I/R




Scaling Approach to Transport

o Gallos et al. (2007)
(renormalization) cond-mat/0702151

G G’

= Rl ks, k)



Finite-Size Eftects in SW Resistor Networks

p 1s the density of random links

Kozma et al.(2004,2005)
GK et al. (2005)
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In contrast: 1d regular ring (p=0): R ~ N /6




 Finite-Size Scaling|

two length scales: N, & ~ p_l [ﬁ]/ N vs 5/ N
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Distance-dependent link probability

(1 with probability pc/|i—j°
0 with probability 1-pc/|i— ]|
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Application of Resistor Networks

Analyzing community structures in social networks:
*Newman (2003), Newman & Girvan (2004)

*Wu & Huberman (2004)
sdiscovering connection subgraphs, Faloutsos (2004)

Other applications:
"protein binding networks, Maslov et al. (2006)

=page ranking with “diodes” (directed electrical network)
(6 billion nodes, 2 days on 60 CPUs), Kaul et al. (2007)




Synchronization in Networks

0,x' = F(xi)—O'Zl“in(xj )+7' (1)
j on SF networks: Zhou and Kurth, ‘06
0,x' = F(x')— GZFin(xj)
J
on SW networks: Barahona & Pecorra, ‘02

on SF networks: Zhou et al., ‘06; Motter et al., ‘04;
Nishikawa & Motter, ‘06

eigenvalues of the coupling matrix [ : {() — ﬂ“o : ﬂ1 : /12 s ﬁN _1}
synchronizablity: oA < Gﬁi < o, , | =0

ﬂ“N—l
A

eigenratio: |2 =

smaller 2 =2 “better” synchronization




Task Completion Networks
\ / GK et al., ‘03,
Kozma et al., ‘04, ‘05

O
* Guclu et al., ‘04, ‘07
\ \ -
*manufacturing supply chains (Zhang et al., 2003) | @ By

sc-commerce networks (Nagurney et al., 2005)

ndistributed computer networks
task-completion landscapes >

2 1 - I\ 2
<W > - <ﬁ;(hi ) > | [index of node]

*sunderstanding back-log formation and worst-case delays in
networked processing systems



Synchronization in Networks 1in a Noisy Environment:
the Edwards-Wilkinson Process on a Network

o.h.(t) = —Z C;(h —h)+n(t) (7,7, (1)) =25,6(t 1))
J
global observable: 1 N _
(spread/width of the synchronization landscape) <W(t)2> = <N Z (hi —h )2>
i=1
athi(t):_zrijhj +77; (1) L =5.C —-C. h=3h
j ] ij i ] —~
2 1 1 2/t
<W(t) > = N Z —((-e"") (starting from a flat landscape)
E20)
> 5 1 1 ,
<W > = <W(OO) > =—) = steady-state width




Connection between the two-point resistance
and the steady-state fluctuations

for any graph:

C, node |

oh®=->Ci(h-h)+n@® D .CiV,-V)=1(5;-5,)
j j

I, =6,C,—C; G, =T

<(hs - H)(ht — ﬁ)> =Gy V. = 1(G
((h,—h)*) =G +G, —2G, R, =G, +G, —2G,



Connection between the two-point resistance
and the steady-state fluctuations

Ri' — Gii "‘ij _ZGij — <(hi _hj)2>

J

(for any graph)

node |

I hi

R..
| hJ
node |

R = 2 R :L2<W2> ~ 2(W*)

N(N —1) 5 N —1

GK et al., (2005)



Optimizing Synchronization in Uncorrelated
Weighted Scale-Free Networks

Cij OCAij(kikj)ﬂ P(k)eck™, 2<y<3
K . =m

m
“cost’ constraint:

S'C, =2C,, = fixed = Nk
]

A (kk;)’
> C; =Nk

ZAln(klkn)ﬂ

task:
minimize the “width” < w?> with respect to p,
subject to the above constraint




Uncorrelated Scale-Free Networks

PK)=(y-Dm" K7, 2<7<3 k. =m

min

probability that an edge emanating from a node with degree k’
connects to a node with degree k:  P(k|k’)

uncorrelated networks: |P(K|K") = m (independent of k’)

(k)



‘ Mean-field approximation ‘

o.hy (1) = _Zcij(hi - hj)‘|‘77i (1) = —C;(h; - ﬁ)"‘ﬂi

<(hi _ﬁ)2>:Gii zci C EZjCij

((h,=h)(h; =h)) =G, << G,

o\ _ 1 ol 1 Pdk
<W>_NZ<(hi h)>~|\|zi:c:.~I Ck)

L= 1

k) (r=2-pr+p  |{W?)is min. at J = -1

1
(—y<B<y-2) (W >min_®



. BA network, »=3 _1< IB* <0

(a) o o <k>£6 i
0 ¢+ <k>=20 —1= ", 1<<m<<N
A 4 <k>=200 :

k;+ﬂ + kt1+ﬂ

Rij = Gss + Gtt _ZGst ~ Gss + Gtt ~ (kskt)Hﬂ

also:

R =~ 2(w?)is minimum at 5 ~ -1, in the equivalent resistor network




Connection with congestion-aware local
“routing” schemes

Guimera et al. ‘02, Zhao et al., ‘05;
Danila et al., ‘06; Sreenivasan et al. ‘06

spackets are generated with identical rate ¢ at each node
midentical processing capabilities for each node

(e.g., can send one packet per unit time)
sthroughput 1s limited by the most congested node

b =SiR

1

oNb, <1, Vi j> Pe=Np

max




Special case of weighted RWs:

P node |
node I

RW : prob{i —> j}
c.  Akk) Ak’
P-:—”: ”( J) E JﬁOCA”k’B

1T T Y AKK TS Ak ’




network throughput: ‘

0.003 —
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I BA, N=200 ] 5 .
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“Re-weighting” the average two-point
conductance with weighted “in/out flux”

g,(f)
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Summary

m problems in noisy synchronization and transport/flow are intimately
related

m performance can be optimized by appropriately distributing the weights
in complex network

www.rpi.edu/~korniss
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