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In this paper, we will analyze the ideal class group of the ring of integers
of the imaginary quadratic number field, Q[

√
−5]. We will conclude that

this ideal class group is isomorphic to Z/2Z. But, before we are able to
reach this astonishing result, we must first discuss some preliminary topics
including integral domains, lattices, and algebraic integers.

I would like to acknowledge my use of Michael Artin’s text, Algebra [1].
In comparing this paper to his text, one would notice similar arguments for
many of the following results.

1 Integral Domains

It will be important for future results that we discuss the properties of some
specific integral domains. We will use these properties to classify rings of
integers later in our discussion.

Definition 1.1. An integral domain, R, is a unique factorization domain if,
∀x ∈ R, x can be factored into irreducibles in exactly one way, up to units.

For this discussion, it is important to note the difference between an
irreducible element and a prime element. Let p ∈ R. The element p is
irreducible if for some a, b ∈ R if p = ab, then p | a or p | b. The element
p is prime if for some a, b ∈ R if p | ab, then p | a or p | b. In a unique
factorization domain, every prime element is irreducible.

Definition 1.2. An integral domain, R, is a principal ideal domain if, for
every ideal A ⊂ R, A = αR for some α ∈ R.

We denote this A = (α). Notice that every principal ideal domain is a
unique factorization domain [See Artin [1]]. But, the converse is not always
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true. For example, Z[x] is a unique factorization domain, but not a principal
ideal domain.

Definition 1.3. An integral domain, R, is a Euclidean domain if ∃ a ”size
function”, σ : R − {0} −→ {0, 1, 2, ...}, such that ∀a, b ∈ R where a 6= 0,
∃p, q ∈ R that satisfy b = aq + r and r = 0 or σ(r) < σ(a).

Z[i] is an example of a Euclidean domain. This can be shown using
σ(x) = |x|2∀x ∈ Z[i].

2 Plane Lattices

To prove some of the results of this paper, we must also introduce some basic
ideas about plane lattices.

Definition 2.1. A subgroup L ⊂ R is called discrete if ∃ε > 0 such that the
only vector with length < ε contained in L is the zero vector.

Definition 2.2. A plane lattice is a subgroup of R2 generated by two linearly
independent vectors, a and b. We call the generating set (a, b) a lattice basis
for L.

Let L be a plane lattice generated by the vectors a and b. Then, L =
{ma+ nd | m,n ∈ Z}. It also follows from the definition that L is a discrete
subgroup of R2. Also, the fundamental parallelogram of L is P = {ra+ sb |
0 ≤ r ≤ 1, 0 ≤ s ≤ 1; r, s ∈ R}.

Lemma 2.3. Let L be a lattice generated by two linearly independent vectors
a, b ∈ R2. Let P be the fundamental parallelogram. Then, for any x ∈ R2,
∃l ∈ L such that x− l ∈ P .

Proof. Let x ∈ R2. Then, x = c1a + c2b where ci ∈ R. Let m1 = [c1], the
greatest integer less than m1. And let m2 = [c2]. Then, c1 = m1 + r and
c2 = m2 + s for some 0 ≤ r, s < 1. Let l ∈ L such that l = m1a+m2b. Then,
x− l = ra+ sb ∈ P .

Although it is not yet applicable, this lemma will be vital in proving a
result later. Now that we know a few basics about lattices, we will begin
with our discussion of algebraic integers.
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3 Algebraic Integers

Definition 3.1. An algebraic number that is the root of a monic polynomial
with coefficients in Z is called an algebraic integer.

It is well-known that the set of algebraic integers forms a subring R of
C, and Z ⊂ R. In this paper, we will analyze the algebraic integers of a
quadratic number field, Q[

√
d]. Elements of Q[

√
d] have the form a + b

√
d

where a, b ∈ Q and d is a square-free integer. Now we will identify which
elements of Q[

√
d] are algebraic integers.

Corollary 3.2. An element α of Q[
√
d] is an algebraic integer iff 2a ∈ Z

and a2 − b2 ∈ Z.

Proof. First, assume b 6= 0. This implies that α ∈ Q[
√
d], but α /∈ Q. Define

α′ = a − b
√
d. So, we see that α and α′ are roots of the polynomial, p(x),

where:
p(x) = (x− α)(x− α′) = x2 − 2ax+ (a2 − b2d).

Since α /∈ Q, we know that it is not the root of a linear polynomial in Q[x].
So, p(x) is irreducible. It is the monic irreducible polynomial of α over Q.
This means that α is an algebraic integer iff −2a and a2 − b2d are integers.
Furthermore, if b = 0, then a2 − b2d = a2. And a2 is an integer iff a is an
integer. So, the corollary holds for all b ∈ Q.

So, if we are given an element of Q[
√
d], we can use this corollary to decide

if it is an algebraic integer. But, this result is actually useful in proving a
much easier method to show that α ∈ Q[

√
d] is an algebraic integer.

Proposition 3.3. An algebraic integer α ∈ Q[
√
d] has the form α = a+b

√
d,

where:
(1) If d ≡ 2 or 3 mod 4, then a, b ∈ Z. In this case, R = Z⊕ Z

√
d.

(2) If d ≡ 1 mod 4, then a, b ∈ Z + 1
2

or a, b ∈ Z. In this case, R = Z⊕ Zη,

where η = 1
2
(1 +

√
d).

Note that if c ∈ Z+ 1
2
, it is called a half-integer and can be written c = 1

2
m

for an odd integer m. The proof of the proposition is as follows.

Proof. =⇒: Suppose α ∈ Q[
√
d] is an algebraic integer. Then, by 3.2, 2a ∈ Z

and a2 − b2d ∈ Z. There are two cases:
Case 1: a ∈ Z. So, b2d ∈ Z as well. Write b = m

n
where m,n ∈ Z and they
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are relatively prime. Also, n > 0. Then, b2d = m2d
n2 . Since d is square-free,

n2 - d. So, n = 1. Therefore, b ∈ Z.
Case 2: a ∈ Z + 1

2
. So, a = m

2
for some odd integer m. Then, 4a2 ∈ Z. This

implies that 4b2d ∈ Z because a2 − b2d ∈ Z. But, b2d /∈ Z. We can write
b = n

2
for some odd integer n. So, m2 − n2d ≡ 0 mod 4. Hence,

(m mod 4)2 − (n mod 4)2d ≡ 0 mod 4

(±1)2 − (±1)2d ≡ 0 mod 4.

Therefore, d ≡ 1 mod 4 in this case. This completes the proof of the forward
implication.
⇐=: Assume a, b ∈ Z. It is obvious that α is an algebraic integer from

3.2. Now assume d ≡ 1 mod 4 and a, b ∈ Z + 1
2
. Obviously, 2a ∈ Z. We will

now show that a2 − b2d ∈ Z. Let a = m
2

and b = n
2
. Hence,

m2 − n2d ≡ (±1)2 − (±1)2 × 1 ≡ 0 mod 4.

This tells us that 4 | m2−n2d. Therefore, 1
4
(m2−n2d) ∈ Z. So, a2− b2d ∈ Z

as required.

We now have the tools necessary to identify algebraic integers in any
quadratic number field. As stated earlier, these integers of a quadratic num-
ber field, F , form a ring called the ring of integers. Actually, it is just R∩F .
In the next section, we will examine these rings and, in particular, determine
their units.

4 Rings of Integers of a Number Field

Throughout the rest of this paper, Rd will denote the ring of integers of a
quadratic number field, Q[

√
d], except where otherwise noted. Also, assume

d is a square-free integer.
The notion of the norm of an integer is central to this discussion. So, we

must now present the following definition.

Definition 4.1. The norm of an integer α ∈ Q[
√
d] is N(α) = αα, where

α = a− b
√
d.

So, N(α) = (a + b
√
d)(a − b

√
d) = a2 − b2d. Note that this was the

constant term of the monic irreducible polynomial for α. So, for nonzero α,
N(α) is a positive integer. We also have the following result:

N(αβ) = N(α)N(β)
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where α and β are integers in Q[
√
d]. If α = a + b

√
d, β = m + n

√
d where

a, b,m, n ∈ Q, then αβ = am+ bnd+ (an+ bm)
√
d. So,

N(αβ) = (am+ bnd)2 − (an+ bm)2d.

On the other hand, N(α) = a2−b2d and N(β) = m2−n2d. So, N(α)N(β) =
a2m2− a2n2d− b2m2d+ b2n2d. By expanding the first equation, we see that
N(αβ) = N(α)N(β).

Now we will identify the units of Rd in the following propositions.

Proposition 4.2. An element α in Rd is a unit iff N(α) = 1.

Proof. To prove the forward implication, let α be a unit. Then, α−1 ∈ Rd.
So, N(αα−1) = N(1) = 1. Hence, N(α)N(α−1) = 1. Conversely, assume
N(α) = 1. So, αα = 1. This implies that α = α−1. Hence, α−1 ∈ Rd, so α is
a unit.

Proposition 4.3. The units α ∈ R−d, where α = a + b
√
−d and d ∈ N,

are ±1 except when d = 1 or 3. If d = 1, then R−1
x = {±1,±i}. If d = 3,

R−3
x = {[1

2
(1 +

√
−3)]j | j = 0, 1, ..., 5}.

Notice, here we write −d instead of d. And, since d ∈ N, we are re-
stricted to the ring of integers of an imaginary quadratic number field for
this proposition.

Proof. Let α = a + b
√
−d be a unit in R−d where d ∈ N is square-free. So,

N(α) = a2 + b2d = 1. And assume d 6= 1 or 3. So, d ≥ 2. If a, b ∈ Z, then
b = 0 and a = ±1. So, α = ±1. If a, b ∈ Z + 1

2
, then a = m

2
and b = n

2
for

odd integers m and n. Hence, m2

4
+ n2

4
d = 1 implies m2 + n2d = 4. Since

d ≡ 1 mod 4, then d ≥ 5. So, m2 ≤ 4 − 5n2. There are no solutions to this
inequality.

Therefore, the units are ±1 unless d = 1 or 3. Now assume d = 1. Then,
a2 + b2 = 1. Also, a, b ∈ Z, so a = ±1 and b = 0 or a = 0 and b = ±1. So,
R−1

x = {±1,±i}.
Next, assume d = 3. Then, a2 + 3b2 = 1, and there are two cases:

Case 1: a, b ∈ Z. In this case, a = ±1 and b = 0.
Case 2: a, b ∈ Z + 1

2
. In this case, a = m

2
and b = n

2
. So, m2

4
+ 3n2

4
= 1. It

follows that |m| = |n| = 1. So, α = ±1
2
±
√
−3
2

. In summary, if d = 3, then

R−3
x = {[1

2
(1 +

√
−3)]j | j = 0, 1, ..., 5}.
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This is discussed in Samuel’s text [3]. Since we have identified the units
of this ring, we can begin to look at factorization of elements. First, we must
prove the following proposition.

Proposition 4.4. Factorization of elements into irreducibles exists in the
ring of integers, Rd.

Proof. Let α, β, γ ∈ Rd so that α = βγ. Assume this is a proper factorization
of α. This is to say that β and γ are not units. So, N(β) 6= 1 and N(γ) 6=
1. Hence, N(α) = N(β)N(γ) is a proper factorization in Z. Since every
element of Z factors into a finite number of irreducible elements, N(α) =
N(β1) · · ·N(βn) for some finite n ∈ N and irreducibles N(β1), ...,N(βn) ∈ Z.
So, α = β1 · · · βn is a factorization of α into a finite number of irreducible
elements in Rd.

Notice that we did not prove that these factorizations are unique. In fact,
there is usually more than one way to factor an element into irreducibles
in Rd. For example, 6 ∈ Q[

√
−5] can be factored as 6 = 2 × 3. But,

it is also equal to (1 −
√
−5)(1 +

√
−5). These elements: 2, 3, 1 −

√
−5,

and 1 +
√
−5 are all irreducible in Q[

√
−5]. So, we can conclude from this

example that Q[
√
−5] is not a unique factorization domain. Actually, we

can prove the following statement about imaginary quadratic number fields
where d ≡ 3 mod 4.

Proposition 4.5. Assume d ≡ 3 mod 4 and d < 0. Then, Rd is not a
unique factorization domain unless d = −1. If d = −1, then R−1 is a unique
factorization domain.

Before presenting the proof, we must prove the following statement: As-
sume d ≡ 3 mod 4 and d < 0, but d 6= −1. If α ∈ Rd and is not a unit, then
N(α) ≥ 4.

Since d < 0, then d = −(4n+ 1) for some n ∈ N. Assume α is not a unit,
and α = a+ b

√
d for some a, b ∈ Z. Then,

N(α) = a2 − b2(−4n− 1)

N(α) = a2 + 4nb2 + b2.

Let n = 1, so N(α) = a2 + 5b2. If b = 0, then a ≥ 2. And if a = 0, then
b ≥ 1. So, the smallest value taken by N(α) is 4.

Now, we will present the proof of Proposition 4.5.



7

Proof. Assume d ≡ 3 mod 4 and d 6= −1. Observe that there are two factor-
izations of 1− d in Rd:

1− d = 2

(
1− d

2

)
1− d = (1 +

√
d)(1−

√
d).

We will now show that 2 is an irreducible element. First, 2 is not a unit
because N(2) = 2 × 2 = 4 6= 1. Also, 2 can be written as a product of two
elements of Rd: 2 = ab for some a, b ∈ Rd. So, 2 is irreducible if a or b is a
unit. We know:

4 = N(2) = N(ab) = N(a)N(b).

Assume neither a nor b is a unit. Then, N(a) ≥ 4 and N(b) ≥ 4 from the
above discussion. Hence, N(a)N(b) ≥ 16. This is a contradiction, so either a
or b is a unit. Therefore, 2 is an irreducible element. So, if Rd was a unique
factorization domain, 2 would divide either (1+

√
d) or (1−

√
d). But, 1

2
± 1

2

√
d

is not in Rd. So, Rd is not a unique factorization domain. Furthermore, recall
that Z[i] is a Euclidean domain. So, when d = −1, R−1 = Z[i] is a unique
factorization domain.

Now that we are familiar with these rings, it is natural to wonder about
the ideals of such a ring. In the next section, we will examine the ideal classes
of a ring and prove that they form an abelian group.

5 The Ideal Class Group

Ideal classes are the equivalence classes formed by ideals of a ring of integers
of Q[

√
d]. But, what does it mean for two ideals to be in the same equivalence

class?

Definition 5.1. Two nonzero ideals A,B ⊂ Rd are equivalent if ∃r, s ∈ Rd

such that rA = sB.

Equivalently, we can say that A = λB for some λ ∈ Q[
√
d]. Since r, s ∈

Rd, then r, s ∈ Q[
√
d]. So, r−1s ∈ Q[

√
d]. Let λ = r−1s, so A = λB. Notice

that r, s ∈ Rd, but λ ∈ Q[
√
d].

We need to prove that this definition of equivalent ideals actually is an
equivalence relation. For this proof, we need to show that the relation is
transitive, reflexive, and symmetric. It is obviously symmetric and reflexive,
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so we need only show that ∀A,B,C ideals in Rd, if A ∼ B and B ∼ C, then
A ∼ C. If A ∼ B and B ∼ C, then ∃p, q, r, s ∈ Rd such that pA = qB and
rB = sC. Hence,

rpA = rqB = qrB = qsC.

Therefore, A ∼ C. And we conclude that this definition of equivalent is an
equivalence relation.

As previously stated, these equivalence classes are called ideal classes. We
will denote the ideal class of an ideal A ⊂ Rd by [A]. Our goal is to prove
that these classes form an abelian group. Before we can present this proof,
we must first discuss some properties of ideals.

Proposition 5.2. If α, β ∈ Rd such that A = (α) and B = (β), then
AB = (αβ).

Proof. So, AB = {
∑

i αiβi | αi = riα, βi = siβ for some ri, si ∈ Rd}. Hence,
AB = {(

∑
i risi)αβ}. Since

∑
i risi ∈ Rd, then AB = (αβ).

In other words, the product of two principal ideals is a principal ideal.

Lemma 5.3. Let J be a principal ideal of R−5. So, for some α ∈ J , J = (α).
Then, α is the element of J with smallest absolute value.

Proof. Assume J = (α) where α ∈ J is not the element of smallest absolute
value. Let r ∈ R−5. So, r = m + n

√
−5 for some m,n ∈ Z. Hence,

|r|2 = m2 + 5n2. This implies that |r| ≥ 1. Also, ∀x ∈ J , we know x = rα.
So, |x| = |r||α|. But, since |r| ≥ 1, this implies that |x| ≥ |α|. This is a
contradiction, so α is the element of J with smallest absolute value.

Proposition 5.4. An ideal of Rd is prime iff it is maximal.

Proof. Assume M is a maximal ideal of Rd. Then, R/M is a field. This
implies that R/M is an integral domain. Therefore, M is prime. Conversely,
if P is a nonzero prime ideal of R, then P has finite index in R. This is true
because P contains αR if α is a nonzero element of P . But, R and α are free
abelian groups of rank 2. By Cerenzia [2], it follows that R/αR is a finite
group, and so R/P is a a finite group. So, we have that P has finite index.
Therefore, R/P is a finite integral domain. Hence, R/P is a field, and P is
maximal.
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Lemma 5.5. The product of a nonzero ideal A ⊂ R and its conjugate A is
a principal ideal:

AA = (n)

for some n ∈ Z.

Proof. We must first generate A as a lattice. Recall that we can generate
A by two elements, so let A be generated by α and β, where α, β ∈ A.
So, as an ideal, A is also generated by these elements. Also, α and β
generate A. Therefore, AA is generated by αα, αβ, αβ, ββ. Look at the
elements αα, ββ, αβ + αβ ∈ AA. Each of these elements is a rational num-
ber because it is equal to its conjugate. So, they are elements of Z. Let
n = gcd(αα, ββ, αβ + αβ), so n ∈ Z. Hence,

n = aαα + bββ + c(αβ + αβ)

for some a, b, c ∈ Z. Since n is a sum of multiples of elements of AA, then
n ∈ AA. Furthermore, (n) ⊂ AA.

Now we will prove that AA ⊂ (n). To do this, it is sufficient to show
that n divides each of the generators of AA. We already know n | αα and
n | ββ in Z by our choice of n. So, n divides them in Rd. We will show that

n | αβ and n | αβ in Rd. Both αβ
n

and αβ
n

are roots of the monic polynomial

p(x) = x2 − rx + s, where r = αβ+αβ
n

and s = αα
n
ββ
n

. So, r and s are

integers. Hence, αβ
n

and αβ
n

are algebraic integers. So, AA ⊂ (n). Therefore,

AA = (n).

From this result and that of the next proposition, we will be able to
identify the identity element and the inverse of an element of the ideal class
group.

Proposition 5.6. The ideal class of Rd, [Rd], is the class of principal ideals.

Proof. Let A be an ideal of Rd such that A ∼ Rd. So, A = aRd for some
a ∈ Q[

√
d]. So, a ∈ A and, furthermore, a ∈ Rd. Therefore, A = (a). Since

[A] = [Rd], we see that [Rd] contains only principal ideals.
But, we need to show that all the principal ideals of Rd are contained in

[Rd]. Let B be a principal ideal of Rd. So, B = bRd for some b ∈ R. Hence,
B ⊂ Rd.

We are now prepared to prove that the ideal classes form a group.
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Proposition 5.7. The ideal classes of Rd form an abelian group, C(Rd).
The law of composition is given by:

[A][B] = [AB]

∀A,B ideals of Rd. Also, the identity element is the class of principal ideals
and [A] = [A]−1.

Proof. Let A,A′, B,B′ be ideals of Rd such that A ∼ A′ and B ∼ B′. So,
∃a, b ∈ Q[

√
d] such that A′ = aA and B′ = bB. Hence, A′B′ = abAB.

So, A′B′ ∼ AB. Therefore, [A′B′] = [AB], which implies that the law of
composition is well-defined. Also,

[A][B] = [AB] = [BA] = [B][A].

And ∀A,B,C ideals of Rd:

[A] ([B][C]) = [A][BC] = [A (BC)] = [(AB)C] = [AB][C] = ([A][B]) [C].

So, the law of composition is both commutative and associative.
Also, since Rd = (1), we say [Rd] is the identity. Therefore, the identity

consists of the principal ideals of Rd. And, since AA = (n), then [A][A] =
[Rd]. this implies that [A] = [A]−1.

This result is very useful to us. We can look at the elements of the group
to learn about the nature of Rd itself. The following corollary is an important
example of this.

Corollary 5.8. The following assertions are equivalent:
(1)Rd is a principal ideal domain.
(2)Rd is a unique factorization domain.
(3)C(Rd) is the trivial group.

Before we present the proof, we need to prove the following theorem.

Theorem 5.9. An integral domain, R, is a unique factorization domain iff
it is a principal ideal domain.

Proof. We already know that every principal ideal domain is a unique fac-
torization domain. So, we will prove the converse. Suppose R is a unique
factorization domain. Let P be a nonzero prime ideal of R. Let α ∈ P be
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a nonzero element. This element can be written as a product of irreducible
elements. Let α = π1 · · · πn be this factorization, where n ∈ N. Then, at
least one of these elements is contained in P . Say πi ∈ P for some i such
that 1 ≤ i ≤ n. Since R is a unique factorization domain, πi is maximal.
So, (πi) ⊂ P is a prime ideal. By 5.4, (πi) is maximal. This implies that
P ⊂ (πi). Hence, P = (πi) and P is principal. Since every nonzero ideal
A ⊂ R is a product of prime ideals, then, by 5.2, A is principal. Therefore,
R is a principal ideal domain.

Proof. We can now prove Corollary 5.7. By the previous theorem, the first
two statements are equivalent. So, we will prove that (1) and (3) are equiva-
lent. C(Rd) is the trivial group iff every ideal A ⊂ R is equivalent to the unit
ideal. Hence, A ∼ R. But, A ∼ R iff every ideal is principal. So, (1) and (3)
are equivalent statements, and this completes the proof of the corollary.

This is a very important result. We can now say that the ideal class
group of a ring of integers is trivial iff it is a principal ideal domain. We
already know that when d ≡ 3 mod 4 the only principal ideal domain is Z[i].
But, now it is slightly easier for us to look at rings where d ≡ 1 or 2 mod 4.
For example, | C(Z[

√
−2]) |= 1. So, the ring of integers where d = −2

is a principal ideal domain. On the other hand, Z[
√
−5] is not a principal

ideal domain, but we will use some properties of its ideal classes to make an
interesting conclusion about C(Z[

√
−5]).

6 Application to Q[
√
−5]

The main result of this paper comes from the following theorem.

Theorem 6.1. Let A be a nonzero ideal of Z[
√
−5]. Let α ∈ A such that

α 6= 0 and α has minimal absolute value, r. Let δ =
√
−5. Then, either:

Case 1: A is the principal ideal (α) with lattice basis (α, αδ), or
Case 2: A is not a principal ideal and has lattice basis (α, 1

2
(α + αδ)).

We are not yet able to prove this result. First, we must present the
following lemma.

Lemma 6.2. Let r be the minimum absolute value among nonzero elements
of the lattice, A. Let γ ∈ A and n ∈ N. D is the disc of radius 1

n
r about the

point 1
n
γ. Then, there is no point of A in the interior of D other than its

center.
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Proof. Let α be a point in the interior of D, and α ∈ A. We will show that
α = 1

n
γ. By the definition of the disc, | α − 1

n
γ |< 1

n
r. So, | nα − γ |< r.

Since α ∈ A, then nα − γ ∈ A. Therefore, nα − γ = 0 because the only
element whose absolute value is less than r is 0. So, α = 1

n
γ.

We will now use this result in the proof of the theorem.

Proof. By the assumptions of the theorem, (α) ⊂ A. Let R−5 = Z[
√
−5].

the elements of (α) have the form (a + b
√
d)α, where a, b ∈ Z. Hence, (α)

has the lattice basis (α, αδ). Now, there are two cases:
Case 1: Assume A = (α). By the above statements, A has the lattice basis
(α, αδ).
Case 2: Assume A 6= (α). Since (α) ⊂ A, this implies that ∃β ∈ A such
that β /∈ (α). The lattice basis (α, αδ) specifies a rectangle with vertices
0, α, αδ, and α + αδ. The half-lattice points of P are 1

2
αδ, 1

2
(α + αδ), and

α+ 1
2
αδ. If we place discs of radius r about each vertex of the rectangle and

discs of radius 1
2
r about each of the three half-lattice points, we cover the

interior of the rectangle. By 2.3, the element β can be chosen so that it lies
in this rectangle. Since β /∈ (α), then it cannot be one of the vertices of the
rectangle. But, by 6.2, the only points of A that lie inside any of the discs
are their centers. So, β is one of the half-lattice points.
(1) Assume β = 1

2
αδ. So, 1

2
αδ ∈ A. Also, −5

2
α ∈ A. By definition of (α),

3α ∈ (α). Hence, 3α ∈ A. So, 3α + −5
2
α = 1

2
α ∈ A. But, this contradicts

that α is the element with minimal absolute value in A.
(2) Assume β = α + 1

2
αδ. In this case, α + 1

2
αδ − α = 1

2
αδ ∈ A. So, this

reduces to the case (1) and gives us a contradiction.
Hence, β = 1

2
(α+αδ). Therefore, the lattice basis for A is (α, 1

2
(α+αδ)).

Since 1
2
(α+αδ) ∈ (α, 1

2
(α+αδ)), but 1

2
(α+αδ) /∈ (α), then (α) 6= (α, 1

2
(α+

αδ)). So, A is not a principal ideal in this case.

Theorem 6.3. C(Z[
√
−5]) ∼= Z/2Z.

Proof. The first case of the previous theorem is the identity class of Z[
√
−5].

And the second case is another ideal class. For, if B is another ideal of
Z[
√
−5], then B = b1

2
(1 + δ), for some b ∈ B. So, B = b

α
A, where A =

1
2
(α+αδ) as in the proof. Therefore, the ideals in case 2 form an ideal class.

Hence, C(Z[
√
−5]) is a group with exactly two elements. Since every group

of order 2 is isomorphic to the cyclic group of order 2, we conclude that
C(Z[

√
−5]) ∼= Z/2Z.
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