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OPTIMUM ABSORBER PARAMETERS FOR TUNED LIQUID

COLUMN DAMPERS

By Swaroop K. Yalla,1 Student Member, ASCE, and Ahsan Kareem,2 Member, ASCE

ABSTRACT: Tuned liquid column dampers (TLCDs) are a class of tuned liquid dampers that impart indirect
damping to the primary structure through oscillations of the liquid column in a U-shaped container. The energy
dissipation in the water column results from the passage of the liquid through an orifice with inherent head-loss
characteristics. The overall damping in a TLCD depends on the head-loss coefficient and the velocity of the
oscillating liquid, and it is nonlinear due to the quadratic damping term. Using the TLCD theory and the
equivalent linearization scheme, a new approach has been developed that helps to compute the optimum head-
loss coefficient for a given level of wind or seismic excitation in a single step, without resorting to iterations.
The optimal damping coefficient and tuning ratio of a TLCD using a single degree of freedom system under
the white noise and a set of filtered white noise excitations representing wind and seismic loadings is presented.
Optimum values of damping have also been investigated for multiple TLCDs. An example is presented to
demonstrate the performance of multiple TLCDs in controlling multiple modes under wind excitation.
INTRODUCTION

The increasing height and span of structures is resulting in
their increased vulnerability to environmental forces such as
winds and earthquakes. In addition to structural failure pos-
sibilities, issues such as functional performance and human
discomfort are major concerns. To improve the design and
performance of these structures, several design modifications
are available. One of the most promising alternatives is to add
external damping devices to the structures. Research on de-
vices of this type has been extensive, and many buildings have
already been equipped with such control devices (Soong and
Dargush 1997; Kijewski et al. 1998). Tuned liquid column
dampers (TLCDs) are a class of tuned liquid dampers that
impart external damping to a structure through an oscillating
liquid column in a U-shaped container (Sakai and Takaeda
1989; Xu et al. 1992; Kareem 1993). Energy dissipation in the
water column is due to the passage of the liquid through an
orifice with inherent head-loss characteristics (Fig. 1).

In the classical work on the dynamic vibration absorber,
Den Hartog (1956) derived expressions for the optimum
damping ratio and tuning ratio (i.e., ratio of the absorber fre-
quency to the natural frequency of the primary system) for an
undamped mass subjected to harmonic excitation. The opti-
mum absorber parameters that minimize the displacement re-
sponse of the primary system were found to be simple func-
tions of the mass ratio. McNamara (1977) reported design of
tuned mass dampers (TMDs) for buildings with attention to
experimental designs and design considerations. Ioi and Ikeda
(1978) developed empirical expressions to determine correc-
tion factors for optimum parameters in the case of lightly
damped structures. Randall et al. (1981) and Warburton and
Ayorinde (1980) further tabulated and developed design charts
for the optimum parameters for specified mass ratios and dif-
ferent primary system damping. Warburton (1982) presented
optimal parameters for TMDs under random excitations ide-
alized by white noise. In this paper, similar expressions have
been developed and parameters have been tabulated for un-
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FIG. 1. Schematic Diagram of TLCD Mounted on SDOF Sys-
tem

damped and damped primary systems equipped with TLCDs.
In the design of TMDs for wind and earthquake excitations,
the optimum parameters are typically chosen to be those given
for a white noise random excitation. In this study, in addition
to the white noise excitation, a set of filtered white noise
(FWN) excitations has been considered for evaluating the op-
timal absorber parameters.

Previous work has been done with the aim of deriving op-
timum parameters for TLCDs. Abé et al. (1996) derived op-
timum parameters using perturbation techniques. Gao et al.
(1997) studied numerically the optimization of TLCDs for si-
nusoidal excitations. This paper uses a closed-form solution
for the integral involved in the estimation of the mean square
response and derives the optimal parameters that minimize the
variance of the displacement of the primary system. Finally,
optimum values of damping also have been investigated for
the case of multiple TLCDs. An example has been presented
on the efficacy of multiple TLCDs in controlling multiple
structural modes under wind excitation.

ANALYTICAL MODEL

For the coupled structure-TLCD system, the equations of
motion are given by

¨ ˙M 1 m am X C 0 X K 0 Xs d d s s s s s
1 1F G F G F G F G F G F G¨ ˙am m X 0 c X 0 k Xd d f eq f f f

F (l 2 b)
= , uX u #fDm Fd 2F G

Ms (1)

where Xs = response of the primary system; Xf = response of



the liquid damper; Ms = mass of the primary system; Ks =
stiffness of the primary system; Cs = damping of the primary
system, 2Mszsvs; ceq = equivalent damping of the liquid
damper, 2mdvdz; zs = damping ratio of the primary system; z
= damping ratio of TLCD; vd = natural frequency of the liquid
damper; vs = natural frequency of the primary system; kf =
stiffness of the liquid column, 2rAg; md = mass of liquid in
the tube, rAl; r = liquid density; A = cross-sectional area of
the tube; a = length ratio, b/l; l = length of the liquid column;
b = horizontal length of the column; g = gravitational constant;
F(t) = force acting on the primary system; and D = 1 for base
excitation where Xs = relative displacement; and D = 0 for
primary system excitation where Xs = absolute displacement.

The actual nonlinearity due to quadratic damping in the
equation of motion of TLCD is given

1 ˙c = rAjuX (t)unonlinear f2

An equivalent linearized damping coefficient ceq has been used
to replace the nonlinear damping term. The equivalent line-
arization technique and its implications on j, the head-loss
coefficient, is addressed in the fourth section. Introducing the
following nondimensional quantities:

Mass ratio:

md
m =

Ms

Tuning ratio:

vd
g =

vs

and defining the transfer functions in the frequency domain

X (iv)s
H(iv) =

F(iv)

X (iv)f
G(iv) =

F(iv)

the following expressions are obtained

2 2 2H(iv) = [2Dma(iv) 1 (iv) 1 2zv (iv) 1 v ]d d

2 2/{[(iv) (1 1 m) 1 2z v (iv) 1 v ]s s s

2 2 4 2? [(iv) 1 2zv (iv) 1 v ] 2 (iv) a m}d d

2 2 2G(iv) = [2a(iv) 1 D]/{[(iv) (1 1 m) 1 2z v (iv) 1 v ]s s s

2 2 4 2? [(iv) 1 2zv (iv) 1 v ] 2 (iv) a m}d d

One can compute the response quantities of interest using ran-
dom vibration analysis. In particular, the quantities of interest
are the variance of the primary system displacement and the
variance of the liquid velocity in the TLCD. The latter quantity
will be used in the fourth section to compute the optimum
head-loss coefficient for the orifice. The response quantities
are obtained

`

2 2s = uH(v)u S (v) dv (2)x fEs

2`

`

2 2 2s = v uG(v)u S (v) dv (3)ẋ fEf

2`

where Sf(v) = power spectral density of the forcing function.
A simplified solution to the integral for random vibration anal-
ysis has been used to evaluate (2) and (3) (Roberts and Spanos
TABLE 1. Example Forcing Functions

Type of excitation
(1)

Sf (v) spectrum
(2)

White noise (primary system) S0

FOF (primary system) S0

2 2n 1v

SOF (primary system and/or base) 2 2 2S {c v 1 d }0

2 2 2 2 2{[b 2 v ] 1 a v }

1990). Three representative forcing functions have been stud-
ied here, as listed in Table 1.

Based on these three excitation models, optimal damping
ratios have been obtained for both the damped and undamped
primary systems. It has been noted that one can derive an
explicit expression for an undamped mass subjected to white
noise. However, for damped systems and/or other excitations,
the development of closed-form solutions is challenging. This
is because some characteristics of the classical damper system,
like invariance points, do not exist when damping is intro-
duced in the primary system (Den Hartog 1956). Therefore,
the optimal absorber parameters must be obtained numerically
for these cases. The optimal conditions are given by

2 2­s ­sx xs s= 0; = 0 (4)
­z ­g

Solving the conditions in (4) symbolically, using X-Maple
software, zopt and gopt can be obtained.

OPTIMUM ABSORBER PARAMETERS

In this section, optimal parameters are derived for the forc-
ing functions listed in Table 1.

White Noise Excitation

The response integral in (2) and (3) can be cast in the fol-
lowing form:

`

J (v) dvm2s = S (5)x 0 Es L (2iv)L (iv)n n2`

where n = order of the scheme that varies for the three cases.
For a primary system excited by white noise, n = 4. The in-
tegrals are evaluated using the expressions given in Roberts
and Spanos (1990)

(6)

in which

4 2 2 2 2 2 2x = v ; x = 4z v 2 2v ; x = 1; x = a ; l = v v ;0 d 1 d d 2 3 0 d s

2 2 2 2l = 2v z v 1 2zv v ; l = v (1 1 m) 1 4zv v z 1 v ;1 d s s d s 2 d d s s s

2l = 2zv (1 1 m) 1 2z v ; l = 1 1 m 2 a m3 d s s 4
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FIG. 2. Comparison of Optimum Absorber Parameters for TLCD with Varying a and for TMD
Undamped Primary System

Solving the two optimization conditions in (4) and setting
zs = 0, multiple sets of optimum values are obtained. However,
only one set contains both positive values, which are given

m22m a 2 m 2 1S Da 4z = (7a)opt Î2 2 2 2 2(a m 1 a m 2 4m 2 2m 2 2)

2a
1 1 m 1 2S DÎ 2

g = (7b)opt 1 1 m

In an earlier work (Yalla et al. 1998), the authors showed
that keeping the tuning ratio equal to 1 results in a similar
expression for the optimal damping given by

21 m(m 1 a )
z = (8)opt Î2 (1 1 m)

This is justifiable because for the low mass ratios of the order
1–5% utilized mainly for tall buildings the tuning ratio is close
to 1, and in this case the optimal damping coefficient given
by (8) approximates (7) quite well. Similar expressions exist
for an optimal damping coefficient and tuning ratio of a TMD
given by Warburton and Ayorinde (1980)

1 m(1 1 0.75m)
z = (9a)opt Î2 (1 1 m)(1 1 0.5m)

1 1 0.5mÏ
g = (9b)opt 1 1 m

In all cases considered, the optimum damping coefficient is
independent of the value of S0, the intensity of white noise ex-
citation. Therefore, it has been kept equal to unity in this study.
It is noteworthy that (7) reduces to (9) as a approaches 1.

Fig. 2 shows how (7) and (9) vary with the mass ratio. As
the length ratio increases, the damping ratio increases, because
there is more mass in the horizontal portion of the TLCD. This
contributes to indirect damping, which means it is better to
keep the length ratio as high as possible without violating the
constraints of (1) or the limitations of other structural or ar-
chitectural considerations. Moreover, note that at a = 1 (i.e.,
when only the horizontal portion of the liquid is acting), it is
908 / JOURNAL OF STRUCTURAL ENGINEERING / AUGUST 2000
TABLE 2. Optimum Absorber Parameters for White Noise Ex-
citation for Various Mass Ratios

m
(%)
(1)

Undamped
Primary
System

gopt

(2)
zopt

(3)

1% Damping

gopt

(4)
zopt

(5)

2% Damping

gopt

(6)
zopt

(7)

5% Damping

gopt

(8)
zopt

(9)

0.5 0.9965 0.0317 0.9962 0.0317 0.9958 0.0317 0.995 0.0317
1 0.993 0.0448 0.9925 0.0448 0.9921 0.0448 0.9908 0.0448
1.5 0.9896 0.0547 0.989 0.0547 0.9885 0.0547 0.9869 0.0547
2 0.986 0.0631 0.9855 0.0631 0.985 0.0631 0.983 0.0631
5 0.966 0.0986 0.965 0.0986 0.964 0.0986 0.962 0.0986

effectively behaving like an equivalent TMD. However, in this
case the secondary system no longer retains the U-shape and
therefore ceases to function as a TLCD.

Damped Primary System

As discussed earlier, it is not convenient to obtain a closed-
form solution for optimum damper parameters for a damped
primary system; therefore, it must be estimated numerically
(Warburton 1982). These computations have been conducted
for zs = 1, 2, and 5% and m = 0.5, 1, 1.5, 2, and 5%, and
optimum absorber parameters are presented in Table 2 along
with the undamped case.

Table 2 shows that as the mass ratio increases, zopt also
increases. Eq. (7) verifies this for the undamped case, because
it is approximately proportional to the square root of the mass
ratio. The tuning ratio also decreases as the mass ratio and the
damping in the primary system increase, which is consistent
with the results obtained for tuned mass dampers. It is ob-
served that for small values of zs, zopt is not affected; therefore
for a lightly damped system, the optimum absorber parameters
derived for an undamped primary system are valid. For higher
levels of damping in the primary system, one can derive em-
pirical expressions for the optimum damping ratio as a func-
tion of the primary system damping ratio.

First-Order Filter (FOF)

The forcing function now has a spectrum given by

S0
S (v) = (10)f 2 2n 1 v

This type of function can be used to approximate wind-in-



FIG. 3. Transfer Function of Filters and Primary System: (a) FOFs; (b) SOFs
duced positive pressures for the along-wind loading. In this
case, the order of integration in the denominator increases to
5 and the rest of the procedure remains the same. Following
the similar method used previously, integrals for estimating
variances of the displacement of the primary system and the
liquid velocity provide

(11)

in which

2 2l = 1 1 m 2 a ; l = n(1 1 m 2 a ) 1 2z v 1 2zv (1 1 m);5 4 s s d

2 2l = n(2zv (1 1 m) 1 2z v ) 1 v (1 1 m) 1 4zv z v 1 v ;3 d s s d d s s s

2 2 2 2l = n(v (1 1 m) 1 4zv z v 1 v ) 1 2zv v 1 2v z v ;2 d d s s s d s d s s

2 2 2 2 2 2l = n(2zv v 1 2v z v ) 1 v v ; l = nv v1 d s d s s d s 0 d s

Fig. 3(a) shows the transfer functions of the FOF with dif-
ferent values of the parameter n and the transfer function of
the primary system. Also shown for reference is the transfer
function of the primary system. Table 3 gives the optimum
absorber parameters for these FOFs. Note that when n = 10,
the optimum parameters are the same as those obtained for
white noise, because the filter is fairly uniform, like white
noise excitation, around the natural frequency of the primary
system. However, for other cases (e.g., n = 0.1 and 1), the
optimum parameters are slightly different. The effect is more
pronounced in the case of the tuning ratio and increases as the
damping in the primary system increases. Optimum parameters
TABLE 3. Optimum Absorber Parameters for FOF for Different
Parameter n

Parameter of FOF
(1)

gopt

(2)
zopt

(3)

n = 0.1 0.991 0.04477
n = 1 0.992 0.04476
n = 5 0.9925 0.04483
n = 10 0.993 0.04482

Note: These values are computed for undamped primary system with
m = 1%.

TABLE 4. Optimum Absorber Parameters for FOF for Various
Mass Ratios

n = 1
(1)

Undamped
Primary
System

gopt

(2)
zopt

(3)

1% Damping

gopt

(4)
zopt

(5)

2% Damping

gopt

(6)
zopt

(7)

5% Damping

gopt

(8)
zopt

(9)

m = 0.5% 0.993 0.0320 0.992 0.0319 0.991 0.0318 0.988 0.0317
m = 1% 0.992 0.0448 0.991 0.0447 0.990 0.0447 0.987 0.0445
m = 1.5% 0.986 0.0548 0.985 0.0547 0.984 0.0547 0.979 0.0545
m = 2% 0.984 0.0630 0.983 0.0629 0.981 0.0629 0.9878 0.0626
m = 5% 0.962 0.0980 0.960 0.0979 0.958 0.0978 0.953 0.0973

have been computed for n = 1 and tabulated in Table 4.
Though the optimal parameters can be obtained through the
simultaneous solution of the two nonlinear equations resulting
from (4) the task becomes computationally intensive for the
FOFs and second-order filters (SOFs). In this study, optimal
parameters were obtained by utilizing the MATLAB optimi-
zation toolbox (Grace 1992).

SOF

A general SOF studied here has the following spectral de-
scription:

2 2 2S {c v 1 d }0
S (v) = (12)f 2 2 2 2 2{[b 2 v ] 1 a v }
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TABLE 5. Optimum Absorber Parameters for SOF for Differ-
ent Values of b

Parameter of SOF
(1)

gopt

(2)
zopt

(3)

b = 36 1.05 0.1111
b = 100 1.01 0.0702
b = 225 1.00 0.0572
b = 400 0.995 0.0524

Note: All other parameters are kept constant a = 0.01, c = 1, d = 10,
m = 0.02, and zs = 0.05.

where a, b, c, and d = parameters of the filter. The SOFs can
be used to represent earthquake and wind excitations. For
earthquakes, the excitation is through the base, whereas in the
case of wind, the wind pressure acts directly on the primary
system. The expression in (12) describes the well-known
Kanai-Tajimi spectrum, given as [e.g., Clough and Penzien
(1993)]

2
v2S 1 1 4z0 gF S D Gvg

S (v) = (13)f 2 2 2
v v21 2 1 4zgHF S D G S D Jv vg g

where vg = dominant ground frequency; and zg = ground
damping factor.

Similarly, the across-wind excitation can be modeled as a
FWN using a SOF. Kareem (1983, 1984) has proposed the
following empirical expression for the spectral density of the
across-wind force for square buildings:

d

nS (z, n) nf = a b (14)0 0 S D2s nf s

where

b
a =0 2 2 2

n n
1 2 1 2bF S D G F S DGn ns s

0.5 3.5
1 z

b = 1.32 1 0.154 1 20 FS D S D G˜3a H

where ns = shedding frequency; SŪ(z)/B; B = breadth of the
building; Ū(z) = mean speed at height z; S = Strouhal number;

= mean square value of the fluctuating across-wind force;2sf

= exponent term in the power law of the wind velocityã
profile; H = height of the building; b = bandwidth coefficient,

I(z) = turbulence intensity at height z; and d = 0.9 for2I(z);Ï
n # ns and 3.0 for n > ns. The across-wind loading model can
be represented by (12).

The magnitude of the transfer function of the filter given
by (12) is shown in Fig. 3(b) for parameters a = 0.01, c = 1,
d = 10, and varying b = 36, 100, 225, and 400. Table 5 shows
how the optimal parameters are influenced as the filter param-
eter b changes. As b increases, the assumption of purely white
noise becomes valid and the solution approaches that for the
white noise case. The other parameters have been kept the
same and optimal parameters have been computed for damped
and undamped cases (Table 6). The details of the integration
scheme are given in Yalla and Kareem (1998).

As in previous cases, zopt decreases as the damping in the
primary system increases and increases as the mass ratio in-
creases; however, the damping in the primary system affects
zopt more in this case than in the case of white noise. In ad-
dition, the tuning ratio slightly departs from g = 1.00 as the
damping in the primary system increases.
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TABLE 6. Optimum Absorber Parameters for SOF for Various
Mass Ratios

ma

(%)
(1)

Undamped
Primary
System

gopt

(2)
zopt

(3)

1% Damping

gopt

(4)
zopt

(5)

2% Damping

gopt

(6)
zopt

(7)

5% Damping

gopt

(8)
zopt

(9)

0.5 1.04 0.1510 1.04 0.1401 1.045 0.1299 1.05 0.0956
5 1.04 0.1559 1.04 0.1450 1.045 0.1350 1.05 0.1008
1.5 1.04 0.1606 1.04 0.1498 1.045 0.1399 1.05 0.106
2 1.04 0.1654 1.04 0.1546 1.045 0.1448 1.05 0.1111
5 1.04 0.1927 1.04 0.1821 1.045 0.173 1.05 0.1406

aa = 0.01, b = 36, c = 1, and d = 10.

OPTIMUM HEAD-LOSS COEFFICIENT

The procedure for estimating the optimum damping coeffi-
cient for TLCDs under a host of loading conditions was out-
lined in previous sections. In the case of TLCDs, the associ-
ated optimal head-loss coefficient needs to be determined. This
is the parameter responsible for introducing damping in the
liquid column of the TLCD. Using the statistical linearization
method, one can write the error between the non-linear and
equivalent linear system

1 ˙ ˙ ˙ε = rAjuX uX 2 c X (15)f f eq f2

The equivalent damping coefficient can be obtained by mini-
mizing the mean square value of the error, which results in
the following expression for the equivalent damping (assuming
the liquid velocity to be Gaussian):

2
c = rAjs (16)˙eq xÎ fp

where = standard deviation of the liquid velocity; and j =sẋf

head-loss coefficient. Eq. (16) suggests that, because in-sẋf

creases as the loading increases, to maintain the optimal damp-
ing j must decrease. Hence there exists an optimal head-loss
coefficient at each loading intensity. These variations define
the damping characteristics of the orifice needed at different
excitation levels. An iterative method has been used in pre-
vious studies (Balendra et al. 1995), because the damping term
depends on which is not known a priori. The second ap-s ,ẋf

proach, a direct method developed in this study, involves ob-
taining zopt as outlined in the previous sections. This value is
then substituted into (3) to obtain One can then determines .ẋf

jopt using (16). Fig. 4 provides a step-by-step flowchart for the
two methods. Fig. 5(a) shows the typical convergence in an
iterative method for an undamped single degree of freedom
(SDOF) and TLCD system subjected to white noise excitation,
where and are calculated by (2) and (3). This is repeateds s˙x xs f

for a range of j, and jopt is determined where the is mini-sxs

mum.
This section details explicit expression for one case; an un-

damped SDOF system subject to white noise with tuning ratio
close to unity. The optimum value of the damping coefficient
for this case reduces to the expression given in (8). Substitut-
ing (8) into (3) and (16) gives

3/22 2(1 1 m 2 a m) m 1 aj = m (17)opt Î glv mÏdS DS 1 1 m0

For tuning ratios not equal to unity, one can obtain similar
expressions. However, they are cumbersome and can be ob-
tained numerically. Note from (17) that the optimum head-loss
coefficient is indirectly proportional to the square root of the



FIG. 4. Flowchart of Two Algorithms

FIG. 5. Iterative Method: (a) Convergence of Response Quantities; (b) Optimum Head-Loss Coefficient
intensity of white noise. Using some representative values, it
can be shown that the direct [(17)] and the iterative methods
yield the same values [Fig. 5(b)]. However, the direct method
is computationally superior, because it does not require itera-
tions, making it more attractive for on-line semiactive control
of the orifice.

In Fig. 6 the variation of the optimum head-loss coefficient
for various mass ratios under the white noise excitation is
shown. Similar trends are noted for the FWN cases (Yalla and
Kareem 1998). It is obvious from these curves that at high
loading intensities, a very low value of the head-loss coeffi-
cient is required. For typical orifice characteristics, this cor-
responds to 100% orifice opening ratio, i.e., the orifice should
be fully open. The relationship between the orifice opening
ratio and the head-loss coefficient for standard orifices can be
found in the literature (Blevins 1984) or can be determined
experimentally.

MULTIPLE TLCDs (MTLCDs)

Multiple units of TLCDs can be incorporated in a structural
system at one location or distributed spatially. In this system,
the multiple secondary systems have their natural frequencies
distributed over a range of frequencies. The advantages of such
a distributed system is that it is more robust and effective for
excitation frequencies distributed over a wide band. In the fol-
lowing study, MTLCD configuration design parameters are
evaluated. These are later used to reduce wind-induced re-
sponse of a structure.
JOURNAL OF STRUCTURAL ENGINEERING / AUGUST 2000 / 911
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FIG. 6. Variation of Optimum Head-Loss Coefficient with Loading Intensity: White Noise Excitation
FIG. 7. SDOF-MTLCD Configuration

SDOF-MTLCD Configuration

In an SDOF-MTLCD configuration, the primary system is
represented by an SDOF system and the secondary system
consists of MTLCDs. In the case of a single TMD, Kareem
(1983) demonstrated that buildings with well-separated natural
frequencies can be adequately represented by an equivalent
SDOF primary system. The analysis is simplified when the
contribution of the higher modes of the primary system is ig-
nored (Kareem 1981). In this section, the primary system is
represented by its first mode. The equations of motion of the
SDOF-MTLCD system (Fig. 7) are given

T ¨ ˙m̃ m X C 0 X K 0 Xs d s s s s s
1 1F G F G F G F G F G F G¨ ˙m m X 0 c X 0 k Xd fn eqn fn eqn fn

F
= F G0 (18)

where

N

m̃ = M 1 ms s dnO
n=1

Tm = a[m m , . . . , m ]d d1 d 2 dN

m = diag([m , m , . . . , m ])d1 d 2 dN

and and = (n, n) diagonal matrices similar toc k m.eqn eqn

The transfer function of the primary system is obtained by
nondimensionalizing (18)
RNAL OF STRUCTURAL ENGINEERING / AUGUST 2000
N

2 2H(v) = 1 (iv) 1 1 m 1 2z v (iv) 1 vdn s s sYHF S O D G
n=1

N
mdn2 42 a (iv) O J2 2[(iv) 1 2z v (iv) 1 v ]n dn dnn=1

and the transfer function for each TLCD is given by
22a(iv) H(v)

G (v) = ; n = 1, . . . , Ndn 2 2[(iv) 1 2z v (iv) 1 v ]n dn dn

The analysis of MTLCDs is similar to multiple mass damp-
ers, where the important design parameters are the frequency
range and damping ratio of the dampers (Kareem and Kline
1995). The frequency range is defined as the total frequency
span of the MTLCDs given as D f = fN 2 f1. The central
damper (n = (N 1 1)/2) is tuned exactly to the natural fre-
quency of the primary system fs. It is assumed that N is an
odd number in this analysis. The frequency of each damper is
given by

D f N 1 1
f = f 2 n for 1 # n <dn s

N 2

N 1 1
f = f for n =dn s 2

D f N 1 1
f = f 1 n for N $ n >dn s

N 2

A brief study has been conducted to examine the effects of the
number of dampers, frequency range, and damping ratio of the
dampers. Optimum values of these parameters have been ob-
tained by selecting parameters that lead to the minimum RMS
displacement. A summary of the results is presented below.

Effect of Number of Dampers

From Fig. 8(a), one can see the flattening effect of MTLCDs
on the transfer function as compared to the classical double
peaked function noted in single TLCD (STLCD). The effect
of increasing dampers is similar to that of adding damping
(i.e., flattening of the frequency response function). However,
it also is observed that the frequency response functions of 5,
11, and 21 TLCD groups are very similar. This suggests that
a large number of TLCDs do not necessarily mean better per-
formance, thus limiting the advantage of utilizing MTLCDs.

Effect of Damping Ratio of Dampers

The damping ratio of MTLCDs is studied for a group of 11
dampers with a fixed frequency range of 0.2 [Fig. 8(b)]. It is



FIG. 8. (a) Effect of Number of Dampers on Frequency Response of SDOF-MTLCD System; (b) Effect of Damping Ratio of Dampers
on Frequency Response of SDOF-MTLCD System

FIG. 9. Effect of Frequency Range on Frequency Response of SDOF-MTLCD System
noted that at low damping ratios, the amplitude of the response
function is spiked and has a high transfer function amplitude.
As the damping ratio is increased, the response function
slowly becomes smoother and the amplitude decreases. After
an optimal damping ratio for the dampers is reached, any fur-
ther increase in the damping ratio results in an increase in the
amplitude. This suggests that there exists an optimum damping
ratio for a particular set of MTLCD configurations.

Effect of Frequency Range

Fig. 9 shows the effect that changing the frequency range
has on the frequency response function. It is obvious from the
plots that there is an optimum range where the curve flattens
out over a range of frequencies. As the range gets smaller than
the optimum, the frequency response for the MTLCD resem-
bles that of an STLCD and so, in a way, the MTLCD loses
its effectiveness. The frequency response functions of an
STLCD and an MTLCD with a low frequency range (0.02 and
smaller) are similar. This is intuitive because there is a prac-
tical limit to which one can spread out the MTLCDs over a
given frequency range. As this range becomes very small,
MTLCDs act almost like an STLCD.

In summary, like in the design of multiple mass dampers,
the design of MTLCDs includes two important parameters, the
frequency range and the damping ratio of the dampers. Three-
dimensional plots were used to determine the optimum param-
eters that lead to the minimum RMS response. Table 7 gives
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TABLE 7. Optimum Damping Ratio and Frequency Range for
MTLCD Configurations

Cases
(1)

Optimum
damping ratio

of each damper
(%)
(2)

Optimum
frequency

range
(3)

RMS
displacement

(4)

No damper — — 12.53
N = 1, STLCD 4.5 — 7.226
N = 5 1.4 0.12 6.927
N = 11 0.8 0.145 6.878
N = 21 0.6 0.155 6.864

Note: Values have been computed for white noise excitation, S0 = 1,
vs = 1 rad/s, zs = 1%, m = 1%.

TABLE 8. Comparison of RMS Acceleration Responses of
Each Floor due to Wind Loading

Configuration
(1)

Top level
(cm/s2)

(2)

Fourth
level

(cm/s2)
(3)

Third
level

(cm/s2)
(4)

Second
level

(cm/s2)
(5)

First
level

(cm/s2)
(6)

Uncontrolled 5.81 5.21 4.48 3.57 2.36
1-STLCD 4.21 3.68 3.25 2.80 2.06
2-STLCD 4.25 3.76 3.30 2.74 1.99
1-MTLCD 4.19 3.66 3.24 2.80 2.06
2-MTLCD 3.98 3.52 3.10 2.61 1.93

the optimum parameters for different MTLCD groups. We note
that the optimum damping ratio decreases drastically for
MTLCD groups as compared to an STLCD.

Head-Loss Characteristics of MTLCDs

When tuning the orifices of each TLCD, the concept dis-
cussed in the previous section is applied to find the optimum
head-loss coefficient for each tube to obtain similar orifice
characteristic curves. It was noted that for a 5-TLCD group,
the tuning characteristics of each liquid column orifice are al-
most similar. It is concluded that the damping characteristics
of the TLCDs remain the same whether they are used in an
STLCD or MTLCD configuration, although the optimal damp-
ing in both cases is different. This can be explained from (16)
which relates the optimal damping to the RMS liquid velocity,
cross-sectional area, and the head-loss coefficient. The cross-
sectional area of each TLCD in MTLCD configuration is less
than that for an STLCD. This is because the mass is distributed
equally among all the TLCDs, so a portion of total liquid mass
goes into each TLCD in the MTLCD configuration. This de-
crease in area corresponds to a decrease in optimal damping
ratio (Table 7), while the head-loss coefficient remains the
same in both systems.

Multiple Degrees of Freedom (MDOF)-MTLCD
Configuration

Most of the previous work on multiple dampers has at-
tempted to control only one mode (usually the first mode) of
the primary system. However, this concept can easily be ex-
tended to multiple STLCDs and multiple MTLCDs placed
strategically on various floors to reduce the higher modes as
well. The time frequency analysis of several earthquake
ground motion records utilizing wavelets has revealed the
presence of higher frequency components in the initial stages
of the event (e.g., El Centro) (Gurley and Kareem 1994). In
such cases the presence of a second TLCD or MTLCD tuned
to the second mode is essential in controlling motion induced
by higher frequency components. The effectiveness of multiple
dampers, spatially distributed in a structure was investigated
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by Bergman et al. (1989). In the following, the effectiveness
of structure-multiple-damper configurations is demonstrated
with the aid of an example.

A 60-story building, 183 m in height, with a base area of
31 3 31 m, was chosen and modeled as a 5-DOF system. The
mass, stiffness, and damping matrices were taken from Li and
Kareem (1990). The natural frequencies were determined to
be 0.2, 0.58, 0.92, 1.18, and 1.34 Hz. After dynamic analysis,
it was determined that the optimal location to place the damp-
ers to effectively reduce the first and second mode was the top
floor (fifth floor) and the second floor, respectively. Four con-
figurations of dampers were studied and comparisons were
made with an uncontrolled building. The multiple-mode con-
figurations will be referred to as 2-STLCD and 2-MTLCD (2
refers to number of modes being controlled). In addition, the
performance of 1-STLCD and 1-MTLCD also was examined.
The response of the building under wind loads was estimated
and the effectiveness of these damper configurations was stud-
ied. The spectral characteristics of wind loads are defined in
Li and Kareem (1990).

In the preliminary design, equal mass ratios were assigned
for the first and second modes (i.e., for 2-STLCD and 2-
MTLCD) (0.5% each, total 1%). However, this caused adverse
effects on the first mode response due to the presence of a
second-mode TLCD, and the total response increased com-
pared to 1-STLCD. This is because the presence of a TLCD
tuned to the second mode decreases the effective damping in
the first mode, which leads to an increase in the response.
Similar observation has been made for multiple-TMDs by
Rana and Soong (1998). To alleviate (if not completely elim-
inate) this problem, the placement of unequal mass ratios for
different modes was considered. Peak response ratios were
found to be in the ratio of 10:1 in the first and second modes.
Therefore, mass ratios were distributed as 0.9 and 0.1% with
a total of 1%. The performance of 1-STLCD and 2-STLCD is
now comparable and 2-MTLCD provides an improvement in
the performance. The optimum parameters were used in all the
damper configurations. These were determined based on the
theory presented in the previous sections. Table 8 shows a
comparison of the RMS accelerations of the floors for a given
wind loading for various configurations of dampers. From the
table, one can note that 2-MTLCDs offer maximum reduction
in response as compared to the other configurations. Additional
advantages of multiple MTLCDs are given below:

• The robustness properties of MTLCDs are well known,
so they are superior to STLCDs when there is an unex-
pected deviation from the optimal parameters. Moreover,
the smaller value of optimal damping for MTLCDs makes
them more attractive for liquid dampers, which have a
limited range of damping ratios to work with as opposed
to TMDs.

• The effectiveness of multiple MTLCDs for multimode re-
sponse reduction has been shown. They clearly can be
utilized effectively to suppress higher mode response in
buildings.

• The MTLCDs offer smaller size than individual dampers
(in terms of cross-sectional area and length). They can be
installed in many possible locations. It is possible to save
space by stacking MTLCDs inside each other.

CONCLUDING REMARKS

A method to determine the optimum damping in TLCDs,
using a simplified solution to the integral occurring in the es-
timation of the mean square response, has been presented. The
SDOF systems subjected to the white noise and FWN exci-
tations have been analyzed, and the optimum absorber param-
eters for TLCDs have been determined. This work can be ex-



tended conveniently to MDOF systems utilizing a modal or
state space approach.

Explicit expressions for optimal parameters are only feasible
for a simple undamped primary system subject to white noise.
As the systems and forcing functions become more complex,
numerical solutions are needed to evaluate the optimal param-
eters. It has been noted that, for lightly damped systems, the
optimal damping coefficient of the absorber does not depend
on the damping coefficient of the primary system when the
excitation is purely white noise. However, for the first- and
second-order FWN cases, it is affected by the primary system
damping. This suggests that the damping in the primary sys-
tem plays a role in determining the optimum damping coeffi-
cient of the TLCD. Although the undamped case may yield an
approximate value of the optimal absorber parameters, the pri-
mary system damping must be included for accurate estimates.
This method is extended to determine the optimum head-loss
coefficient, because it is apparent that the variance of the ve-
locity of the liquid in the tube changes as the loading intensity
changes. Therefore, to maintain the same level of damping,
the head-loss coefficient needs to be adjusted by controlling
the orifice opening ratio in the TLCD.

Optimal absorber parameters have been determined in the
case of multiple TLCDs. These parameters include the number
of TLCDs, the frequency range, and the damping ratio of each
damper. It is noted that there is an upper limit on the number
of TLCDs, beyond which additional TLCDs in the MTLCD
configuration do not enhance the performance. The MTLCDs
are more robust as compared to an STLCD, and the smaller
value of the optimal damping makes them more attractive for
liquid dampers that have a limited range of damping. The
small size of individual TLCDs in an MTLCD configuration
offers convenient portability and ease of installation at differ-
ent locations.
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