


3.2 Time Domain Analysis: Wavelet Modulus Decay 

In this time domain technique, the frequency and damping are estimated at a particular frequency 
value of the wavelet coefficients [4]. For an impulse response function, the time-varying enve-
lope and phase of the signal can be determined from the modulus and phase of the wavelet coef-
ficients at each wavelet frequency. Figure 4 plots the wavelet coefficient at the frequency line 
corresponding to the largest singular value, which should be the natural frequency of the system. 
By utilizing the slopes of the phase and natural log of the amplitude of the wavelet coefficients, 
the frequency and damping of the system are estimated (See Table 3). From Figure 4, it is appar-
ent that the modulus decay does suffer from end effects [4]. For these examples, there is suffi-
cient length of unaffected data by the end effects which precludes the need for any corrective 
measures for this example.  

However, a major drawback with this technique is that it does not extract system information 
for any signal other than an impulse response or free decay. For application to full-scale analysis, 
wavelet modulus decay is not generally applicable as wind-excitation is not an impulse. Despite 
the fact that wavelet modulus decay requires an impulse response, previous work with TSVD has 
used wavelet modulus on non-impulse response signals [2]. Although the author in [2] achieved 
reasonable estimates of natural frequency, damping values were not reported. Therefore, the ac-
curacy of damping estimates cannot be ascertained.  

3.3 Spectral Approaches: Half-Power Bandwidth Method, Spectral Moments Method, and 
Maximum Likelihood Estimation 

While HPBW can be used effectively for stationary signals, this technique breaks down for non-
stationary signals, especially short signals and those exhibiting slow variations in frequency as 
this feature results in enhancing the bandwidth [7]. HPBW and SMM are based on a power spec-
tral density function, which requires a certain number of data points for its reliable estimate [6]. 

Figure 4. Wavelet modulus decay of example 
signal from full-scale data: Wavelet coeffi-
cients at level i (top); fitted amplitude & 
phase of wavelet coefficient (middle & bot-
tom) 
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Figure 5. Feature Descriptor plots for a 2DOF system subjected to 
impulses at differing times: close together (top) and far apart (bottom).
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Thus, using HPBW and SMM techniques for a short signal is difficult as there are not enough 
data points for reliable spectral estimates. However, it has been shown that there is an analogy 
between a normalized spectral density function and a pdf [5], which implies that the right singu-
lar vector can be treated as a density function. Accordingly, this allows spectral analysis tech-
niques to be used for system identification. This analysis is also complemented by the maximum 
likelihood estimates (MLE) derived on the basis of fitting data to a prescribed linear system 
transfer function. 

 
Table 3 Natural frequency estimates after using WT-TSVD 
Wavelet Transform-Transformed Singular Value Decomposition 

Signal 
Number FD WM HPBW SMM MLE 

  fn (Hz) Ζ (%) fn (Hz) ζ (%) fn (Hz) ζ (%) fn (Hz) ζ (%) fn (Hz) ζ (%) 
1 0.201 0.89 0.200 1.00 0.201 1.46 0.201 0.02 0.201 0.78 
2 0.201 1.08 0.199 1.03 0.201 1.68 0.201 0.02 0.201 0.86 
3 0.202 4.51 0.199 0.65 0.202 1.75 0.202 0.12 0.202 1.06 
4 0.203 1.65 0.200 5.04 0.203 3.26 0.203 0.08 0.203 1.53 
5 0.199 1.48 0.200 1.00 0.198 1.60 0.199 0.01 0.198 0.84 
6 0.201 2.57 0.202 1.11 0.200 1.67 0.202 0.23 0.200 1.01 
7 0.202 0.88 0.200 1.00 0.202 1.54 0.202 0.02 0.202 0.79 
8 0.203 1.03 0.201 3.07 0.203 1.74 0.204 0.03 0.203 0.87 
9 0.213 1.76 NA NA 0.213 2.90 0.210 0.06 0.213 1.49 
10 0.203 2.25 NA NA 0.203 1.94 0.204 0.14 0.203 1.04 

M
od

e 
1 

11 0.141 1.42 0.143 0.88 0.141 1.47 0.141 0.04 0.141 0.77 
4 0.173 6.31 0.201 6.12 0.220 4.15 0.206 0.71 0.219 3.01 
5 0.208 2.18 0.199 1.00 0.210 1.93 0.209 0.06 0.200 1.38 
6 0.217 3.62 0.219 1.65 0.217 4.22 0.215 0.24 0.217 2.31 
7 0.209 1.02 0.200 1.00 0.209 1.57 0.209 0.03 0.202 1.75 
8 0.211 1.24 0.203 2.31 0.211 2.84 0.211 0.04 0.203 1.47 
9 0.189 5.31 NA NA 0.194 5.31 0.190 0.53 0.232 2.38 

M
od

e 
2 

10 0.194 3.98 NA NA 0.196 1.61 0.196 0.41 0.214 1.56 

4 DISCUSSION OF RESULTS 

4.1 Analysis of Signals with a Single Mode 

For all estimation techniques, the natural frequency is estimated quite well, even in cases with 
noise. Although, as the noise level increases, there is some deviation in the natural frequency es-
timates from the actual value, but these deviations are minimal. Damping, however, is not as ac-
curate. Damping is estimated accurately by WM and reasonably well by the MLE and the feature 
descriptors; however, the spectral methods do not provide good estimates of damping. The ML 
estimates are accurate in estimating damping even in cases with noise. For the signals with little 
or no noise, WM estimates damping accurately. However, for the signal with increased noise, 
MLE provides the best damping estimates. 

For the example signals, the spectral analysis techniques have been applied to the WT-TSVD 
transformed signal. By using the singular vectors as spectral density function, conventional 
analysis procedures used for stationary data can now be employed to analyze non-stationary sig-
nals that have been transformed. Of the two spectral analysis techniques used in this paper 
(HPBW and SMM), HPBW obtains more reasonable damping estimates, although the damping 
is over-estimated; SMM, on the other hand, overly under-estimates damping. From this initial 
analysis, it is evident that SMM is of little value when estimating damping for this application. 
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As such, the resulting damping estimates from SMM are not discussed in the following, but are 
presented for completeness. Although over-estimated, HPBW performs moderately well for this 
simple signal. It should be noted that without the use of TSVD, it is not possible to use HPBW 
for very short signals.  

4.2 Analysis of Signals with Two Modes 

For the 2DOF impulse response with small damping, all methods determine the natural fre-
quency reasonably well for the first mode, except in the case of Signal #9 (sine wave input). WM 
accurately estimates the damping in nearly all cases and MLE estimates the damping reasonably 
well for signals with low damping. On the other hand, feature descriptors and HPBW slightly 
over-estimate the damping in the first mode and MLE underestimates the damping for signals 
with higher damping. For the second mode, FD, MLE, and SMM estimate the natural frequency 
reasonable well, while HPBW slightly overestimates the natural frequency in most cases. WM, 
however, cannot distinguish between the two closely-spaced modes. In most cases, MLE did a 
better job than FD. For this example signal, noise does affect all the estimates. 

To examine the effects of time-varying signals, a signal was generated that included two im-
pulse responses with different natural frequencies and damping values occurring at different 
times (See Figure 5). The both the FD and MLE techniques were able to estimate the natural fre-
quency in both modes reasonable well and clearly indicated that two frequencies were present. 
Damping was not as accurate, but near the true value. In addition, FD and MLE both showed the 
trend in the damping between the two modes, i.e. mode 2 had higher damping than mode 1. For 
the well separated impulses, wavelet modulus was able to accurately estimate the natural fre-
quency and damping in mode 1. However, for the overlapping impulse responses, damping is 
significantly over-estimated, indicating that the WD cannot separate the two modes. This exam-
ple shows that wavelet modulus is not a good technique for estimating dynamic properties in 
signals that have changing properties with time. While not very accurate, FD and MLE are able 
to provide a clearer picture as to the true characteristics of the signal. In addition, FD is able to 
determine the location of both impulse responses in the time vector. 

Finally, the 2DOF system with higher damping was subjected to a sine wave and white noise. 
For these output signals, the input conditions violate the conditions of wavelet modulus and, as 
such, WD cannot be used to estimate the dynamic properties. Again, these examples indicate the 
utility of FD and MLE over wavelet modulus. Although, FD and MLE do not accurately estimate 
the dynamic properties in all cases, they do provide a clear indication of the trends in respective 
modes. The estimates for the white noise input case are closer than those for the sine wave input 
case. 

4.3 Analysis of Full-Scale Data  
Previous analysis of full scale data from the building involving very long records during ex-

tra-tropical wind events have revealed the building frequency to be 0.14 Hz and the average 
damping level around 0.9% [1]. A comparison of the WT-TSVD based estimation techniques 
with the stationary records analysis results shows that the estimated natural frequency is accurate 
for all five techniques; however, there is variation in the damping estimates. The estimate from 
SMM is very low and the estimates from both FD and HPBW are above the average damping 
value of 0.9%, which agree with the trends noted in the previous examples. Finally, both MLE 
and WM estimated the damping slightly below the average value of 0.9%. Although WM was 
shown to be very accurate with data from impulse responses, it is not valid with other types of 
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signals. However, a re-examination of Figure 1 and the accuracy of the WM estimates of dy-
namic properties, suggests that signal may indeed be close to a free-decay response as building 
oscillates freely after experiencing a large gust. Thus, for this particular full-scale transient re-
sponse the dynamic features are close to those during a long duration stationary wind event. In 
general, WM and MLE provided the most consistent and reliable results from the transformed 
non-stationary data for the examples presented in this paper.  

5 CONCLUDING REMARKS 

This paper discusses several approaches to extract frequency and damping from a signal that has 
been decomposed and transformed using Wavelet Transform-Transformed Singular Value De-
composition. This technique is particularly useful for non-stationary signals and for signals that 
are embedded in noise. The system identification techniques that are utilized include extracting 
the structural properties from feature descriptors based on the moments of the singular vectors, 
utilizing the right singular vectors in conjunction with maximum likelihood estimates, determin-
ing the properties from a decay envelope of the wavelet coefficients, Half-Power Bandwidth, and 
Spectral Moments Method. A suite of example signals were analyzed to determine the effective-
ness of each technique. Spectral Moments Method was found to be inadequate as all damping 
values were extremely low. In addition, wavelet modulus decay was only valid under free vibra-
tion decay which is not generally the case in full-scale data and, therefore this may not hold 
much promise for full-scale analysis. Finally, feature descriptors and maximum likelihood esti-
mates proved to be the most promising techniques with a few exceptions.   
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