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1. INTRODUCTION

The multimodeeigemwvaluesof a bridge understrong
winds with aeroelastic effects can be estimated
througha comple eigervalue analysis(e.g.,Chenet
al., 2000). Theseeigewalues are commonly plot-
ted versusmeanwind velocity by a family of fre-
guengy anddampingloci. Dependingonthestructural
andaerodynamicharacteristicef the bridge,two of
theseclosely spacedeigevaluesmay approacheach
otherat a certainwind velocity range. It is interest-
ing thatwhentwo frequeng loci approachthecurves
repel each other avoiding an intersection,whereas
the eigervectorsassociatedvith thesetwo eigerval-
uesareinterchangeasif thecurvesintersectedChen
et al., 2000; and Chenand Kareem,2001). This is
calledascune veeringphenomenothathasalsobeen
obseredin otherstructuraldynamicproblems(Chen
andGinsbeg, 1992;andMorandandOhayon1995).

A springsupportedridgesectionmodelwith hear-
ing and torsional degreesof freedomis commonly
usedin thewind tunnelinvestigationof flutter beha-
ior of long spanbridges. In mostcasesthe coupled
flutteris initiated from thetorsionalbranch.However,
ahearing branchcoupledflutter mayalsobe obsered
in somecasesvhenthetorsionalaerodynamiaamp-
ing is relatively large (Matsumotoet al., 1999). The
underlying physicsand conditionsof occurrenceof
this kind of flutter have not beenclearly understood.

This paperaddressethe physicsof curve veeringof
eigewvalueloci usingspring-supporte@-DOF bridge
sectionmodelsand a long spansuspensiorbridge.
A closedform solution of 2-DOF flutter is provided
basedon a perturbationanalysis. A criterion under
which the eigewvalueloci veeris presented.The un-
derlying physicsof a heasing modebranchcoupled
flutterandmultimodecoupledfutteris discussedrom
thecurve veeringviewpoint.

2. CLOSEDFORM SOLUTION OF 2-DOF
COUPLEDFLUTTER

The equationsf motion of a springsupportedoridge
sectionmodelwith heasing andtorsionaldegreesof
freedomaregivenas
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Theeigemwaluesandeigewvectorsof 2-DOF system
canbe calculatedhrougha comples eigervalueanal-
ysis(e.g.,Chenetal., 2000). Here,a closedform so-
lution is presenteasedon a perturbationanalysis,
which providesmorephysicalinsightto the effectsof

coupledself-excited forceson flutter.

The systemwithout the coupledself-excited forces
is choserastheunperturbedystenmwith thefollowing
eigewvalues
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The systemwith the coupledself-excited forcesis
chosenas the perturbedsystem. The frequeng de-
pendenterodynamienatricesA ; andA ; areapprox-
imatedas
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where
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By expressingheeigemwectorsof theperturbedsys-
temin termsof the eigewvectorsof the unperturbed
systemas
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thefollowing equationdor theeigewvaluesof theper
turbedsystemareobtained:
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andwiy=wnoy/1 — €7y andwl=waoy/1 — €2,
Thesolutionof theseequationgprovides
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It is clearthattheeigervaluesandeigemwvectorswith
coupledself-eccited forcescanbe readily determined
in termsof the eigevaluesand eigewvectorswithout
the coupledself-excited forcesandthe coupledflutter
dervativesH;, H;, A7 and A} in aclosedform.

3. CRITERIONOF EIGENVALUE LOCI VEERING

Basedon perturbatiorsolutionpresentedn Eq. 14, it
is obviousthatonly when

A = [(Mno — Aa0)? + 462 HipHy ]2 =0 (16)

thetwo adjacentkigemwvaluesof hearing andtorsional
branchesare equal. This meansthat both the fre-
queng and dampingratio loci of hearsing and tor-
sional branchesntersectat the samewind velocity.
Sincein general|A| is not necessarilyequalto zero,
the frequenciesor dampingratios of thesetwo adja-
centcomplex modeswill be generallydifferentfrom
eachother

Theoff-diagonaltermsH1, and Ho; resultin thein-
teractionof thetwo adjacentmodes.Hio = Hy; =0
meanghatthetwo adjacentmodeshave nointeraction
andit leadsto X; = Ao and®’; = ®yo.

When|/\h0 — )\a0| > 2€|(H12H21)1/2|, i.e.,thein-
teractionbetweenadjacentmodesis weak, we have
/\3 ~ Ajo and‘i; ~ QjO-

When|Apo — Aao| &~ 2€|(H12Hop)'?|, iLe., thein-
teractionbetweeradjacenimodess strong,theeigen-
valueswill be significantly influencedby the mode

interaction effect indicated by 2e(H12H21)1/2, and
the eigervectors @) and ®!, result from a signifi-
cant hybridization of ®,, and ®,9. In particular
whenApy = Ago, Wehave A = 26(H12H21)1/2 and
wh = [N < [Nl = [Nl < [A] = wh. It means
thattheeffectof themodeinteractionis to separatéhe
eigermvalues.

In summary at the wind velocity where the two
eigewvaluesare closeto eachother if the frequeng
loci of w} = |\}| intersectthefrequeny loci of wj =
|/\;-| of the perturbedsystemmay intersector veerde-
pendingon the level of modeinteraction. Whenthe
interactionbetweenthesetwo adjacentmodesis sig-
nificant,i.e.,

d = [ Ao — Aaol/[2¢|(H12H21) 2] < O(1)  (17)

the frequeng loci veer otherwise these intersect.
Sincethe effects of the modeinteractionis to sepa-
ratethe eigevalues,the frequeny loci of w; = |X|
of the perturbedsystemwill not intersectif7 the fre-

queng loci of w; = |A;| donotintersect.

4. HEAVING BRANCH FLUTTER

An example 2-DOF bridge sectionmodelis consid-
ered. The self-excited forcesaregivenin threediffer-
entcasedor comparisona) All flutter derivativesare
calculatedhroughTheodorseffunction;b) All flutter
derivativesare sameascasea exceptthatthe A% and
A3 aretwo timesthe valuesof casea, c) All flutter
dervativesare sameascasea exceptthatthe A3 and
Aj arethreetimesthevaluesof casea.
Thecomparisorof theeigemwalueloci calculatedy
the perturbationanalysisand by the comple eigen-
valueanalysisareshown in Fig. 1. Resultsillustrated
the accurag of the closedform solution. Without
the couplingeffect, thetwo frequenyg loci intersectin
thesethreecases.The coupledself-excited forcesre-
sultin the separatiorof two eigervalueloci. In cases
a andb, a coupledflutter is initiated from torsional
branch. The cure veering phenomenorexist in the
frequeny loci in both casesa andb. In casec, the
coupledself-excited forces only slightly changethe
eigevaluesof this system,andthe frequeng loci in-
tersectAs aresult,thecoupledflutteris initiatedfrom
the heaving branchin casec. Table1 comparedhe
coupledflutter conditionsincludingtheflutter branch,
critical flutter velocity, frequeng, reducedvelocity,
amplituderatio andphasdlifferencebetweerhearing
andtorsionalmotionsin the coupledflutter mode.
Figure 2 shaws the interactionlevel (Eq. 17) for
the three casesindicating the effect of coupledself-
excited forcesin the velocity region where the two
frequeny loci arecloseto eachother A lower value
correspondso astrongelinteraction.Thecouplingef-
fectdecreasesuccesskly in cases, b andc. In both



cases andb, stronginteractionbetweerheaiing and
torsionalmotionsresultsin curve veering. The result
of casec indicatesthat a heaving branchflutter cor
responddo the intersectionof frequeng loci. Com-
paringthesethreecasesn light of theeigervalueloci,
coupledmotions correspondingo the branchwhere
the coupledflutter is initiated, flutter conditionat the
critical flutter velocity, andtherole of the self-excited
forcesto the systemdynamicsjt is concludedhatthe
hearing branchcoupledflutteris physicallyconsistent
with the generallyobsered torsionalbranchcoupled
flutter.

5. CURVE VEERING OF A MULTIMODE
COUPLEDFLUTTER

A long spansuspensiorbridge with a centerspan
of nearly 2000 m is chosenas anotherexample to
illustrate curve veering. Calculationswith different
modecombinationshave beenconductedandit was
found that analysisincluding mode 2, 9, 10 (these
arethe fundamentavertical symmetricbending,sec-
ond lateral symmetricbendingand fundamentaltor-
sional symmetric mode, respectrely) resultedin a
critical flutter velocity U, of 65.3m/swhichis close
to that basedon the first 15 naturalmodeswith U,
of 66.5 m/s. The eigemwalue loci are also similar
with acoupledfutterinitiatedfrom thecomplex mode
branch9 asshawvn in Fig. 3. Thecorrespondingnode
shape®f complex modebranche® and10areshavn
in Fig. 4 in termsof the amplituderatiosof the natu-
ral modesconsidered It canbe notedthatthe modal
propertieof thesewo modeshave beeninterchanged,
while the curvesof frequeng loci do notintersectAs
a result, the flutter modebranch,i.e., modebranch9
correspondgo vertical bendingand torsion coupled
motions. The underlying physicsof this multimode
coupledflutter is the sameasthe flutter dominatedoy
thefundamentaverticalbendingandtorsionalmodes.
In Fig. 3, the resultswithout the coupledterms of
mode 9 with other modesare also presented. It is
notedthat the veeringof frequeng loci is dueto the
couplingbetweemmodes9 and10.

A perturbatioranalysishasbeenconductedor pre-
dictingtheeigervalueloci of thecomplex modes9 and
10atwind velocitiesaround65 m/s. The perturbation
solutionis basedntheadjacentomplex modes9 and
10 at the samewind velocity predictedby neglecting
the coupledtermsof mode9 with othermodes. The
comparisonwith the comple eigewvalue analysisis
shavn in Fig. 5 which illustratesthe accurag of the
perturbatioranalysis.Similar to the discussiorfor 2-
DOF flutter, the interactionlevel of complex mode9
and 10 around65 m/s canbe calculatedbasedon the
perturbationanalysisand Eq. 17 and it is shavn in
Fig. 5. It is notedthat the stronginteractionof these
two modesresultedn theveeringof frequeng loci.

6. CONCLUDING REMARKS

Proposedlosedform solutionof 2-D flutter analysis
basedon a perturbatiorsolutionclearlyillustratedthe
influenceof coupledself-excited forceson the cou-
pledflutter. Theobseredheaiing branchfluttercorre-
sponddgo theintersectiorof frequeng loci dueto the
weakaerodynamignteractionresultingfrom the cou-
pled self-excited forces, and is physically consistent
with the generallyobsered torsionalbranchcoupled
flutter. Curve veeringis relatedto the interactionof
closelyspacedmodes.The proposedtriterion clearly
illustratesthe occurrenceof cure veering, which is
givenin termsof the differencebetweenthe closely
spaceckigewvaluesandthe effects of coupling. This
discussiorof curve veeringhasadwancedour under
standingof the physicsof multimodecoupledflutter
of bridges.

ACKNOWLEDGMENTS

Thesupportfor thiswork wasprovidedin partby NSF
GrantsCMS 9402196and CMS 95-03779.This sup-
portis gratefullyacknavledged.

REFERENCES

1) Chen, P-T, and Ginsbeg, J. H. (1992).“Onthe
relationshipbetweenveeringof eigevalueloci
and parametersensitivity of eigenfunctions.
Journal of Vibration and Acoustics, Transac-
tionsof theASME, Vol.114,pp.141-148.

2) Chen,X. andKareem,A. (2001).“Cune veering
of eigemwvalue loci of long-spanbridgesdueto
aerodynamicoupling” to be submitted to the
Journal of Applied Mechanics, ASME.

3) Chen,X., MatsumotoM. andKareem A. (2000).
“Aerodynamic coupling effects on the flutter
andbuffeting of bridges. Journal of Engineer-
ing Mechanics, ASCE,126(1),pp.17-26.

4) Matsumoto M. Yoshizumi,F., Yakutani, T., Abe,
K. and Nakajima,N. (1999) “Flutter stabiliza-
tion and hearing-branchflutter” Journal of
Wind Engineering and Industrial Aerodynam-
ics., Vol. 83, pp.289-299.

Morard,H. J.-P andOhayon R. (1995).Fluid struc-
ture interaction. JohnEiley & Sons.

Key words: Flutter, Long-span bridges, Aeroelastic ef-
fects, Perturbation analysis, Eigenvalues, Stability.



Table1l Comparisorof theflutter conditions

CaseNo. a) b) C)
Branch Torsion | Torsion | Heaving
U (M/S) 10.57 9.19 8.41
Ue./fB 13.71 | 12.87 | 12.12
h/Ba 0.68 1.30 2.07
¢(h) — ¢(a) | 11.05 | 23.03 | 41.27
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Fig. 1 Comparisorof eigevalueloci (—— and— are
calculatedby the complex eigevalueanalysisw/ and
w/o coupledself-eccited forces;circle dotsarecalcu-
latedby the perturbatioranalysis)
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Fig. 2 Interaction level of heaing and torsional
branches
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Fig. 3 Eigervalue loci of the suspensiorbridge (— —
and— arew/ andw/o coupledtermsof mode9 with
othermodes)
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Fig. 4 Amplitudesof naturalmodesin differentcom-
plex modebranches
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Fig.5 Comparisorof eigemwvalueloci of thesuspension
bridge (— — and— are calculatedoy comple eigen-
value analysisw/ and w/o coupledtermsof mode9
with othermodestgircle andsquaredotsarecalculated
by perturbatioranalysis)
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Fig. 6 Interactionlevel of adjacentcomplex 9 and
comple 10 branchedor the suspensiotbridge



