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1. INTRODUCTION

The multimodeeigenvaluesof a bridgeunderstrong
winds with aeroelastic effects can be estimated
througha complex eigenvalueanalysis(e.g.,Chenet
al., 2000). Theseeigenvalues are commonly plot-
ted versusmeanwind velocity by a family of fre-
quency anddampingloci. Dependingonthestructural
andaerodynamiccharacteristicsof thebridge,two of
thesecloselyspacedeigenvaluesmay approacheach
otherat a certainwind velocity range. It is interest-
ing thatwhentwo frequency loci approach,thecurves
repel each other avoiding an intersection,whereas
the eigenvectorsassociatedwith thesetwo eigenval-
uesareinterchangedasif thecurvesintersected(Chen
et al., 2000; and Chenand Kareem,2001). This is
calledascurveveeringphenomenonthathasalsobeen
observed in otherstructuraldynamicproblems(Chen
andGinsberg, 1992;andMorandandOhayon1995).

A springsupportedbridgesectionmodelwith heav-
ing and torsional degreesof freedomis commonly
usedin thewind tunnelinvestigationof flutter behav-
ior of long spanbridges. In mostcases,the coupled
flutter is initiatedfrom thetorsionalbranch.However,
aheaving branchcoupledfluttermayalsobeobserved
in somecaseswhenthetorsionalaerodynamicdamp-
ing is relatively large (Matsumotoet al., 1999). The
underlying physicsand conditionsof occurrenceof
this kind of flutter have notbeenclearlyunderstood.

Thispaperaddressesthephysicsof curveveeringof
eigenvalueloci usingspring-supported2-DOFbridge
sectionmodelsand a long spansuspensionbridge.
A closedform solution of 2-DOF flutter is provided
basedon a perturbationanalysis. A criterion under
which the eigenvalue loci veeris presented.The un-
derlying physicsof a heaving modebranchcoupled
flutterandmultimodecoupledflutteris discussedfrom
thecurve veeringviewpoint.

2. CLOSEDFORMSOLUTIONOF 2-DOF
COUPLEDFLUTTER

Theequationsof motionof a springsupportedbridge
sectionmodelwith heaving and torsionaldegreesof
freedomaregivenas��������
	�����
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Theeigenvaluesandeigenvectorsof 2-DOFsystem
canbecalculatedthrougha complex eigenvalueanal-
ysis (e.g.,Chenet al., 2000). Here,a closedform so-
lution is presentedbasedon a perturbationanalysis,
which providesmorephysicalinsight to theeffectsof
coupledself-excitedforcesonflutter.

Thesystemwithout thecoupledself-excited forces
is chosenastheunperturbedsystemwith thefollowing
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The systemwith the coupledself-excited forcesis
chosenas the perturbedsystem. The frequency de-
pendentaerodynamicmatricesSUT and S4V areapprox-
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By expressingtheeigenvectorsof theperturbedsys-
tem in termsof the eigenvectorsof the unperturbed
systemas acb% �edgfZ�ih a @ ' a L 'Bj f (11)

thefollowing equationsfor theeigenvaluesof theper-
turbedsystemareobtained:��k �1lnmo"(fp� $ b% f (12)
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and ������ =� ��� 2 ���J������ and ���  � =�   � 2 ���J���  � .
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It is clearthattheeigenvaluesandeigenvectorswith
coupledself-excited forcescanbereadilydetermined
in termsof the eigenvaluesandeigenvectorswithout
thecoupledself-excitedforcesandthecoupledflutter
derivatives

®Q·�#¸ ®
·¹ ¸»º · ¯ and º ·¼ in aclosedform.

3. CRITERIONOFEIGENVALUE LOCI VEERING

Basedon perturbationsolutionpresentedin Eq.14, it
is obviousthatonly when½ ¤ ª«¦ ¡ ��� � ¡   � ¨ � §µ¬<­ � ® ¯ � ® � ¯ ± ¯>² � ¤¿¾ (16)

thetwo adjacenteigenvaluesof heaving andtorsional
branchesare equal. This meansthat both the fre-
quency and dampingratio loci of heaving and tor-
sional branchesintersectat the samewind velocity.
Sincein general À ½ À is not necessarilyequalto zero,
the frequenciesor dampingratiosof thesetwo adja-
centcomplex modeswill be generallydifferent from
eachother.

Theoff-diagonalterms
® ¯ � and

® � ¯ resultin thein-
teractionof thetwo adjacentmodes.

® ¯ � ¤ ® � ¯ ¤�¾
meansthatthetwo adjacentmodeshavenointeraction
andit leadsto
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teractionbetweenadjacentmodesis strong,theeigen-
valueswill be significantly influencedby the mode

interaction effect indicated by
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the eigenvectors Á ¢ � and Á ¢   result from a signifi-
cant hybridization of Á ��� and Á   � . In particular,
when
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thattheeffectof themodeinteractionis to separatethe
eigenvalues.

In summary, at the wind velocity where the two
eigenvaluesarecloseto eachother, if the frequency
loci of � ·£ ¤ À ¡ ·£ À intersect,thefrequency loci of � ¢£ ¤À ¡ ¢£ À of theperturbedsystemmayintersector veerde-
pendingon the level of modeinteraction. Whenthe
interactionbetweenthesetwo adjacentmodesis sig-
nificant,i.e.,Ç ¤ À ¡ ��� � ¡   � ÀÉÈ ª ¥ ­ À ¦ ® ¯ � ® � ¯ ¨ ¯>² � À ±gÊÌË ¦ � ¨ (17)

the frequency loci veer, otherwise these intersect.
Sincethe effects of the modeinteractionis to sepa-
ratethe eigenvalues,the frequency loci of � ¢£ ¤ À ¡ ¢£ À
of the perturbedsystemwill not intersectif the fre-
quency loci of � £ ¤ À ¡ £ À do not intersect.

4. HEAVING BRANCH FLUTTER

An example2-DOF bridge sectionmodel is consid-
ered.Theself-excitedforcesaregivenin threediffer-
entcasesfor comparison:a) All flutter derivativesare
calculatedthroughTheodorsenfunction;b) All flutter
derivativesaresameascasea exceptthat the º ·� andº ·¹ are two times the valuesof casea; c) All flutter
derivativesaresameascasea exceptthat the º ·� andº ·¹ arethreetimesthevaluesof casea.

Thecomparisonof theeigenvalueloci calculatedby
the perturbationanalysisand by the complex eigen-
valueanalysisareshown in Fig. 1. Resultsillustrated
the accuracy of the closedform solution. Without
thecouplingeffect, thetwo frequency loci intersectin
thesethreecases.Thecoupledself-excited forcesre-
sult in theseparationof two eigenvalueloci. In cases
a and b, a coupledflutter is initiated from torsional
branch. The cure veeringphenomenonexist in the
frequency loci in both casesa andb. In casec, the
coupledself-excited forcesonly slightly changethe
eigenvaluesof this system,andthe frequency loci in-
tersect.As aresult,thecoupledflutter is initiatedfrom
the heaving branchin casec. Table1 comparedthe
coupledflutter conditionsincludingtheflutterbranch,
critical flutter velocity, frequency, reducedvelocity,
amplituderatio andphasedifferencebetweenheaving
andtorsionalmotionsin thecoupledflutter mode.

Figure 2 shows the interactionlevel (Eq. 17) for
the threecasesindicating the effect of coupledself-
excited forces in the velocity region where the two
frequency loci arecloseto eachother. A lower value
correspondsto astrongerinteraction.Thecouplingef-
fectdecreasessuccessively in casesa,b andc. In both



casesa andb, stronginteractionbetweenheaving and
torsionalmotionsresultsin curve veering. The result
of casec indicatesthat a heaving branchflutter cor-
respondsÍ to the intersectionof frequency loci. Com-
paringthesethreecasesin light of theeigenvalueloci,
coupledmotionscorrespondingto the branchwhere
thecoupledflutter is initiated,flutter conditionat the
critical flutter velocity, andtherole of theself-excited
forcesto thesystemdynamics,it is concludedthatthe
heaving branchcoupledflutter is physicallyconsistent
with thegenerallyobserved torsionalbranchcoupled
flutter.

5. CURVE VEERINGOF A MULTIMODE
COUPLEDFLUTTER

A long span suspensionbridge with a centerspan
of nearly 2000 m is chosenas anotherexample to
illustrate curve veering. Calculationswith different
modecombinationshave beenconducted,andit was
found that analysisincluding mode 2, 9, 10 (these
arethe fundamentalvertical symmetricbending,sec-
ond lateral symmetricbendingand fundamentaltor-
sional symmetric mode, respectively) resultedin a
critical flutter velocity ÎÐÏsÑ of 65.3m/swhich is close
to that basedon the first 15 naturalmodeswith ÎÐÏsÑ
of 66.5 m/s. The eigenvalue loci are also similar
with acoupledflutter initiatedfrom thecomplex mode
branch9 asshown in Fig. 3. Thecorrespondingmode
shapesof complex modebranches9 and10areshown
in Fig. 4 in termsof theamplituderatiosof thenatu-
ral modesconsidered.It canbenotedthat themodal
propertiesof thesetwo modeshavebeeninterchanged,
while thecurvesof frequency loci donot intersect.As
a result, the flutter modebranch,i.e., modebranch9
correspondsto vertical bendingand torsion coupled
motions. The underlyingphysicsof this multimode
coupledflutter is thesameastheflutter dominatedby
thefundamentalverticalbendingandtorsionalmodes.
In Fig. 3, the resultswithout the coupledterms of
mode9 with other modesare also presented. It is
notedthat the veeringof frequency loci is dueto the
couplingbetweenmodes9 and10.

A perturbationanalysishasbeenconductedfor pre-
dictingtheeigenvalueloci of thecomplex modes9and
10 at wind velocitiesaround65 m/s.Theperturbation
solutionis basedontheadjacentcomplex modes9 and
10 at thesamewind velocity predictedby neglecting
the coupledtermsof mode9 with othermodes.The
comparisonwith the complex eigenvalue analysisis
shown in Fig. 5 which illustratesthe accuracy of the
perturbationanalysis.Similar to thediscussionfor 2-
DOF flutter, the interactionlevel of complex mode9
and10 around65 m/scanbe calculatedbasedon the
perturbationanalysisand Eq. 17 and it is shown in
Fig. 5. It is notedthat the stronginteractionof these
two modesresultedin theveeringof frequency loci.

6. CONCLUDING REMARKS

Proposedclosedform solutionof 2-D flutter analysis
basedon a perturbationsolutionclearlyillustratedthe
influenceof coupledself-excited forceson the cou-
pledflutter. Theobservedheaving branchfluttercorre-
spondsto theintersectionof frequency loci dueto the
weakaerodynamicinteractionresultingfrom thecou-
pled self-excited forces,and is physically consistent
with thegenerallyobserved torsionalbranchcoupled
flutter. Curve veeringis relatedto the interactionof
closelyspacedmodes.Theproposedcriterionclearly
illustratesthe occurrenceof cure veering, which is
given in termsof the differencebetweenthe closely
spacedeigenvaluesandthe effectsof coupling. This
discussionof curve veeringhasadvancedour under-
standingof the physicsof multimodecoupledflutter
of bridges.
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Table1 Comparisonof theflutter conditions
CaseNo. a) b) c)
Branch Torsion Torsion HeavingÎ ÏsÑ (m/s) 10.57 9.19 8.41ÎÐÏsÑ�È�ÒÔÓ 13.71 12.87 12.12Õ È3Ó
Ö 0.68 1.30 2.07× ¦ Õ ¨ � × ¦ Ö ¨ 11.05 23.03 41.27
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Fig. 1 Comparisonof eigenvalue loci (– – and— are
calculatedby thecomplex eigenvalueanalysisw/ and
w/o coupledself-excited forces;circle dotsarecalcu-
latedby theperturbationanalysis)
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Fig. 2 Interaction level of heaving and torsional
branches
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Fig. 3 Eigenvalue loci of the suspensionbridge (– –
and— arew/ andw/o coupledtermsof mode9 with
othermodes)
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Fig. 4 Amplitudesof naturalmodesin differentcom-
plex modebranches
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Fig.5 Comparisonof eigenvalueloci of thesuspension
bridge(– – and— arecalculatedby complex eigen-
value analysisw/ and w/o coupledtermsof mode9
with othermodes;circleandsquaredotsarecalculated
by perturbationanalysis)
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Fig. 6 Interaction level of adjacentcomplex 9 and
complex 10 branchesfor thesuspensionbridge


