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Abstract

This paper studies the problem of stabilizing single-input nonlinear a ne systems
with quartized feedba&. We shaw that, for a single-input nonlinear a ne cortinuous-
time system, a stabilizing quantizer can be constructed basedon a cortrol Lyapunov
function, and a robustly stabilizing quartizer can be constructed based on a robust
control Lyapunov function. We also characterize the coarsestquarntizer under certain
conditions. The quartized corntrol scheme provides understanding to the problem of
how much interaction betweenthe cortroller and the system dynamics is neededfor
stabilization.

1 Intro duction

In this paper we extend previousresults on quartized stabilization of linear systemsin [4, 3]
to single-inputnonlineara ne systems.This researt ts into the framework of investigating
the complexity of the interaction betweencortrollers and systemdynamics,and is useful for
studying cortrol systemswith communication constrairts and computational complexity.

[4] completely characterizesthe coarsestquadratically stabilizing quartizer for a single-
input linear system,and [3] usesthe sameLyapunov-basedapproad to investigatebounded
energy gain performanceof quartized single-input linear systems. [6] considersthe quan-
tized stabilization of cortinuous-time linear systemswith the introduction of a dwell-time
constrairt. [2] designsa time-varying uniform quartizer to stabilize a multi-input linear sys-
tem. [9] extendsthis design methodology to input-to-state stabilizable nonlinear systems.
[10] investigatesnonlinear feedba& systemsand the cortrol e ort of quantized feedbas&.
[14, 11] provide the bit-rate neededto stabilize a linear discrete-time system. [5] shows that
the quartization of nonlinear systemswith symmetry leadsto a relatively simple cortrol
architecture.

This paper is organizedas follows. In Section2, we introduce the preliminaries of quan-
tization and the Lyapunov-baseddesignapproad. In Section 3, we construct quartization
for single-input nonlineara ne systems.We show that a courtable in nite quartizer that is
robustly stabilizing can be derived from a robust CLF (control Lyapunov function). Under
certain conditionsthe coarsestuartizers are given. For a systemfor which the only available
CLF is not robust, we shav that the systemcan be stabilized by a hierarchical quartizer.
Finite quartizers are also obtained. In Section4, we apply the quartization theory to an
example.



2 Preliminaries

In this paper we considerthe single-input nonlinear a ne cortinuous-time system

x=f(x)+gxu; £(0)=0: (2.1)

wheref and g are C! functions, x 2 X  R", X is the state-spaceu 2 U R, U is the
admissiblecortrol set. We assumethe unforcedsystemis unstable.

2.1 Intro duction to quantized control

A quartizer is a cortroller that mapsthe statesof a systeminto piecewiseconstart cortrol
inputs which take valuesin an at most courtable set. The quartizer only transmits and
processesnformation intermittently and with nite precision,in cortrast to a traditional
cortroller which transmits and processesnformation with in nite precision cortinuously.
Consequetly, lessinteraction is involved in the cortrol process.

De nition  2.1. A quantizeris a 4-tuple (q; S; ;U) consistingofamapq:S! U such
that g(x) = q( x) andforanyi 2 Z, q(x) = uj if x 2 ; asetS X containing a
neightorhood of the origin; a disjoint partiion = f ;gL ; of S; and a set of admissible
control U= fu; 2 R;i 2 Zg. Every ; is called a cell; i is called the index of the cell. With
a slight abuseof terminology, q is called the quantizer.

Logarithmic quartization, asadhieved or usedin [4, 3, 6], capturesthe intuition that the
farther from the origin the state is, the lessprecisethe cortrol action and knowledgeabout
the location of the state needto be.

De nition 2.2. A -basal logarithmic quantizeris a quantizer(q; S; ;U) with q suchthat
foranyi2 Z,qx) = uiif x2 [, qx)= uif x2 andq(x) = 0if X 2 ero, With
being given as

r:fXZSji+l<P%( g 8i2Z
i = fx28S] i P%X< ;09 8i22Z (2.2)
sero = X 2 SjP% = Og
and with U = f ujjuj+s = uy;i 2 Zg[ f0g, whee O0< < 1is called the base,P 2 R"
is a constantvector, 41 = §,12 Z, oisassume to be 1 without lossof geneality. For
cell [ (or ;, sero), theindexisi* (or i , zero, resgctively).

For nonlinear systems, it is often conveniert to considersemi-logquantizers, which have
the major properties of log quartizers.

De nition 2.3. A -baseal semi-lgyarithmic quantizeris a quantizerasde ned in De nition
2.2 exept that the linear function P% is replaed by a smath function p(x) : S! R with

p(0) = 0.



Note rst that when designinga semi-logquartizer, we needto specify S, , p(x) and up.
Second,sinceboth the cortrol value u and the partition p(x) follow a logarithmic law with
the samebase,the graph of the quartizer in the p(x)-u plane is self-similar with similarity
ratio . Thus, in practice it is easyto do calculation online or store the relevant data in
memory SeeFig. 1. Third, the cells becomelarger and larger when p(x) is farther away
from 0, asfor log quartizers. Fourth, wheneer the state x is approading the boundary of
a cell, the correspnding point in the p(x)-u planeis either approading the line u = kyp(x),
or approading the line u = kyp(x). In the X U space,u = kip(x) and u = kop(x) aretwo
manifolds, which are called the triggering manifolds

Figure 1: The graph of semi-logpartition in the p(x)-u plane. Each number in brackets is

the index of the cell. For any x s.t. p(x) 2 ( 1; o], index 0" is transmitted and ug is used
asthe cortrol input.

For log quartizers, the two triggering manifolds are simply two subspacesn the X U
space. Consequetly, ewery cell is rectilinear, which makesits implemertation easy Note
that oncea semi-logquartization is given, we can always de ne a coordinate transformation
z = T(x) sothat the quartization in the new coordinatesis logarithmic. SeeFig. 2 for log
and semi-logpartitions in a 2-dimensionalstate-space.

A systemwith a (semi-)logquartizer can be seenasan automaton. The automaton hasa
courtable in nite number of states,with a xed output (i.e., the cortrol input of the system)
assignedto eat of them. Eadh state of the automaton is assaiated with one cell in the
system'sstate-space.An instantaneoustransition to a di erent state takesplaceif x crosses
the boundary of the cell, and the new state of the automaton is decided by the position
of x, i.e., the index of the cell that x is ertering. As the systemewlves cortinuously, the
automaton ewlvesat discreteinstants of time, and generatescorrespnding cortrol inputs.
Fig. 3 illustrates the state transition of an automaton.

Next, we introduce nite quartizers.

De nition  2.4. A nite quantizer (of order N) is a quantizerqwith =f ;g% 1,,, and

3



Figure 2: Examplesof log and semi-logpartitions in 2 D state-space.A shovsalog quartizer
de ned on S, and B shows a semi-logquartizer de ned on S. Log partition has straight
boundary lines, and for semi-logthey are curves.

Figure 3: A hybrid automaton for a semi-logquartizer. S’ denotesthe state of the automa-

ton assaiated with cell [, etc.

U=fu 2Rjui= u;i= N+1, :0; N 1g.
We de ne the density of a quartizer asfollows.

De nition  2.5. For a quantizer q of system(2.1), let 0 < 1 and # ([ ] denote the
numter of levelsthat g hasin the interval [; i]. De ne

#q ]
In

q = limsup :
1o
q Is called the quantization density of g. For two quantizersf and g, f is said to be
coarserthan g if ¢ < .
2

—~r. A -basedsemi-log

A -basedsemi-logquartizer g de ned on R" hasdensity ¢ = i

1

quartizer g de ned on a compactsetin R" hasdensity = -t

density zero. Two quartizers which are only di erent in a nite number of levels have the
samedensity.

. A nite quartizer has



2.2 Intro duction to the Lyapunov-based design

In this paper we will construct quartizers for system(2.1) basedon the availability of a CLF
for (2.1). In this sectionwe intro ducethe conceptof an RCLF (robust CLF). Wewill seethat
the availability of an RCLF guararteesthe existenceof a nite density stabilizing quartizer.
The quartizer designmethod deweloped for RCLF's extendsto a method for CLF's when
only a CLF is available. In this paper smoothnessis assumedfor all CLF's.

De nition 2.6. (V(Xx); ) is called an RCLP (robustcontrol Lyapunovpair) for system(2.1)
on a compact setS X containing a neightorhood of 0 if > 0, V(x) is a CLF for (2.1)
on S, and there exists someadmissiblecontrol u, for eachx 6 0in S, suchthat

202+ LgV(X)ux + L V(X) < O (2.3)

The V(x) in the above de nition is called an RCLF for (2.1) on S. HereL4V(x) = %g,
andL;V(x) = %f . For simplicity, we always assumewithout lossof generalily that S is a
closedlevel set of V (x).

The RCLF is so called sinceit guararteescertain robustness,as shovn in Appendix 6.1.
In addition, it canbe shown that, for a given RCLF V(x), RCLP (V(x); 1) guararteesmore
robustnessthan (V(x); ,) if 1> 5. Therefore,we call the robustnesdevel Seeral
classesof nonlinear a ne systems,sud as linear systemsand linearizable systems,admit
RCLF's.

Equation (2.3) descrikes a reasonablerequiremen for many cortrol systems:it requires
V to decreaseand it gives penalty to using large cortrol. This renders nite gain at the
origin [1]. In [12, 7] a generalizedform of equation (2.3) is usedto adchieve optimality and
robustnessto a classof uncertairnties.

De ne h(x) = % onthe setS; = fx 2 SjL¢V(x) > 0g. Let 2 = infh(x), and

2= Iirxrll ig\f h(x). Then an RCLF hasthe following properties.

Lemma 2.1. SupmwseV is a CLF for system(2.1) on S. The following statementsare
equivalent:

(1) V(x) is an RCLF for system(2.1) on S.

(2) V is suchthat u = kL4V(x) is stabilizing for someconstantk < 0.

(3) V is suchthat 2 > O.

(4) V is suchthat %> O.

Condition (2) says that V(x) is an RCLF if and only if domination redesign (cf. [7]) is
applicable. Condition (3) says that the problem of cheking when a CLF is an RCLF is
reducedto solving a constrained optimization problem. Condition (4) says that V is an
RCLF if and only it hasa certain limiting property around the origin. Theseconditions may
bedicult to chek. For cheking whena CLF is an RCLF, the following lemma providesa
su cient condition [7]:



Lemma 2.2. Supmwse V(x) is a CLF for system(2.1) on S. Suppmse further the rst
nontrivial terms in the Taylor ex@nsionsof f (x), g(x), and V(x) havedegreesd;, dg, and
dv, resgectively, and let f,(x), gn(X), and V,(x) denotethesenontrivial terms, resgctively.
If V}, is a CLF for the systemx = fp(X) + gh(X)u andif dy di  2dy, then V(x) is an
RCLF for system(2.1) on S.

Once we have veried that a CLF is indeed an RCLF, then (V(x); ) is an RCLP if
0< 2< 4.
We de ne the coarsestquartizer, or the quartizer with the smallestdensity, as follows.

De nition  2.7. Given an RCLP (V(x); ) for system(2.1) on'S, 2< 2, let Q (V)
denotethe set of all quantizersq(x) suchthat for anyx 2 S, x 6 0,

2(9(x))? + LV ()a(x) + LiV(X) < O: (2.4)

A quantizerq is said to be the coarsestfor (V(x); ) if g= arginfy,q (v) o

3 Quantized single-input nonlinear ane systems

3.1 Main results

In this section,we areinterestedin the following questions. What conditionsimply quartized
(robust) stabilization of system(2.1)? What is the smallestpossibledensity of the (robustly)
stabilizing quartizer? How do we construct sud a quartizer? For the conceptsof stability
and robustnessusedin this paper, we referto Appendix 6.2.

Our main results are as follows.

Theorem 3.1. (a) If system(2.1) admits a CLF on S, then (2.1) can be stabilized by a
guantizer with countablein nite levels,or practically stabilized by a nite quantizer.

(b) If system(2.1) admits an RCLF on S, then (2.1) can be robustly stabilized by a nite
density quantizer, or stabilized by a nite quantizer.

Theorem 3.2. Supmse(V(x); ) is an RCLP for system(2.1) on S. If % < +1 , then

the coarsest quantizer q for (V(x); ) hasdensity = m% where = ki=ky, kg =
%, ko = ! 212 = é. If 2= +1, thenthe coarsestquantizerq for (V(x); )
hasdensity = 0.

Theorem 3.1 allows for the existenceof a variety of stabilizing quartizers. Theorem 3.2
provides the density of the coarsestquartizer for a given RCLP. In the remainder of this
section,we will rst construct quartizers basedon a given RCLF, and then on a given CLF.
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3.2 Quantizers for RCLF's

We want to stressthat  provided in Theorem 3.2 may not be an achieved in m um over all
robustly stabilizing quartizers for a given RCLP. In other words, in somecaseq) 2Q (V) (2
meaning\do esnot belong"). The following lemmashovs whenthe density  is achievable.

Lemma 3.1. g 2 Q (V) if and only if there is somea > 0 suchthat % < h(x) for all x
in S, =fx2 $jV(x) ag.

Next, we will construct the coarsestquartizer q if is achievable, and in case is not
achievable, we will construct a quartizer g with density + for any given > 0.

Noticethat if ,, fx 2 SjL;V(X) < kxk?; > 0gis nonempty, then we only needto
de ne quartizerson ynz = Sn 7 sinceon 7 we canusezerocortrol input to hold (2.4).

3.2.1 Construction of the coarsest quantizer q

Suppose is achievable. Let S, = fx 2 SjV(x) ag, i.e., the smallestclosedlevel set of
V(x) cortaining S¢,. Then we canusea nite number of cortrol valuesto drive the state
from SnS, into S, (seeTheorem 3.1(b)), and then focus on a smallerinvariant setS,, on
which the coarsestquartization turns out to be semi-logarithmic. Sincea nite number of
cortrol valuesdo not a ect the quartizer density, we know the density is determinedby the
guartization de ned on S,.

Prop osition 3.1. Supmse(V(x); ) is an RCLP for system(2.1) on S, and there is some
a> Osuchthat 2 < h(x) for all x in S;,. Then there existsa robustlystabilizing quantizer
g 2 Q (V) with density . g hasa nite numkbker of cells on SnS,, andis -basal
semi-lagarithmic on S;\  nz with p(x) = L4V (x) and ug = ki o.

Note that the smaller the 2, the coarserthe quartization is, but the lessrobust the
closed-lmp systemis. Although Proposition 3.1 gives the coarsestquartizer under some
conditions, we want to remark that for a cortinuous-time system, quartization density is
only a partial measureof the complexity of the interaction betweenthe quartizer and the
systemdynamics, in cortrast to discrete-time systems[4]. Other quartities related to the
information processingand transmission,sud as averageswitching time, are alsoimportant
[10].

3.2.2 Construction of quantizer q

Now we considerthe casethat is not achievable. Givenany > 0,let = +

—e , 2= T ? 7 St = fx 2 Sjh(x) 29, and S be the smallestclosedlevel set
1+
of V(x) cortaining S¢ . Then we canusea nite number of cortrol valuesto drive the state

from SnS into S, andon S we can construct a robustly stabilizing quartizer with density



Prop osition 3.2. Supmse(V(x); ) is an RCLP for system(2.1) on S. Then for any given
> 0, there exists a robustly stabilizing quantizerqg 2 Q (V) with density =+ . ¢
hasa nite numkbker of cellson SnS, and i% -basal semi-lgyarithmic on S \ 2z with

1+ 1 2=2
2 2

p(x) = LgV(x) and ug = k; o where k; =

3.3 Quantizers for systems with CLF's

For a CLF that is not an RCLF, we have 2, 2 = 0on S. Someof thesesystemscan be
stabilized by a nite density quartizer, sud asx = x3+ x2u. Howeer, others may needan
in nite density quartizer to stabilize, sud asx = x + x?u. In this subsection,we presen an
approad to designa stabilizing quartizer (possibly with in nite density) basedon a given
CLF. Although sud a quartizer may be dicult to implemert, it will be seenlater that its
nite truncation leadsto practical stabilization, and henceit is useful.

We rst partition yz nfOg into disjoint subsetsfK gt ., with 02cl(K,) for all m. Let

om = infyok s, h(x). Obviously, we have £, > 0 for all m. Then we can de ne a
semi-logquartizer g, on eah K. If the state is in K, then g, is employed. If the state
is driven outside of K ,, into K,,+1, then we switch to the quartizer g,+; . Ead g, makesV
decreaseand nally sendsthe state to the origin. This leadsto a hierarchical quartization
structure.

Prop osition 3.3. SupmseV is a CLF for system(2.1) on S. System(2.1) can be semi-
glolally stabilized to the origin by a hierarchical quantizer. Levell quantizationis a partition
of Nz nfOg by disjoint setsfK gt -, with 02cl(K,) for all m. Level 2 quantization is
obtainel by de ning a ,-basel semi-lag quantizgq“ on each set K, with B(x) = LgV(X)

1+ 1 2=2 11 2=2

—Mm and ko =

and Up = kim o, Whee n = Kim=kom, Kim = 22 22

Here cl( ) denotesthe closure. Level 1 partition is normally given by the level surfaces
of V(x), LyV(x), kxk, etc. Proposition 3.3 implies that a generalcortrol architecture can
be built for system(2.1) if (2.1) admits a CLF. This architecture is a 3-lewel hierardical
guartizer. System(2.1) with the quartizer can be seenasa hierarchical automaton; referto
Fig. 4.

3.4 Further discussion

In this part we brie y discuss nite quartizers, the relation between smaooth feedba& and
guartized feedbag, and chattering-free quartizers.

We can showv that no nite quartizer can be robustly stabilizing. In order to obtain a
nite quartizer, we needto relax the requiremen of robust stabilization. In fact, a nite
truncation of the in nite quartizer in Proposition 3.1 guarartees stabilization instead of
robust stabilization.

A nite truncation of the quantizer de ned in Proposition 3.1 is obtained as follows. For
somej 2 Z,let " =fx2 yNzj0< LgV(x) jg and = fx2 ynzjO> LgV(x)
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Figure 4. 3-lewel hierarchical automaton for Proposition 3.3. The state Syz in Level O is
the automaton in Level 1. The state Sy in Level 1 is the automaton g in Level 2. If Level
1 quartization is decidedby the level surfacesof kxk, then the logic conditions for state
transition are: (1) LtV (x) kxk?, (2) LiV(X) < kxk?, (3) kxk? < ¢y, (4) kxk?  cy.

jg,anduseu =k; ;jin ", uin . Foranyi<j,let ; andthe correspndingu
be asin Proposition 3.1.

Corollary 3.1. The nite truncation of the quantizerin Proposition 3.1 semi-glolally sta-
bilizes (2.1) to the origin.

This corollary says that the nite truncation of a robustly stabilizing in nite quartizer is
still stabilizing with the loss of robustnessand lossof nite gain in a small neighborhood
of the origin. Similarly, we can show that the nite truncation of the quartizer de ned in
Proposition 3.2 leadsto stabilization instead of robust stabilization, and the nite trunca-
tion of the quartizer de ned in Proposition 3.3 leadsto practical stabilization instead of
stabilization.

Basedon theseresults we can establish,using Artstein's Theorem (see[13)), the following
conclusion: if a nonlinear ane system can be stabilized by smooth feedba& (possibly
discortinuous at the origin), then it can be stabilized by quartized feedba& with courtable
in nite lewvels, or practically stabilized by quartized feedba& with only nite levels.

Finally, we would like to mertion that chattering, or in nitely fast switching, may occurin
guartized cortrol asaresult of discortinuousRHS vector elds. Chattering canbe physically
harmful to systems.It canbe shavn that the quantizers designedn this sectioncanbe made
chattering-free and lead to practical stability by applying switching control with dwel time
[2, 6]. In this approad, switching logic with a xed dwell time is usedto guarartee nite
switchingsin nite time.



4 An example: quantized controller for a vehicle

We considera simpli ed vehiclemodel in a plane as follows:

X1 = COSX3
Xz = SiNX3 (4.2)
X3=U
'\
X

X3‘Z\. (x%,)

>
xl

Figure 5: A simpli ed kinematic model of a vehicle.

where X3 is the steeringangle, u is the steeringangular velocity, and the linear velocity is
1. We will designa quartizer sothat the vehicle can track the x; axis in the x;-x, plane
and point due west (left). (With only a coordinate transformation, the designedquartizer
can be usedto track any straight line in the plane.) Sincethere is no requiremen on Xj,
we focus only on the dynamics of x, and x3. Once x, and Xz are stabilized, the vehicleis
running alongthe desiredtrajectory. It is easyto verify that V = x3+ x3+ X,X3 is an RCLF
for the dynamicsof x, and x3, and 2 = 2 = 3=4. By Proposition 3.1, we know that the
dynamicsof x, and x5 are robustly stabilized by a log quartizer. Level O partition is given
by 2z =fxjsinxs(2x2+ x3) <  (X3+ x3) and nz = fXjsinxz(2x, + X3) (X2 + x3)g
for some > 0g. nz islogarithmically partitioned by p(x) = X, + 2x3 (Level 1 partition).
Finite truncation of this quartizer is stabilizing.

Fig. 6 is a sampletrajectory using the quartizer given above. The vehicleis running in
the x;-x, plane. A 2-lewel quartization is de ned on the x,-x3 plane. The dashedline is
the desiredtrajectory in the x;1-X, plane. The trajectory hasbeenplotted in x;-Xx,-X3 space,
as well as projections in the x;-x, and x,-x3 planes. Stars represen the switching points.
We can seefrom the gure that the vehiclefollows a natural trajectory to read the desired
trajectory and then goesalongit. Interaction betweenthe quartizer and the vehicle only
exists at the star points.

5 Conclusion

In this paper, we have extendedthe results on quartization of linear systemsto single-
input nonlinear a ne systems,shaving that a single-input nonlinear a ne systemcan be
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Figure 6: A sampletrajectory of the vehicle'sline tracking.

(robustly) stabilized by quartized feedbak if it admits a (robust) CLF. We have shavn that
under certain conditionsthe coarsestquartizer follows a semi-logarithmiclaw. The designed
quartizersin the closed-l@mp canbeviewed as(hierarchical) hybrid automata. The quartized
cortrol strategy leadsto a generalcortrol architecture for all single-input nonlinear a ne
systemswith CLF's. This cortrol architecture is helpful in reducingthe interaction between
the cortroller and the systembeing cortrolled. We have designeda quartized cortroller for
a simple vehicle using the obtained results.

6 App endix

6.1 RCLF and UCLF

Considera single-input cortrol systemunder a persisterly acting disturbance

x = Fa(X; u; d) (6.1)

where x 2 X;u 2 U are de ned as before, Fq4 is cortinuous, the disturbance d() is
a measurablefunction taking valuesin D, D is a compact set of admissible disturbance,
dv = maxgp jd.

A function V : R" I R 4 is said to be positive de nite if V(x) > 0 for all x 6 0, and
V(0) = 0. It is saidto be properif fxjV(x) agis compactfor all a > 0. A smooth,
positive de nite and proper function V : X ! R 4 is calleda UCLF (uniform CLF; refer
to [8]) if there exists a cortinuous positive de nite function W : X ! R o, and for any
boundedsetE X, there is somecompactset of admissiblecortrol U sud that
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min maxhr V; Fg(x; u;d)i < W(x) 8x 2 E;x6 O: (6.2)
u2U d2Db

Roughly speaking,a UCLF is a CLF whosederivative can be made negative pointwise by
the choice of cortrol value for any admissibledisturbance d. In the next lemma we show
that a CLF for the undisturbed system

x = F(x; u) (6.3)

with certain properties is alsoa UCLF for the systemwith a small enoughpersistertly
acting disturbance

X = F(x;u) + G(x; u)d (6.4)

whereF (0;0) = G(0;0) = 0, F and G arecortinuous. Furthermore, we assumekG(x; u)k=u?
is boundedby a constart conthe setX U. This assumptionimplies that the e ect of the
disturbance d cannot dominate the cortrol input u; otherwisethe systemmay not be able
to be cortrolled.

Lemma 6.1. SupmwseV is a CLF for the undisturbed system (6.3) on S, and Vy =
maXyss k%k. V is a UCLF for (6.4) on Sif 2> c\Viydy, and if there existssomeu, 2 U
for eachx 6 0in S, suchthat

202 + hr V; F(x; uy)i < O (6.5)

This lemmasays in essencehat if the derivative of a CLF for an undisturbed systemcan
be made negative enoughpointwise by the choice of cortrol input, then it is a UCLF for a
disturbed systemif the disturbancesare small enough. Notice that a larger v implies more
robustnessof the closed-lmp systemfor a givenV. If we normalizeVy to be l,then can
measurethe robustnessof the closed-lmp system,and we call it the robustnesdevelin this
paper. The V just descrited is called an RCLF. De nition 2.6 de nes this preciselyfor the
nonlineara ne case.Thereforethe RCLF de ned in this paper is in fact the UCLF de ned
in [8].

6.2 Discontin uous systems, stabilit y, and robustness

Quartized cortrol is a kind of discortinuous cortrol. Oncea discontiinuous feedba& cortrol
k(x) is employed, the existenceand uniquenessof solutions, the notions of stability and
robustness,and related theoremsneedto be reexaminedor restated. In this paper, the
solutions to a quartized cortrol system as well as the stability and robustnessare to be
interpreted accordingto [13, 8]. It can be shavn that quartizers obtained in this paper
guarartee the existenceof solutions, but not the uniqueness.Here we only presen alemma
connecting(robust) CLF's to (robust) stabilization of discortin uous systems,which follows
directly from [13, §].
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Lemma 6.2. (a) SupmwseV is a CLF for system(6.3). Then if k(x) is suchthat

hr V;F(x; k(x))i< 0 8x6 0 (6.6)
then k(x) is a stabilizing feedack.
(b) SupmseV is an RCLF for system(6.3). Then if k(x) is suchthat for some > 0,
2k%(x) + hr V;F(x;k(x))i< 0 8x6 0 (6.7)

then k(x) is a robustly stabilizing feedback under the presene of persistently acting dis-
turbance d(t), measurementerrors e(t), and external disturbancesw(t); i.e., k(x) stabilizes
system

x = FOGk(x + e(t))) + G(x; k(x + e(t)))d(t) + w(t): (6.8)
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