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Abstract

This paper studies the problem of stabilizing single-input nonlinear a�ne systems
with quantized feedback. We show that, for a single-input nonlinear a�ne continuous-
time system, a stabilizing quantizer can be constructed basedon a control Lyapunov
function, and a robustly stabilizing quantizer can be constructed based on a robust
control Lyapunov function. We also characterize the coarsestquantizer under certain
conditions. The quantized control scheme provides understanding to the problem of
how much interaction between the controller and the system dynamics is neededfor
stabilization.

1 In tro duction

In this paper we extend previousresultson quantized stabilization of linear systemsin [4, 3]
to single-inputnonlineara�ne systems.This research �ts into the framework of investigating
the complexity of the interaction betweencontrollers and systemdynamics,and is useful for
studying control systemswith communication constraints and computational complexity.

[4] completely characterizesthe coarsestquadratically stabilizing quantizer for a single-
input linear system,and [3] usesthe sameLyapunov-basedapproach to investigatebounded
energy gain performanceof quantized single-input linear systems. [6] considersthe quan-
tized stabilization of continuous-time linear systemswith the introduction of a dwell-time
constraint. [2] designsa time-varying uniform quantizer to stabilize a multi-input linear sys-
tem. [9] extendsthis designmethodology to input-to-state stabilizable nonlinear systems.
[10] investigatesnonlinear feedback systemsand the control e�ort of quantized feedback.
[14, 11] provide the bit-rate neededto stabilize a linear discrete-timesystem. [5] shows that
the quantization of nonlinear systemswith symmetry leads to a relatively simple control
architecture.

This paper is organizedas follows. In Section2, we introduce the preliminaries of quan-
tization and the Lyapunov-baseddesignapproach. In Section3, we construct quantization
for single-input nonlinear a�ne systems.We show that a countable in�nite quantizer that is
robustly stabilizing can be derived from a robust CLF (control Lyapunov function). Under
certain conditionsthe coarsestquantizers aregiven. For a systemfor which the only available
CLF is not robust, we show that the systemcan be stabilized by a hierarchical quantizer.
Finite quantizers are also obtained. In Section 4, we apply the quantization theory to an
example.
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2 Preliminaries

In this paper we considerthe single-input nonlinear a�ne continuous-time system

_x = f (x) + g(x)u; f (0) = 0: (2.1)

where f and g are C1 functions, x 2 X � Rn , X is the state-space,u 2 U � R, U is the
admissiblecontrol set. We assumethe unforcedsystemis unstable.

2.1 In tro duction to quan tized control

A quantizer is a controller that maps the statesof a systeminto piecewiseconstant control
inputs which take values in an at most countable set. The quantizer only transmits and
processesinformation intermittently and with �nite precision, in contrast to a traditional
controller which transmits and processesinformation with in�nite precision continuously.
Consequently, lessinteraction is involved in the control process.

De�nition 2.1. A quantizer is a 4-tuple (q; S; 
 ; U) consisting of a map q : S ! U such
that q(x) = � q(� x) and for any i 2 Z, q(x) = ui if x 2 
 i ; a set S � X containing a
neighborhood of the origin; a disjoint partition 
 = f 
 i g1

i= �1 of S; and a set of admissible
control U = f ui 2 R; i 2 Zg. Every 
 i is called a cell; i is called the index of the cell. With
a slight abuseof terminology, q is called the quantizer.

Logarithmic quantization, as achieved or usedin [4, 3, 6], capturesthe intuition that the
farther from the origin the state is, the lessprecisethe control action and knowledgeabout
the location of the state needto be.

De�nition 2.2. A � -based logarithmic quantizer is a quantizer (q; S; 
 ; U) with q suchthat
for any i 2 Z, q(x) = ui if x 2 
 +

i , q(x) = � ui if x 2 
 �
i , and q(x) = 0 if x 2 
 zero, with 


being given as


 +
i = f x 2 Sj
 i +1 < P0x � 
 i ; g 8i 2 Z


 �
i = f x 2 Sj � 
 i � P0x < � 
 i +1 ; g 8i 2 Z


 zero = f x 2 SjP0x = 0g
(2.2)

and with U = f� ui jui +1 = �u i ; i 2 Zg [ f 0g, where 0 < � < 1 is called the base, P 2 Rn

is a constant vector, 
 i +1 = �
 i , i 2 Z, 
 0 is assumed to be 1 without lossof generality. For
cell 
 +

i (or 
 �
i , 
 zero), the index is i+ (or i � , zero, respectively).

For nonlinear systems,it is often convenient to considersemi-logquantizers, which have
the major properties of log quantizers.

De�nition 2.3. A � -based semi-logarithmic quantizer is a quantizerasde�ned in De�nition
2.2 except that the linear function P 0x is replaced by a smooth function p(x) : S ! R with
p(0) = 0.
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Note �rst that when designinga semi-logquantizer, we needto specify S, � , p(x) and u0.
Second,sinceboth the control value u and the partition p(x) follow a logarithmic law with
the samebase,the graph of the quantizer in the p(x)-u plane is self-similar with similarity
ratio � . Thus, in practice it is easyto do calculation online or store the relevant data in
memory. SeeFig. 1. Third, the cells becomelarger and larger when p(x) is farther away
from 0, as for log quantizers. Fourth, whenever the state x is approaching the boundary of
a cell, the corresponding point in the p(x)-u plane is either approaching the line u = k1p(x),
or approaching the line u = k2p(x). In the X � U space,u = k1p(x) and u = k2p(x) are two
manifolds, which are called the triggering manifolds.
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Figure 1: The graph of semi-logpartition in the p(x)-u plane. Each number in brackets is
the index of the cell. For any x s.t. p(x) 2 (
 1; 
 0], index 0+ is transmitted and u0 is used
as the control input.

For log quantizers, the two triggering manifolds are simply two subspacesin the X � U
space. Consequently, every cell is rectilinear, which makes its implementation easy. Note
that oncea semi-logquantization is given, we can always de�ne a coordinate transformation
z = T(x) so that the quantization in the new coordinates is logarithmic. SeeFig. 2 for log
and semi-logpartitions in a 2-dimensionalstate-space.

A systemwith a (semi-)logquantizer can be seenasan automaton. The automaton hasa
countable in�nite number of states,with a �xed output (i.e., the control input of the system)
assignedto each of them. Each state of the automaton is associated with one cell in the
system'sstate-space.An instantaneoustransition to a di�erent state takesplaceif x crosses
the boundary of the cell, and the new state of the automaton is decidedby the position
of x, i.e., the index of the cell that x is entering. As the systemevolves continuously, the
automaton evolvesat discreteinstants of time, and generatescorresponding control inputs.
Fig. 3 illustrates the state transition of an automaton.

Next, we introduce �nite quantizers.

De�nition 2.4. A �nite quantizer (of order N) is a quantizer q with 
 = f 
 i gN � 1
i= � N +1 , and
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Figure 2: Examplesof log and semi-logpartitions in 2 D state-space.A showsa log quantizer
de�ned on S, and B shows a semi-logquantizer de�ned on S. Log partition has straight
boundary lines, and for semi-logthey are curves.
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Figure 3: A hybrid automaton for a semi-logquantizer. S+
i denotesthe state of the automa-

ton associated with cell 
 +
i , etc.

U = f ui 2 Rjui = � u� i ; i = � N + 1; � � � ; 0; � � � ; N � 1g.

We de�ne the density of a quantizer as follows.

De�nition 2.5. For a quantizer q of system (2.1), let 0 < � � 1 and # q[� ] denote the
number of levelsthat q has in the interval [�; 1

� ]. De�ne

� q = lim sup
� ! 0

# q[� ]
� ln �

:

� q is called the quantization density of q. For two quantizers f and g, f is said to be
coarser than g if � f < � g.

A � -basedsemi-logquantizer q de�ned on Rn has density � q = 2
ln 1

�
. A � -basedsemi-log

quantizer q de�ned on a compact set in Rn has density � q = 1
ln 1

�
. A �nite quantizer has

density zero. Two quantizers which are only di�erent in a �nite number of levels have the
samedensity.
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2.2 In tro duction to the Ly apuno v-based design

In this paper we will construct quantizers for system(2.1) basedon the availabilit y of a CLF
for (2.1). In this sectionwe introducethe conceptof an RCLF (robust CLF). Wewill seethat
the availabilit y of an RCLF guaranteesthe existenceof a �nite density stabilizing quantizer.
The quantizer designmethod developed for RCLF's extends to a method for CLF's when
only a CLF is available. In this paper smoothnessis assumedfor all CLF's.

De�nition 2.6. (V(x); � ) is called an RCLP (robustcontrol Lyapunovpair) for system(2.1)
on a compact set S � X containing a neighborhood of 0 if � > 0, V(x) is a CLF for (2.1)
on S, and there existssomeadmissiblecontrol ux for each x 6= 0 in S, suchthat

� 2u2
x + LgV(x)ux + L f V(x) < 0: (2.3)

The V(x) in the above de�nition is called an RCLF for (2.1) on S. Here L gV(x) = @V
@x g,

and L f V(x) = @V
@x f . For simplicity, we always assumewithout lossof generality that S is a

closedlevel set of V(x).
The RCLF is so called sinceit guaranteescertain robustness,as shown in Appendix 6.1.

In addition, it canbe shown that, for a given RCLF V(x), RCLP (V(x); � 1) guaranteesmore
robustnessthan (V(x); � 2) if � 1 > � 2. Therefore, we call � the robustnesslevel. Several
classesof nonlinear a�ne systems,such as linear systemsand linearizable systems,admit
RCLF's.

Equation (2.3) describes a reasonablerequirement for many control systems: it requires
V to decrease,and it gives penalty to using large control. This renders�nite gain at the
origin [1]. In [12, 7] a generalizedform of equation (2.3) is usedto achieve optimalit y and
robustnessto a classof uncertainties.

De�ne h(x) = (L g V )2

4L f V on the set Sf = f x 2 SjL f V(x) > 0g. Let � 2
M = inf h(x), and

� 2
S = lim inf

x! 0
h(x). Then an RCLF has the following properties.

Lemma 2.1. Suppose V is a CLF for system(2.1) on S. The following statementsare
equivalent:

(1) V(x) is an RCLF for system(2.1) on S.
(2) V is suchthat u = kL gV(x) is stabilizing for someconstant k < 0.
(3) V is suchthat � 2

M > 0.
(4) V is suchthat � 2

S > 0.

Condition (2) says that V(x) is an RCLF if and only if domination redesign (cf. [7]) is
applicable. Condition (3) says that the problem of checking when a CLF is an RCLF is
reduced to solving a constrained optimization problem. Condition (4) says that V is an
RCLF if and only it hasa certain limiting property around the origin. Theseconditionsmay
be di�cult to check. For checking when a CLF is an RCLF, the following lemma providesa
su�cien t condition [7]:
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Lemma 2.2. Suppose V(x) is a CLF for system (2.1) on S. Suppose further the �rst
nontrivial terms in the Taylor expansionsof f (x), g(x), and V(x) havedegrees df , dg, and
dV , respectively, and let f h(x), gh(x), and Vh(x) denotethesenontrivial terms, respectively.
If Vh is a CLF for the system _x = f h(x) + gh(x)u and if dV � df � 2dg, then V(x) is an
RCLF for system(2.1) on S.

Once we have veri�ed that a CLF is indeed an RCLF, then (V(x); � ) is an RCLP if
0 < � 2 < � 2

M .
We de�ne the coarsestquantizer, or the quantizer with the smallestdensity, as follows.

De�nition 2.7. Given an RCLP (V(x); � ) for system(2.1) on S, � 2 < � 2
M , let Q� (V)

denotethe set of all quantizersq(x) suchthat for any x 2 S, x 6= 0,

� 2(q(x))2 + LgV(x)q(x) + L f V(x) < 0: (2.4)

A quantizer q is said to be the coarsest for (V(x); � ) if q = arg infg2Q � (V ) � g.

3 Quan tized single-input nonlinear a�ne systems

3.1 Main results

In this section,weareinterestedin the following questions.What conditionsimply quantized
(robust) stabilization of system(2.1)? What is the smallestpossibledensity of the (robustly)
stabilizing quantizer? How do we construct such a quantizer? For the conceptsof stabilit y
and robustnessusedin this paper, we refer to Appendix 6.2.

Our main results are as follows.

Theorem 3.1. (a) If system(2.1) admits a CLF on S, then (2.1) can be stabilized by a
quantizer with countablein�nite levels,or practically stabilized by a �nite quantizer.

(b) If system(2.1) admits an RCLF on S, then (2.1) can be robustlystabilized by a �nite
density quantizer, or stabilized by a �nite quantizer.

Theorem 3.2. Suppose (V(x); � ) is an RCLP for system(2.1) on S. If � 2
S < + 1 , then

the coarsest quantizer q� for (V(x); � ) has density � � = 1
ln 1

� �
, where � � = k1=k2, k1 =

� 1+
p

1� � 2=� 2
S

2� 2 , k2 =
� 1�

p
1� � 2=� 2

S

2� 2 . If � 2
S = + 1 , then the coarsestquantizer q� for (V(x); � )

hasdensity � � = 0.

Theorem 3.1 allows for the existenceof a variety of stabilizing quantizers. Theorem 3.2
provides the density of the coarsestquantizer for a given RCLP. In the remainder of this
section,we will �rst construct quantizers basedon a given RCLF, and then on a given CLF.
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3.2 Quan tizers for RCLF's

We want to stressthat � � provided in Theorem3.2 may not be an achieved in�m um over all
robustly stabilizing quantizers for a given RCLP. In other words, in somecasesq� �2Q� (V) ( �2
meaning\do esnot belong"). The following lemma shows when the density � � is achievable.

Lemma 3.1. q� 2 Q� (V) if and only if there is somea > 0 such that � 2
S < h(x) for all x

in Sf a = f x 2 Sf jV(x) � ag.

Next, we will construct the coarsestquantizer q� if � � is achievable, and in case� � is not
achievable, we will construct a quantizer q� with density � � + � for any given � > 0.

Notice that if 
 Z , f x 2 SjL f V(x) < � � kxk2; � > 0g is nonempty, then we only needto
de�ne quantizers on 
 N Z = S n 
 Z sinceon 
 Z we can usezerocontrol input to hold (2.4).

3.2.1 Construction of the coarsest quan tizer q�

Suppose� � is achievable. Let Sa = f x 2 SjV(x) � ag, i.e., the smallest closedlevel set of
V(x) containing Sf a . Then we can usea �nite number of control valuesto drive the state
from S n Sa into Sa (seeTheorem 3.1(b)), and then focus on a smaller invariant set Sa, on
which the coarsestquantization turns out to be semi-logarithmic. Sincea �nite number of
control valuesdo not a�ect the quantizer density, we know the density is determinedby the
quantization de�ned on Sa.

Prop osition 3.1. Suppose(V(x); � ) is an RCLP for system(2.1) on S, and there is some
a > 0 suchthat � 2

S < h(x) for all x in Sf a . Then there existsa robustlystabilizing quantizer
q� 2 Q� (V) with density � � . q� has a �nite number of cells on S n Sa, and is � � -based
semi-logarithmic on Sa \ 
 N Z with p(x) = LgV(x) and u0 = k1
 0.

Note that the smaller the � 2, the coarser the quantization is, but the less robust the
closed-loop system is. Although Proposition 3.1 gives the coarsestquantizer under some
conditions, we want to remark that for a continuous-time system, quantization density is
only a partial measureof the complexity of the interaction between the quantizer and the
systemdynamics, in contrast to discrete-time systems[4]. Other quantities related to the
information processingand transmission,such asaverageswitching time, are alsoimportant
[10].

3.2.2 Construction of quan tizer q�

Now we consider the casethat � � is not achievable. Given any � > 0, let � � = � � + � ,
� � = e� 1

� � , � 2
� = � 2

1� ( 1� � �
1+ � �

)2 , Sf � = f x 2 Sf jh(x) � � 2
� g, and S� be the smallestclosedlevel set

of V(x) containing Sf � . Then we can usea �nite number of control valuesto drive the state
from S nS� into S� , and on S� we can construct a robustly stabilizing quantizer with density
� � .
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Prop osition 3.2. Suppose(V(x); � ) is an RCLP for system(2.1) on S. Then for any given
� > 0, there exists a robustly stabilizing quantizer q� 2 Q� (V) with density � � = � � + � . q�

has a �nite number of cells on S n S� , and is � � -based semi-logarithmic on S� \ 
 N Z with

p(x) = LgV(x) and u0 = k1
 0 where k1 =
� 1+

p
1� � 2=� 2

�

2� 2 .

3.3 Quan tizers for systems with CLF's

For a CLF that is not an RCLF, we have � 2
M = � 2

S = 0 on S. Someof thesesystemscan be
stabilized by a �nite density quantizer, such as _x = x3 + x2u. However, others may needan
in�nite density quantizer to stabilize, such as _x = x + x2u. In this subsection,we present an
approach to designa stabilizing quantizer (possibly with in�nite density) basedon a given
CLF. Although such a quantizer may be di�cult to implement, it will be seenlater that its
�nite truncation leadsto practical stabilization, and henceit is useful.

We �rst partition 
 N Z n f 0g into disjoint subsetsf K mg1
m=1 with 0�2cl(K m ) for all m. Let

� 2
M m = inf x2 K m \ Sf h(x). Obviously, we have � 2

M m > 0 for all m. Then we can de�ne a
semi-logquantizer qm on each K m . If the state is in K m , then qm is employed. If the state
is driven outsideof K m into K m+1 , then we switch to the quantizer qm+1 . Each qm makesV
decreaseand �nally sendsthe state to the origin. This leadsto a hierarchical quantization
structure.

Prop osition 3.3. SupposeV is a CLF for system(2.1) on S. System(2.1) can be semi-
globally stabilized to the origin by a hierarchical quantizer. Level1 quantization is a partition
of 
 N Z n f 0g by disjoint sets f K mg1

m=1 with 0�2cl(K m ) for all m. Level 2 quantization is
obtained by de�ning a � m -based semi-log quantizer qm on each set K m with p(x) = LgV(x)

and u0 = k1m 
 0, where � m = k1m =k2m , k1m =
� 1+

p
1� � 2=� 2

M m

2� 2 , and k2m =
� 1�

p
1� � 2=� 2

M m

2� 2 .

Here cl(�) denotesthe closure. Level 1 partition is normally given by the level surfaces
of V(x), LgV(x), kxk, etc. Proposition 3.3 implies that a generalcontrol architecture can
be built for system (2.1) if (2.1) admits a CLF. This architecture is a 3-level hierarchical
quantizer. System(2.1) with the quantizer can be seenasa hierarchical automaton; refer to
Fig. 4.

3.4 Further discussion

In this part we brie
y discuss�nite quantizers, the relation betweensmooth feedback and
quantized feedback, and chattering-free quantizers.

We can show that no �nite quantizer can be robustly stabilizing. In order to obtain a
�nite quantizer, we need to relax the requirement of robust stabilization. In fact, a �nite
truncation of the in�nite quantizer in Proposition 3.1 guarantees stabilization instead of
robust stabilization.

A �nite truncation of the quantizer de�ned in Proposition 3.1 is obtained as follows. For
somej 2 Z, let 
 +

� = f x 2 
 N Z j0 < LgV(x) � 
 j g, and 
 �
� = f x 2 
 N Z j0 > LgV(x) �
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Figure 4: 3-level hierarchical automaton for Proposition 3.3. The state SN Z in Level 0 is
the automaton in Level 1. The state Sk in Level 1 is the automaton qk in Level 2. If Level
1 quantization is decidedby the level surfacesof kxk, then the logic conditions for state
transition are: (1) L f V(x) � � � kxk2, (2) L f V(x) < � � kxk2, (3) kxk2 < cm , (4) kxk2 � cm .

� 
 j g, and useu� = k1
 j in 
 +
� , � u� in 
 �

� . For any i < j , let 
 �
i and the corresponding u

be as in Proposition 3.1.

Corollary 3.1. The �nite truncation of the quantizer in Proposition 3.1 semi-globally sta-
bilizes(2.1) to the origin.

This corollary says that the �nite truncation of a robustly stabilizing in�nite quantizer is
still stabilizing with the loss of robustnessand loss of �nite gain in a small neighborhood
of the origin. Similarly, we can show that the �nite truncation of the quantizer de�ned in
Proposition 3.2 leadsto stabilization instead of robust stabilization, and the �nite trunca-
tion of the quantizer de�ned in Proposition 3.3 leads to practical stabilization instead of
stabilization.

Basedon theseresults we can establish,using Artstein's Theorem(see[13]), the following
conclusion: if a nonlinear a�ne system can be stabilized by smooth feedback (possibly
discontinuousat the origin), then it can be stabilized by quantized feedback with countable
in�nite levels, or practically stabilized by quantized feedback with only �nite levels.

Finally, we would like to mention that chattering, or in�nitely fast switching, may occur in
quantized control asa result of discontinuousRHSvector �elds. Chattering canbephysically
harmful to systems.It canbeshown that the quantizers designedin this sectioncanbemade
chattering-free and lead to practical stabilit y by applying switching control with dwell time
[2, 6]. In this approach, switching logic with a �xed dwell time is usedto guarantee �nite
switchings in �nite time.
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4 An example: quan tized controller for a vehicle

We considera simpli�ed vehiclemodel in a plane as follows:

_x1 = � cosx3

_x2 = sinx3

_x3 = u
(4.1)

x
3
 

X
1
 

X
2
 

(x
1
,x

2
) . 

Figure 5: A simpli�ed kinematic model of a vehicle.

wherex3 is the steeringangle,u is the steeringangular velocity, and the linear velocity is
1. We will designa quantizer so that the vehicle can track the x1 axis in the x1-x2 plane
and point due west (left). (With only a coordinate transformation, the designedquantizer
can be used to track any straight line in the plane.) Sincethere is no requirement on x1,
we focus only on the dynamics of x2 and x3. Once x2 and x3 are stabilized, the vehicle is
running alongthe desiredtra jectory. It is easyto verify that V = x2

2 + x2
3 + x2x3 is an RCLF

for the dynamicsof x2 and x3, and � 2
M = � 2

S = 3=4. By Proposition 3.1, we know that the
dynamicsof x2 and x3 are robustly stabilized by a log quantizer. Level 0 partition is given
by 
 Z = f xj sinx3(2x2 + x3) < � � (x2

2 + x2
3) and 
 N Z = f xj sinx3(2x2 + x3) � � � (x2

2 + x2
3)g

for some� > 0g. 
 N Z is logarithmically partitioned by p(x) = x2 + 2x3 (Level 1 partition).
Finite truncation of this quantizer is stabilizing.

Fig. 6 is a sampletra jectory using the quantizer given above. The vehicle is running in
the x1-x2 plane. A 2-level quantization is de�ned on the x2-x3 plane. The dashedline is
the desiredtra jectory in the x1-x2 plane. The tra jectory hasbeenplotted in x1-x2-x3 space,
as well as projections in the x1-x2 and x2-x3 planes. Stars represent the switching points.
We can seefrom the �gure that the vehiclefollows a natural tra jectory to reach the desired
tra jectory and then goesalong it. Interaction between the quantizer and the vehicle only
exists at the star points.

5 Conclusion

In this paper, we have extended the results on quantization of linear systemsto single-
input nonlinear a�ne systems,showing that a single-input nonlinear a�ne system can be
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Figure 6: A sampletra jectory of the vehicle'sline tracking.

(robustly) stabilized by quantized feedback if it admits a (robust) CLF. We have shown that
under certain conditions the coarsestquantizer follows a semi-logarithmiclaw. The designed
quantizers in the closed-loop canbeviewedas(hierarchical) hybrid automata. The quantized
control strategy leadsto a generalcontrol architecture for all single-input nonlinear a�ne
systemswith CLF's. This control architecture is helpful in reducingthe interaction between
the controller and the systembeing controlled. We have designeda quantized controller for
a simple vehicleusing the obtained results.

6 App endix

6.1 RCLF and UCLF

Considera single-input control systemunder a persistently acting disturbance

_x = Fd(x; u; d) (6.1)

where x 2 X ; u 2 U are de�ned as before, Fd is continuous, the disturbance d(�) is
a measurablefunction taking values in D, D is a compact set of admissibledisturbance,
dM = maxd2 D jdj.

A function V : Rn ! R� 0 is said to be positive de�nite if V(x) > 0 for all x 6= 0, and
V(0) = 0. It is said to be proper if f xjV (x) � ag is compact for all a > 0. A smooth,
positive de�nite and proper function V : X ! R� 0 is called a UCLF (uniform CLF; refer
to [8]) if there exists a continuous positive de�nite function W : X ! R� 0, and for any
boundedset E � X , there is somecompactset of admissiblecontrol U such that
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min
u2 U

max
d2 D

hr V; Fd(x; u; d)i < � W(x) 8x 2 E; x 6= 0: (6.2)

Roughly speaking,a UCLF is a CLF whosederivative can be madenegative pointwiseby
the choice of control value for any admissibledisturbance d. In the next lemma we show
that a CLF for the undisturbed system

_x = F (x; u) (6.3)

with certain properties is also a UCLF for the system with a small enoughpersistently
acting disturbance

_x = F (x; u) + G(x; u)d (6.4)

whereF (0; 0) = G(0; 0) = 0, F and G arecontinuous. Furthermore, we assumekG(x; u)k=u2

is boundedby a constant c on the set X � U. This assumptionimplies that the e�ect of the
disturbance d cannot dominate the control input u; otherwisethe systemmay not be able
to be controlled.

Lemma 6.1. Suppose V is a CLF for the undisturbed system (6.3) on S, and VM =
maxx2 S k@V

@x k. V is a UCLF for (6.4) on S if � 2 > cVM dM , and if there existssomeux 2 U
for each x 6= 0 in S, suchthat

� 2u2
x + hr V; F (x; ux)i < 0: (6.5)

This lemma says in essencethat if the derivative of a CLF for an undisturbed systemcan
be madenegative enoughpointwise by the choiceof control input, then it is a UCLF for a
disturbed systemif the disturbancesare small enough.Notice that a larger �

VM
implies more

robustnessof the closed-loop systemfor a given V. If we normalizeVM to be 1, then � can
measurethe robustnessof the closed-loop system,and we call it the robustnesslevel in this
paper. The V just described is called an RCLF. De�nition 2.6 de�nes this preciselyfor the
nonlinear a�ne case.Thereforethe RCLF de�ned in this paper is in fact the UCLF de�ned
in [8].

6.2 Discon tin uous systems, stabilit y, and robustness

Quantized control is a kind of discontinuouscontrol. Oncea discontinuousfeedback control
k(x) is employed, the existenceand uniquenessof solutions, the notions of stabilit y and
robustness,and related theorems need to be reexaminedor restated. In this paper, the
solutions to a quantized control system as well as the stabilit y and robustnessare to be
interpreted according to [13, 8]. It can be shown that quantizers obtained in this paper
guarantee the existenceof solutions,but not the uniqueness.Herewe only present a lemma
connecting(robust) CLF's to (robust) stabilization of discontinuous systems,which follows
directly from [13, 8].
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Lemma 6.2. (a) SupposeV is a CLF for system(6.3). Then if k(x) is suchthat

hr V; F (x; k(x)) i < 0 8x 6= 0 (6.6)

then k(x) is a stabilizing feedback.
(b) SupposeV is an RCLF for system(6.3). Then if k(x) is suchthat for some� > 0,

� 2k2(x) + hr V; F (x; k(x)) i < 0 8x 6= 0 (6.7)

then k(x) is a robustly stabilizing feedback under the presence of persistently acting dis-
turbance d(t), measurement errors e(t), and external disturbances w(t); i.e., k(x) stabilizes
system

_x = F (x; k(x + e(t))) + G(x; k(x + e(t))) d(t) + w(t): (6.8)
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