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Abstract

In this paper, we obtain expressiongor the principal anglesbetweenthe row spacesof input and
output data block Hankel matrices of a linear stochastic model in terms of the model parameters.
The canonical correlations of the corresponding processesre equal to the limiting valuesof the
cosinesof the principal angles. From these parametric expressions,the relations between the
di®eren setsof canonical correlations can be easily deduced.

1 Intro duction

Canonical correlation analysis (CCA) is a well deweloped tool in statistical analysis that is used
for measuring the linear relationship between two sets of random variables. It was developed
by H. Hotelling [10]. Although a wide variety of applications exists in econometrics, biometrics,
chemometrics, statistics, meteorology etc., the technique has only got intro duced quite recertly in
the communities of signal processing,systemtheory and identi cation and neural networks [4, 14,
20]. In a classicpaper by Gel'fand and Yaglom [9], CCA is extendedto stochastic processesand
related to the notion of mutual information, a conceptfrom information theory that is closelyrelated
to CCA and that was introduced by Shannon[18] in 1948. A slightly di®eren interpretation in
terms of channel capacity and information rate is givenin [17]. Another areawhere CCA is applied,
is stochastic realization and identi cation of dynamical models|[1, 3, 5, 11, 12, 15, 16, 21, 22]. The
order of the model and a state sequencecan be derived from the canonical correlations and the
canonical variates of the past and the future output data.
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In this paper we will work with the geometric interpretation of canonical correlation analysis, as
is usually done in the subspaceidenti cation literature, seee.g.[22]. The canonical correlations
and the canonical variates are respectively equal to the cosinesof the principal anglesbetween
and the principal vectorsin two linear subspaces. These subspacesare the row spacesof block

Hankel matrices obtained by stadking the measuredinput and output sequences.In this way it

is straightforward and computationally excient to compute an approximation of the canonical
correlations betweentwo measuredprocessespf which in practice, only a nite amount of data is
available. Mearnwhile, we are able to give expressionsfor the real canonical correlations, viz. the

asymptotic valuesfor in nite data.

The paper is organized as follows. In Section 2 we describe the models we will work with. The

principal angles between two subspacesare de ned in Section 3. In Section 4 we discussthe

principal anglesand canonical correlations betweenthe past and future input and output spaces,
respectively processespf a linear stochastic model.

2 Mo del class

We describe in Section 2.1 the state spacerepresertation of the model classthat we will work with

throughout the paper. We also give the assumptionson the di®erer stochastic processesnvolved.
We de ne the cortrollabilit y and obsenability matrices and Gramians of the model and the inverse
model in Section 2.2. In Section 2.3 we introduce the past and future input and output block
Hankel matrices.

2.1 State space representation

The forward innovation represetiation of a given stationary stochastic processfy(k)gkoz with m
componerts, i.e. y(k) 2 R™ 8k, is the following

x(k + 1)
y(k)

The processfx(k)gk2z 2 R" is the state processassaiated to this model, where n is the model
order, and A 2 R"e";C 2 R™E" gre the system and output matrices, respectively. The matrix
K 2 R"M js the Kalman gain.

We will denote the model (2.1) by the threesome(A; K; C).

Its Markov parametersare denoted by the matricesH (k); k, O:

Ax (k) + Ku(k) ;

Cx(k) + u(k) : 2.1)

H@O) =1n

. 2.2
H(k) = CAKilK fork> 0 (2:2)

The model has the following properties. The input processfu(k)gk>z, i.e. the innovation pro-
cessof the stochastic processfy(k)gk2z, is an m-component zero-mean,stationary, white stochas-
tic©0rocesswith full rank covariance matrix S, 2 R™E™  |ts autocovariance function Ry(¢) =
E u(k+ ¢)u(k)T isthusequalto® Ry(¢) = Sy#(¢). The state processf x(k)gk27 iS a zero-mean,

24(¢) is the Kronecker delta: +0) = 1 and #(¢) = 08¢ 6 0.



stationary and ergadic stochastic processwith covariancematrix Efx(k)x(k)Tg= § 2 R"6", which
satis es the Lyapunov equation
§ = ASAT + KS,K T : (2.3)

Furthermore, the state x(k) is independert of the presen and all future inputs. Consequetly,
Efu(k+ ¢)™x(k)g= 0 for¢ , Oand Efu(k + ¢)Ty(k)g= 0 for ¢ > 0. The systemin (2.1) is
stable and strictly minimum phase. This meansthat all the polesand zerosof the model are less
than onein modulus. The inversemodel is then also stable and minimum phase. Its state space
description is readily derived from (2.1):

x(k + 1)
u(k)

(AP KC)x(k) + Ky(k) ;
i Cx(k) + y(k) :

The state spacematrices of the inversemodel are denoted by (A;; K ; C,):
(Az;Kz;Cz) = (Ai KCK;j C) (2.4)
The Markov parametersof the inversemodel are denoted by H,(k) and they are equal to

Hz(0) = Im;

. 2.5
Hy(k) = jC(Aj KC)kilK fork>0: (2:5)
2.2 The controllabilit y and observabilit y matrices and Gramians
The controllabilit y matrix G of the forward innovation model (2.1) is de ned as
5 ;
G= K AK AZK ¢e¢ AlilK
and its obsenability matrix j j is 0 1
C
CA
ii=fF CA*? & . (2.6)
INE

The cortrollabilit y Gramian P of the forward innovation model (2.1) is de ned as the solution of
the controllabilit y Lyapunov equation

P=APAT + KKT; (2.7)
while the obsenability Gramian Q follows from the obsenability Lyapunov equation
Q=A"TQA+C'C: (2.8)

Sincethe model is stable and minimal, the matrices P and Q are the unigue and positive de nite
solutions of the respective equations. The explicit solution for P is of the form

b3
P= AKkKT(AMT =g O ;
k=0



where G is the in nite cortrollabilit y matrix. Similarly, the obsenability Gramian Q can be
obtained as 2
Q= (AHTCTCA =]y ;
k=0
where j 1 is the in nite obsenability matrix of the model. We will also need the obsenability
matrix of the inversemodel, denotedby j ;:

0 1
i C
i C(Aj KC)
=B i C(Aj KC)?

iZi_ 1

| C(A; KC)i !

where the subscripti in j ; denotesthe number of block rows.
The obsenability Gramian of the inversemodel is denoted by Q, and it is equalto

Q=i iz (2.9)
It is the solution of the obsenability Lyapunov equation for the inversemodel

Q:=(Aj KC)TQ,(Aj KC)+C'C: (2.10)

2.3 Data block Hank el matrices

We de ne the input and output block Hankel matrices U and Y. These matrices play an impor-
tant role in the computation of the canonical correlations. The output block Hankel matrix Y is
de ned as

y(0) y(1) y2 ¢ y(i 1)

0
WD y(2) y@3) - ¢oe y(i)
: : ¢ee :
v = g Wnl) y(i) y(i+1) @¢ y(@i+ji 2)

y(i) yi+1) y(@i+2) ¢¢ y(i+ji 1) (211)
W+D w+a W+$ ¢e y(i+j)
' ¢ee :
(ZI,& 1) !y(2|)A ¥(2| +1) ¢¢ yRi+ji 2
_v. - Yoi1 _ Y 2miE] .
= Y0]2|i 1 YijJZii . v 2R 1 (2.12)

where

2 The number of columns (j) is typically equalto K j 2i + 1, whereK is the total number of
data samples,which implies that all given data samplesare used. For statistical reasonswe
will assumethat j;K ! 1 throughout this paper.
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2 The subscripts of Yyoi; 1 Yoji; 1; Yi+1j2i; 1 denote the subscript of the rst and last elemert
of the rst column in the block Hankel matrix. The subscript 'p' stands for “past' and the
subscript “f' for “future'.

The input block Hankel matrices Ug;z; 1; Up; Us are de ned in a similar way.

We will alsoneedthe state sequencematrix, which is de ned as
3

Xi = plT x() x(i+1) ¢ x(i+jil ; (2.13)

where the subscript i denotesthe subscript of the rst elemen of the state sequence.Analogously
to the past inputs and outputs, we denote the past state sequenceby X, and the future state
sequenceby X¢: Xp= Xg 2 R"£1 and X1 = X; 2 R"2]. The state spaceequations (2.1) can now
be formulated in terms of data block Hankel matrices as follows

Xt = A'Xp+ ¢iUp; (2.14)
Ye = 0iXe + Hils g (2.16)

where ¢ ; 2 R"6™M s the reversedcortrollabilit y matrix:
3

¢;= AlilK A2k ¢t¢ AK K

the matrix j; 2 R™£" js the obsenability matrix of the model (see(2.6)) and the matrix H; 2
RMEmMi s a block lower triangular and block Toeplitz matrix with the Markov parameters of the
model (the impulse responsesequencelasits elemers:

0 1
I'm 0 0 ¢ee O
CK I'm 0 ¢ee O
Hi = CAK CK I'm ¢ee O : (2.17)

CAli 2Kk CAli 3K CAli4K ¢t |,

From (2.15) or (2.16) it immediately follows that the obsenability matrix of the inversemodel (see
(2.18)) is equal to

iz =i H Y (2.18)
Note that the input covariance matrix limji; UpUpT = limjy U UfT, which will be denoted by
Qu, is a block diagonal matrix with diagonal blocks all equalto S,. By using the state sequence
matrices, we can write the state covariance matrix § as8 = limj; prg = limjip XfoT. The
fact that the states are uncorrelated with the presert and future inputs and that the output is
uncorrelated with the future inputs, translates to

limjiq XpUT
limjin X UfT

0

0 and jl!ilm YU = 0; (2.19)

respectively.



3 Principal angles between and principal directions in subspaces

The concept of principal angles between subspacesof linear vector spacesis due to Jordan [13]
in the 19th certury. In the area of systemsand cortrol, the principal anglesbetween and the
principal directions in two subspacesare usedin subspaceidenti cation methods [22] and also in
model updating [7] and damagelocation [8]. In the latter two applications, one starts from a nite

elemert model and measuremets of a certain mechanical structure and onetries to nd the subset
of parameters of the model that should be adapted to explain the measuremets, which is done
by computing the principal anglesbetween a certain measuremeh spaceand the parameterized
space. In that way, damageto the structure can be located. The subspace-basedault detection
algorithm of Bassevilleet al. [2], on the other hand, is basedon linear dynamical models, the type
of models that we deal with. Changesin the eigenmales of the obsened system are determined
by monitoring the di®erencebetweenthe column spacesof the obsenability matrix of the nominal
linear dynamical model and the obsenability matrix of the model that can be identi ed from the
measuremets. The di®erencebetweenthe column spacescan be quanti ed by the principal angles
betweenthe subspaces.

The principal anglesbetweenand principal directions in two subspacesS; and S, are de ned as
follows.

De nition 3.1. The principal angles between and principal directions in two subspaces
Let S; and S, be subsmces of dimension p and g, respectively, where p - g. Then, the p principal

andv; 2 S, are recursively de ned as
cospy = maxmaxju' vj = ujvq
u2 51 v2 52
cospg = maxmaxju'vj= ufve (k= 2;:::;p)
u2S; v2S;

subject to kuk = kvk = 1, and for k> 1: uTu; = Oandv'v; = 0; wheri = 1;:::;kj 1

Let A 2 RPEM pe of rank ry and B 2 R%" of rank r,, wherer, < rp. Then, the ordered set of r,
principal anglesbetweenthe row spacesof A and B is denoted by

Assume that the matrices A and B are of full row rank and that p - g Then, the squared
cosinesof the principal anglesbetween their row spacescan be computed as the eigervalues of
(AAT)i tABT(BBT)i IBAT:

coS[AN B]=, i(AAT)i IABT(BBT)i 1|3AT¢ : (3.20)

Since we will have to compute the principal anglesbetween subspacesn R", where n is a large
number, e.g. 10000, it is useful to have an excient algorithm. We present here an algorithm that
is basedon the LQ decomposition, which is ‘rst de ned.
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De nition 3.2. The LQ factorization of a matrix
The LQ factorization of a real m £ n matrix A is given by

A=L1QT;
where Q 2 R"" js orthogonal and L 2 R™£" is lower triangular.

Note that the LQ decomposition of a matrix A boils down to the QR decomposition of AT, which
is the numerical version of the Gram-Sdmidt orthogonalization (seee.g.[19]).
It canbe shown (seee.g.[6]) that the principal anglesbetweentwo full row rank matrices A 2 RPEN
and B 2 R%" wherep- gandp+ g- n, can be computed as follows.

Al

. o A .
1. Compute the triangular part of the LQ factorization of the matrix B The triangular part

is denoted by A |
Lz O

2 R(PHAE(P*Q) -
Lo Lo

whereLq1 2 RPEP: 51 2 R%P and Loy 2 R4,
3

2. Compute the triangular part of the LQ factorization of Loy Lo :
3 e 3

Los Ly = S 0O T:

The resulting lower triangular matrix S 2 R% 9 is non-singular.

3. The cosinesof the principal anglesbetweenrow(A) and row(B) are the singular valuesof the
matrix Si L.

The above described computational schemeleadsto a very simple Matlab program, which is given
in Table 1.

function cosines = cosines _Iq(A,B)

= size(A,1);

= size(B,1);

= triu(ar([A;B]"));

= L(1:p+q,p+1:p+q);
= triu(qr(L));

= S(1:q,);

= L(L:p,2);

cosines = svd(L/S);

romonr DT
|

Table 1: The Matlab program cosines _Ig.m for the computation of the principal anglesbetween
the row spacesof the matrices A and B.



4 Principal angles and canonical correlations of input and output

In this sectionwe compute the principal anglesbetweenthe past and future input and output spaces
and the canonical correlations of the corresponding processes.In Section 4.1 we rst describe the
future and the past of a stochastic process.We shav how the canonical correlations of the processes
will be computed and indicate how they are related. In Section 4.2, we derive expressionsfor the
principal anglesbetweendi®eren combinations of past and future input and output spacesj.e. the
row spacesof the mi £ j data block Hankel matrices, where we assumej ! 1 . The expressions
are in terms of the system matrices (A; K;C) and the input covariance matrix S,. As we will
see, the principal anglescorvergefor i ! 1 . The cosinesof the limiting principal anglesare
the canonical correlations of the corresponding processeslin Section 4.4 the relations betweenthe
di®erent canonical correlations are derived.

4.1 Intro duction

4.1.1 Past and future input and output pro cessesof a linear model

Let fu(k)gkoz and fy(k)gkoz denote the input and output processof a linear stochastic model in
forward innovation form. We assumethat the processesare zero-mean, stationary and ergadic.
The past output processis de ned as

yp = fy(k) (k< 0)g; (4.21)

and the future output processis

yi = fy(k) (k, 0)g: (4.22)
Analogousde nitions hold for the past and the future input process,u, and us , respectively.

4.1.2 The canonical correlations of the past and future input and output pro cesses

The canonical correlations of the past and future input and output processesare de ned as the
canonical correlations of the corresponding random variables U; 151, Ugs , Y; 1510 and Yo

where 0 1 0 1
y(i 1) y(0)
Yoyr = @G0 2K and Yg = @YX

and analogously for U, 31 and Ug; . For example, the canonical correlations of the past and
future of the output processare equalto

cyp;ys) = cc(Y; 11 5 Yo ) - (4.23)

Due to the stationarity and ergadicity of the processesthe canonical correlations are equal to the
cosinesof the principal anglesbetweenthe row spacesof the doubly in nite block Hankel matrices
(see(2.11) and (2.12)):

. £ o
cYp; i) = j|!|1m cos Y, 151 ™ You

We can already treat three trivial cases:



1. Due to the independenceof the past and future input processesthe canonical correlations of
up and us are all equalto O:

cc(up;us) = 0;0;:::

2. The future input is alsoindependert of the past output process.Consequetly, their canonical
correlations are all equalto O:

cyp;us) = 0,0;:::

3. The output at a certain time step k is a linear combination of the presert input and all past
inputs:
b3 N hs
y(k) = CA"" IKu(kj i)+ u(k) = H@u(ki i) ;
i=1 i=0
where H (i) is the ith Markov parameter of the linear model (see(2.2)). Consequetly, all
random variablesin Y, 55, can be obtained aslinear combinations of the random variables
in U, 451 . Otherwise formulated, the row spaceof Y, 45;; is cortained in the row spaceof
U; 1ji2
row(Y; 4z ) K row(U; g1 ) : (4.24)

The canonical correlations of the past input and past output processesare consequetly all
equalto 1:

cup;yp) = 1,10 (4.25)

Moreover, by applying the samereasoningto the inverse model, we obtain u(k) as a linear
combination of the present and past outputs:

* N *
u(k) =i C(Ai KC)I'Ky(ki i)+y() = Hz()y(ki i);
i=1 i=0

where H,(i) are the Markov parametersof the inversemodel (see(2.5)). This leadsto
row(Ugj; 1) B row(Y,q; 1) (4.26)

It follows from (4.24) and (4.26) that the past input and the past output processspan the
samespace:

rOW(Yilji 1) = rOW(Uilji 1) : (427)

The canonical correlations of the other combinations of past and future input and output processes
can be obtained as the following limits:

ce(ur;yr) = lim coUgi; 13 Yojij 1) 5 (4.283)
cc(Up; yr) = il!ilm cU, ij; 1 Yojij 1) (4.28b)
coyp; yt) = lim cdY; ij 1: Yojij 1) ; (4.28c)



where 0 1 0 1

y(i i) y(0)
y(i i+ 1) y(1)
Yiiji1= E@ ; and Ygji; 1 = : ;

y(i 1) y(ii 1)
and analogously for the input random variables. The parameter i describes how far we go badk
into the past (k = j i) and forward into the future (k = i j 1), wherethe presen is at k = 0.
Sincethe processesare stationary, we can as well take the presen at time instant k = i, the past
fromk = 0to k = ij 1 and the future from k = i to k = 2i j 1. This is only a corvention

that allows us to estimate the canonical correlations from measureddata sequencesThe canonical
correlations of the past and future output processese.g., canthen be computed as

cc(Yp; ¥r) = il!ilm cc(Yoji; 13 Yijaij 1) -
Due to the stationarity and ergadicity of the processesthe canonical correlations of Yg;; 1 and
Yij2i; 1 can be obtained as the cosinesof the principal anglesbetweenthe row spacesof the mi £ j
data block Hankel matrices Yy;;; 1 and Yjjz;; 1, provided j ! 1 . Theseblock Hankel matrices are
equal to the past and future output block Hankel matrices Y, and Y;, which are de ned in (2.12).

Consequetly, we can compute the canonical correlations of the combinations of past and future
processesn (4.28a{4.28c) as follows:

cc(us;ys) = iI!ilm J_I!ilm cos[Us N Y¢] ; (4.29a)
cc(up; yr) = iI!ilm jI!ilm cos[Up ™ Y¢] ; (4.29b)
cayp;yr) = lim jI!ilm cos[Yp * Y] : (4.29¢)

This explains why we denote the rst i block rows of the output block Hankel matrix by Y, and
the following i block rows by Y; (see(2.12)), and similarly for Up and Uy .

41.3 Overview of the relations between the canonical correlations

From Equation (4.27) we can already deducethat the canonical correlations of the past input and
future output are equalto the canonical correlations of the past and future output:

co(Up; ¥r) = coyp; yr)
The parametric expressionsthat we derive in Section4.2, will alsoreveal that the canonical corre-

lations of the future input and future output are related to the canonical correlations of the past
and future output in the following way:

c(ur;yr) = 1i cC(Ypiyr) :
The corresponding principal anglesare complemenary:
1
U~ Yi1= o' ™ Y] forij ! 1

An overview of the relations of the canonical correlations of the di®ereri combinations of processes
is givenin Table 2. The canonical correlations of the past and the future output are denoted by %
in this table.
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Up Ut Yp Yt
q
ur | O 1 0 1i %
Yo | 1 0 1 Y
q
Vi |[%  1i % % 1

Table 2: Overview of the relations betweenthe di®erert setsof canonical correlations.

4.2 The principal angles between the input and output spaces

Basedon the state spaceequations (2.14){(2.16), the properties in (2.19) and (3.20) the following

expressionsare derived for the principal anglesbetweenthe past and future input and output spaces.
From these expressions,the canonical correlations of the corresponding processesare deducedin

Section4.3. We only give the results. The computations can be found in [6].

The principal angles between row(U;) and row(Y;)

The squaredcosinesof the largest n principal anglesbetweenrow(U; ) and row(Y;) forj ! 1 and
nite i are the eigenvaluesof (I, + G, 8) ' 1, where G, is equalto
Gzi = l;—lthll Z;
X ! T .
= (Aj KoK CTsilcai Ko)k: (4.30)
k=0

The other mi | n principal anglesare equal to zero:

lim cog U %i1=, (ln+ G,8)’ Vit (431)

Remark 4.1. G, as the solution of a Lyapunov equation

If the state spacematrices (A; K ; C) and the input covariancematrix S, are known, then the matrix
G, canbe computed by making the sumin (4.30). Howewer, G, is alsothe solution of the following
Lyapunov equation:

G =(Aj KC)TG,(Aj KC)+CTSiCj (Aj KC)'CTS|IC(A| KC)' : (4.32)

o

The principal angles between row(Up) and row(Ys)
The squared cosinesof the smallest n principal anglesbetweenrow(Up) and row(Ys) forj ! 1
and nite i are the eigervaluesof D;(G,* + §) *, where
X1 .
Di=¢;iQutl = AKKS,KTAK :
k=0

11



The other mi j n principal anglesare equal to %“:

jI!ilm cog[Up” Y] =, iDi(G}i1+ §) 1 1W;Pi_{-zl : (4.33)

The principal angles between row(Y,) and row(Ys)
The squared cosinesof the smallest n principal anglesbetweenrow(Y,) and row(Y;) forj ! 1
can be computed as the eigervalues of

3

i AISR] + Dii RiITiIR] + Al§G, (§AT" + TiR) ,
i . ¢ i, G
+ | Rii A'§G TG, + RTiG, 8A" G,"+8§ . (4.34)

where

Ti (§11+GZi)il;

K1
Ri=Ciiz =i Alili kK Cc(A| KC)X:
k=0

The other mi | n anglesare equal to %/“

4.3 The canonical correlations of the input and output pro cesses

The canonical correlations of us and ys

The smallest n canonical correlations of us and y; are the square roots of the eigervalues of
(In+ G,8)i 1, where§ is the state covariance matrix, which can be found by solving the Lyapunov
equation 8 = A8 AT+ KS,KT,and G, = limji G, is the solution of the Lyapunov equation

G =(Aj KC)TG(Aj KC)+ C'sliC: (4.35)

The other canonical correlations are equal to 1.

c(us;yr) =, i(|n+ GS8) 1“';1;1;1;:::

The canonical correlations of y, and ys / up and ys

The largest n canonical correlations of the past and the future output (and also of the past input
and future output) are the squareroots of the eigervaluesof §(Gi 1 + 8)i 1. The other canonical
correlations are equal to 0.

cA(Ypi¥f) = , i§(G}1+ §) i 1¢;O;O;O;:::

4.4 Relation of the canonical correlations between the di®erent pro cesses

The canonical correlations of the di®eren pairs of processeqor the principal anglesbetweenthe
pairs of subspaces)are closely related, as we have already indicated in Table 2. Here, we show

12



that the canonical correlations of the future input and output are complemerary 2 to the canonical
correlations of the past and future output (or past input and future output). The relation is
straightforwardly proven by meansof the matrices given in Section4.3.

Prop erty 4.1. Complemen tarit y of cc(us;ys) and cc(yp;ys)
The canonical correlations of us and y; are complementaryto the canonical correlations of y, and

ys (up and ys ).

Proof.

The smallestn squaredcanonical correlations of us and ys are the eigervaluesof (I, + G,8) i 1 =
Ini (G 1+ 8)i'8 and the other canonical correlations are equal to 1. The eigervaluesof I, j

(G, 1+ 8)i 1§ are equalto the eigervaluesof 1, §(G, 1+ §)i 1. Sincethe eigervaluesof §( Gi  +
§)i 1 are the largest n squared canonical correlations of Yp and y; (up and y¢) and the other
canonical correlations are equal to 0, we have proven that the canonical correlations of us and yz
are complemertary to the canonical correlations of y, and ys (up and yz ). O

Remark 4.2. Simpli cations for single-input single-output (SISO) models

For SISO models, the expressionsfor the canonical correlations can be simpli ed. By comparing
(4.35) with (2.10), we seethat for SISO models, the matrix G, is equal to ;};QZ, where ¥7 is the
variance of the input processand Q; is the obsenability Gramian of the inversemodel. Similarly,
a comparisonof (2.3) and (2.7) shaws that the state covariance matrix § of a SISO model is equal
to ¥#P, whereP is the cortrollabilit y Gramian of the model. We consequetly obtain the following
expressionsfor the canonical correlations of the input and output processe®f a SISO model:

cA(Us;yr) =, T(In+ Q.P)! 1(]:;1;1;1;:::
c(Yp;¥f) = , IP(Q‘zl+ P) 1:0,00;:::

5 Conclusions

In this paper we have given expressionsfor the canonical correlations of the di®erert past and
future input and output processe®f a linear stochastic model, in terms of the model parameters.
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