FunctionalGain Computationdor a 1D Paralolic
EquationusingNon-UniformMeshes.

John A. Burns Belinda B. King ¥
Lizette Zietsmart

Certer for Optimal Designand Control
Interdisciplinary Center for Applied Mathematics
Virginia Polytechnic Institute and State University
Blacksburg, VA 24061-0531

Abstract

In this paper we considera numerical algorithm for computing functional gainsthat
de ne optimal feedbadk laws for Dirchlet boundary control of parabolic equations. The
focus here is on using non-uniform meshesto improve corvergenceof nite elemen
schemes. Sinceboundary control problems of this type often lead to functional gains
with support near the boundary, uniform meshesare not optimal. Numerical examples
are presernted to illustrate the e ectiv enessof using a non-uniform mesh concertrated
near the boundary.

1 A Boundary Layer Control Problem

We considera cortrol problem motivated by the viscousBurgers equation

. 2
gw(t; X) = %W(t; X) @@M O<x<1 t>0 (1.2
with homogenoushoundary condition at x = 0
w(t; 0) = O; (1.2)
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and Dirchlet boundary cortrol at x = 1
w(t; 1) = u(t): (1.3)

The initial condition is given by
w(0; X) = Wo(x) (1.4)

wherewy(x) 2 L2(0;1) and0< << 1. The problemis motivated by ow cortrol problems
wherethe cortrol action is located on the walls (boundary) of the ow (see[1] and [7]).
If one linearizesthe problem and applies LQR theory (LQG, MinMax, etc.), then the
optimal cortrollers have the form
yA 1
Uopt(t) = KW(t; ) = k(X)W(t; X)dX;
0
where k(x) is called the functional gain. In the paper [7] a nite elemem method on a
uniform meshwas usedto compute k(x). Typical convergenceof thesefunctional gainsis
illustrated in Figure 1 (here = &) and a large penalty is placed on the solution near the
boundary).
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Figure 1: Convergenceof the Functional Gains

Obserne that the functional gain is supported near the boundary and becomessingular”
at x = 1: Also note that convergenceis not achieved even when a large number of elemens
isused. Clearly, the form of the functional gain suggestghat onemight be ableto do better
with a non-uniform meshconceirated nearx = 1. We investigatethis issuein this paper.
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1.1 The Control Problem

The details of the problem and the theoretical framework may be found in ([7]). Thus,
we briey descrite the problem and outline the results. Let h = 1 — and de ne

q():[0;1] ! R by

_ g; h x 1
Q(X) - Os; 0 x< b_ (15)
where0 < g << @ are positive numbers. For r > 0 and 0, we de ne the costfunction
b
y Z 1 YA 1
J (u()) = e' qU)jw(t; )j%dx  + ju(t)j* dt: (1.6)
0 0

Obsene that, since0 < gs << @, the costfunction placesa large penalty on the solution
in the \b oundary layer" b, ~x 1. Also, when > 0 there is an additional performance
requiremen (see[2], [3] and [11]).

The boundary cortrol problem for the linearized systemis the heat equation

gw(t; X) = %W(t; X); 0<x<1 t>0 2.7)
with homogenoushoundary condition at x = 0
w(t; 0) = O; (1.8)
and Dirchlet boundary cortrol at x = 1
w(t; 1) = u(t): (1.9)

One may formulate this problem as a state spacesystemof the form
%W(t) = Aw(t) + Bu(t) (1.10)

in a very weak sense(see[13]). If one minimizesJ (u()) de ned by (1.6) subject to (1.10),
then it can be shown that the optimal cortroller hasthe form
YA 1
Uopt(t) = K. w(t; )= k. (x)w(t; x)dx; (1.11)
0
wherethe kernel k() 2 L?(0; 1) is called the functional gain (see[3] and [4]). We usethe
formulation (1.10) to guide the construction of nite elemen appraximations of the linear
cortrol system(1.7)-(1.9) and of the functional gain k() 2 L?(0;1). A corvergencetheory
for these appraximations may be found in [11] and [13], and se\eral researbers have used
theseor similar approximations for a variety of parabolic cortrol problems(see[3], [4], [5],
[6], [11] and [13]). Howewer, we shall focus on the application of non-uniform meshesto
compute thesefunctional gains.



2 Appro ximation and Numerical Results

In this sectionwe prese a numerical shemefor the boundary cortrol problem (1.7)-(1.9)
discussedn Sectionl above. Sincethe algorithm is similar to the onesgivenin [3], [5], [6], [7]
and [13], we will omit the detailed discussion.The primary di erence hereis the application
of a non-uniform mesh. In particular, we focus on the e ect of computing the functional
gains by using a non-uniform meshin the regionb. < x < 1. This meshis constructedin
sud a way that the meshis ner nearthe boundary. The non-uniform meshproducesmore
accurateapproximations for the functional gainswhile using lesselemens than required on
a uniform mesh.

2.1 The Appro ximation Scheme

Here we focuson the casewhere = 0 and start with the equation
Z, Z,
i wWe(t; X) (x)dx = [ «(D)Ju(t) + . W(t; X) xx (x)dx: (2.12)
Obsene that if v() 2 H3(0;1)) and ()2 H?(0;1)\ HZ(0; 1), then
Z, Z,
) V(X) xx (X)dx = ) Vx(X) x(X)dx:
Therefore, by projecting (2.12) onto any nite elemen subspaceV, H3(0; 1) (see[14],
page126) one obtains the system
z 1 z 1
wi(tx) ()dx = [ (D] u(t) Wi (tX) x(x)dx: (2.13)
0 0
We seekaw'(t; ) 2 Vi, HZ(0;1)) such that (2.13) holdsfor all "() 2V, HE(0;1) and
construct a new schemethat is a variation of the schemesfound in [3], [13 and [14]. Let
0= Xg < X3 < Xp < i< Xny+1 = 1 be a partition of [0;1] and let x_ correspnd to the
smallestx; in the partition sudthat b,  x;. Let x;=%; Xx; fori=1; 2; :::; N where
N + 1is the number of elemens in the partition of [0;1]. The re nement is donein sud a
way that a ne meshis obtained near the boundary. The meshgenerationalgorithm is as
follows:

Start with a uniform meshwith interval width x. Choosethis partition sothat there
are an odd number of nodesgreateror equalto b . Setx; = (1 x.)=2.

The interval [x{ ;1] is partitioned into subintervals of length x=2 and the remaining
part of the partition remainsunchanged. Setx? = (1  x{)=2.

For k 2, the interval [x£; 1] is partitioned into subintervals of length x=2% and the
remaining part of the partition remainsunchanged. Setxf** = (1 x})=2.
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In this short paper we re ne the meshas above manually. Howeer, the goalis to dewelop
an adaptive algorithm basedon automatic meshre nemert.
Let HY  HJ(0; 1) be the N-dimensional nite elemen spacegiven by
(o )
HY = wh¥(x):wi2R;i=12 :::; N
i=1

wherethe basisfunctions hN (x) are de ned by

8

< (X Xi)=X; X1 X X
hV(X) = . (X Xis1)= Xis1; Xi X Xing

0 otherwise

Projecting (2.13) onto HY} producesthe appraximate solution wN (t; x) given by

wh (t; x) = X wh (H)hN (x)
i=1

wherewN(t) 2 R; i = 1; 2; :::; N: Thus, the system (2.13) can be represeted by the
following nite dimensionalsystem

%WN(t): AN wWN () + BNUN(1); (2.14)
whereWN (t) = [wi'(t); wh (t); :::; wl (t)]T. Here,for a uniform mesh,[AN] = [GN] [AN];

BN = [GN] BN arethe usual nite elemen matrices with massmatrix [GN] and sti ness
matrix [AN]. The columnvector BN hasonly onenon-zeroertry.

For the non-uniform mesh, the matrices remain tridiagonal and symmetric and are con-
structed in the following way. Let M* ! denotethat part of the matrix (massor sti ness
matrix) computedin iteration (k 1) that correspnd to those elemetts that remainedun-
changel in iteration k. Let M* denotethe matrix (massor sti ness matrix) computed in
iteration k for those elemens that have beenre ned in iteration k. The matrices for the
partition assaiated with the k™ iteration are of the form
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Note that the ertry wherethe two matrices overlap, say M;;, must be re-ewaluated. This
ertry is assaiated with the basisfunction over two non-uniform elemens. That is, the last
elemen of the previous partition that remains unchangedand the rst elemen that has
beenre ned in the currert iteration. In particular, the correspnding global basisfunction
hasthe form

8

< (X X 1)=X; Xi1 X X
hi' (x) = . (X Xi+1)= Xis1; Xi X Xiwr

0 otherwise

where Xjy1 = X=2:

This scheme was usedto compute the functional gains of the systemspresenied below.
Convergenceof the feedba& gain operatorsis provided by the theory in [13] and [14]. This
theory appliesto the non-uniform mesh. Howewer, it would be valuable to obtain error
estimatesfor thesemethods. This will be the subject of a future paper.

2.2 Numerical Examples

We presen three examplesto illustrate the bene ts of using non-uniform grids to solwe for
the functional gains.

Example 1

h Thi1¢, is the exampleillustrated in Figure 1 above. A uniform meshwas usedto compute
N
k%;o () where

Z 1
Uopt(t) = K%;ow(t; ) = . k%;o(x)w(t; x)dx:

Here =0, = % r=:250¢=1andq = & = 50p6_0: 387.298. The boundary layer
thicknessis P — = pEs = 11291

It is important to note that it was necessaryto useN = 320elemerts in order to produce
\convergen functional gains". This convergencerate is unlike previous cases(see[3], [5],
[6] and [11]) where corvergenceusually occurred at a much smaller N. The reasonfor the
\slow" corvergenceis twofold. First, the heary weight placedin the boundary layer causes
the functional gain to be very large near the boundary. Second,since = 6—10 is small for
this problem, corvergencenear the boundary x = 1 requiresa ne mesh. As I 0 this
problem becomeseven more di cult.

In Figures2 and 3 we illustrate how a non-uniform meshcan improve corvergence.



700

500

N=320
400 - uniform mesh

300~ N=20
non-uniform
mesh

200 N=20
uniform mesh

100

Figure 2: Functional gainsusing uniform and non-uniform meshes: x = :0625
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Figure 3: Functional gainsusing uniform and non-uniform meshes: x = :0323

To understandthe plots we note that N denotesthe sizeofthe nal systemusedto compute
k. N () . In particular, in Figure 3 onecanseethat a non-uniform meshusing 40 elemeits
producesthe sameaccuracyaswith 320 elemens on a uniform mesh.



Example 2

Here we again use

thicknessis ™ — = %

boundary.

Figure 4:

= O,
= :1291. As seenin Figure 4 this problem producesa functional gain
with support onthe ertire domain[0; 1]. Howeer, the gain hasa sharpslopeat x = 1and as
illustrated in Figure 5, non-uniform meshesagain enhancecorvergencenear the cortrolling
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Figure 5: Functional gainswith gs = g = 1 and non-uniform meshes: x = :00714



Example 3

—_ 1
Herewe set = 506"

12247. The boundary layer thicknessis P—
as in Example 1 but with a lower value for

= 0,r = :25and againplacegs = landgq = #2 = SODW)=

— j —
_pﬁ)_

The results shav that, as expected, the

:0408. Thus we do the sameproblem

non-uniform meshproducesimprovemerts on uniform meshsolutions.
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Figure 6: Functional gainswith
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Figure 7: Functional gainswith
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3 Conclusion

The previous numerical examplessene to demonstratethe potertial bene ts of employing
non-uniform meshesin solving for functional gains. The obsenations is basedon a priori
knowledgethat the functional gains are \singular" near the boundary. These facts point
to the needto dewlop an adaptive algorithm basedon automatic mesh generators. The
dewelopmen of sud adaptedalgorithms will depend on onesability to obtain practical error
estimates. This is the subject of on-goingreseart and will appearin a future paper.
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