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Abstract

The present research work deals with the systematic development and implemen-
tation of a practical algorithm for an actuator activation and control policy through
a scheme of moving actuators for systems governed by parabolic partial di�eren tial
equations (PDEs). Systemsof parabolic PDEs typically describe di�usion and other
transport processesoften encountered in a multitude of industrial applications. Under
the proposedalgorithmic scheme,oneway to view the systemunder considerationis to
assumethat it hasmultiple actuators and it is desiredto activate only onesuch actuator
during a given time interval while the remaining actuators remain dormant. The same
algorithm can alsobe applied to a systemwith a singleactuator capableof moving at a
priori selectedpositions within the spatial domain. Standard state feedback controller
synthesis methods basedon linear matrix inequality-techniques (LMIs) are employed
for a �nite-dimensional Galerkin approximation of the original distributed parameter
system,and the value of an appropriately selectedobjective function (performancein-
dex/functional) is explicitly calculated by solving a location-parameterizedLyapunov
matrix equation. On the basis of the aforementioned explicit characterization of the
objective function values, a systematic optimization algorithm can be developed that
o�ers a transparent guidancepolicy and optimal switching rules between the various
actuator positions for performance enhancement purposes. An illustrativ e example
with simulation results of an 1-D di�usion processis included to support the paper's
theoretical �ndings and evaluate the performance-enhancingcapabilities of the pro-
posedschemein a typical industrial processsuch as the one consideredin the present
study.

1 In tro duction

The role of actuator selection in the overall system performancehas been recognizedas
an important designcomponent in many control systems,seefor example the survey pa-
per by van de Wal and de Jager [25]. The number, type and placement of both ac-
tuator and sensorsreceived considerableattention primarily by researchers working on
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the control of 
exible spacestructures, acoustic cavities and transport-reaction processes
[1, 2, 12, 13, 14, 17, 21, 22, 23, 24]. Using performanceor controllabilit y/observabilit y mea-
sures,the actuating and sensingdeviceswere permanently mounted on the host structure,
cavit y or chemicalreactoraccordingto the optimization measureused. While optimal versus
non-optimal actuator and/or sensorlocation yieldedimprovedandnoticeableperformance,it
nonethelessignoredthe e�ects of the spatiotemporal variabilit y of the exogenousinputs in all
the above approaches. For example,in the control of 
exible structures or chemicalreactors,
time-varying disturbancesmight enter at di�erent sectionsof the spatial domain at di�erent
time intervals, and hencean actuator closerto the disturbance would certainly have more
control authority than an actuator far away from the "lo cal" disturbance. Using this idea
of utilizing "lo cal" actuators that can have increasedauthority at di�erent segments of the
spatial domainover di�erent time intervals,we take into account the spatiotemporal variabil-
it y of disturbancesand exogenousinputs and proposean actuator switching schemewhich
enhancesthe closedloop performance. From a technical point of view, standard Galerkin
methodsareemployed that leadto an accurate�nite-dimensional approximation of the origi-
nal distributed parametersystem,on the basisof which, local state feedback control laws are
derived for a prespeci�ed set of actuator positions using well-known LMI techniques[3, 20].
A physically meaningful quadratic performancefunctional/index or objective/cost function
is considered,whosevalueis explicitly calculatedand optimized over a short time-horizonvia
the solution of an appropriately parameterizedLyapunov matrix equation and with respect
to the set of actuator positions consideredabove. As time progresses,the above computa-
tional steps are repeated over a sequenceof "time-windows", giving rise to a transparent
algorithmic procedurethat results in a practical guidancepolicy and "optimal" switching
rules for the scheme of moving actuators considered. Finally, the proposedalgorithm is
evaluated in an illustrativ e casestudy, where its performance-enhancingcharacteristicsare
clearly demonstratedthrough simulation studies.

2 Mo deling Equations

We considerthe 1-D controlled di�usion equation
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@t

=
@
@�

�
� (� )

@x
@�

�
+ b(� )u(t) + d(� )w(t);

x(t; 0) = 0 = x(t; `);

x(0; � ) 2 L2(0; `);

(2.1)

where x(� ; t) denotesthe state, � 2 
 = [0; `] � R is the spatial coordinate, t 2 [t0; 1 ) is
the time variable, u(t) denotesthe control signal,b(� ) denotesthe spatial distribution of the
actuating device,w(t) the unknown exogenousinput signaland d(� ) the spatial distribution
of the disturbance. The state spacein this caseis X = L 2(0; `) with the standard L 2 inner
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product and norm denoted by h�; �i X and k � kX respectively. The control objective is to
choosethe signal u 2 L 2([t0; 1 ); R) sothat regulation of the state x(t; � ) to zerois achieved
while a certain cost functional which penalizesthe total energyis minimized. It is assumed
that the spatial distribution of the actuating device is spanned(locally) over a portion of
the spatial domain and is given by

b(� 0) =

8
<

:

1
2�

if � 0 � � � � � � 0 + �

0 otherwise.

Notice, that the above approximation for b(� ) avoids any regularity problemsdue to the un-
boundednature of a pointwise(in space)actuator distribution (i.e. a spatial delta function).
Furthermore, onemust ensurethat the location � 0 of the actuator is such that approximate
controllability of (2.1) is ensured[4].

The above system can be placed in an abstract setting written as an evolution system
[5, 15, 16]

_x(t) = Ax(t) + Bu(t) (2.2)

in the state spaceX . Indeed, under the above representation the systemoperator attains
the following form

A � =
d
d�

�
� (� )

d
d�

�
�;

with domain

Dom(A) =
n

 2 L2(0; `)
�
�
�  ;

d 
d�

are abs. continuous,
d2 
d� 2

2 L2(0; `) and (0) = 0 =  (`)
o

and the input operator by

Bu(t) = b(� )u(t); B 2 L (R; X ):

Drawing from already establishedresults in the pertinent systemsliterature [4, 15, 18], a
state feedback controller that would minimize an associated LQR functional of the form

J(x0; u) =
Z 1

t0

�
hx; Qxi X + ru2

�
dt; (2.3)

can be synthesized, where r > 0 is a suitably chosen"weight-factor" and Q is a coercive
operator. The cost functional (2.3) is �nite for a squareintegrable control input sincethe
di�usion systemin questionis optimizable asa consequenceof its exponential stabilizabilit y
[4]. In this caseonesolvesthe Operator Algebraic Riccati Equation (OARE)

hA�; P i X + h�; PA  i X + hQ�;  i X + hPBr � 1B� P�;  i X = 0 (2.4)

for �;  2 Dom(A). The optimal control signal can be proven to be [4]

u(t) = � r � 1B� Px(t): (2.5)

3



and the resulting optimal value of the cost functional is given by

J � (x0; u) = hx(t0); Px(t0)i X : (2.6)

For a given operator Q and a �xed value of r , one may further enhancethe closedloop
performanceby �nding an optimal location � a of the actuating device,in the senseof mini-
mizing J � (x0; u). Usually, there is a �nite set of candidateactuator positionsand henceone
may optimize the cost value J � (x0; u) over this set of actuator locations [18]. Going even
further, one may utilize a �nite set of m actuating devicesplaced (or mounted) in "opti-
mal" locations in the spatial domain, and activate one such a device over a time window
while the remaining (m � 1) devicesare kept dormant (or inactive). This proceduremay
be repeatedover di�erent time intervals. Hence,onearrivesat a switched system,where,in
addition to the control signal, the location of the actuating devicealsochangesover a given
time interval. A measurefor choosingwhich actuator is to be activated over a certain time
interval and what the control signal should be for this interval, was initially proposedin
[11,26] for thermal processesand waslater veri�ed experimentally in [19]. The samescheme
was applied to the control of 
exible structures in [6, 7, 8, 10]. This schemeis essentially
basedon LQR measuresand at each time interval, the LQR cost-to-gowas re-evaluated for
each of the �nite locations of the actuators. The location that yielded the smallestvalue of
the optimal LQR cost was the one usedby the moving actuator. In this scheme,both the
actuator position and feedback gain were changing at each time interval thus imposing a
heavy computational load. It shouldbe noted that while the aforementioned research e�orts
dealt with a single actuating device capableof moving at m pre-selectedpositions in the
spatial domain, they are nonethelessapplicable to the current caseof having m available
actuators in which only one is active while the remaining (m � 1) remain dormant over a
certain time interval. Variants of this approach were presented in [9] in which LMI's were
utilized to calculatea common feedback gain that was usedin each of the active actuators.

3 Actuator Activ ation Policy - Switc hing Rules

In the present section,a new systematicalgorithm will be presented through which a prac-
tical actuator guidancepolicy is realizedthat activatesa singleactuator out of m available
ones. In particular, the temporal scheduling pattern and the switching rules between the
occasionallyactivated actuator and the (m � 1) dormant onesalong the system'sspatial
domain arebasedon transparent optimalit y criteria that re
ect key closed-loop performance
characteristics. It should be emphasizedthat unlike previous research e�orts, the current
algorithm only switches(changes)the actuators while keepingthe samefeedback gain as it
is computedthrough standard LMI-based controller synthesismethods [3]. Notice, that the
fundamental di�erence betweenthe proposedintegrated�xed-structure/�xe d-gainLMI-based
controller synthesisand actuator switching scheme,and previousapproaches[8, 7, 26, 6], lies
in the solution of the in�nite-dimensional optimal control problem that inevitably resulted
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in spatiotemporal variations of the feedback gains computed. Thus, irrespective of the ac-
tuator usedby the system, the control signal remains the samein the proposedapproach,
signi�cantly reducing the computational load associated with a direct computer-aidedim-
plementation of the control policy.

Let us now rewrite system(2.1) in its standard state-spacedynamic evolution representa-
tion form

_x(t) = Ax(t) + B(� )u(t); (3.1)

where now the input operator is explicitly parameterizedin terms of its location. In the
present study, a �nite set of m actuator locations

� = f � 1; � 2; : : : ; � mg; (3.2)

is considered.Each of the candidatelocations� i 2 � is such that approximate controllabilit y
is guaranteed, i.e. the pair (A ; B(� i )) is approximately controllable for all � i 2 �. Following
[4], for the caseof spatially invariant di�usion processes,onemay choosethe locations� i 2 �
such sin(n� � i =`) 6= 0 for n � 1. For each element in �, one can �nd a feedback gain that
is common to all theseelements. Speci�cally, one can solve the following Linear Operator
Inequality

h(A + B(� i )K)�; S i X + hS�; (A + B(� i )K) i X < 0; (3.3)

for �;  2 Dom(A) and all � i 2 �, whereK is the unknown common feedback gain. In this
case,one may easily concludethat the feedback control law u(t) = Kx(t) is a stabilizing
pole-placing one irrespective of the actuator used. Equivalently, the closed-loop operator
A i , A + B(� i )K has the desirableeigenspectrum and generatesan exponentially stable C0

semigroupfor all � i , i = 1; 2; : : : ; m.
The problem under considerationcan now be stated as follows:

ProblemStatement: For each time interval of �xed length � t, develop an actuator guidance
policy and algorithm that uniquely determineswhich actuator out of the m available ones
will stay active and which onesare to stay dormant. In this case,the control signal will
always be the sameand given by u = Kx, whereK satis�es (3.3), but the actuating device
will be changing at the beginning of each time interval.

In order to addressthe problem stated above, the following switching policy for perfor-
manceenhancement is proposed:
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Algorithm: Guidancepolicy

(1) Solve the location-parameterized Operator LyapunovEquation

hAi �; P(� i ) i X + hP(� i )�; A i  i X = �h �; Q i X ; �;  2 Dom(A) (3.4)

to obtain the m Lyapunov solutions P(� i ) that correspond to each of the actuator
locations � i .

(2) For each time interval I k = [tk ; tk + � t) where k is viewed as the discrete-time in-
dex, identify the actuator that minimizesthe cost-to-goquadratic functional re
ecting
standard closed-loop performancecriteria

J (� j ; tk) =
Z 1

tk

hx; Qxi X dt: (3.5)

Notice, that the value of the above performanceindex can be explicitly calculated
using the following formula:

J (� j ; tk) = hx(tk); P(� j )x(tk )i X (3.6)

whereP(� j ) is the location-patameterizedsolution of (3.4) and x(tk) denotesthe initial
condition in the interval I k . Therefore, for the time-interval I k , the actuator position
� � that minimizes the cost-to-gofunctional is given by

� � = argmin
� j 2 �

J (� j ; tk)

= argmin
� j 2 �

hx(tk); P(� j )x(tk)i X
(3.7)

and the corresponding actuator that stays active over I k is uniquely determined.

(3) Steps1 and 2 are repeatedfor the next time-interval I k+1 = [tk+1 ; tk+1 + � t).

Remark 3.1. In the aboveactuator guidance policy, the durations of each of the time win-
dows I k , k = 1; 2; : : : ; were assumed identical. The value of � t was not optimized, but
instead was assumed of constant value that was dictated by hardware considerations and
time constantsof the individual systems.

Remark 3.2. The existence of the self-adjoint solution to the m operator algebraic Lyapunov
equations (3.4) is ensured by the exponential stability of the in�nitesimal generators A i ,
i = 1; 2; : : : ; m and the approximate observabilityof the pairs (A i ; Q

1
2 ) with Q

1
2 being the

square root of the coercive operator Q [4].
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4 Implemen tation Asp ects of the Prop osed Algorithm

The proposedactuator guidancepolicy, aswell asthe corresponding switching rulesoutlined
previously, re
ect the 
o w of key ideasthat enabledthe formulation and algorithmic treat-
ment of the problem of interest to be realizedthrough the useof an abstract operator-based
languageof analysis that is deemedappropriate for distributed parameter systems. From
a practical point of view however, the proposedalgorithmic framework needsto be imple-
mented in a more comprehensive manner and with the aid of a computer. Indeed,sincethe
proposedalgorithm requiresthe solution to an operator Lyapunov equation (3.4) alongwith
the operator inequalities (3.3), one �rst approximates the in�nite dimensionalsystem(3.1)
using an exponential stabilizabilit y-preservingapproximation schemein order to arrive at a
matrix system

_xn (t) = Ax n (t) + B(� )un(t):

The set of linear matrix inequalities (LMIs) corresponding to (3.3)

(A + B(� i )K )T � + � (A + B(� i )K ) < 0

are then solved in order to �nd the �nite dimensional aproximation K of the common
feedback gain K. Lastly, the location-parameterizedLyapunov equation

(A + B(� i )K )T P(� i ) + P(� i ) (A + B(� i )K ) = � Q

is solved for each location � i 2 � using the �nite dimensionalrepresentation of (3.7). The
criterion (3.6) for the actuator policy is then replacedby its �nite dimensionalapproximation

J n (� j ; tk) = (xn (tk))T P(� j )xn (tk);

which alongwith the �nite dimensionalcontrol signalun(t) = K xn (t) comprisethe actuator
quidanceand control policiesimplemented in the system.

The above algorithmic schemeprovidesa practical answer to the actuator guidancepolicy
problemstated before,leadingto an easilyimplementable setof switching rulesbetweenvar-
ious actuator locationson the basisof closed-loop performance-relatedoptimalit y measures.
The performance-enhancingcharacteristicsof the proposedalgorithm are illustrated in the
next section'scasestudy through numerical simulations.

5 Numerical Results

For our numerical investigation, the following PDE is considered

@x
@t

= �
@2x
@� 2

+ b(� )u(t) + d1(� )w(t) + d2(� )w(t �
5
2

) + d3(� )w(t +
5
2

):
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Figure 1: Evolution of L 2 norm; open loop (dashed), �xed actuator (dotted) and moving
actuator (solid).

As an initial condition, we consideredx(0; � ) = 10sin(� � ) and a spatially invariant thermal
di�usivit y � = 0:01. Six possibleactuator locations were consideredat the locations � i =
(i � 0:345)� `=6, i = 1; 2; : : : ; 6. The disturbancewas taken asw(t) = 0:005sin( � t

5 ), and the
spatial distributions of the disturbancesweregiven by d1(� ) = � [0:2;0:3](� ), d2(� ) = � [0:4;0:6](� )
and d3(� ) = � [0:8;0:9](� ), where � [�;� ](� ) denotesthe characteristic function in the interval
[� ; � ], ie � [�;� ](� ) = 1 if � � � � � and � [�;� ](� ) = 0 if � 2 [0; `] n [� ; � ]. The systemwas
simulated for t f = 6 secondsand actuator switching was implemented at every t f =10 = 0:6
seconds.Figure 1 depicts the L 2(0; `) state norms for the open loop case(dashed),the case
of a �xed actuator (dotted) and the caseof a switching actuator (solid). It is observed that
when a switching actuator is utilized, the closedloop performanceis enhanced,as this is
revealedby the faster convergenceof the state norm to zero. The temperature distribution
is depicted in Figure 2 for two di�erent time instances. One may observe that pointwise-
in-spaceconvergenceof the state is improved when a switching actuator is utilized. The
activation sequenceis depicted in Figure 3.

6 Concluding Remarks

A newsystematicand practical algorithm wasdevelopedthat resultsin a transparent moving
actuator guidancepolicy and a concreteset of switching rules for performanceenhancement
of controlled di�usion processes.The proposedapproach introduceda comprehensive �xed-
structure/�xe d-gain LMI-based controller synthesismethod wherethe control signal remains
the samefor all actuator locations,thussigni�cantly reducingthe computational load associ-
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Figure 2: Spatial distribution (a) at t = t f =2 and (b) at t = t f m; �xed actuator (dotted)
and moving actuator (solid).

ated with other approachesin the literature.The temporal scheduling pattern and switching
rules between the intermittently activated actuator and the remaining dormant oneswas
basedon straightforward optimalit y criteria that re
ect key closed-loop performancecharac-
teristics. In particular, the valueof an appropriately selectedperformancefunctional wasex-
plicitly calculatedvia a location-parameterizedLyapunov matrix equation,and subsequently
optimized with respect to the set of actuator locations. Finally, the performance-enhancing
attributes of the proposedalgorithmic framework were illustrated in a representativ e case
study by conducting numerical simulations.
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