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Abstract

Problem of de ning of relation between eigervalues and singular values of matrix
and matrix-v alued functions of the matrix is considered. The problem arisesat the
interfacesbetweenmethods of systemssynthesiswith useof generalizedmodal cortrol
and quality evaluation of these systemswith the help of ellipsoidal quality estimates.
Solution is oriented on maintenanceof stability of ellipsoidal quality estimatesby means
of stabilisation of state matrix eigervaluesand eigervectors.

1 Intro duction. Problem statemen t.

Nowadays oneof designmethods of multi-input multi-out (MIMO) cortrol systemswhich are
invariant to dimensionality of input vector, is the method of modal cortrol. Its generalized
version [1,2], putting the problem of maintenance of desirable structure of eigervalues, as
well asof eigervectors, allows to deliver to eigervaluesthe guararteed stability in conditions
of variations or indeterminacy of parametersof matrix componerts of model description of
initial cortrolled plant. Ellipsoidal quality estimates(or principal componerts) [3] represenh
the extreme elemers of algebraicspectrum of singular valuesof researbed system criteria
matrix for ead versionof investigatedprocessegcontrollabilit y and obsenability Gramians,
cross-Gramian,fundamertal and transitional matrices, covariancesmatrix, etc.). In this
connection,if the syrthesis problem of MIMO-systems with ellipsoidal quality estimatesof
the guararteedstability, which is algorithmically basedon the possibility of modal cortrol, is
put, there is necessig of de ning relation betweeneigervaluesand singular valuesof criteria
matrices.



2 Basic Result

Considerlinear cortinuous MIMO-system

x(t) = Fx(t) + Gg(t); x(0); y(t) = Cx(t) (2.1)
obtained by cortrolled plant

x(t) = Ax(t) + Bu(t); x(0); y(t) = Cx(t); (2.2)

and regulator,
u(t) = Kgg(t) + Kx(t); (2.3)

realizeddirect connectionon exogenousnputs and state feedbak.

In (2:1) (2:3) x; u;y; g are state vector, input, output and exogenousnput accordingly
x 2 Ry 2 R™ u2R'" FG;C /A B;KgK are state matrix of system (1), input,
output, state matrix of plant (2), cortrol matrix, matrix of direct connectionson exogenous
inputs and state feedba& matrix accordingly;F;A2 R" ",G;CT 2 R" ™ B;KT 2 R" ',
Ky 2 R" ™. Basicresults are formulated by following propositions.

Prop osition 2.1. Vectors = col ;i=1n and = col ;;i=1n composeal of
singular values | and eigenvalues ; of state matrix F of the system(1) are connected by
vector-matrix ratio

= ) (2.4)
n n _ 0 0

=col (U) Mdiag M *V':j=Tn ;i=Tn ; (2.5)

whete U and V are singular basesin singular value decomposition of the matrix F = U VT
, (), isi -th column, ()" is i -th row of appropriate matrix components, M and are
eigenvetors and eigenvaluesnatrices.

The degreeof proximity of the matrix to diagonal or signature matrix is determined
by the degreeof proximity of co-ordinatedelemetns of the left singular baseand eigervectors
of F. In accordancewith growth of di erence of the geometric spectrum of the matrix F
from the left singular base,the di erence of from diagonal form increases.

To extend the obtained resultsto caseof matrix-valued function f (F) of the matrix F

f(F)= agl + asF + ayF2+  + a,FP+ (2.6)
we shall remind, that it is generatedby power series[6] on scalarvariable #
f(#)=a+ a#+ af’+ 1+ a# + i #2R:

The matrix-valuedfunction f (F) sasesthe similarity relation in the form f (F)M = Mf ()
and geometricspectrum of the eigervectors,andits eigervaluesf ( ;);i = 1;n aredetermined
by function f (#) on the spectrum ;i = 1;n of the matrix F. Infortunately, in generally
the matrix-valuedfunction f (F) doesnot sare geometricspectrum of singular basesand has
not indicated functional connectionof algebraicspectrum of singular values.
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Prop osition 2.2. Vectors ¢ = col ¢;;i=1In and ; = col ¢;;i=1,n composal
from singular values ¢; and eigenvalues ¢; of matrix-valued function f (F) : R" ")
R" " are connected by vector-matrix ratio

£ = f s (27)

whele the relations matrix ¢ is given by

n n . (0} (0}
¢ =col (U)"Mdiag M Vi':;j=Tn ;i=Tn ; (2.8)

where U; and V; are singular basesin singular value decomposition of the matrix-valued
function f (F) = Uy ¢ V,".

The establishedrelation between eigervalues and singular values of the state matrix for
dynamic systemand its matrix function is usedhereinafterfor the solution of the delivered
problem of maintenanceof stability of ellipsoidal quality estimates. It is supposed,that the
parametrical variations are sud, that the methods of the sensitivity theory are aplicable
within the framework of the rst order sensitivity functions. There are solutions of the
problem of the analysisof parametrical sensitivity of eigervalues[1,4]and of singular values
[3]in separatekind. In the paper the relation betweensensitivity functions of eigervaluesand
singular valuesis installed and it is shawvn, that the stability of ellipsoidal quality estimates
can be supplied by cortrol of eigervaluessensitivity.

Let state matrix F and ascorollary the matrix function f (F) dependson vector parameters
g 2 RP with nominal value ¢ as F(qg) and f (F(q)): Then algebraic spectrum of eigerval-
uesand singular valuesand the geometricspectrum of the eigervectors and singular bases
also depend on q sud that for g6 o F(q) = U@ ( qVT(9);F(q) = M9 ( M *(g);
where ( @) = diag i(9;i=In, (g=dag «(@;i=Ln, i(@= i+ (% 0,

i(@= i+ (0 O:

The nite incremerns of singular values ; and eigervalues ; with useof rst order
sensitivity functions 5, and iy, to variations of k-th elemen g, of parametersvector g are
de ned by i(b, %) = g O i (; &) = g G which permit for variations
of singular values ; (p; &) and eigervalues (tp; ) causedby variations of all
elemens q;k = 1;p of parametersvector ¢ to write

i(p, g=row i;k=1Lp g

i(; @=row ; k=Lp ¢
where( (@)jg=q, = ()5 ( (@D)g = & ( (Djgg :

Computation of sensitivity function j, and jq, is carried out with the help of the fol-
lowing propositions.



Prop osition 2.3. Sensitivity functions of eigenvalues ;;, and singular values j,, are re-

lated by ratio

g — col iq K + ! o) i=1n (29)
whee the row-matrix ', is givenby

n _ e _ _
0 = (UgMdiag (M *W) :j = T+ (U)" Mg diag (M *Vi)';
i=Tn (U) Mdiag (M MM V) :j=Tn +
n _ 0
+(U)' Mdiag (M Vig,)' ;) = Tn
and the vector-functions of eigenvaluessensitivity  is de ned [1] by
(2.10)

a = col (M 'FgM);;i=T1n
Prop osition 2.4. Sensitivity functions of eigenvaluesf ( 4 ) and singular values ¢4 of

matrix-valued function f (F) are related:
)

(
i i@f

fog = col fo f

wheee the row-matrix {, is de ned by
n

= (Uni)g Mdiag (M_ Vi)' ] =
(Ur)"Mdiag (M Mg M Vi)' 5j =T+ (U)'M

(0] )
Tn + (U)' Mg diag (M W) s

iqu

] = 1;H |

diag (M Vi) ;j = Tn

and the sensitivity vector-functions of eigenvaluesf ( o) of matrix-valued function f (F)
is given [1] by rq = col [M Yo (FYM] ;i 3 In ; whee fq (F) = MM *f (F)

f (F)MgM *+ Mdiag %ii)jq:qo g i=Ln M L

Computation of sensitivity functions of the eigervectorsand singular basesof appropriate

matrices are madeasin [1,3,4].
Prop osition 2.5. Sensitivity functions M;,, of eigenvetors of the state matrix F of the

system(1) and singular basesU,q, and Viq, are given by [3]

P ! ,
Mig, = KM, i'f=7(M li)qukM';iSI; iil=Tn; k=1p
P " o
Ug = ) iU Vig, = ; iVi; k=1Lp i =1 ; whee
_ PN oo
= 0 " 'klz(u JPilaVi, i g1, =0 i;1=Tn k= Tp;
i |
k= U) aMr (V) aMo gy =0 0= T k= Tp
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Figure 1:

Example It isrequiredto de ne relation betweenof eigervaluesand singular valuesof ma-
trix function f (F;t), represeted by fundamertal matrix f (F) = exp(Ft) for cortrol system
(1) with the state matrix in Frobeniusbasisand spectrum of eigervaluesf ;= 2; ,= 5; 3=
Computation of ; (2) at momerns t=0; 0.13;1.49sec.givesrespectively

2 100 3 2 -8.2651.04-42.643 2 10.71-48.8438.243
1 =40109; ;=4 232-2210.89 5; ;=4 -0.003456-5.42 O:
001 0.01- 0.160.29 0.000.000.023
On Fig.1, a) the eigervalues f ( 1;t) = exp( 2t), f( 2;t) = exp( 5) and f ( 3;t) =
exp( 8t) (curves 1, 2 and 3) and on Fig.1,b) the singular values ¢;(t);i = 1,3 of the
fundamertal matrix f (F) = exp(Ft) are shavn.
Conclusion. From the establishedrelation between eigervalues and singular values,

betweensensitivity functions of eigervaluesand singular valuesof state matrix of systemand
matrix-valued functions of the matrix follow, that it is possibleto formulate requiremerts
imposedon eigervaluessensitivity for stability maintenanceof ellipsoidal quality estimates.
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