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Abstract

We propose an interleaving scheme for multidimensional (M -D) interleaving. To
achieved by using a novel concept of basis interleaving array. A general method of
obtaining a variety of basisinterleaving arrays is preseried. Basedon the basisinter-
leaving array, we then proposean interleaving technique, called successie pading, to
generatethe interleaved array of arbitrary size. It is shown that the proposedtechnique
canspreadany error burst of m§ mX within mj mf array (1 k n 1)eectively
sothat the error burst can be correctedwith simple random error correcting-cade (pro-
vided the error correcting-cade is available). It is further shown that the technique is
optimal for combating a set of arbitrarily-shap ed error bursts. Since this algorithm
needsto be implemented only oncefor a given M -D array, the computational costis
is low.

Key words: Basisinterleaving array, Multidimensional interleaving, error burst, random-
error-correction codes

1 Intro duction

With rapid dewelopmern of the information technology, two-dimensional(2-D) and three-
dimensional (3-D) data handling is being widely used. Applications include 2-D and 3-D

magneticand optical data storage,charged-coupledievices(CCDs), 2-D barcodes,and infor-

mation hiding in digital imagesand video sequencesCorrecting error burstsis an important

problem in all of theseapplications. Thus, the issueof reliability of M -D information is an

important task, with both theoretical and practical signi cance. In this paper, we address
the protection of multidimensional (M-D, M 2) digital data. Speci cally, we shaov how

to spreadthe bursts (clusters) of errorsin sud a way that they can be correctedby simple
error correction code.
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One-dimensional(1-D) interleaving technique has beenwell documerted in the literature
(seee.g.,[1]). The main ideaisto shu e the code symbols from di erent codewords sothat
error bursts encourtered in the transmissionare spreadacrossmultiple codewords whenthe
codewords are reconstructedat the receivingend. Consequetly, the error occurring within
onecodeword may be small enoughto be correctedby using simple random-error-correction
code. Extending this strategy of one-dimensional(1-D) interleaving technique to the M -
D situation in order to conbat error bursts with somerandom-error-correctioncodes has
becomethe most commonapproad to the correctionof error bursts. SomeM -D interleaving
techniquesfor combating M -D error bursts have beenproposedin [2, 3, 4, 5]. Among them,
Almeida et.al. presen 2-D interleaving results for circular-shape error bursts [2]. Their
results cannot be generalizedto non-circular shaped bursts or to higher dimensions. The
United Parcel Service(UPS) combine the 1-D interleaving techniquewith awriting procedure
to protect 2-D barcode [3]. Howewer, this approad cannot e ectively spreadthe 2-D error
bursts [6, 7]. Adbel-Gha ar [4] studiessometheoretical aspectsof 2-D interleaving, but only
preseits unproven concepts.

A more comprehensie interleaving technique is discussedn [5], in which an error burst is
de ned as an arbitrarily-shaped, connectedarea volume in the multidimensional space. In
this method, for eat burst sizet, a speci ¢ algorithm is implemerted, which can optimally
correct arbitrarily-shaped error burst of sizety. Furthermore, it is obsened that when the
burst sizet increasesj.e., whent > ty, the algorithm with a set of new parametersneedsto
be implemerted in orderto correctthe larger error burst of arbitrary shape. Likewise,when
the burst sizedecreasesi.e., t < tq, the interleaving array that is optimal for burst sizety is
not optimal any more. Since,in practice, the sizesof error bursts are not known in advance,
application of the technique is somewhatlimited. By cortrast, the sizeof a given 2-D array
(e.g., the size of image and video frames) is known in many applications. Motivated by
these obsenations, a novel method, called successie packing (SP), to 2-D interleaving, is
proposedas a di erent and complemetary technique [7, 8]and optimal performanceof SP
on squarearrays of size2" 2" is proved. Howeer, the analysisand application of SP is
restricted to squarearrays of size2" 2".

In this paper, we rst proposethe novel conceptof basisinterleaving array. Its charac-
teristics are discussedand a method for its construction is proposed. We then proposeto
generatea large classof interleaving arrays by successi® padking of basisinterleaving arrays.
The performanceof the proposedsdiemein burst error correctionis discussed.The paper is
organizedasfollows. In Section2, we introduce de nitions necessaryor the remaining part
of the paper. We then presen the conceptof basisinterleaving array for M -D interleaving,
and the correspnding 2-D method is shovn to be optimal. Next, in Section 3, we propose
the SP approad to M -D interleaving. We shaw that it works well in a set of error bursts
whensizeof the 2-D array is given, but sizeof error bursts is not known in advance. Finally,
conclusionsare drawn in Section4.



2 Basis Interleaved Arra y

Unless otherwise stated, for the sale brevity of discussion,our presemation will be re-
stricted to one-random-error-correctioncodes. All results can be extendedto r-random-
error-correction codes with r > 1 in a straightforward manner. The philosopty behind
interleaving to conbat bursts of M -D errorsis similar to that in the 1-D situation. Loosely
speaking, with interleaving, the elemeits in an M -D array are rearrangedso that error in
the interleaved M -D array are separatedas far away as possiblefrom in the de-interleaved
array. Error burst correctionis, thus, facilitated if there is only oneerror in ead codeword
in the de-interleaved M -D array.

De nition 2.1. LetCbean M-D codeof mg my my 1 over GF(q). A codewod of
Cisan M-D array of mg m; my 1, with each elementof the M-D array assigne
with a code symiol.

Note that GF (g) denotesGalois eld over q elemens. The simplest eld is the binary
eld, GF(2) = f0; 1g.

De nition 2.2. In 2-D arrays, the neightors of element(x; y) are denotel by
(x+ Ly)(x Ly;y+ 1)y 1)
In 3-D arrays, the neighlors of element(x,y,z) are denotal by
(x+Ly2);(x Ly;z)i(xy+ L2506y Lz)i(xyz+1)(cy;z 1)
provided thoseelementsexist.

Natural extensionsof De nition 2.2 in higher dimensionsapply. For M-D arrays, an
elemen has2M neiglbors.

De nition  2.3. A burstis a subsetof the givenM -D array B, in which any elementhasat
least one neighlor contained in B. Its sizeis de ned as the numler of elementsin B.

De nition  2.4. The distanae betwesn any two elementsis the length of the shortest path
between the two elements. Here, path consists of a squene of neighlors connecting the two
elements.

Sinceinterleaving involvesshu ing code symbols sothat ead elemet in an error burst is
spreadinto adi erent codeword, if any two elemens within a distinct codeword are separated
in the de-interleaved array sud that their distanceis maximized, then a large error bursts
can be hopefully corrected.

Let A bean M -D array of sizemg my mm 1. Were-indexeat elemett S, i, .
of A as sk with k being a function of ig to iy 1 (for instance, for 2-D array, we can have
k=m; ipg+ i1). Now considera partitionin of A into L blockswith 1 L N, where
N=mg my my 1. That is, ead block sogeneratedcortains K = N=L elemetts.
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De nition  2.5. In the alove schemeof partitioning followed by reindexing, any element
havingan index k with K(d 1) k< Kd,1 d L is saidto belongto the d-th blcck.
An elementhavingindex K (d 1) is referred to as the beginning elementof the d-th black.
All elementsbkelongingto the sameblack are referred to as the K -equivalentelements.

Accordingto De nition 2.5,we seethat s,, Sy+1 are2-equialert elemerts; Sz, Ssi+1, Sai+2
are 3-equivalert elemers. It is obvious that K ;-equivalert elemens are also K ,-equivalert
elemerts if K,=K; is integer. Let oneblock be a codeword with length K, then all elemeis
of a distinct codeword is K-equivalert with eat other. Hence,the objective of e ective
interleaving is transformed to the problem of maximizing the minimum distance between
any two K -equivalert elemens. If, foreadhr k = O0to M 1, my is prime, then the number
of codewords that the correspnding M -D array can cortain is an integer multiple of m,
(n < M). Motivated by this obsenation, we proposethe conceptof basis interleaving array
next.

2.1 Square 2-D basis array

De nition  2.6. Consider a interleaving array B of sizem m, where m is prime. If the
minimum distance between any two m-equivalentelementsattain the maximum, then we call
this array as basisinterleaving array.

It is obvious from De nition 2.6 we have squarebasisarrays of sizes2 2,3 3,5 5,

etc. In [7, 8] an optimal interleaving technique basedon the succesie padcking of a

specic 2 2 array is presetted. In fact, this particular 2 2 array is an exampleof a basis
interleaving array.

Theorem 2.1. The 2-D array
So S

2.1

is a basis interleaving array.

Proof. In a2 2 array, the distancefrom one cornerto its opposite corneris the maximum
distancebetweenany two elemeits. It is obvious that this distanceequalto 2. For the two
2-equivalent elemen pairs (Sp; S1) and (s;; Ss), it is easily seenthe distancebetweens, and
s;, as well as the distance between s, and s; attains the value 2. Thus, Theorem 2.1 is
proved. O

In order to construct a basisinterleaving array, it is necessarnto know the upper bound
of the minimum distance. Note that the number of m-equivalent elemeits of eat elemen
ism 1in asquarem m array. Thus, we needto constitute a 2-D spherewith sizem
certered around eat of the m-equivalert elemens. The m spheresshould be ableto tile to
am m array without overlapping. Then the maximum radius of this sphereis the upper
bound of the minimum distance. This problem was rst approated in [9] for m is odd.
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Figure 1: Typical 2-D spherewith size2, 5, 8, 13, 18.

Later the ideawas extendedin [5] to even m case.It hasbeenproventhat if m is even and
m = t?=2, then the upper bound of the radius is t; if m is odd and m = (t2+ 1)=2, then the
upper bound is alsot.

Someexamplesof 2-D spheresare shavn in Fig. 1. Notice that spheresof sizem do
not exist for values of m equalto 3;4;6;7,9;10,11;, . Thus, the upper bound of the
minimum distance is the radius of the largest spherewith sizelessthan m. According to
this obsenation, the upper boundis2for2 m 4;the upperboundis3for5 m 7;
upper boundis4for8 m 12, etc.

In the following we presem a method of constructing squarebasisinterleaving arrays.

Pro cedure 2.1. Let A bea 2-D arrayof sizem m (m 2), andletd, be the upper bound of
the distana between any two elements. We expresscoordinate (i; j ) of eachelementtoroidally
i.e., modulointegerm. We rst attribute the elementsof rst rowassg; Sm; Som; > Sm(m 1)
which are in the location (0;0);(0;1); ;(O;m 1). Then,letX = l1landY =d;, 1 For
each elementwith location (i, j), add 1 to the subscript of this elementand put it in the
location (i+X, j+Y). For example,s; is put in the location (X, Y). Repeat this procedure
until all of the positions are occupied.

Example2.1.1: Considerthe caseof 2 2 array. Accordingto [5], we have d;, = 2. Thus,
X = 1;Y = 1. Usingthe above procedurewith X = 1;Y = 1, we have constructedthe array
asin Fig.2. It canbe seenthat it is exactly samewith our 2 2 basisarray above.

So| S

S;| S

Figure 2: 2 2 basisinterleaving array
Example2.1.2. Considerthe caseof 3 3 array. According to [5], we have d, = 2. Thus,
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X = 1;Y = 1. Usingthe above procedurewith X = 1;Y = 1, we have constructedthe array
asin Fig. 3.

Figure 3: 3 3 basisinterleaving array

Example2.1.3: Considerthe caseof 5 5 array. Accordingto [5], we have d, = 3. Thus
X = 1;Y = 2. Usingthe above procedurewith X = 1;Y = 2, we have constructedthe array
asin Fig. 4.

Figure 4: 5 5 basisinterleaving array

Theorem 2.2. If theintegerm is prime, then the squae array constructed by Procedure 2.1
is a basis interleaving array.

Proof. Accordingto Procedure2.1, we rst generatethe positionsfor elemerts
S0, Sm: Som; ;Sm(m 1). 1hen we generatethe positions of their m-equivalert elemetts re-
spectively. It canbe seenthat the correspnding distance of two co-positional m-equivalernt
elements in ead of the m-equivalert setis the same. For example, the distance between
So and sy is equalto the distance betweens,,, and s,n:+x, Wherek < m. Therefore, if we
can prove Theorem 2.2 for the m-equivalernt set beginning with sy, then Theorem 2.2 is
proved. Basedon the samereasoning,if we can prove that the distance betweens, and
any its m-equivalert elemets is greaterthan or equalto d,, then it holds for any sx with
O< k< m.

We rst considerthe casewhend; is odd. Due to toroidal labeling of the coordinates, the
coordinatesof s, is (kX ; kY mod m). The distancebetweensy and s, is kX + kY mod m.
Thus, the problem is transformedto proving the following inequality:

kX + KY modm d (2.2)

If KY < m then we have kY mod m = kY. Thus, kX + kY mod m = k(X + Y). Since
X +Y =d, it is obviousthat k(X + Y) > d,. Now, let us considerthe casethat kY > m.
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Then for integersl; and |, we canwrite
KY = |1m + |2:

Using the above equation, we can obtain

|1m + |2
k = :
Y
SinceX = 1,Y =d, 1, wehave
|1m + |2
kX + KY mod m = [5:
d 1
Hence,the inequality (2.2) becomes
|1m + |2
+ | X 2.
dr 1 2 dl" ( 3)

which is satis ed if
[1m df (I+ Dd, s

According to a result in [5], we have m dr22+1' Thus, if

2
L E e d

holds, then inequality (2.3) holds. The above inequality clearly holdsfor I, > 1. If I, = 1,
then it follows that

Iy

d?+ 1
'2 a2 (+ 1)d, I
Thus, the value of |, should satisfy the following condition
[, > :
2 2
In orderto nd the rangeof allowable valuesof |, whenl, = 1, let us decompmsem as
o d?+1
i 2 d +1
= (d 1) f2 +1 (2.4)
Now, if we let k = 921 + 1 then
d +1
kY = (d 1)= +1+ (d, 2)
= m+(d 2) (2.5)

Hencewe getl, = d; 2. According to the above procedure,d, 2 is the minimum of I,
whenl; = 1. Thus, the theorem s proved for the d, odd case. Similar reasoningapplies
whend; is even. O



In Procedure2.1, we proposeda techniquefor generatingthe basisinterleaving array. Next,
we generalizethis method to any m  m array sud that the minimum distancebetweenany
two m-equivalert elemeits attains the maximum value.

Pro cedure 2.2. Let A be a 2-d array of sizem m (m  2), and let d, be the upper
bound on the distanee betwesn any two elementsof the array. We lakel the coordinates of the
array toroidally on m i.e., we replae the corordinate (i; j) with their valuesmodulo m. We
rst attribute the elementsof rst row as Sp; Sm; Som; ;Sm(m 1), Whichare in the locations
(0;0);(0;1); ;(O;m 1). Thenlet X = 1, Y satisfythe conditond, 1 Y d;, with
Y and m relatively prime. For each elementwith location (i; j), add 1 to the subscriptof the
elementand put it in the location (i+X, i+Y). For example,s; is putin the location (X;Y).
Repeat this procedure until all of the positions are occupiel.

Theorem 2.3. For any integerm > 1, the squae array constructed by Procedure 2.2 attains
the maximum in the senseof minimum distane betwesn any two m-equivalent elements.

Proof of Theorem 2.3 is similar to proof of Theorem 2.2. Notice that Construction 2.11in

[5] is a special caseof Procedure2.2, whereY = b form = bggl ,andY = b +1form= %

2.2 Rectangular basis interleaving array

Next, we generalizethe results of the previous sectionto rectangular basisarrays. We have
the following result.

Theorem 2.4. Letm n be arectangular basis array. If m < n, then the upper bound of
the minimum distane between any two n-equivalent elementsis the sameas the minimum
distance of any two m-equivalentelementsin am m hasisarray. If m > n, then the upper
bound of the minimum distane between any two m-equivalent elementsis the sameas the
minimum distane of any two n-equivalentelementsin an n basisarray.

Proof. To prove Theorem2.4,we rst prove that the upper bound of its minimum distance
cannotbe greaterthan the correspnding squarebasisarray. Then we show that the equality
can be obtained.

Let usassumdor de nitenessthat the minimum distanceis greaterthan the correspnding
squarebasisarray, and the minimum distanceof any two n-equivalert elemens greaterthan
the minimum distanceof m m basisarray. Let usthen truncatethem narraytom m
array. Accordingto our assumption,the newly obtainedm m array will have the minimum
distancelarger than the m m basisinterleaving array, which cortradicts the de nition of
basisinterleaving array. Hence,the minimum distance of the n-equivalernt elemens in the
m n array cannot be larger than the correspndingm m squarebasisinterleaving array.
To obtain the sameminimum distanceasthe squarebasisinterleaving array, we can change
Procedure2.1 slightly to generatethe rectangular basisinterleaving array. O
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s S
Figure5: 3-D2 2 2 basisinterleaving array.

Pro cedure 2.3. Let A be a 2-D array of sizem n, and let d; be the upper bound of
the distance for the correspnding squae interleaving array. If m < n, we re-expessi of
row coordinates (i; j) toroidally asi mod m. We rst attribute the elementsof rst row
as So; Sn; Son; ;S(m 1)n,» Which are in the location (0;0); (0; 1); ;(O;m 1). Then let
X =d 1, Y = 1. For each elementwith location (i, j), add 1 to the subscript of the
elementand put it in the location (i+X, j+Y). For example,s; is put in the location (X,
Y). Repeat this procedure until all of the positions are occupied. If m > n, an analggous
procedure is followed.

It is easyto seeby using argumerts as in the proof of Theorem 2.2, that Procedure2.3
yields the sameminimum distanceasthe correspnding squarearray.

2.3 3-D basis interleaving array

In this section,we attempt to brie y descrike via someexampleshow to extend the results
of the previoussectionto higher dimensions.

De nition  2.7. Consider a 3-D interleaving array B of sizel m n, whee|;m;n are
prime, andl m n. If the minimum distane between any two mn-equivalent elements
attains the maximum, then we call this array a hasis interleaving array.

For a square3-D array of sizem m m with minimum distanced,, it hasbeenproven
that m is boundedby

3

M; for d, ewen;
6

3

T for o odd;

wherem is the sizeof 3-D sphere[5]. This result is further extendedfor M -D arrays in [5].
Howe\er, this bound cannot be always to achieve for M 3. For details we refer to [9, 5].
Here, we presen an exampleof a 3-D basisinterleaving array of size2 2 2, which will
be usefulin our discussiongo follow.



3 Successive Packing of Basis Interleaving Array

The initial idea of successi® padking for interleaving was presered in [7, 8], where the

authors focus on the interleaving of arrays of size2" 2". Whether it can applied to M -

D array with arbitrary size had not beeninvestigated. Also, it is not clear if its optimal

performance holds for rectangular 2-D arrays. In this section, we rst preset an M-D

interleaving technique basedon the successig padking of basisinterleaving arrays. Then its

performancefor spreadingerror burst is analyzed. Subsequetty, its optimality is discussed
and proved.

3.1 Successive Packing

Now we discussthe proposedSP technique in M -D case.

Pro cedure 3.1. (M-D interleaving using the successive packing)

Consideran M -D hasisinterleaving array of sizemg m; my 2 My 1. Theinter-
leaving array is the original basisinterleaving array itself. Whenmg=m; =my = 1,
it is

S1 = [so] (3.6)

wheee sy representsthe elementin the array, and S; the array. The subscriptin S; represents
the total numker of elementsin the interleaving array. Given interleaving array Sy of size
N=m; m, my » My 1, theinterleavingarray Sy 2 can be geneated by transferring
each elements; in Sy to a M -D array according to the operation N Sy + i (this operation
is descrited further in the following). This packing procedure is carried out suaessively
to geneate Sy« by transferring each elements; in Sy« to a M-D array according to the
operation N Sy« 1 + 1.

In the above procedure,the operation N Sy + i is the key point. Generalizingwhat we
presetted in [7], operation N Sy + i generatesa M -D array with the samedimensionality
asSy . Furthermore, eat elemen in N Sy + i isindexedin sud a way that its subscript
equalsto the N times of that of the correspnding elemerts (i.e., elemens occupying the
sameposition in the M -D array) in Sy plusi. A few examplesare presened next.

Example3.1: Givena 1-D basisarray S; = fsg; S1; S»0, the interleaving array is Sg = f Sp;
S3; Se; S1; Sa; S7; S2; Ss, SgQ.

Example3.2: Givena3 3basisarray asin Fig.3,the 9 9 interleaving array is generated
asin Fig.6.

Example3.3: Givena2 2 2 basisarray asin Fig.5,the4 4 4 interleaving array is
generatedasin Fig.7, whereasthe left hand sidedisplays2 2 2 array obtained via the
operation8 Sg+ 5.

To generatea interleaving array with arbitrary size,we usethe successie paking method
basedon a combination of di erent basis interleaving arrays. For instance, given basis
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Figure 6: Successi® Paking generated9 9 interleaving array.

B0 BT
S S ‘ :
S5 i Sa1 : | .
; i g LSX,S&"'Z
537,3 ,,,,,,,,,, ,8,29\ -
51% &) T BxS 4 |..8XS5,+3
8xS; +1 8XS; +6

Figure 7: Successi® Padking generated4 4 4 interleaving array.

interleaving array Sy and S, we can generatethe interleaving array Syy by fSy 2+
OSy 2+ 1g.

Example3.4: Given2 2 basisarray asin Fig.2and 3 3 basisarray asin Fig.3,the 6 6
interleaving array is generatedasin Fig.8.

3.2 Performance Analysis

Before enbarking on performanceanalysisof our SP basedM -D interleaving technique, we
introduce the following de nition.

De nition  3.1. Consider two bursts B; and B, having the same size and shag in an
interleaving M -D array. If eachelementin a burst (e.g., B) is either an elementof another
burst (e.g., B»), or K-equivalentof an elementof another burst (B,), then we saythat bursts
B, and B, are K-equivalentbursts.

In the remainder of the paper, when discussingerror burst correction, we may consider
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4xS, + 3 IxS, +1

Figure 8: Successi® Paking generated6 6 interleaving array.

eath set of equivalert elemens de ned in De nition 2.5asa M -D codeword. This implies
that a codeword consistsof a set of consecutie code synbols. This is necessarysince we
needto discriminate code symbols within a codeword in our ensuingdiscussionof the SP
techniquefor M -D interleaving. An error burst (in the interleaved array) is saidto be spread,
and can be correctedwith one-random-error-correctiorcodes,if eat elemen in the burst is
spreadin distinct codewords of the de-interleaved array. From this point of view, it is easy
to seethat giventwo equivalent bursts, if oneis interleaved then the other burst must have
alsobeeninterleaved.
We may now state the following results.

Lemma 3.1. Let A bea 2-D array of sizemg m] obtainel by using suwessivepacking of
a hasis interleaving array of sizemg m;. Then all burstsof sizem§ mk in A with k < n
are K ;-equivalent,whee K, = (mg  my)" K.

The proof of this lemmais ommitted for brevity. Now we are in a position to presen the
following theorem.

Theorem 3.1. Considera 2-D array A of sizemg m}. Then any burst of sizemg m7
with m  n in the interleaving array A obtained by using the suaessivepackingis spread in
the de-interleaved array so that each elementof the burst falls into a distinct black of size
mg ™ mj ™.

Theorem3.1lindicatesthat, if adistinct code symbol is assignedo ead elemet in a block (cf.

to De nition 2.5), and all the code symbols assaiated with an individual K -equivalert class
form a distinct codeword, then burst error correction with a one-random-error-correction
code is guararteed, provided the code is available. Furthermore, the interleaving degree
equalsthe sizeof the burst error, henceminimizing the number of codewords requiredin an

interleaving scheme. In other words, with the successig padking technique, the interleaving

degreeattains the lower bound (the interleaving gain)!. In this sensethe successig paking

1see[8] for de nition of interleaving degreeand interleaving gain.
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interleaving technique is optimal. Note that discussionsin [8] can be consideredto be a
special caseof Theorem 3.1 with mg = 2;m; = 2. We conjecturethat following result hold.

Conjecture 3.1. Consideran M -D array A of sizemj mj my, ;. Thenany burst
of sizemy® m7_ my ; with m  n in the interleaving array A obtained by using
the suaessivepackingis spread in the de-interleaved array so that each elementof the burst
falls into a distinct black of sizemg ™ m7 ™ my M.

In Section 3.1, we proposedto generatearbitrary size interleaved array by comnbining
di erent basisinterleaving arrays. Here, we rst shov how to generatea square2-D array
of size2m? 2m?2. We then prove its optimal performance.The procedurecan be descrited
asfollows.

Pro cedure 3.2.

Genemte the m  m interleaving array according to our SP technique.

Geneiate the 2m  2m interleaving array as follows

4 S2+0 4 Spe+ 2

3.7
4 Sp2+3 4 Spe+ 1l 3.7)

S4m2 =
Let |;; denotethe subscriptof the correspnding elementin the 2-D interleaving of

array Symz of size2m 2m. The 2m? 2m? interleaving array is genented as
3

2
m? S4m2 + I0;0 m? S4m2 + IO;m 1

Syme = 8 : ; £ (3.8)
m2 S4m2 + Im 1,0 m2 S4m2 + Im Im 1

We rst needthe following lemma.

Lemma 3.2. Let C be a cluster of size2m in a 2-D array of sizem; mj, where 2m < m;.
Then there must exist a rectangular black R, of size2m m, and/or a rectangular black R,
of sizem 2m suchthat C is entirely contained in either R, or R,, or in both.

Proof. For the purposeof establishinga cortradiction, let us hypothesizethat there do not
exist blocks R; and R, asin the statemen of the Lemma entirely containing C. Then, C
would be outside of R; either in the X, or in the Y direction. Sincethe length of Ry in' Y
direction is 2m, which is equal to the sizeof C, it is only possiblefor C to be outside of
R; in X direction. Hencewe have Cx > m, wherethe Cy is the dimensionof C along X
direction. SinceC is not ertirely cortained in R,, basedon the samereasoningabove, we
would have Cy > m, where Cy is the dimensionof C along Y direction. Our hypothesis
then would imply that the sizeSizgC) of cluster C, satisfy the following:

SizdgC) Cx+Cy 1 2 (m+1) 1=2m+1;

which cortradicts that C is of size2m. The lemmais henceproved. O
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Theorem 3.2. The 2-D interleaving array geneated by Procedure 3.2 is optimal in the sense
that it can spread arbitrary burst of size 2m to distinct codewod of size 2m?2.

Proof. According to Lemma 3.1 and Theorem 3.1, it is easyto seethat any two 2m 2m
bursts within the generated2m? 2m? array are m?-equivalert, and any two m  2m or
2m  m bursts within the generated2m? 2m? array are 2m2-equivalert. Thus, any burst
with sizem 2m or 2m m can be spreadinto distinct blocks with size 2m?. Howe\er,
accordingto Lemma 3.2, an arbitrary burst of size2m is necessarilycortained in a burst of
sizeeitherm 2m or2m m. Theorem3.2is, thus, proved. O

Theorem 3.2 indicatesthat if a distinct code symbol is assignedto ead elemen in blocks
of size2m? (refer to De nition 2.5) and all the code synmbols ass@iated with a block form a
distinct codeword, then the SP technique can correct arbitrarily-shaped error burst of size
2m with one-random-error-correctiorcode, provided the code is available. That is, the SP
technique achievesthe sameperformanceasthat achieved by the technique in [5].

Comment Needlessto say that there are certain constrains with the SP technique.
Namely, it is not guararteedthat the upper bound of the minimum distancecan be achieved
for the larger 2-D array (multiple basisinterleaving array) with size(2m + 1) (2m + 1).
Howeer, since the SP basedinterleaving method is optimal for a large set of bursts, it
provides a versatile tool for busrt error correction.

In summary, the SP approad does provide an e ective way for M -D interleaving. For a
given2-D array of sizemg m?, it canbe applied once,and is optimal for a setof error bursts
having di erent sizesde ned in Theorem3.1. In addition, for the caseof arbitrarily-shaped
error bursts having a size of 2m, to which both the SP technique and the technique in [5]
can be applied, the SP approad can alsospreadand correct arbitrarily-shaped error bursts
with the samelower bound obtained by usingthe approad in [5]. For the basisinterleaving
array, we proposeda method which is proved to be optimal in 2-D case.For M > D case,
this optimality cannot guararteed [9, 5].

4 Summary

In this paper, we focus on how to realize e ective M -D interleaving. We rst presen a
novel concept, basisinterleaving array. Basedon this, a new interleaving method, called
successi® paking (SP), is proposedto combat M -D error bursts. We have proved that the
proposedmethod can spreadany error burst of m§ mX (with 1k n 1) to dierent
code blocks in the array of mg  mj. Thusthe simple error correction code which is optimal
for independen channel can be usedto correct this kinds of error bursts. It needsto be
implemerted only oncefor a given M -D array, and is thereafter optimal for the set of error
bursts having di erent sizes.
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