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Abstract

We proposean interleaving scheme for multidimensional (M -D) interleaving. To
achieved by using a novel concept of basis interleaving array. A general method of
obtaining a variety of basis interleaving arrays is presented. Basedon the basis inter-
leaving array, we then proposean interleaving technique, called successive packing, to
generatethe interleaved array of arbitrary size. It is shown that the proposedtechnique
can spreadany error burst of mk

0 � mk
1 within mn

0 � mn
1 array (1 � k � n � 1) e�ectiv ely

sothat the error burst can be correctedwith simple random error correcting-code (pro-
vided the error correcting-code is available). It is further shown that the technique is
optimal for combating a set of arbitrarily-shap ed error bursts. Since this algorithm
needsto be implemented only once for a given M -D array, the computational cost is
is low.

Key words: Basisinterleaving array, Multidimensional interleaving, error burst, random-
error-correctioncodes

1 In tro duction

With rapid development of the information technology, two-dimensional(2-D) and three-
dimensional (3-D) data handling is being widely used. Applications include 2-D and 3-D
magneticand optical data storage,charged-coupleddevices(CCDs), 2-D barcodes,and infor-
mation hiding in digital imagesand videosequences.Correcting error bursts is an important
problem in all of theseapplications. Thus, the issueof reliabilit y of M -D information is an
important task, with both theoretical and practical signi�cance. In this paper, we address
the protection of multidimensional (M -D, M � 2) digital data. Speci�cally, we show how
to spreadthe bursts (clusters) of errors in such a way that they can be correctedby simple
error correction code.
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One-dimensional(1-D) interleaving technique has beenwell documented in the literature
(seee.g., [1]). The main idea is to shu�e the code symbols from di�erent codewords sothat
error bursts encountered in the transmissionare spreadacrossmultiple codewords when the
codewords are reconstructedat the receivingend. Consequently, the error occurring within
onecodeword may be small enoughto be correctedby usingsimple random-error-correction
code. Extending this strategy of one-dimensional(1-D) interleaving technique to the M -
D situation in order to combat error bursts with somerandom-error-correctioncodes has
becomethe most commonapproach to the correctionof error bursts. SomeM -D interleaving
techniquesfor combating M -D error bursts have beenproposedin [2, 3, 4, 5]. Among them,
Almeida et.al. present 2-D interleaving results for circular-shape error bursts [2]. Their
results cannot be generalizedto non-circular shaped bursts or to higher dimensions. The
United ParcelService(UPS) combine the 1-D interleaving techniquewith a writing procedure
to protect 2-D barcode [3]. However, this approach cannot e�ectively spreadthe 2-D error
bursts [6, 7]. Adbel-Gha�ar [4] studiessometheoretical aspectsof 2-D interleaving, but only
presents unproven concepts.

A more comprehensive interleaving technique is discussedin [5], in which an error burst is
de�ned as an arbitrarily-shaped, connectedarea volume in the multidimensional space. In
this method, for each burst sizet0, a speci�c algorithm is implemented, which can optimally
correct arbitrarily-shaped error burst of sizet0. Furthermore, it is observed that when the
burst sizet increases,i.e., when t > t0, the algorithm with a set of new parametersneedsto
be implemented in order to correct the larger error burst of arbitrary shape. Likewise,when
the burst sizedecreases,i.e., t < t0, the interleaving array that is optimal for burst sizet0 is
not optimal any more. Since,in practice, the sizesof error bursts are not known in advance,
application of the technique is somewhatlimited. By contrast, the sizeof a given 2-D array
(e.g., the size of image and video frames) is known in many applications. Motivated by
theseobservations, a novel method, called successive packing (SP), to 2-D interleaving, is
proposedas a di�erent and complementary technique [7, 8]and optimal performanceof SP
on squarearrays of size2n � 2n is proved. However, the analysisand application of SP is
restricted to squarearrays of size2n � 2n .

In this paper, we �rst proposethe novel concept of basis interleaving array. Its charac-
teristics are discussedand a method for its construction is proposed. We then proposeto
generatea largeclassof interleaving arrays by successive packing of basisinterleaving arrays.
The performanceof the proposedschemein burst error correction is discussed.The paper is
organizedas follows. In Section2, we introducede�nitions necessaryfor the remaining part
of the paper. We then present the conceptof basisinterleaving array for M -D interleaving,
and the corresponding 2-D method is shown to be optimal. Next, in Section3, we propose
the SP approach to M -D interleaving. We show that it works well in a set of error bursts
whensizeof the 2-D array is given, but sizeof error bursts is not known in advance. Finally,
conclusionsare drawn in Section4.
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2 Basis In terlea ved Arra y

Unless otherwise stated, for the sake brevity of discussion,our presentation will be re-
stricted to one-random-error-correctioncodes. All results can be extended to r -random-
error-correction codes with r > 1 in a straightforward manner. The philosophy behind
interleaving to combat bursts of M -D errors is similar to that in the 1-D situation. Loosely
speaking, with interleaving, the elements in an M -D array are rearrangedso that error in
the interleaved M -D array are separatedas far away as possiblefrom in the de-interleaved
array. Error burst correction is, thus, facilitated if there is only oneerror in each codeword
in the de-interleaved M -D array.

De�nition 2.1. Let C be an M -D code of m0 � m1 � � � � mM � 1 over GF(q). A codeword of
C is an M -D array of m0 � m1 � � � � mM � 1, with each elementof the M -D array assigned
with a code symbol.

Note that GF (q) denotesGalois �eld over q elements. The simplest �eld is the binary
�eld, GF (2) = f 0; 1g.

De�nition 2.2. In 2-D arrays, the neighbors of element(x; y) are denoted by

(x + 1; y); (x � 1; y); (x; y + 1); (x; y � 1)

In 3-D arrays, the neighbors of element(x,y,z) are denoted by

(x + 1; y; z); (x � 1; y; z); (x; y + 1; z); (x; y � 1; z); (x; y; z + 1); (x; y; z � 1)

provided thoseelementsexist.

Natural extensionsof De�nition 2.2 in higher dimensionsapply. For M -D arrays, an
element has2M neighbors.

De�nition 2.3. A burst is a subsetof the givenM -D array B, in which any elementhasat
least one neighbor contained in B. Its size is de�ned as the number of elementsin B.

De�nition 2.4. The distance between any two elementsis the length of the shortest path
between the two elements. Here, path consistsof a squence of neighbors connecting the two
elements.

Sinceinterleaving involvesshu�ing code symbols sothat each element in an error burst is
spreadinto a di�erent codeword, if any two elements within a distinct codeword areseparated
in the de-interleaved array such that their distance is maximized, then a large error bursts
can be hopefully corrected.

Let A bean M -D array of sizem0 � m1 � � � � � mM � 1. Were-indexeach element si 0 ;i 1 ;��� ;i M � 1

of A as sk with k being a function of i 0 to iM � 1 (for instance, for 2-D array, we can have
k = m1 � i0 + i1). Now considera partitionin of A into L blocks with 1 � L � N , where
N = m0 � m1 � � � � � mM � 1. That is, each block sogeneratedcontains K = N=L elements.
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De�nition 2.5. In the above schemeof partitioning followed by reindexing, any element
having an index k with K (d � 1) � k < K d, 1 � d � L is said to belong to the d-th block.
An elementhaving index K (d � 1) is referred to as the beginning elementof the d-th block.
All elementsbelongingto the sameblock are referred to as the K -equivalentelements.

According to De�nition 2.5,we seethat s2l , s2l+1 are2-equivalent elements; s3l , s3l+1 , s3l+2

are 3-equivalent elements. It is obvious that K 1-equivalent elements are also K 2-equivalent
elements if K 2=K1 is integer. Let oneblock be a codeword with length K, then all elements
of a distinct codeword is K-equivalent with each other. Hence, the objective of e�ective
interleaving is transformed to the problem of maximizing the minimum distance between
any two K -equivalent elements. If, for each k = 0 to M � 1, mk is prime, then the number
of codewords that the corresponding M -D array can contain is an integer multiple of mn

(n < M ). Motivated by this observation, we proposethe conceptof basis interleaving array
next.

2.1 Square 2-D basis arra y

De�nition 2.6. Consider a interleaving array B of size m � m, where m is prime. If the
minimum distance between any two m-equivalentelementsattain the maximum, then wecall
this array as basisinterleaving array.

It is obvious from De�nition 2.6 we have squarebasisarrays of sizes2 � 2, 3 � 3, 5 � 5,
� � � etc. In [7, 8] an optimal interleaving technique basedon the succesive packing of a
speci�c 2 � 2 array is presented. In fact, this particular 2 � 2 array is an exampleof a basis
interleaving array.

Theorem 2.1. The 2-D array �
S0 S2

S3 S1

�
(2.1)

is a basis interleaving array.

Proof. In a 2 � 2 array, the distancefrom onecorner to its opposite corner is the maximum
distancebetweenany two elements. It is obvious that this distanceequal to 2. For the two
2-equivalent element pairs (s0; s1) and (s2; s3), it is easily seenthe distancebetweens0 and
s1, as well as the distance between s2 and s3 attains the value 2. Thus, Theorem 2.1 is
proved.

In order to construct a basis interleaving array, it is necessaryto know the upper bound
of the minimum distance. Note that the number of m-equivalent elements of each element
is m � 1 in a squarem � m array. Thus, we needto constitute a 2-D spherewith sizem
centered around each of the m-equivalent elements. The m spheresshould be able to tile to
a m � m array without overlapping. Then the maximum radius of this sphereis the upper
bound of the minimum distance. This problem was �rst approached in [9] for m is odd.
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Figure 1: Typical 2-D spherewith size2, 5, 8, 13, 18.

Later the idea was extendedin [5] to even m case.It hasbeenproven that if m is even and
m = t2=2, then the upper bound of the radius is t; if m is odd and m = (t2 + 1)=2, then the
upper bound is also t.

Someexamplesof 2-D spheresare shown in Fig. 1. Notice that spheresof size m do
not exist for values of m equal to 3; 4; 6; 7; 9; 10; 11; � � � . Thus, the upper bound of the
minimum distance is the radius of the largest spherewith size lessthan m. According to
this observation, the upper bound is 2 for 2 � m � 4; the upper bound is 3 for 5 � m � 7;
upper bound is 4 for 8 � m � 12, etc.

In the following we present a method of constructing squarebasisinterleaving arrays.

Pro cedure 2.1. Let A be a 2-D array of sizem� m (m � 2), and let dr be the upper boundof
the distance between any two elements.We expresscoordinate (i; j ) of eachelementtoroidally
i.e., modulo integerm. We �rst attribute the elementsof �rst rowass0; sm ; s2m ; � � � ; sm(m� 1) ,
which are in the location (0; 0); (0; 1); � � � ; (0; m � 1). Then, let X = 1 and Y = dr � 1. For
each element with location (i, j), add 1 to the subscript of this element and put it in the
location (i+X, j+Y). For example,s1 is put in the location (X, Y). Repeat this procedure
until all of the positions are occupied.

Example2.1.1: Considerthe caseof 2 � 2 array. According to [5], we have dr = 2. Thus,
X = 1; Y = 1. Using the above procedurewith X = 1; Y = 1, we have constructedthe array
as in Fig.2. It can be seenthat it is exactly samewith our 2 � 2 basisarray above.

s

s s

s0

1

2

3

Figure 2: 2 � 2 basisinterleaving array

Example2.1.2: Considerthe caseof 3 � 3 array. According to [5], we have dr = 2. Thus,
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X = 1; Y = 1. Using the above procedurewith X = 1; Y = 1, we have constructedthe array
as in Fig. 3.
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Figure 3: 3 � 3 basisinterleaving array

Example2.1.3: Considerthe caseof 5 � 5 array. According to [5], we have dr = 3. Thus
X = 1; Y = 2. Using the above procedurewith X = 1; Y = 2, we have constructedthe array
as in Fig. 4.
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Figure 4: 5 � 5 basisinterleaving array

Theorem 2.2. If the integer m is prime, then the square array constructed by Procedure 2.1
is a basis interleaving array.

Proof. According to Procedure2.1, we �rst generatethe positions for elements
s0; sm ; s2m ; � � � ; sm(m� 1) . Then we generatethe positions of their m-equivalent elements re-
spectively. It can be seenthat the corresponding distanceof two co-positional m-equivalent
elements in each of the m-equivalent set is the same. For example, the distance between
s0 and sk is equal to the distancebetweens2m and s2m+ k , where k < m. Therefore, if we
can prove Theorem 2.2 for the m-equivalent set beginning with s0, then Theorem 2.2 is
proved. Basedon the samereasoning,if we can prove that the distance between s0 and
any its m-equivalent elements is greater than or equal to dr , then it holds for any sk with
0 < k < m.

We �rst considerthe casewhen dr is odd. Due to toroidal labeling of the coordinates, the
coordinatesof sk is (kX ; kY mod m). The distancebetweens0 and sk is kX + kY mod m.
Thus, the problem is transformed to proving the following inequality:

kX + kY mod m � dr (2.2)

If kY < m then we have kY mod m = kY. Thus, kX + kY mod m = k(X + Y). Since
X + Y = dr , it is obvious that k(X + Y) > dr . Now, let us considerthe casethat kY > m.
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Then for integersl1 and l2 we can write

kY = l1m + l2:

Using the above equation, we can obtain

k =
l1m + l2

Y
:

SinceX = 1, Y = dr � 1, we have

kX + kY mod m =
l1m + l2
dr � 1

+ l2:

Hence,the inequality (2.2) becomes

l1m + l2
dr � 1

+ l2 � dr ; (2.3)

which is satis�ed if
l1m � d2

r � (l2 + 1)dr � l2:

According to a result in [5], we have m � d2
r +1
2 . Thus, if

l1
d2

r + 1
2

� d2
r � (l2 + 1)dr � l2

holds, then inequality (2.3) holds. The above inequality clearly holds for l1 > 1. If l1 = 1,
then it follows that

d2
r + 1
2

� d2
r � (l2 + 1)dr � l2:

Thus, the value of l2 should satisfy the following condition

l2 >
dr � 2

2
:

In order to �nd the rangeof allowable valuesof l2 when l1 = 1, let us decomposem as

m =
d2

r + 1
2

= (dr � 1)
dr + 1

2
+ 1 (2.4)

Now, if we let k = dr +1
2 + 1 then

kY = (dr � 1)
dr + 1

2
+ 1 + (dr � 2)

= m + (dr � 2) (2.5)

Hencewe get l2 = dr � 2. According to the above procedure,dr � 2 is the minimum of l2
when l1 = 1. Thus, the theorem is proved for the dr odd case. Similar reasoningapplies
when dr is even.
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In Procedure2.1,weproposeda techniquefor generatingthe basisinterleaving array. Next,
we generalizethis method to any m � m array such that the minimum distancebetweenany
two m-equivalent elements attains the maximum value.

Pro cedure 2.2. Let A be a 2-d array of size m � m (m � 2), and let dr be the upper
bound on the distance between any two elementsof the array. We label the coordinatesof the
array toroidally on m i.e., we replace the corordinate (i; j ) with their valuesmodulo m. We
�rst attribute the elementsof �rst row as s0; sm ; s2m ; � � � ; sm(m� 1), which are in the locations
(0; 0); (0; 1); � � � ; (0; m � 1). Then let X = 1, Y satisfy the condition dr � 1 � Y � dr , with
Y and m relatively prime. For each elementwith location (i; j ), add 1 to the subscriptof the
elementand put it in the location (i+X, i+Y). For example,s1 is put in the location (X ; Y).
Repeat this procedure until all of the positions are occupied.

Theorem 2.3. For any integer m > 1, the square array constructed by Procedure 2.2 attains
the maximum in the senseof minimum distance between any two m-equivalent elements.

Proof of Theorem 2.3 is similar to proof of Theorem 2.2. Notice that Construction 2.1 in
[5] is a special caseof Procedure2.2, whereY = br for m = b2

r +1
2 , and Y = br + 1 for m = b2

r
2 .

2.2 Rectangular basis in terlea ving arra y

Next, we generalizethe results of the previoussectionto rectangular basisarrays. We have
the following result.

Theorem 2.4. Let m � n be a rectangular basis array. If m < n, then the upper bound of
the minimum distance between any two n-equivalent elementsis the sameas the minimum
distance of any two m-equivalentelementsin a m � m basisarray. If m > n, then the upper
bound of the minimum distance between any two m-equivalent elementsis the sameas the
minimum distance of any two n-equivalent elementsin a n � n basis array.

Proof. To prove Theorem2.4, we �rst prove that the upper bound of its minimum distance
cannotbegreaterthan the corresponding squarebasisarray. Then weshow that the equality
can be obtained.

Let usassumefor de�nitenessthat the minimum distanceis greaterthan the corresponding
squarebasisarray, and the minimum distanceof any two n-equivalent elements greater than
the minimum distanceof m � m basisarray. Let us then truncate the m � n array to m � m
array. According to our assumption,the newly obtainedm� m array will have the minimum
distancelarger than the m � m basisinterleaving array, which contradicts the de�nition of
basis interleaving array. Hence,the minimum distanceof the n-equivalent elements in the
m � n array cannot be larger than the corresponding m � m squarebasisinterleaving array.
To obtain the sameminimum distanceas the squarebasisinterleaving array, we can change
Procedure2.1 slightly to generatethe rectangular basisinterleaving array.
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Figure 5: 3-D 2 � 2 � 2 basisinterleaving array.

Pro cedure 2.3. Let A be a 2-D array of size m � n, and let dr be the upper bound of
the distance for the corresponding square interleaving array. If m < n, we re-expressi of
row coordinates (i; j ) toroidally as i mod m. We �rst attribute the elementsof �rst row
as s0; sn ; s2n ; � � � ; s(m� 1)n , which are in the location (0; 0); (0; 1); � � � ; (0; m � 1). Then let
X = dr � 1, Y = 1. For each element with location (i, j), add 1 to the subscript of the
elementand put it in the location (i+X, j+Y). For example,s1 is put in the location (X,
Y). Repeat this procedure until all of the positions are occupied. If m > n, an analogous
procedure is followed.

It is easyto seeby using arguments as in the proof of Theorem 2.2, that Procedure2.3
yields the sameminimum distanceas the corresponding squarearray.

2.3 3-D basis in terlea ving arra y

In this section,we attempt to brie
y describe via someexampleshow to extend the results
of the previoussectionto higher dimensions.

De�nition 2.7. Consider a 3-D interleaving array B of size l � m � n, where l; m; n are
prime, and l � m � n. If the minimum distance between any two mn-equivalent elements
attains the maximum, then we call this array a basis interleaving array.

For a square3-D array of sizem � m � m with minimum distancedr , it has beenproven
that m is boundedby

m �
d3

r + 2dr

6
; for dr even;

m �
d3

r + 5dr

6
; for dr odd;

wherem is the sizeof 3-D sphere[5]. This result is further extendedfor M -D arrays in [5].
However, this bound cannot be always to achieve for M � 3. For details we refer to [9, 5].
Here, we present an exampleof a 3-D basisinterleaving array of size2 � 2 � 2 , which will
be useful in our discussionsto follow.
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3 Successive Packing of Basis In terlea ving Arra y

The initial idea of successive packing for interleaving was presented in [7, 8], where the
authors focus on the interleaving of arrays of size2n � 2n . Whether it can applied to M -
D array with arbitrary size had not been investigated. Also, it is not clear if its optimal
performanceholds for rectangular 2-D arrays. In this section, we �rst present an M -D
interleaving technique basedon the successive packing of basisinterleaving arrays. Then its
performancefor spreadingerror burst is analyzed. Subsequently, its optimalit y is discussed
and proved.

3.1 Successive Packing

Now we discussthe proposedSP technique in M -D case.

Pro cedure 3.1. (M -D in terlea ving using the successive packing)
Consideran M -D basis interleaving array of sizem0 � m1 � � � � � mM � 2 � mM � 1. The inter-
leaving array is the original basis interleaving array itself. When m0 = m1 � � � = mM � 1 = 1,
it is

S1 = [s0] (3.6)

where s0 representsthe elementin the array, and S1 the array. The subscriptin S1 represents
the total number of elementsin the interleaving array. Given interleaving array SN of size
N = m1� m2� � � �� mM � 2� mM � 1, the interleavingarray SN 2 can be generated by transferring
each elementsi in SN to a M -D array according to the operation N � SN + i (this operation
is described further in the following). This packing procedure is carried out successively
to generate SN K by transferring each elementsi in SN K to a M -D array according to the
operation N � SN K � 1 + i .

In the above procedure,the operation N � SN + i is the key point. Generalizingwhat we
presented in [7], operation N � SN + i generatesa M -D array with the samedimensionality
asSN . Furthermore, each element in N � SN + i is indexedin such a way that its subscript
equalsto the N times of that of the corresponding elements (i.e., elements occupying the
sameposition in the M -D array) in SN plus i . A few examplesare presented next.

Example3.1: Given a 1-D basisarray S3 = f s0; s1; s2g, the interleaving array is S9 = f s0;
s3; s6; s1; s4; s7; s2; s5; s8g.

Example3.2: Given a 3� 3 basisarray asin Fig.3, the 9� 9 interleaving array is generated
as in Fig.6.

Example3.3: Given a 2 � 2 � 2 basisarray as in Fig.5, the 4 � 4 � 4 interleaving array is
generatedas in Fig.7, whereasthe left hand side displays 2 � 2 � 2 array obtained via the
operation 8 � S8 + 5.

To generatea interleaving array with arbitrary size,we usethe successive packing method
based on a combination of di�erent basis interleaving arrays. For instance, given basis
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Figure 6: Successive Packing generated9 � 9 interleaving array.
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Figure 7: Successive Packing generated4 � 4 � 4 interleaving array.

interleaving array SN and S2, we can generatethe interleaving array S2N by f SN � 2 +
0; SN � 2 + 1g.

Example3.4: Given 2� 2 basisarray asin Fig.2 and 3� 3 basisarray asin Fig.3, the 6� 6
interleaving array is generatedas in Fig.8.

3.2 Performance Analysis

Beforeembarking on performanceanalysisof our SP basedM -D interleaving technique, we
introducethe following de�nition.

De�nition 3.1. Consider two bursts B1 and B2 having the same size and shape in an
interleaving M -D array. If each elementin a burst (e.g., B1) is either an elementof another
burst (e.g., B2), or K-equivalentof an elementof anotherburst (B2), then wesaythat bursts
B1 and B2 are K-equivalentbursts.

In the remainder of the paper, when discussingerror burst correction, we may consider
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Figure 8: Successive Packing generated6 � 6 interleaving array.

each set of equivalent elements de�ned in De�nition 2.5 as a M -D codeword. This implies
that a codeword consistsof a set of consecutive code symbols. This is necessarysincewe
needto discriminate code symbols within a codeword in our ensuingdiscussionof the SP
techniquefor M -D interleaving. An error burst (in the interleaved array) is saidto bespread,
and can be correctedwith one-random-error-correctioncodes,if each element in the burst is
spreadin distinct codewords of the de-interleaved array. From this point of view, it is easy
to seethat given two equivalent bursts, if one is interleaved then the other burst must have
alsobeeninterleaved.

We may now state the following results.

Lemma 3.1. Let A be a 2-D array of sizemn
0 � mn

1 obtained by using successivepackingof
a basis interleaving array of sizem0 � m1. Then all burstsof sizemk

0 � mk
1 in A with k < n

are K 1-equivalent, where K 1 = (m0 � m1)n� k .

The proof of this lemma is ommitted for brevity. Now we are in a position to present the
following theorem.

Theorem 3.1. Consider a 2-D array A of sizemn
0 � mn

1 . Then any burst of sizemm
0 � mm

1

with m � n in the interleaving array A obtained by using the successivepacking is spread in
the de-interleaved array so that each elementof the burst falls into a distinct block of size
mn� m

0 � mn� m
1 .

Theorem3.1indicatesthat, if a distinct codesymbol is assignedto each element in a block (cf.
to De�nition 2.5), and all the code symbols associated with an individual K -equivalent class
form a distinct codeword, then burst error correction with a one-random-error-correction
code is guaranteed, provided the code is available. Furthermore, the interleaving degree
equalsthe sizeof the burst error, henceminimizing the number of codewords required in an
interleaving scheme. In other words, with the successive packing technique, the interleaving
degreeattains the lower bound (the interleaving gain)1. In this sense,the successive packing

1see[8] for de�nition of interleaving degreeand interleaving gain.
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interleaving technique is optimal. Note that discussionsin [8] can be consideredto be a
special caseof Theorem3.1 with m0 = 2; m1 = 2. We conjecturethat following result hold.

Conjecture 3.1. Consideran M -D array A of sizemn
0 � mn

1 � � � � � mn
M � 1. Then any burst

of size mm
0 � mm

1 � � � � � mm
M � 1 with m � n in the interleaving array A obtained by using

the successivepacking is spread in the de-interleaved array so that each elementof the burst
falls into a distinct block of sizemn� m

0 � mn� m
1 � � � � � mn� m

M � 1.

In Section 3.1, we proposed to generatearbitrary size interleaved array by combining
di�erent basis interleaving arrays. Here, we �rst show how to generatea square2-D array
of size2m2 � 2m2. We then prove its optimal performance.The procedurecan be described
as follows.

Pro cedure 3.2.

� Generate the m � m interleaving array according to our SP technique.

� Generate the 2m � 2m interleaving array as follows

S4m2 =
�

4 � Sm2 + 0 4 � Sm2 + 2
4 � Sm2 + 3 4 � Sm2 + 1

�
(3.7)

� Let l i;j denote the subscript of the corresponding element in the 2-D interleaving of
array S4m2 of size2m � 2m. The 2m2 � 2m2 interleaving array is generated as

S4m4 =

2

6
4

m2 � S4m2 + l0;0 � � � m2 � S4m2 + l0;m� 1
...

...
m2 � S4m2 + lm� 1;0 � � � m2 � S4m2 + lm� 1;m� 1

3

7
5 (3.8)

We �rst needthe following lemma.

Lemma 3.2. Let C be a cluster of size2m in a 2-D array of sizem1 � m1, where 2m < m1.
Then there must exist a rectangular block R1 of size2m � m, and/or a rectangular block R2

of sizem � 2m suchthat C is entirely contained in either R1 or R2, or in both.

Proof. For the purposeof establishinga contradiction, let us hypothesizethat there do not
exist blocks R1 and R2 as in the statement of the Lemma entirely containing C. Then, C
would be outside of R1 either in the X , or in the Y direction. Sincethe length of R1 in Y
direction is 2m, which is equal to the sizeof C, it is only possiblefor C to be outside of
R1 in X direction. Hencewe have CX > m, where the CX is the dimensionof C along X
direction. SinceC is not entirely contained in R2, basedon the samereasoningabove, we
would have CY > m, where CY is the dimensionof C along Y direction. Our hypothesis
then would imply that the sizeSize(C) of cluster C, satisfy the following:

Size(C) � CX + CY � 1 � 2 � (m + 1) � 1 = 2m + 1;

which contradicts that C is of size2m. The lemma is henceproved.
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Theorem 3.2. The 2-D interleavingarray generated by Procedure 3.2 is optimal in the sense
that it can spread arbitrary burst of size2m to distinct codeword of size2m2.

Proof. According to Lemma 3.1 and Theorem 3.1, it is easyto seethat any two 2m � 2m
bursts within the generated2m2 � 2m2 array are m2-equivalent, and any two m � 2m or
2m � m bursts within the generated2m2 � 2m2 array are 2m2-equivalent. Thus, any burst
with sizem � 2m or 2m � m can be spreadinto distinct blocks with size2m2. However,
accordingto Lemma 3.2, an arbitrary burst of size2m is necessarilycontained in a burst of
sizeeither m � 2m or 2m � m. Theorem3.2 is, thus, proved.

Theorem3.2 indicates that if a distinct code symbol is assignedto each element in blocks
of size2m2 (refer to De�nition 2.5) and all the code symbols associated with a block form a
distinct codeword, then the SP technique can correct arbitrarily-shaped error burst of size
2m with one-random-error-correctioncode, provided the code is available. That is, the SP
technique achievesthe sameperformanceas that achieved by the technique in [5].

Comment: Needlessto say that there are certain constraints with the SP technique.
Namely, it is not guaranteedthat the upper bound of the minimum distancecanbe achieved
for the larger 2-D array (multiple basis interleaving array) with size (2m + 1) � (2m + 1).
However, since the SP based interleaving method is optimal for a large set of bursts, it
provides a versatile tool for busrt error correction.

In summary, the SP approach doesprovide an e�ective way for M -D interleaving. For a
given2-D array of sizemn

0 � mn
1 , it canbeappliedonce,and is optimal for a setof error bursts

having di�erent sizesde�ned in Theorem3.1. In addition, for the caseof arbitrarily-shaped
error bursts having a sizeof 2m, to which both the SP technique and the technique in [5]
can be applied, the SP approach can alsospreadand correct arbitrarily-shaped error bursts
with the samelower bound obtained by using the approach in [5]. For the basisinterleaving
array, we proposeda method which is proved to be optimal in 2-D case.For M > D case,
this optimalit y cannot guaranteed [9, 5].

4 Summary

In this paper, we focus on how to realize e�ective M -D interleaving. We �rst present a
novel concept, basis interleaving array. Basedon this, a new interleaving method, called
successive packing (SP), is proposedto combat M -D error bursts. We have proved that the
proposedmethod can spreadany error burst of mk

0 � mk
1 (with 1 � k � n � 1) to di�erent

code blocks in the array of mn
0 � mn

1 . Thus the simpleerror correctioncode which is optimal
for independent channel can be used to correct this kinds of error bursts. It needsto be
implemented only oncefor a given M -D array, and is thereafter optimal for the set of error
bursts having di�erent sizes.
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