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Abstract

Sinceany symmetric BTHTHB matrix can be diagonalizedby the DCT matrix, a BTTB
matrix encountered in the imagereconstruction problem is sometimesapproximated by a BTHTHB
matrix for computational e�ciency . In this paper, the error causedby the approximation of a
BTTB matrix by a BTHTHB matrix is analyzed. It is also shown that a simple modi�cation
of the observed image can achieve both reducedboundary error and fast deblurring.

1 In tro duction

Nowadays, we encounter digital color imagesmore than monochrome imageswith the advent of
digital TV and fast internet infrastructure. The global wide sensestationarit y assumption is per-
vasive in several known methods spanning the work of Hunt and Kubler in 1984 upto the work
of Boo and Bose in 1997 for multisp ectral images[1]. With the assumption that the estimates of
signal power spectrum and noisepower spectrum are available, a 3-D Wiener �lter was applied to
two luminance imagesand 2-D Wiener �lters to the chrominance components [1]. However, the
approximation of BTTB (Block Toeplitz Toeplitz Block) by BCCB (Block Circulant Circulant
Block) matrix causedsome image degradation due to leakage components near the zeros of the
transfer function characterizing the linear shift-invariant (LSI ) blur [2]. The ampli�ed leakage
component may causeringing e�ect near boundariesas well as in the center part of image. In [2],
the observed imageis extrapolated and the imagereconstruction is performedin DFT domain with
the periodic boundary condition to reducethis e�ect. In [3], the blur matrix was modi�ed so that
the blur function has more peaked distribution near the boundaries. However, this modi�cation
destroys the BCCB structure , sothat diagonalization by 2-D DFT is not possible.The Neumann
boundary condition is known to producesmall boundary error if the image is stationary inside and
as well as outside the boundaries [4]. Also, the resulting BTHTHB (Block Toeplitz-plus-Hankel
Toeplitz-plus-Hankel Block) matrix from the Neumann boundary condition can be diagonalizedby
the DCT matrix if the BTHTHB matrix is symmetric [4].

The approximation of BTTB by BTHTHB , however, also producesunwanted ringing e�ects
similar to that in the approximation of BTTB by BCCB . Here, it will be shown that simple
modi�cation of the observed image can signi�cantly reduce the ringing e�ect while keeping the
BTHTHB structure invariant. With the technique introduced here, it is possibleto achieve both
fast deblurring and reducedboundary error.
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2 Main Results

For brevity, consider the 1-D case.Denote the original �nite dimensional signal vector by

f = (:::; f � m+1 ; :::; f o; f 1; :::f n ; f n+1 ; :::; f n+ m ; :::)t

and the blur vector by
h = (:::; 0; h� m ; :::; h0; :::hm ; 0; :::)t : (1)

The convolution h t � f t producesthe blurred signal vector g = [g1; :::; gn ]t , where [4]

T l f l + Tf + T r f r = g; (2)

f l = [f � m+1 ; f � m+2 ; :::; f � 1; f 0]t ; f = [f 1; f 2; :::; f n� 1; f n ]t ; f r = [f n+1 ; f n+2 ; :::; f n+ m� 1; f n+ m ]t ;
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In the caseof Neumann boundary condition, the data outside the support of f is assumedto be
a re
ection of the data inside the support of f , i.e.,

f j = f k ; where

(
k = 1 � j; if i < 1
k = 2n + 1 � i; if i > n

Then the systemof equationsin Eq. (2) becomes[4] (J denotesthe anti-identit y matrix satisfying
J 2 = I and H (n) = [(0jT l )J + T + (T r j0)J ])

g = [(0jT l )J + T + (T r j0)J ]f = H (n) f : (3)

The resulting blur matrix H (n) is a Toeplitz-plus-Hankel matrix, which can be diagonalizedby a
DCT matrix if it is symmetric [4]. In the 2-D case,the blur matrix becomesa BTHTHB matrix,
which can be diagonalizedby the 2-D DCT matrix.

The image reconstruction system described in Eq. (2) is known to be ill-p osed. The Tikhonov
regularized solution minimizes the objective function,

min
f

jjHf � gjj2
2 + � jjLf jj2

2 (4)

whereL is the smoothing Laplacian-like operator and � is the regularization parameter, optimally
calculablemay becalculatedby the L-curve [5] or other methods. It is easyto show that the solution
of Eq. (4) is

f � =
�
H tH + � L t L

� � 1 H tg:

Space-variant regularization methods have also beenproposed[6].
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Theorem 1 [4] With � > 0, let f (n)
� be the regularized solution with the Neumann boundary con-

dition. Then the error vector e(n)
� � f (n)

� � f of the reconstructed signal can be decomposed as the

sum e(n)R
� + e(n)B

� of the regularization error e(n)R
� and boundary error e(n)B

� . The boundary error,

e(n)B
� can be expressed as

e(n)B
� = [H (n)t H (n) + � L t L ]� 1H (n)t f [T l f l � (0jT l )J f ] + [T r f r � (T r j0)J f ]g

Furthermore, if (E (v) denotesthe expected value of a random vector v)

E([f ]i ) = 
 1; � m + 1 � i � m; and E([f ]i ) = 
 2; n � m + 1 � i � n + m;

then
jE([e(n)B

� ]i )j = 0

A method to satisfy the last equality with more relaxed constraints is proposednext. Rewrite
Eq. (2) as

g = T l f l + Tf + T r f r

= [(0jT l )J + T + (T r j0)J ]f + T l f l + T r f r � (0jT l )J f � (T r j0)J f

= H (n) f + [T l f l + T r f r � (0jT l )J f � (T r j0)J f
| {z }

B C err or e

]
(5)

where, H (n) is a Toeplitz-plus-Hankel matrix, de�ned in Eq. (3)
The main contribution of this paper is summarizednext.

Theorem 2 If the original image is stationary near its boundary with conditions,

E([f ]i ) = 
 1; 1 � i � 3m; and E([f ]i ) = 
 2; n � 3m + 1 � i � n;

for constants 
 1, 
 2, then with boundary condition (BC ) error vector e de�ned in Eq. (5), the
expected value of the random vector e is

E(e) = E([g1 � g2m g2 � g2m� 1 � � � gm � gm+1 0 � � � 0 gn� m+1 � gn� m � � � gn � gn� 2m+1 ]t )

Pro of. >From Eq. (5), the kth element ek of vector e can be written as

ek =

8
><

>:

P m
t= k ht (f k� t � f t � k+1 ); for 1 � k � m

P k� n� 1
t= � m ht (f k� t � f 2n+ t+1 � k ); for n � m + 1 � k � n

0; otherwise

Then, for 1 � k � m,

gk � g2m� k+1 =
mX

t= � m

ht (f � t+ k � f 2m� t � k+1 )

=
k� 1X

t= � m

ht (f � t+ k � f 2m� t � k+1 )

| {z }
ter m1

+
mX

t= k

ht (f t � k+1 � f 2m� t � k+1 )

| {z }
ter m2

+ ek

3



Support of blur function


The observed image, 
 g


Regularization

with BTHTHB matrix


Figure 1: Modi�cation of observed image g

and for n � m + 1 � k � n,

gk � g2n� k� 2m+1 =
mX

t= � m

ht (f k� t � f 2n� k� 2m� t+1 )

=
mX

t= k� n

ht (f k� t � f 2n� k� 2m� t+1 )

| {z }
ter m3

+
k� n� 1X

t= � m

ht (f 2n+ t+1 � k � f 2n� k� 2m� t+1 )

| {z }
ter m4

+ ek :

With the conditions stated above (Theorem 2) satis�ed,

E(term1) = E(term2) = E(term3) = E(term4) = 0

Therefore, E(e) has the form stated in the theorem. �
If the expected value of g is replacedby the instantaneous value of g in Theorem 2, then the

observed image g, after modi�cation by the boundary error, is

gmod , g � E(e) � H (n) f (6)

(the � sign becomesan equality when E(e) is replacedby e, as in the LMS algorithm [7]) where

gmod = [g2m g2m� 1 � � � gm+1 gm+1 � � � gn� m gn� m � � � gn� 2m+1 ]t (7)

The k-th sampleof the modi�ed signal (with blur in Eq. 1) is

gmod k =

8
><

>:

g2m� k+1 for 1 � k � m
g2n� k� 2m+1 ; for n � m + 1 � k � n
gk ; otherwise

(8)

Therefore, before regularization is applied, the modi�cations in the observed signal occur in the
�rst m elements as well as the last m elements (seeEq. 7).
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In the caseof 2-D signal, the modi�cation shown in Eq. (8) is performed along horizontal and
vertical directions, as described in Figure 1.

3 Computer Exp erimen ts

In this computer simulation, a 256� 256 was taken to be the original image, as shown in Figure
2 (a). The observed image was generatedby convolving the original image with a LSI uniform
circular blur function of 6 pixels diameter and then adding a white Gaussiannoise, as shown in
Figure 2 (b). For comparison,two imagereconstruction algorithms wereperformed: (1)BTHTHB
approximation without the modi�cation of the observed images(2)BTHTHB approximation with
the modi�cation suggestedin this paper of the observed images. The reconstructed images by
the two di�eren t methods are shown in Figures 2 (c) and (d). To get the optimal regularization
parameter, the L-curve method [5] was used.

4 Conclusions

Without the modi�cation of the observed image, the approximation of BTTB by BTHTHB
causesringing e�ect in the reconstructed image. However, simple modi�cation of the observed
imagesigni�cantly reducesthis e�ect, and leadsto improvement of the visual imagequality aswell
as PSNR (Peak Signal-to-NoiseRatio).
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(a) Original image of size256� 256.
Observed blurred and noisy image;
PSNR=24.53dB.

Restored image without data modi�ca-
tion; PSNR=24.59dB.

Restored image with data modi�cation;
PSNR=27.09dB.

Figure 2: Image restoration with approximation of BTTB by BTHTHB
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