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ABSTRACT T nondimensional exterior temperature = 0
Synchronization of coupled, self-excited oscillators ame TO nondimensional initial temperature in room

plex systems is a common occurance. This report examines theT; =T,4+T,+Ts

effects of thermal coupling through the walls of a building o 1, .. nondimensional maximum temperature
temperature oscillations due to hysteretic thermostatitrol. Tmin _nondimensional minimum temperature
The specific case of three rooms is studied. A system of differ
ential equations models the dynamics of each room temperatu
accounting for on-off heating, heat loss to the environmaind
heat exchange between rooms. Three types of solutions are ob
served: one in which all room temperatures oscillate in phas
another with the oscillations equidistant in phase, andrd that

& perturbation to temperature of roam
p spectral radius
T nondimensional period of oscillation

is time-independent. The existence and linear stabilitgaxth 1 Introduction

solution type is investigated as a function of a paramietéat The dynamics of weakly-coupled self-excited oscillatas h
represents the thermal interaction between neighboringso been a topic of considerable interest in a wide variety ofiiel
The in-phase behavior exists and is linearly stable fokalhe such systems can exhibit synchronous, asynchronous anticha

out-of-phase oscillations exist in a bandko&nd are stable ina  behavior [1-3]. By synchronization is meant that at least tw

smaller band, and the time-independent solution existseaho ~ more of the oscillators that comprise the system have the san

certaink where they are stable. frequency with a constant, possibly zero phase differerece b
tween them. Synchronization in systems in which the oscilla
tions are a result of switching is also fairly common. It hasib

NOMENCLATURE shown that, even in weakly coupled systems, the coupling ca
k nondimensional thermal coupling parameter between rooms have substantial effects on global behavior producing lssaic

Qi nondimensional heat input in room nization, asynchronization, and other unexpected phename

Qr =Q1+Q2+Qs Synchronous behavior has been experimentally observed in
t nondimensional time wide variety of oscillatory systems. Mechanical systenciLide

ts nondimensional switching time the swinging of pendulums [4, 5], sound from organ pipes [6],
Ti nondimensional temperature in room the motion of vibro-exciters [7], and the operation of meuha

cal respirators [8]. Mathematical models of predictiondnbeen
developed for many of these systems.

*Address all correspondence to this author.
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Our interest here is in thermal systems with temperature os-
cillations [9]. Synchronization has been experimentatiyrfd
in temperature oscillations in a flow loop facility compos#d
three secondary loops with heat exchangers that excharge he
with a primary heating loop on one side and a primary cooling
loop on the other [10]. A hysteretic thermostatic contnofldso
called on-off, two-position, or bang-bang) sensed the tmap
ture at the outlet of a heat exchanger and modulated the flow
rate in that loop. The resulting temperature oscillatidmssed
frequency locking, phase synchronization as well as pHgse s
Another thermal system of great practical interest are deam
with temperature control and with thermal interaction bestw
them. Measurements in a supermarket refrigeration sysé h
shown that control strategies operating on flow valves cad le
to synchronization of temperature oscillations and anease
of energy consumption [11, 12]. The synchronization dymami
of the refrigeration system was also analyzed from a dynalmic
systems perspective and it was suggested that controlichde
chronization would be beneficial [13, 14]. Numerical saus
for thermostatic temperature control for a set of five chaimbe
in a ring have been obtained [15, 16], and synchronized behav
has been found.

Though thermal systems without fluid instability or control
generally do not oscillate by themselves, self-excitedpera-
ture oscillations can be obtained by switching [17]. A hystie
thermostat is a device that switches to a higher or a lowetr hea
rate depending on whether a measured temperature falle belo
or rises above certain prescribed limits; as a result thepéeas
ture oscillates between these two limits. This paper ingatds
synchronized oscillations in thermostatically-con&dlheating
of multiple rooms. In large, multi-room buildings such agép
ments, office buildings and student residence halls, thpeem
ture of each room is usually controlled by its individualrine-
stat. Each room acts independently, and each is a selfeebast
cillator. The effect of heat conduction through the wallgieen
adjacent rooms is usually ignored in the design of the cbntro
system. Heat transfer through the common wall between neigh
boring rooms means that there is thermal coupling betwesm th
Understanding the global, dynamic behavior of the coupyed s
tem may help develop a better means of temperature control in
buildings.

The specific case of the temperature dynamics of a three-
room ring, in which each of the rooms is thermally coupled to

Te

FIGURE 1. Schematic of three rooms= 1,2,3 with thermal cou-
pling; T; are the temperatures a@gthe heating rate; the arrows indicate
possible heat exchange.

2 Governing equations

Consider a set of rooms in the form of a ring, as shown in
Fig. 1. Though the mathematical model is, of course, apipléca
both to heating and cooling, for simplicity we will talk ordypout
heating. Each room has a different nondimensional temperat
Ti(t), i = 1,2,3, which is thermostatically controlled by a heater
that has a nondimensional value@ft). Each room exchanges
heat with the exterior that is nondimensionally at zero terap
ture, and adjacent rooms exchange heat between them by cc
duction through their common wall. A straightforward, lueap
mathematical model was previously developed for this [16].

The dimensionless equations governing the temperature ¢
each room are

dT;
d_tl +Ti=Q1+k(To—Th) + k(T3 — To), (1a)
dT
T To=Q2+k(T3—T2) +k(T1 — To), (1b)
dTs
H +T3=Q3+ k(Tl — T3) + k(Tz — T3), (1C)

wheret is dimensionless time, and

Qi(t){

0
1

if heater is off,
if heateri is on.

its neighbors, is considered. Three rooms are chosen leecaus For each room the first term on the left represents the rate-of a

it is the smallest number that permits both in-phase and wave
like solutions. A system of differential equations, acciinmfor
thermostatically-controlled heating, heat loss to théremment,
and the coupling effects of the walls between rooms, is used t
model the temperature of each room.

cumulation of thermal energy, and the second is the heablpss
convection to the surroundings. On the right, the first tesm i
heat input due to the heater in the room and the other two term
are the heat gain from adjacent rooms. The heater is theatnost
ically controlled; it goe®n if the room temperature falls below
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Tmin, and goe®ff if it rises abovelmax Tmin @nd Tmax have been
arbitrarily fixed at 0.25 and 0.75, respectively. The par@me

k > 0 is the thermal resistance between a room and the exterior

compared to that between adjacent rooms. It representkéhe t

mal coupling between rooms, so that there is no heat exchange

between them ik=0.
Summing the three equations eliminates the coupling terms
and produces a single differential equation

dT
_T+TT :QT7

at (@)

that relates the sum of the temperatures to the sum of thingeat
values, where

Qr(t) = Q1+ Q2+Qs,
TT('[) =T+ To+Ta.

3)
(4)

Thermal coupling does not add to or take heat out of the three-
room system.

At the instants at which mgXy, T2, T3} or min{Ty, T2, Tz}
reacheslnax Or Tmin, respectivelyQq, Q. or Qs changes; these
instants will be referred to as switching. The system of equa
tions is non-linear since the moment at which switching ogcu
is not knowna priori but depends on the dependent variables
Between switches, however, Egs. (1) are easy to solve as

T|(t) = f(T]_07T207T307Q15Q27Q35t)7 (Sa)

where

f:

1 3 _
3 {QT—TJF:L(QT—QBQO—(QT—TTO)et

Qr '\ —(3ks1yt
3k+1)e " } (5b)

The initial conditions ard;® = T;(0), wheret resets to 0 each
time there is a switch. If the parameteiis given, and if the
type of switch is known (i.e. which room changes its heatind a
whether the temperature there hitgax Or Tmin), the timet =tg
at which the next switch occurs can be calculated by sulistitu
Ti = Tmax OF Tmin for the appropriate room and solving the tran-
scendental equation above numerically using Newton'’s atkth
By taking the final temperatures of this interval as theahigm-
peratures, the system can be integrated for the next tiragvait
to the following switch, and so on.

The state of the system governed by Egs. (1) at any given
time is defined by 6 scalar variables: the temperatures of the

- (3TiO—TTO+3Qi —

3

T
3 T
T
FIGURE 2. Phase space of the dynamical system; at any instant th
solution must be a point inside or on the wall of the tempeeatwbe

(left), while the heating should belong to one of the corrdihe heat-
ing cube (right).

rooms,Tmin < T; < Tmax a@s well as the heating states of each of
the roomsQ; = 0 or 1. Geometrically, the solution lies within a
temperature cube and simultaneously belongs to one of the cc
ners of a heating cube, both of which are shown in Fig. 2. The
two cubes together constitute the phase space for thisgmobl
The path of the solution in time is continuous (though not dif
ferentiable) within the temperature cube but jumps froomeor

to corner in the heating cube. A jump occurs as the temperatul
bounces off any of the walls of its cube; a specific jump corre-
sponds to a bounce off a specific wall.

3 Existence of dynamic solutions

Periodic behavior is one in which, starting from an initial
point in phase space, the system undergoes a series of sotio
and eventually returns to the same point. A search for a gierio
solution begins with a postulate of a heating protocol,d.ee-
guence ofQ;’s that the system undergoes. The generality of this
approach lies in being able to postulate all possible serpsen
Equating the initial to the final conditions over a periodasia
set of transcendental equations that can be solved for e ti
intervalsts between switches. The period is then a sum of thest
intervals,T = ¥;tsi. This can be done for different thermal cou-
pling parametek.

In-phase solution

This is the simplest periodic behavior possible; the thyse
and the thre€);’s are synchronized both in frequency and phase
The rooms occupy the same point and they follow the same pa
in phase space. An example of the temperature-time behauvic
is shown in Fig. 3(a), and the corresponding heating prdtsco
shown in Fig. 3(b). The path of the solution in phase space i
shown in Fig. 4.

PuttingTi =T, =T3 =T, Q1 = Q2 = Q3 = Q, the analysis
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(b) Heating protocolQ1(t), Qz(t),Qs(t)

FIGURE 3. In-phase solution, any

is very simple. Eq. (1) reduces to
dT 0
E +T= {1

This is easily solved for theff and on intervals, and the total
period of the oscillation is found to be

if heaters are abff
if heaters are athn”

(6)

1- Tmin

Tmax
7
1—Tmax @

T=1In .
Tmin

+1In

Eq. (6) is independent d, indicating that the same dynamics
exist for allk.

o
> o
T 025
2 Tl

(a) Temperature cube

(b) Heating cube

FIGURE 4. Phase-space path for in-phase solution,lany

Out-of-phase solution

Another interesting dynamics occurs when the room tem
peratures are periodic at the same frequency, but theiegteae
equally separated from each other. Each of the three tetopera
curves follow an identical path in phase space, but theyydwa
maintain a constant and equal time separation between fhaen.
temperature difference between the three is not necessarit
stant, but the time difference between them is. This is thus
wave that goes around the ring. There are two ways this can ha
pen, with the rooms following each other either in a cloclavis
or a counter-clockwise fashion. Since the two are essgntied
same, only the latter will be discussed.

Examples of the out-of-phase solution are shown in Figs
5 and 6 fork = 0.29 andk = 0.54 respectively. Figs. 5(a) and
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(b) Heating protocolQ1(t), Qz(t),Qs(t)

FIGURE 5. Out-of-phase solutiork = 0.29

6(a) are the time variation of the temperature, while Figb) 5
and 6(b) are the heating protocol. The respective phase peth
shown in Figs. 7 and 8.

Though the period consists of six switches, it is just a two-
switch pattern of intervall 1 andts» repeated three times, with
their initial conditions each time in this subcycle beinpgeated.
Accordingly, the following three sets of three equatiorss alp-
tained. The first set goes frofin, T, T t0 T, Tmax T4 in @

0.9t
0.8t
07p 7 -
06} /
— /
F os /
04t //'{ ,
03F” 7N N
0.2t
0.1t
0
30 32 “o % 38 40
(a) Temperature dynamic$;(t), To(t), Ta(t)
1.5
I
&> os
- ]
o5 ‘ ‘ ‘ ‘
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t
(b) Heating protocolQi (t), Qz(t), Qa(t)
FIGURE 6. Out-of-phase solutiork = 0.54
time interval ofts; so that
T]_l - f (Tmin; TZO; T305 1) 1) Oa tS,l)) (8a)
Tmax =f (Tmin, TZO; T3Oa 15 15 Oa t&l)a (8b)
T3 = £ (Twin, T2, T35 1,1, 0,t51), (8c)

wheref is defined in Eq. (5b). The second goes frofTmax, T4
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FIGURE 7. Phase-space path for out-of-phase solutica,0.29 FIGURE 8. Phase-space path for out-of-phase solutica,0.54

The third maps the temperatures

™ =T4, (89)
to T2, T2, Tmin in @ timets » for which O T3 (8h)
=1 (8i)
TZ = f(T{, Tmax T4, 1,0,0,ts2), (8d) After eliminating the intermediate temperatures, two cou-
T22 —f (Tll Tonax -|-31 1,0,0,ts7) (8e) pled transcendental equationgtjn andts, are obtained. These
L T two time intervals can be found by solving the equations nu-
Tmin= f(T{, Tmax T3,1,0,0,ts2). (8f) merically, and it so happens that for tfigin and Tmax chosen
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Time-invariant

FIGURE 9. Periods of oscillation for differerk.

herets1 =tso. The period of oscillation is thus= 3(ts1 +ts2),
shown in Fig. 9. At lowk the switching time remains fairly con-
stant, demonstrating that weak coupling does not significan
affect the period.

The out-of-phase solution fér< 0.35 is different from that
for k> 0.35. This difference is seen by comparing Figs. 5(a) and
6(a). The behavior slowly morphs from one to the othek &s
increased. The dip in Fig. 6(a) correspondd 1y dt = 0, which
first appears arounkl= 0.35. The out-of-phase solution exists
only fork < 1.

Time invariant solution

In addition to the dynamic solutions discussed above, a time
invariant solution is also possible for whial;/dt = 0 in Eq.
(1). There are two types of solutions, one in which only one
room heater i®nand one in which two heaters ave.

(a) If oneroom heaterisn, e.g.Q; =1,Q> =0,Q3 =0, the time
invariant solution is

k41 k

W To=Tz=——.

ik 3k+1

(9)

SinceTy, Tz, T3 must all be betweemin andTmayx this exists only
fork> 1.

(b) If, however, two room heaters amn, €.9.Q; = 1,Q, =
1,Q3 =0, then

2k

3k+1

%41

Ik 3k+1

=T Ts= (10)

which also exists only fok > 1.

09

081
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o5F——"__
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02

Steady State Temperature

0.1

FIGURE 10. Variation of time-invariant solution witlk: solid lines
are with one heateon, while dotted solid lines are two heateos.
Dashed lines shoWimin and Tmax

Figure 10 graphically depicts these two solution types.
The time-independent solutions correspond to a subskiueté
transfer between individual rooms. The coupling paramister
high and the rooms behave less as individual entities sdtikat
heaters serve to warm the entire system rather than justithei
dividual room. Thus it is possible, &increases through unity,
for an oscillatory solution described in the previous seito
die.

4 Linear stability of dynamic solutions

After having identified the existence of these solution §jpe
their linear stability will be examined. Only linearly stalsolu-
tions will be observed in practice.

In-phase solution

The initial conditions are changed froffimin, Tmin, Tmin] "
t0 [Tmin, Tmin + &2, Tmin + £3]7 Where g, and &3 are small. Six
switching intervals carry these perturbed initial corati into
[Tmins Tmin + €5, Tmin + eé]T, each interval corresponding to the
time between switches. The transcendental functions ia iimn
tervals that are generated are expanded in a Taylor seeiegirig
only the first-order terms. This produces, after some akyedor
mapping from the original perturbations, andes, to the final,
&, andgg. The deviations from the in-phase periodic solution at
the beginning and at the end of one period are related by

A-[o )
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FIGURE 11.
coupling parametek.

where

_ Tmin 1 — Tmax

R= .
Tmax 1- Tmin

(12)

Since 0< Thin < Tmax < 1, we haveR < 1. The spectral
radius of the map is less than unity, so that the perturbatitin
tend toward 0. The in-phase solutions are thus linearhiefaip
all k.

Out-of-phase solutions

A similar procedure is used to test the linear stability & th
out-of-phase solutions. To prevent the algebra from beegmi
prohibitively complex, however, numerical values are uf®d
the parameters instead of symbolic variables. The stalfit
the out-of-phase solution is evaluated kog [0, 1], the region in
which it exists. Figure 11 shows the spectral radius as difumc
of coupling parametek. The out-of-phase solution is linearly
stable for 02466< k < 1 and unstable below that.

Time-independent solutions

Since there is no switching in the time-invariant solutions
the stability analysis is very straightforward. Both s@os
(with one heateon and with two heatersn) are found to be
linearly stable fok > 1, the region in which they exist.

5 Discussion

With the existence of different, linearly stable, dynamnoe s
lutions, the relative importance of the oscillatory sadutitypes
in a practical application must be evaluated. Fig. 12(awsho
graphically the total heatin@y required for in-phase periodic

8

Spectral radius of out-of-phase perturbation matrix vs.

(a) Total heating, in-phase solution, aay

35

-05 . . . .
30 32 34 36 38 40

(b) Total heating, out-of-phase solutido= 0.29

o R

}

(c) Total heating, out-of-phase solutidn= 0.54

FIGURE 12. Total heatingQr (t)

solutions, and Figs. 12(b) and 12(c) the same for out-oseha
periodic solutions.

Though the same average heat rate is required for the san
average temperature, the total number of switches is signifiy
less in the out-of-phase solutions. Fig. 9 shows that th#lasc
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tion frequency for the out-of-phase solution is smallenthizat

of the in-phase. As Wisniewski et al. [13] have pointed oet, r
ducing the number of switches per unit time is desirable @n-th
mal control systems because doing so can significantly &sere
the lifetime of heating or cooling equipment by reducing me-
chanical wear. It is generally more energy-efficient to ruert

mal equipment nearly at a constant load than to force them to
repeatedly turn on and off; the initial transient of a motofur-

nace after start is its most inefficient state. Additionatg out-
of-phase solution places a much smaller total heating loati®
system at any instant of time: a maximum of 2 heaters are on at
any given time, as opposed to 3 for the in-phase behavior. The
capital cost of the required heating system installed is tbwer

for the out-of-phase dynamics.

It should be noted that there is virtually no performance dif
ference between the two periodic solution types. The meaan te
peratures of both are identical to within 1%. The standaxikede
tion of the out-of-phase solution differs from that of theghase
by less than 10%.

The time-invariant solutions are different from the period
solutions in that they do not all require the same amounttaf to
heating and there is no switching involved. The one heatso-
lution is especially desirable in that it requires the lesbunt
of heating to maintain room temperatures in the desiredeafig
all the solution types, periodic or not. However, the mean-te
perature is lower than that of the periodic solutions. Sinhy
the two heatersn solution is the least desirable since it requires
the largest total amount of heating of all the solution typésle
the mean temperature is higher than the periodic solutions.

6 Conclusions

The behavior of a differential model of thermostatically-
controlled heating in a ring of three thermally-coupled mzo
has been studied. Three different types of solutions, espipe-
riodic, out-of-phase periodic, and time-independent,faumd.
The first exists for alk, the second fok < 1, and the third for
k > 1. Linear stability analysis shows that, wherever theytexis
the first and third are always stable, and the second is dondit
ally stable. As the coupling parameteiincreases from zero,
the global response of the system goes from synchronized os-
cillations with in-phase or out-of-phase oscillations iephase
oscillations or an eventual oscillation death.

The results are important for the design of controllers for
buildings and systems with multiple chambers. There are sev
eral advantages to the out-of-phase solution in terms ef Iif
expectancy and capital cost of installation of heatingeyst
which could be worth exploiting. It is stable under someine
stances, and in others can be stabilized through feedbattoto

The investigation can be further expanded by considering
the behavior of a large number of rooms. While it is easy to
see that in-phase periodic solutions will exist for any nemdif

rooms, it is less clear what other dynamic behaviors can be e»
pected. Out-of-phase, clustering, and metachronal waeealla
possible.
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