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Abstract

The quasi-static deformation of a single atom system is considered to as-
sess the fundamental causes of the thermoelastic effect (TEE) on an atomistic
scale. Two models of deformation are employed. The first, Model 1, con-
sists of a force applied to an atom bounded by the Lennard-Jones potential.
The second, Model 2, consists of the prescribed motion of an atom adjacent
to the atom of interest. Two mechanisms are considered as possible causes
of the TEE. The first, Mechanism 1, states that the oscillation energy of the
atom, i.e. the maximum kinetic energy, changes throughout deformation. The
second, Mechanism 2, states that the partition of the oscillation energy shifts
throughout deformation, leading to a change in the time average of the kinetic
energy. Analysis utilizing approximations of the quasi-static deformation is
performed and verified via numerical simulations to demonstrate that Mech-
anism 1, caused by the decreasing concavity of the Lennard-Jones potential,
is compatible with the TEE for both models. A numerical method is used to
demonstrate that Mechanism 2 is compatible with the TEE for Model 1 but
not Model 2. As such, it is concluded that Mechanism 1 and the decreasing
concavity of the Lennard-Jones potential are responsible for the TEE. The nu-
merical simulations for each model reveal some characteristics of the TEE over
a range of oscillation energies and deformations.

I. INTRODUCTION

The thermoelastic effect (TEE) is the change in temperature of a solid upon de-
formation. For a solid with a positive coefficient of thermal expansion, compression
increases the temperature and extension decreases the temperature. This effect is well
known from a macroscopic perspective, both experimentally and thermodynamically.

In contrast, the TEE is less understood from an atomistic perspective, in which the



solid is viewed as a collection of nonlinear oscillators. These two scales are related by

K:%@ﬂ (1)
where K is the average kinetic energy per atom of the comprising atoms, D is the
number of spatial dimensions in the system, kg is the Boltzmann constant, and T is
the temperature of the macroscopic object. From the discrete perspective, the TEE
implies that compressional deformation increases K for a system of atomic oscillators,
whereas extensional deformation decreases it. This dependence of the sign of change
in kinetic energy on the type of deformation deserves some explanation.

There have been several attempts in recent years to demonstrate and explain the
TEE from an atomistic perspective.!® Each of these attempts considered the de-
formation of a single anharmonic oscillator, the basic element of a solid. A basic
justification of this approach is that properties of a collection of oscillators can be
reduced to that of a single oscillator by assuming a model of statistically indepen-
dent oscillating particles.®> This study will also consider the deformation of a single
oscillator in order to extend the results of these previous studies and to provide new
insights into the TEE. In addition to utilizing a model similar to that in the previous
works, it will also employ a new model. Furthermore, this study will consider two

possible mechanisms of the TEE for both of these models.
II. MODELS

The atomic bond will be modeled using the Lennard-Jones pair potential. Shown

in Fig. 1, this potential is given by
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where 7 is the spacing between atoms and € and ¢ are bond parameters. The equilib-
rium spacing of the bond is given by R = 2'/65. This potential was chosen since it is
often used in studies concerned with qualitative properties of materials. The previous
studies used a cubic potential, which comparatively has a smaller applicable range
for the energy of the oscillator as well as the deformation. From this point forward,
the potential will be denoted generally as Uy (r), since many of the equations used are
not restricted to the Lennard-Jones potential.

The first model of deformation of a single atomic oscillator is shown in Fig. 2. This
is the same model employed by the previous studies and will be referred to as Model 1.
The left atom is fixed, and the right atom is free to oscillate. A time-dependent force
F(t) is exerted on the mass to simulate deformation. For extensional deformation,
F > 0, and for compressional deformation, F' < 0. The deformation is assumed to

be quasi-static, i.e. there are no changes in the kinetic energy of the oscillator due to

dF

dynamic effects. This requires that |3

is small relative to the oscillator dynamics.

The second model of deformation is shown in Fig. 3. This model has not yet
been studied and will be referred to as Model 2. The left atom is fixed, the center

atom is free to oscillate, and the right atom is given a prescribed motion z,(t) to

dz,
dt

simulate deformation. For extensional deformation, > 0, and for compressional

dx,
) dt

dz,

deformation i

< 0. The deformation is also quasi-static, implying

is relatively
small.
Further details and restrictions of the two models will be described in their corre-
sponding sections.
IIT. ENERGY CHARACTERISTICS AND MECHANISMS OF THE
TEE

The energy characteristics of each model are described in the same way. In each



model, the oscillating mass is bound in an overall time-dependent potential well
U(r,t). The time-dependence is due to the deformation. Since the deformation is
assumed to be quasi-static, the well shape changes at a much slower rate than the
oscillation of the mass. A schematic of an arbitrary time-dependent potential well
with only one minimum is shown in Fig. 4. The mass oscillates between the lower

and upper bounds r; and 7., respectively. The total energy of the system is given by

Etot - Eosc + Usa (3)

where FE,,. is the oscillation energy and U, is the static potential energy. The static
potential energy is the potential energy due to the deformation of the system. For an

undeformed system, Us = 0. The oscillation energy is given by

Eosc =K+ Ud7 (4)

where K is the kinetic energy and Uy is the dynamic potential energy. These two
quantities exchange back and forth with each other as the mass oscillates. It is clear
that Eosc = Kpaw, which is the kinetic energy at the well minimum. The total
potential energy is given by U = Uy + Us.

With these defined quantities, there are two possible mechanisms responsible for
the TEE. The first mechanism, which will be referred to as Mechanism 1, is that the
magnitude of F,,. changes during deformation, thus affecting the value of K. This
mechanism implies that deformation morphs the overall well in a way that changes
the depth of the well occupied by the oscillator. The following derives an expression

that can be used to evaluate this mechanism. Rewriting the quantities in Eq. (4)



yields

Eoelt) = 5mo(t)? + U(r(2), 1) = Ulran(t), ), (5)

where m is the mass, v is the mass’s velocity, r is its position, and r,,;, is the location

of the minimum of the potential well. This is given by 87"‘ = 0. Taking the

Tmzny )
derivative with respect to time yields
dE,s. dv n ou| dr n ou ou A7 min n ou (6)
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The first two terms cancel out and the fourth term is identically zero, which yields
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This equation is a continuous extension of the results of an earlier study.? This study
considered an infinitesimal step force applied to the mass, and it concluded that
the oscillation energy would increase if the well minimum decreases, and vice-versa.
Similarly, this equation implies that F,. increases if the potential well is increasing
more at r than at r,,;,. If the well is time-independent, 6—[5‘(“ H = 0 for all values of
r, and thus F,,. is constant, as expected. This equation will later be applied to each
model to assess whether F, . changes over the course of deformation.

The second possible mechanism, which will be referred to as Mechanism 2, is that
the partition of energy within F. (i.e. K and Uy) shifts during deformation. More
specifically, the time averages of K and Uy over a period of oscillation, denoted by
(K) and (U,), change over the course of deformation. This mechanism implies that
deformation changes the shape of the well occupied by the oscillator in a way that

contributes to a change in K. A general expression for (K) for a given well shape



and a given value of E,. is obtained as follows. Integrating K over half of the period

yields
(Ky== [ Kadt (8)

Since r(t) cannot in general be determined, the integral over time must be converted

to an integral over space, which can be calculated using the overall potential. Using

dr 2
GV ©)

the expressions in Eq. (8) can be evaluated as

T/2 ™ rr
Kdt= | = dr= %/ VE dr (10)
o Va2,

0 T dt

and

T m [ 1
— =4/ = — dr. 11
d \/2/7? —~ (11)

Notice this last equation is a double-sided improper integral since Kl,, = Kl = 0.
The notation r;” and 7, is used to represent the approaching limit from the positive
side of r; and the negative side of r,, respectivley. It can be argued that this and all
subsequent improper integrals converge from a physical basis. Substituting these two
results into Eq. (8) yields

f:lf VK dr

(K) (12)
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This equation will later be applied to each model to assess whether (K) shifts over



the course of deformation.
With the two models of deformation and the two possible mechanisms of the TEE,
there are four cases to consider. The two models will be considered sequentially, and

within each model the two mechanisms will be considered.

IV. MODEL 1

Before each mechanism is considered, some further details and restrictions con-
cerning this model will now be described. The overall well is given by U(r,t) =
Uy(r) — F(t)(r — mmin(t)). The constant of integration F'r,,;, was chosen so that
U(Tmin,t) = Ui(rmin). This makes the static potential energy in the overall well
physically meaningful. The imposed restrictions on the model are as follows. For
F < 0, there are no restrictions on the magnitude of F' since a single local minimum
will be present in the overall well for any value. There is also no restriction on E,. for
this case: the oscillator will remain bounded for any value of F,. since both walls of

the overall potential well approach infinity. On the other hand, there are restrictions

dUy

for both of these quantities for /' > 0. The magnitude of F' must satisfy F' < 3

7‘1"

where r; is the inflection point in the Lennard-Jones well. Otherwise the overall well
has no minimum and the oscillator will be unbounded for any value of E,,.. Assuming
this is satisfied, the value of E,. still must be less than a critical value since the well
has a local maximum to the right of the minimum. This critical value is the difference

in the overall potential at the local maximum and the local minimum.

A. Mechanism 1
1. Analysis

Equation (7) will now be applied to this model to assess the contribution of Mech-

anism 1 to the TEE. Taking the partial derivative of U(r,t) with respect to time



yields

ou
ot
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(13)

Substituting this expression into Eq. (7) yields

dEosc . d_F
dt  dt

[Fin () — ()] - (14)

From this, since r(t) oscillates, E,s. will also oscillate. Therefore, this equation must
be averaged over time to compute to average value of % at a given point in the
deformation. For quasi-static deformation, it will be assumed that % = u (ie.
constant over the course of deformation). Furthermore, it will be assumed that F(t) =
F and thus r,,;,,(t) = 7, over a period of oscillation of the mass. Taking into account

the above approximations and averaging Eq. (14) over half of the period yields

dEyse 2u [T
< = > == [ = r(0) dt. (15)
F7EOSC

Converting the integral over time to one over space in a way similar to that done

earlier for (K) yields

AEpsc R "
dt —# e 1 d ’ ( )
F,Eosc Tl+ \/7 T

For Mechanism 1 to contribute to the TEE, Eq. (16) has simple requirements: it is

necessary that <%> > 0 for compressional deformation and <%> <0
FiEOSC k) osc

for extensional deformation. Since the denominator of Eq. (16) is positive and p > 0

and p < 0 for extensional and compressional deformation, respectively, the integral

in the numerator of Eq. (16) (denote it as I;) must be negative for the TEE to exist.
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Notice that Eq. (16) describes the TEE at the given value of F and the given
value of E,s., which only gives information about one point during the course of
deformation. To determine how FE,,. behaves throughout the entire deformation,
<%>F,Eosc must be integrated over the course of deformation.

The dependence of <%> on F' and FE,,. raises some interesting questions. For
example, is it possible that F,,. will be increasing at one point during the deformation
and then decreasing at another? Will the overall change in F,4. depend upon its initial
value? So these problematic cases do not occur, it is necessary that I; < 0 for all
values of F' and F,,.. This will cause F,,. to increase and decrease monotonically over
the course of compressional and extensional deformation, respectively, for any initial
value of E,,.. It will now be shown that this is indeed the case for the Lennard-Jones
potential.

Separating /; into two intervals, substituting Ar = r — r,,,;,, and defining Ar, =

Ty — Tmin and Afr’l = Tmin — T y1€ldS

0 Ar,
A " A
I = —/ = aar| - = dAr (17)
—AT[F \/KIAT’-i-Tmin 0 \/EATJFT’min
Rewriting the first term in this expression using the substitution Ar* = —Ar yields
Ar,” Ar*
L dAr, (18)

0 v K_AT*"FT"HLin

Before the second integral is considered, an important property of the Lennard-Jones

potential will be considered. It is given by the following inequality:

dU T RU r Eu, r Eu,
- /Tmﬁ dr = /Tmm dr2? dr < /Tmm dr?

dr

&

r=— T — Trin)-
Tmin dr2 ( mln)

Tmin

(19)



fuy
dr2 bin

> 0

This inequality is due to “bond-softening”, or decreasing concavity:

(imposed by the previously stated restrictions) and d;gl monotonically decreases until

it reaches its minimum negative value, at which point it increases asymptotically

£uy £Uuy £,
dr? rin on 7 > Tmin and dr? dr? brpin

towards zero. This makes dzgl

< > on
r < Tmin', hence the inequality.

Now the following expression will be considered:

AT, Ary
e [T g [0
0 d’f’ AT+Tmin 0 d?"

Substituting Eq. (19) into the first term above yields

dAr*. (20)

—Ar*+Tmin

18U,

Eosc < z—=
2 dr?

Substituting Eq. (19) into the second term above yields

10U,
Eosc a
= 2 dr?

Ar?. (22)

Tmin

Since both Ar, and Ar; are positive, the above expression can be combined to yield
Ar; < Ar,. Since this holds for any allowable value of E,,., a function ¢ can be defined
by Ar = Ar*4+((Ar*), where Ar e [0, Ar,|, Ar* e [0, Ary], { > 0 for Ar* > 0,and ( =0
for Ar* = 0. In other words, the function Ar* 4+ ((Ar*) maps the interval [0, Ar] to
[0, Ar,] in a one to one fashion, where corresponding points have the same potential
energy, or equivalently the same kinetic energy: Kla,tc(ar)trmin = Kl Artrpin-

Returning to Eq. (17), substituting Ar = Ar*+((Ar*) into the second term yields

/Arl (Ar* 4 ¢(Ar7)) (1 T di%) dAF*. (23)

V Elart¢(ar)+rmin
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Recombining the two integrals in Eq. (17) yields

ar Art = (A + ((Ar) (1+ 55
s /
0

) dAr*. (24)
mAT* "rC(AT* )+7"min

It will now be shown why the above integral must be negative. Substituting Ar =

Ar* + ((Ar*) into the first integral in Eq. (20) yields

Andu d¢ An o du
Eose = — 1 dAr* = —— dAr*.
/0v dr AT*+C (AT )+ Tmin < + dA’f’*> ’ /0 dr — AT +Tin "
(25)
Taking the derivative with respect to Ar; yields
dE,. dU d¢ dU
= 1 =_—— 26
dAr dr IAr+¢(Ar) +7min ( + dAr* Am) dr = Ar+rmin (26)
Applying Eq. (19) yields
dc A’/’l
1 > > 0. 27
+ dAr*iar, = Arp+ ((Ar) (27)

Since this holds for any Ary, it can be substituted into Eq. (24) to yield

Art((Ar) dAr* = 0. (28)
mAT*+C(AT*)+T77Li7L

arp Art — (Ar* + ((ArY)) o1
I < /
0

Notice that this holds true for all allowable values of E,,. in addition to all values

of F such that €U

dr2 rin

> 0, which was imposed so a local minimum exists in the
well. Given this, the “local” TEE for this system exists at all points over the course
of deformation, meaning that indeed FE,,. changes monotonically over deformation.

This result was all due to the monotonic? “bond softening” of the Lennard-Jones

11



well. If the well “hardened” in some places, e.g. at some point to the right of the
minimum, the TEE would be “backwards” in the vicinity of this point, meaning that
FE,s. would not change monotonically over the course of deformation.

2. Simulation

The results of the above analysis were verified by two methods of simulation.
First, the equations of motion were numerically integrated. Second, Eq. (16) was
numerically evaluated to demonstrate compatibility with the other simulation results.

The system was simulated for parameter values corresponding to solid argon:
e/kp = 120K, 0 = 3.4 A, and m = 39.9 amu.? Initial oscillation energies of 10Kk
to 40Kkp were used in order to approximate initial “temperature”? values of 10 K to
40K by assuming (K) ~ E,s./2. The values of strain, defined as ¢, = (7nin, — R)/R,
where 7, = Tmin(tf), ranged from -0.03 to 0.03".

The quasi-static deformation was modeled as a sigmoid. The force ranges from 0
to F over the interval [0,¢;]. The sigmoid is given by a fourth order polynomial over
this interval, where the five constants were determined such that F(0) = 0, F(0) =0,
F(t;/2) = F/2, F(t;) = F, and F(t;) = 0. Quasi-static deformation was imposed
by specifying (i—f)max = ‘ii—ﬂtf PR 1072 - F/tys., where t,4. is the approximated

characteristic period of oscillation of a mass. It is given by

2T

Lose = T
V klm/m

where ki, = 72¢/2'/30? is the equivalent linear elastic force constant of a single

(29)

dF

Lennard-Jones bond about its equilibrium position. The value of /2

was con-
servatively approximated to be 2F/ty. The two expressions were equated, yielding
tr =2 10% .

To simulate the system, the initial conditions were determined based on the ini-

12



tial oscillation energy. The equations of motion were integrated using a fifth order
Gear Predictor-Corrector scheme over the course of deformation. This is a common
scheme for molecular dynamics simulations since it is energy conservative. The energy
characteristics of the system were monitored throughout the deformation.

The results of an extensional simulation and a compressional simulation demon-
strating the TEE are shown in Fig. 5 to Fig. 8. Since K,,,. = E,s, it is clear from
Fig. 5 that E,,. decreases monotonically over time for extensional deformation. Anal-
ogously, Fig. 7 shows that E,,. increases monotonically over time for compressional
deformation. Notice from Fig. 6 and Fig. 8 that the total energy of the system can
either increase or decrease.

As described earlier, the value of E,,. over time can be obtained by integrating Eq.
(16) throughout the course of deformation. This was done for the two example simu-
lations above. The integrals were evaluating using an adaptive numerical integration
scheme and the value of %—f was obtain from the sigmoid. The resulting curve for each
simulation is plotted with numerical results shown in Fig. 5 and Fig. 7. From the
plots it is clear that Eq. (16) can be used to obtain a basic approximation of E,.(t)
for this model.

The results of all simulations over the range of initial oscillation energies and strains
shown in Fig. 9 extend the results of the previous studies.!"? Assuming small loads
and small oscillation energies, these studies obtained a negative linear dependence of
the oscillation energy on the deformation, which is compatible with the TEE. Fig. 9
shows the same result for small values of ¢, in addition to indicating features of the
TEE for a larger range of oscillation energies and deformations. The negative slope in
Fig. 9 demonstrates the TEE over the entire range of initial oscillation energies and
strains. The different curves associated with each initial oscillation energy indicate

the strength of the TEE depends on oscillation energy: For a given value of €, (positive

13



or negative), the magnitude of AE,s./E,s. increases with E,.,, indicating that the
strength of the TEE increases for larger values of E,... There also appears to be
some asymmetry in strength of the TEE based on the direction of deformation: For
E,sc; = 10,20, and 30Kkp, each curve has positive concavity, indicating that the TEE
is stronger in compression than in tension for these cases. This is less clear for
E,s.; = 40Kkp, since for this temperature the curve has negative concavity for positive
strain. This may suggest that this asymmetry based on the direction of deformation
is also oscillation energy dependent.

Fig. 10 indicates that the total energy can increase or decrease for this model. The
quadratic curve corresponding E,,., = 10Kkp is compatible with the previous studies.
These explained that total energy decreases initially for extensional deformation since
the approximate linear dependence of the oscillation energy (negative) dominates the
higher order dependence of the potential energy (positive) for small strains. The
inequality between these two energies reverses as the deformation increases, causing
the total energy to increase for larger strains, as seen for F,s, = 10Kkp. This trend
seems to be limited to lower oscillation energies. For example, for E,,., = 40Kkp,
AFE,t ) Eior, decreases up to €5 = 0.03, at which point the mass becomes unbounded
from the well. One may be inclined to conclude that F,,. decreases for extensional
simulations due to the initial decrease in Ej,; for these simulations. However, it will
be demonstrated for Model 2 that E,.. also decreases for extensional deformation
despite that Fy, exclusively increases.

B. Mechanism 2

It will be shown here that Mechanism 2 also contributes to the TEE. This mech-
anism was assessed by numerically evaluating Eq. (12) over a range of F' and Eq..

A surface was fit to the data to yield the contour plot of (K) /E,s shown in Fig.
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11. The upper right hand corner of the plot is omitted since this corresponds to
values of F,4. that are unbounded for the given overall well. The dashed lines, which
were determined from the simulation results of Mechanism 1, give the flow of F,.
throughout deformation. The orientation of the flow of E,,. relative to the contour
plot indicates that this mechanism contributes to the TEE: (K) /E,,. increases for
compression and decreases for extension. This result is compatible with that obtained
in a previous study.? Assuming small oscillation energies and deformations, the study
obtained a negative linear relationship between (K) and the strain, where (K) /FEos.
was slightly less than 0.5 for zero strain. This present study confirms this in addition
to providing characteristics of this mechanism over a larger range of oscillation en-
ergy and deformation. The effect is stronger in tension than in compression, and this
difference increases for increasing initial oscillation energy. For the maximum com-
pressional strains, (K) /E,s. changes by about 1% to 4% over the range of F,.,, and
for the maximum extensional strains, (K) /FE,s. changes by about 10% to 30% over the
range of E,s.,. Comparing these results to that of Mechanism 1 (an approximate 40%
change in AFE,./Fys., for maximum compressional strains and an approximate 30-
35% change in AFE,./E,s., for maximum extensional strains), this mechanism should
be considered for this model in addition to Mechanism 1 for extensional deformation,

but it can be neglected for compressional strains.

V. MODEL 2

The second model will now be considered. Before each mechanism is considered,
some further details and restrictions concerning this model will now be outlined. Due
to symmetry, the overall potential is given by U(r,t) = Ui(r) + Us(r,t) = Ui(r) +
Uy(c(t) — r). The distance between the left and right atoms will be represented

by c(t) = 2R + z,(t), where x, is the position of the right atom. It is given by
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x, = Az, + z,,, where Az, is the displacement of the mass from its initial position,

Z,.. This term represents the dynamic expansion of the bond. Dynamic expansion

is the discrete analog of thermal expansion: oscillation energy present in a system of
oscillators causes the system to expand beyond the size of the system with no energy.
For this system, this causes the natural spacing between the left and right atoms,
denoted as c., to be greater than 2R for nonzero energy. Since z,, is included in z,
and does not affect the subsequent analysis, a quantitative description of dynamic
expansion will be postponed until a discussion of verification simulations, were it
becomes more relevant.

The following describes the imposed restrictions of this model. There is no re-
striction on FE,,. since the well approaches infinity at both ends. It will be imposed
that the deformation is such that a single minimum in the potential exists at the
center of the well, ¢/2. Assuming each individual potential is Lennard-Jones, the
only way a local maximum can be induced in the well is for extensional deformation
above a critical value. Specifically, a local maximum will be induced at r = ¢/2 if
x,./2 > (r; — R). Therefore, to ensure there is one minimum located at the center of
the potential, it will be enforced that x,/2 < (r; — R). When this is true, the mass
oscillates symmetrically about the center of the well: r,, 7, = ¢/2+ A, where A is the

amplitude of oscillation.

A. Mechanism 1
1. Analysis

Eq. (7) will now be applied to this model in a similar way to that of Model 1.

Taking the partial derivative of U(r,t) with respect to time yields

ou
ot

_
) dr

dz,
c(t)—r dt

(30)
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Substituting this expression into Eq. (7) with 7,,;, = ¢/2 yields

dEosc dxr dUl dU1
= — - — . (31)
dt dt | drlewy—r@y  dr k)2
The above equation will be averaged over time to compute to average value of %

at a given point in the deformation. For quasi-static deformation, it will be assumed

dxr(t)

that o

= v, (i.e. constant over the course of deformation). Furthermore, since

dz,

>>dt

dr
dt

, it will be assumed that ¢(t) = ¢ over a period of oscillation of the mass.
Taking into account the above approximations and averaging Eq. (31) over half of

the period, T, yields

dE,s. 2 (T2dU U

=, | = / —1 dt — —— (32)

dt . Fose T 0 dr c—r(t) dr c/2

Converting to an integral over space yields
Tr dU; dU; 1

By Jit [WL_T - W‘cﬂ} 7r dr

=, — : (33)
dt CyEOSC TJ: L d7‘
" VK

A change of variables can be used to show that the above expression is equivalent to

e | dU dU 1
dEosc f?“f |:d_7"1‘r o d_7“1‘c/2] VK dr
% =, e . (34)
¢, Eosc Tl+ \/7 dT’

This equation has the same requirements as Eq. (16) for the existence of the TEE for
this model. The integral in the numerator (denoted as I5) must be negative for the
TEE to exist at the given value of ¢ and E,,. (i.e., for the TEE to exist “locally”).
For the TEE to exist for “globally”, it is necessary that [, < 0 for all allowable

values of ¢ and F,s.. This will cause E,,. to increase and decrease monotonically for
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compressional and extensional deformation, respectively, for any initial value of E,..

This will now be demonstrated for the Lennard-Jones bond.

From symmetry, r; = ¢ — r, and \/L?T = \/L?C_T. This allows I, to be written as
S G L G [T e N |
I = / ! = dr (35)
c/2 dr lc/2 dr lc/2 \/?r

The following inequality can be justified in the same way as the analogous inequality

in Model 1, simply by replacing r,;, with ¢/2:

" rdU rtU
:/ 21 dr </ 21
c/2 c/2 dr c/2 dr

Substituting this result into Eq. (35) yields

[2 - /
c/2

dU,

du, ¢
dr B

c/2 " dr?

(r —c/2). (36)

c/2

c—r

dU,

_T’ N dU,;
dr

c/2 W

fu,

02 dr = 0.

U,
/2 (r=c/2)+ dr?

c/2

1
c/2(0/2 — 7‘)] 7R
(37)

o]
— dr
\/Kr 0/2

r

Analogously to Model 1, this holds true for all allowable values of E,,. in addition to

fuy
dr2 lc/2

all values of ¢ such that > 0, which is necessary for a minimum to exist in the
center of the well. This implies that the TEE exists at all points over the course of
deformation, meaning F,s. changes monotonically over deformation. This again was

due to the softening of the Lennard-Jones potential.

2. Simulation

The analysis was verified via simulation in a similar manner to Model 1. The
same parameter values corresponding to solid argon and initials oscillation energies
were used. The values of strain, now defined as Az, /c., again ranged from -0.03

to 0.03. The quasi-static deformation was also modeled as a sigmoid given by a
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fourth order polynomial. The value of z, ranges from z, to z. + Az, over the
interval [0,7;]. The five constants were determined such that z,(0) = z,, ©,(0) = 0,
z(tr/2) = Ax, 2+, , 2,(tf) = Az, + 2, , and &, (t;) = 0. Quasi-static deformation

=107 R/tyse. NOW t,s. is given by

was imposed by specifying (%) =4 L /2

__ 2 (38)

tOSC Y
\/ 2klm/m

where the factor of 2 is present since the atom is bound on each side. The maximum
velocity of the right mass was conservatively approximated to be 2Az, /t;. The two
expressions were equated to yield ¢y =2 - 10 Az, t o5/ R.

Before the simulations could be carried out, a relationship was determined to
calculate z,, in terms of E,,. for the system. The natural length of the three atom
system, c., for a given value of F,. is such that (F;), the time average of the force
exerted on the left fixed mass, is zero. Integrating the force over half of the period

and converting the integral from time to space yields
AUy 1
()= [ G =0 (39)
L]

This equation was solved via an adaptive numerical integration method to determine
the relationship between z, and FE,s.. The results are shown in Fig. 12. The data
was fit with a sixth-order polynomial via unweighted least-squares linear regression.
Notice that a similar process was not required for Model 1. Dynamic expansion is
indeed present in Model 1 (i.e. the average position of the mass is to the right of the
well bottom for nonzero oscillation energy), but it did not affect the simulation setup
since the force F' does not “start” anywhere, as was the case with the values of x,

here.
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The equations of motion were again integrated using the fifth order Gear Predictor-
Corrector integration scheme. The results of an extensional simulation and a com-
pressional simulation demonstrating the TEE are shown in Fig. 13 to Fig. 16. Similar
to Model 1, E,,. decreases monotonically over time for extension and increases for
compression, shown in Fig. 13 and Fig. 15, respectively. Unlike Model 1, Fig. 14 and
Fig. 16 indicate that the total energy of the system increases for both extensional and
compressional deformation.

Analogously to Model 1, the value of E,. over time was obtained for the two
example simulations above by numerically evaluating Eq. (34) over the course of
deformation. The resulting curve for each simulation is plotted on Fig. 13 and Fig.
15, which shows that Eq. (34) can be used to obtain a basic approximation of Fo.(t)
for this model.

The results of all simulations over the ranges of initial temperatures and strains
are shown in Fig. 17 and Fig. 18. The behavior of F,,. is overall similar to that of
Model 1, where in both models AFE,;./FEyse, approximately ranges from -0.4 to 0.4.
The negative slope in Fig. 17 demonstrates the TEE over the entire range of initial
oscillation energies and strains. There does however appear to be some difference
in the details of the effect between the two models. Unlike Model 1, the strength
of the TEE here does not appear to be dependent on oscillation energy since the
data points for different initial oscillation energies collapse onto the same curve. It
should be emphasized that this conclusion is based on the way in which the strain
was defined. The strain was defined in terms of c., not 2R. This means that for
Eosei, > Eosciys |Axyy| > |Ax,,| for equivalent values of strain. This implies that if
the strain was instead defined relative to 2R, the strength of the TEE would decrease
with E,.,, since for (AEOSC/ Eoscz.)1 = (AEOSC/ Eoscl.) iy |Az,,| >|Ax,,|. This trend is

opposite to that of Model 1. From Fig. 17, the slight positive concavity of the curve

20



generated by the data points indicates that the TEE is stronger for compression
than extensional deformation for all oscillation energies, which also differs from that
observed in Model 1.

Unlike Model 1, Fig. 18 shows that the total energy increases for either compression
or extension for this model. This shows that FE,,., a component of E},, can decrease
despite an increase in Ey;.

B. Mechanism 2

While Mechanism 2 contributed to the TEE in Model 1, this is not the case for
this model. As with Model 1, this mechanism was assessed by numerically evaluating
Eq. (12) over a range of z, and E,s.. A surface was fit to the data to yield the contour
plot of (K) /Eys. shown in Fig. 19. The dashed lines, determined from the simulation
results of Mechanism 1, give the flow of FE,,. throughout deformation. From the
orientation of these lines relative to the contour plot, it is clear that this mechanism
does not contribute to the TEE: (K) /E,s. increases for extensional deformation and
decreases for compressional deformation. This shift in (K) / E,s. therefore counteracts
the TEE. However, its contribution is relatively small compared to that of Mechanism
1. For the maximum compressional strains, (K) /E,s. changes by about 0.5% to 1%
over the range of E,q., and for the maximum extensional strains, (K) /E,s. changes
by about 1% to 2% over the range of E,s.. These are relatively small compared to
the approximate 30% change in AE,s./E,s., for maximum extensional strain and to
the approximate 35% change in AFE, ./ Eyse, for maximum compressional strain. As

such, this mechanism can be neglected in assessing the TEE for this model.

VI. CONCLUSION

In summary, this study has considered the deformation of a one atom system in

order to assess the causes of the TEE. It utilized two models of such a system and
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considered two possible causes of the TEE, denoted as Mechanism 1 and Mechanism
2, for each model. To assess Mechanism 1, the Lennard-Jones potential was applied
to a general expression for <%> It was shown for each model that <%> >0

dt

and <%> < 0 for compressional and extensional deformation, respectively, thus
demonstrating compatibility with the TEE. Numerical simulation was used to verify
the results of this analysis and to assess properties of the TEE over a range of os-
cillation energies and deformations. The characteristics of AE,s./Eyse, Were similar
in each model with some minor differences. The results for the previously studied
model, Model 1, were compatible with the results of the previous studies. To assess
Mechanism 2, an expression for (K) for the Lennard-Jones potential was numerically
evaluated over a range of oscillation energies and deformations. Unlike Mechanism 1,
the results were fundamentally different between the two models. For Model 1, the
change in (K) / Eys. throughout deformation was compatible with the TEE, while for
Model 2 it was not. The results for Model 1 were compatible with those of a previous
study. With the exception of extensional deformation for Model 1, the effect of this
mechanism was about an order of magnitude smaller than that of Mechanism 1.
The compatibility of Mechanism 1 with the TEE for both models and the differ-
ence of Mechanism 2 between the two models suggests that Mechanism 1 should be
considered the primary mechanism of the TEE. Recalling the analysis of Mechanism
1, the “bond softening” of the Lennard-Jones potential should be considered the pri-
mary cause of the TEE. The goal of a subsequent study is to extend these results to

a multiple atom system.
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Notes

INotice for this interval that frmm U g > f”’”” £uy

r dr2 T dr2

. dr. Negating each side and flipping
the limits of integration yields the inequality in Eq. (19).

2The exception is after the minimum concavity is reached, when the concavity begins to increase
asymptotically towards zero. However, because the center of oscillation is at positive concavity, this
had no effect.

3The temperature for a single atom system is not defined.

4In an earlier study,® the range of fractional volumetric strain for solid argon used was V/V, =

[0.9,1.1]. The linear strain was approximated from this by taking the cube root, which approximately

yields the range €5 = [—0.03,0.03].
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FIG. 1. The Lennard-Jones interatomic potential.
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FIG. 2. The first model of deformation of an atomic oscillator, referred to as Model
1.
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FIG. 3. The second model of deformation of an atomic oscillator, referred to as Model
2.

FIG. 4. A general potential well with a static potential energy U,. An oscillator with
an oscillation energy E,. is bound in the well.
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FIG. 5. Plot of K(t) vs t for Ey., = 20Kkp and e, = 0.015 for Model 1. The
maximum value of K at a given t corresponds to F,,. at that time. The solid curve
was obtained by numerically integrating Eq. (16).
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FIG. 6. Plot of E;,(t) vs t for E,s., = 20Kkp and €, = 0.015 for Model 1.
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FIG. 7. Plot of K(t) vs t for E,, = 20Kkp and €, = —0.015 for Model 1. The
maximum value at a given ¢ corresponds to FE,,. at that time. The solid curve was
obtained by numerically integrating Eq. (16).
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FIG. 8. Plot of E;y(t) vs t for E,s., = 20Kkp and €, = —0.015 for Model 1.
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FIG. 9. Plot of AE,s./E,s; Vs €5 for a range of initial oscillation energies for Model
1.
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FIG. 10. Plot of AE},/Ex, vs € for a range of initial oscillation energies for Model
1.
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FIG. 11. Contour plot of (K) /E,s. over a range of €, and E,s for Model 1. The
dashed lines, which were determined from the simulation results of Mechanism 1, give
the flow of E,,. throughout deformation.
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FIG. 12. Dynamic expansion for Model 2 over a range of values of E,,..
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FIG. 13. Plot of K(t) vs t for E,s, = 10Kkp and Az, = 0.01lc, for Model 2. The
maximum value at a given t corresponds to F,. at that time. The solid curve was
obtained by numerically evaluating Eq. (34).
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FIG. 14. Plot of E;(t) vs t for E,s., = 10Kk and Az, = 0.01c, for Model 2.
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FIG. 15. Plot of K(t) vs t for E,s, = 10Kkg and Az, = —0.01c, for Model 2. The

maximum value at a given t corresponds to F,,. at that time. The solid curve was
obtained by numerically evaluating Eq. (34).
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FIG. 16. Plot of E;y(t) vs t for E,s., = 10Kkg and Az, = —0.01¢, for Model 2.
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FIG. 17. Plot of % Vs Ac—f’" over a range of initial oscillation energies for Model 2.
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FIG. 18. Plot of % Vs Ac—fr over a range of oscillation energies for Model 2.
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FIG. 19. Contour plot of (K) /E,. over a range of z, and F,. for Model 2. The
dashed lines, which were determined from the simulation results of Mechanism 1, give
the flow of E,. throughout deformation.
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