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¦D¬�£�¬t®#°-¯�¥c¨F§#¤s¤F£�²cµ³§	÷w§P·z©�°-¬c£�¦D¬�±�£³¤s® °-ªc¤wÉ6ªc£³« � ¡8°
¦4µ�µ³°<·�©s¢c§�¤s°Dµ�£³«�²�°-ªc¬c«�¾
¦D¨F£�§ ¤�©s°�±�£�²c¨s¦4©�§!©�¨s¦D¬c¤U±-§#¨s¤F§#µ»ºÅ£�¬
©�¢c§�­I°-¨F¯ °4­)¦�¤U©[¦D¬c«t£�¬c´
·)¦M±-§4À8©s¢c§�·)¦Dµ�µ
® °�°-¨s«c£³¬6¦4©s§�£�¤z¤F§ ©}©s°
Ñ �<×

yw = h+
ε

k
cos(kx) cos(ωt),

·�¢c§ ¨s§
k = 2π/λ

£�¤}©�¢c§	·)¦�±-§#¬kªc¯!²�§#¨ À
λ

£³¤w·�¦M±-§ µ�§#¬t´D©�¢
°4­f©�¢c§	·)¦�±kº�¤sªc¨/¾
­i¦D® §DÀ

ω = 2πf
£�¤�©s¢c§�¨�¦4«c£�¦D¬�­I¨s§ ûkªc§#¬c®Pº-À�¦4¬c«

f
£�¤r©�¢c§�­I¨F§#ûkªc§#¬t® º
°D­G±�£³²c¨�¦<¾

©s£�°-¬ � ¡z¢c§Ç«t£�¯�§#¬c¤F£�°-¬tµ�§ ¤s¤"¥6¦D¨�¦4¯�§P©�§#¨
ε
£�¤"©�¢t§�¤sµ³°-¥�§�°D­z©s¢c§�·)¦4µ�µKÀG©�¢6¦A©!£³¤

ε = ak
À8·�¢c§ ¨s§

a
£�¤�©�¢t§�¦D¯�¥cµ³£»©�ªc«t§¹°D­r±�£³²c¨�¦A©�£�°D¬ � ¡z¢t§�ªc¥c¥�§#¨�¦4¬c«òµ�°M·�§#¨

®[¢6¦D¬t¬c§#µv·)¦Dµ³µ�¤�¦D¨F§�ÏD§ ¥t©	¦A©�®#°-¬t¤F©[¦4¬k©�©�§ ¯�¥�§ ¨�¦4©sªc¨s§ ¤#À�¨s§ ¤s¥�§#®P©�£»±-§#µ»º-À
Th

¦4¬c«
Tl

� ÷e¦A©�ªc¨s¦Dµv® °-¬1±-§#® ©s£�°D¬Å£�¤�¦M±-°-£³«c§ «
¤s£�¬t®#§
Th

£�¤eµ�¦4¨s´-§ ¨w©�¢c¦D¬
Tl

�	¶ £�´-ªt¨s§ �
«c£³¤s¥cµ�¦Mº�¤w¦�¤sÏ4§ ©�®[¢
°D­v©�¢c§"·)¦Dµ³µG«c£³¤s¥cµ�¦D®#§ ¯�§ ¬k© � ÷w°D©s§"©�¢6¦4©}©�¢t§	·�¦Dµ�µG¯�°D©s£�°-¬
£³¤}¤U©�¨s£³® ©sµ³ºÇ£�¬�©�¢c§

y
«t£�¨s§ ® ©s£�°-¬ � ¡z¢c§"É6°<· ¥c¨s°�«cªt®#§#«�²kº
©s¢c§"·�¦Dµ�µ�¯�°D©s£�°-¬�£³¤

¥�§ ¨s£�°�«t£�®�£³¬
x

¦D¤�·�§#µ³µ8¦D¤}¤Fº�¯�¯�§P©�¨s£³®�·�£³©s¢�¨s§ ¤s¥�§ ® ©e©�°¹©�¢c§"®[¢6¦D¬c¬c§ µ8®#§ ¬k©�¨F§P¾
µ³£�¬c§ �

È «c£�¯�§#¬c¤F£�°D¬cµ�§ ¤s¤V©�§ ¯�¥�§ ¨�¦4©sªc¨s§
θ
£�¤f«c§ ½c¬c§#«Ç¦4¤

(θ = T −Tl)/∆T
À1·�¢c§ ¨s§

∆T = Th − Tl
�rü ­q±-§#µ�°�® £³©s£�§ ¤}¦4¨s§�¤s®�¦4µ�§ «�·�£³©s¢

εω/k
À6µ�§#¬t´D©�¢c¤z·�£»©�¢

k
Àc©�£�¯�§

·�£»©�¢
ω−1 Àt·�§�°-²t©[¦4£�¬
©s¢c§�«c£�¯�§ ¬c¤s£³°-¬cµ³§#¤s¤)¥6¦D¨�¦4¯�§P©�§ ¨s¤

Ñ\Õ ×
ε = ak, H = hk, α2 =

ω

νk2

¦4¬c«
Pe = α2Pr,

·�¢c§ ¨s§
Pr = ν/σ

À
ν

²�§#£³¬c´h©�¢c§ÊÏk£³¬c§#¯�¦4©�£³®ë±�£�¤F®#°-¤F£³©ÆºÙ°D­	©�¢c§ÅÉ6ªt£�« ¦D¬c«
σ

£³¤"©s¢c§�©�¢c§ ¨s¯�¦Dµ�«c£³Ã�ªc¤F£³±�£³©Æº � ¡z¢c§#¤F§Ç¥6¦D¨s¦D¯�§P©�§ ¨s¤	¨F§#¥c¨F§#¤s§ ¬k©!©s¢c§�¤sµ³°-¥�§�°D­
©s¢c§"¤sªt¨F­i¦D® §DÀ6©�¢c§"®[¢6¦D¬t¬c§#µG¢6¦Dµ»­�¾Z·�£³«t©�¢:À�©�¢c§�·)¦Dµ³µ:­I¨s§ ûkªc§#¬c®Pº ÑI°-¨}¦�Ô}§Pº�¬c°-µ³«c¤
¬kªc¯!²�§#¨ × À(¦D¬c«¿©�¢c§�ïq§ ®#µ³§ ©¹¬�ªc¯!²�§ ¨#À�¨s§#¤F¥�§#®P©�£³±-§ µ³º � ¡z¢c§
©Æ·�°4¾Z«c£�¯�§#¬t¤s£�°D¬6¦Dµ
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§ û�ªc¦4©�£³°-¬�´D°<±-§ ¨s¬c£³¬c´�±�£³¤s® °-ªc¤�Éc°<· £³¬
©�¢t§"®[¢6¦4¬c¬c§#µ�£�¤
Ñ ð1×

∂t∆ψ + ε(∂yψ∂x∆ψ − ∂xψ∂y∆ψ)− α−2∆2ψ = 0.
·�¢c§ ¨s§

ψ
¨s§ ¥c¨s§ ¤s§#¬1©�¤	©�¢t§�¤U©�¨s§#¦D¯ ­Iªc¬c®P©�£³°-¬Ê«c§ ½6¬t§#« ²1º��

= (∂yψ,−∂xψ)
À

∆ = ∂2
x + ∂

2
y

� ¡z¢t§�©�§ ¯�¥�§ ¨�¦4©sªc¨s§�«c£³¤F©s¨s£�²tªt©�£³°-¬Ç£�¤z´-°M±-§#¨s¬t§#«�²kº
Ñ�� ×

∂tθ + ε(∂yψ∂xθ − ∂xψ∂yθ)− Pe−2∆θ = 0.
¶ °-¨!©s¢c§
±-§#µ³°�®#£»©/ºò©�¢c§
­I°Dµ�µ³°M·�£³¬c´ë²�°-ªc¬c«6¦4¨Fº¿® °-¬c«c£»©�£³°-¬c¤!¤s¢c°-ªtµ�«h¢c°-µ�«h¦4©

©s¢c§�·)¦Dµ³µ

∂yψ(x, y = ±ywk, t) = 0, ∂xψ(x, y = ±ywk, t) = ± cos x sin t,
(5a, b)¦D¬t«�­I°-¨)©�¢c§�©s§#¯�¥�§#¨s¦4©�ªc¨F§

θ(x, y = ywk, t) = 1, θ(x, y = −ywk, t) = 0. (6a, b)

Õ �»�-� �����	 "!�#%$�&�')(*') +&,$�-/.0�	 "12&�'+#��3$54e¡q°Å¦M±-°D£�« «c£76�® ªcµ³©s£�§ ¤�£�¯�¥�°-¤s§ «¿²1º
©s¢c§�¥c¨s§ ¤s§#¬t®#§�°D­r£³¨s¨s§ ´-ªcµ�¦D¨�¦4¬c«
©�£³¯�§B¾Æ«c§ ¥�§#¬c«c§ ¬k©�²�°Dªc¬c«6¦D¨F£�§ ¤�©�¢c§�¥c¢1º�¤F£�®#¦Dµ
«c°D¯�¦4£�¬ £�¤�¯�¦D¥c¥�§ «¸£³¬k©�°Å¦
¨s§ ® ©�¦D¬c´-ªtµ�¦D¨!«c°-¯�¦D£³¬ Ñ\ô)¦D¨sµ³¤s¤s°D¬¸§P©�¦Dµ � ÀrÕ4Ö-Ö1Õ�À
ô)¦4¨sµ�¤F¤s°-¬:À Ø § ¬:À)Ý Ú�õ ­I«c¦D¢cµ\À�ÕDÖ-Ö ð1×P� ¡z¢c§�£³¨s¨s§ ´-ªcµ�¦D¨�¦D¬c«h©�£³¯�§B¾Æ«c§ ¥�§#¬c«t§#¬k©
¥�°-¤F£³©s£�°-¬�°D­t©�¢t§r¤sªt¨F­i¦D® §r£�¤�©�¢�ªt¤q«c§�¦Dµ»©G·�£³©�¢"²kº�©�¨�¦4¬c¤F­I°-¨F¯�£³¬c´z©s¢c§r® °�°-¨s«c£³¬6¦4©s§
¤Uº�¤U©�§ ¯ ¤F°�©s¢6¦4©w£³©�­I°-µ³µ�°M·�¤z©�¢c§	¯�°D©�£³°-¬�°D­V©s¢c§"·)¦Dµ³µ � È ® ®#°-¨F«c£�¬t´-µ³ºÇ©�¢c§	¬c§P·
® °�°-¨s«c£³¬6¦4©s§#¤�¦D¨s§

ξ = x, η = y
H

H + ε cos(x) cos(t)

¦D¬c«
τ = t, (7a, b, c)

¡z¢c§
y

® °�°-¨s«t£�¬6¦4©s§�£�¤z® °-¯�¥c¨s§ ¤s¤s§ «�²1ºÇ©�¢c§�©s¨�¦D¬c¤U±-§#¨F¤s§"·�¦Dµ�µ:¯�°D©s£�°D¬ �
¡q°}§ ¬6¦D²cµ³§(¦z¥�§ ¨F©sªc¨s²6¦A©�£�°D¬	¦4¬6¦Dµ»º�¤F£�¤ À<©s¢c§�¤s¯�¦Dµ�µD¥c¦D¨�¦D¯�§ ©s§#¨

ε
¯!ªc¤F©8¦D¥c¥�§�¦4¨

§BÂt¥tµ�£³®#£³©sµ»º �8¼ §#¬c® §(©s¢c§�§PÂ�¥c¨s§ ¤s¤s£³°-¬ÇÑ Û98<× £�¤�¨s§P·�¨s£»©s©�§ ¬"£�¬�¥�°<·r§#¨F¤q°4­
ε
À<º�£³§#µ³«c£�¬t´

Ñ Ó1×
η = y

[
1− ε

H
cos(x) cos(t) +

ε2

H
(cos(x) cos(t))2 − . . .

]
.

Õ � Õ �;: (� )'+�� +<�&�'+#��3$=(?>A@�&,$�-B#C�3$D4 ü ­{©s¢c§)¥6¦4¨�¦D¯�§ ©s§#¨
ε
£³¤V¦D¤s¤Fªc¯�§#«�¤s¯�¦Dµ�µk£³©

®#¦D¬�²�§�§ ¯�¥tµ�°Mº-§#«Ç©�°�¥�§ ¨F©�ªt¨s²
©�¢t§�´-°M±-§#¨s¬t£�¬c´�§ ûkª6¦4©�£³°-¬c¤�ÑIñ(¦4¬FE}º�ÏD§4À ��Ò-à �cý
÷w¦Mºk­I§#¢_À �MÒDÓt�<×P� È ¥�§#¨F©sªc¨s²c¦4©�£³°-¬�¤F°-µ�ªt©s£�°D¬�±4¦4µ�£�«�­I°-¨

ε ¿ 1
£³¤w® °-¬c¤F©s¨sªc®P©�§#«

¦D¤
Ñ Ò1×

ψ = ψ0 + εψ1 + ε
2ψ2 . . . , θ = θ0 + εθ1 + ε

2θ2 . . . .
÷}°D©�§�©s¢6¦4©

ψ0

£³¤z°D­v°D¨s«c§ ¨
ε
¦D¬c«

θ0

£³¤z°D­v°-¨F«c§#¨zªc¬c£»©/º �
Gfû�ªc¦4©�£³°-¬ÊÑ Ò1× £�¤�¤sªc²t¤F©�£»©�ªt©s§#«�£³¬k©�°
Ñ ð1× ¦D¬t«ÊÑC� × Àc¦D¬t«
©s¢c§e©�¨s¦D¬c¤F­I°D¨s¯�¦4©�£³°-¬

Ñ Û-× ©s°-´-§ ©s¢c§#¨�·�£³©s¢ Ñ Ó1× ¦D¨s§Çªc¤F§#«h©s°
¯�¦4¥ ©�¢c§�É6°<·þ°D¬k©�°ë©s¢c§
¨F§#®P©[¦D¬c´Dªcµ�¦D¨
«c°D¯�¦4£�¬ � Þ(ºë©s¢6¦4©�©s¢c§¹´D°<±-§ ¨s¬c£³¬c´�§#ûkª6¦A©�£�°D¬c¤�¦D¨s§�¨s§ «cªc® §#«Ê©�°�¦
¤s§ ©"°4­rµ�£³¬�¾
§#¦D¨�§ ûkª6¦4©s£�°-¬c¤"©�¢6¦A©�®�¦D¬ ²�§�¤F°-µ³±-§ « °-¨s«t§#¨	²kºò°D¨s«c§ ¨�£�¬

ε
��ü ¬|©�¢t§�¥c¨s§ ¤s§ ¬k©
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¦D¬c¦Dµ³º�¤F£�¤w©�¢t§!½c¨s¤F©�¦D¬t«
©s£�¯�§P¾Æ¦M±-§ ¨�¦D´D§#«ë¤F§#® °-¬c«�¾Z°-¨s«c§ ¨�§#ûkª6¦A©�£�°D¬c¤�¦D¨s§�£�¬1±-§#¤U¾
©s£�´1¦A©�§#«Ç·�¢c£³®[¢�¦D¨F§�¤sª�6�®#£³§#¬1©�©�°¹®#¦D¥t©�ªt¨s§�©�¢t§�¯�¦D£�¬�­I§#¦4©�ªc¨F§#¤�°D­8©s¢c§�É6°<·�£³¬
©s¢c§�±�£�²c¨s¦4©�£³¬c´�®[¢6¦D¬c¬c§ µ �

ðt� � ����IJ
c ��	���
¡z¢c§�¥�§#¨F©sªc¨s²c¦4©�£³°-¬
§ û�ªc¦4©�£³°-¬c¤�´-°<±-§ ¨s¬c£³¬c´Ç©s¢c§!É6°M· ½6§ µ�«
£�¤e¤s°-µ»±-§#«Åªt¥
©�°

¤F§#®#°D¬c«¸°-¨F«c§#¨!£³¬hô)¦D¨sµ³¤s¤s°D¬¿§ ©¹¦Dµ � ÑKÕ4Ö-Ö1Õ ×B� È ©!½c¨s¤F©�°-¨F«c§#¨�©s¢c§
¤F°-µ�ª�©�£�°D¬ £³¤
°-¤F®#£³µ�µ�¦4©s£³¬c´�¦D¨F°-ªc¬c«�¦�Í#§ ¨s°�¯�§#¦D¬
Ñ � Ö ×

ψ0(η) =
£ −A cosh(AH) sinh η + coshH sinh(Aη)
−A cosh(AH) sinhH + coshH sinh(AH) sin(ξ)

§ £ τ + ® � ® �
,

·�¢c§ ¨s§
A =

√
1− £

α2
�

Þrº ©[¦4Ï�£³¬c´
©�¢t§�¥�§ ¨s£³°�«c£�®�©�£�¯�§B¾/¦M±D§#¨�¦4´-§Ç°D­w©s¢c§�¤s§#® °-¬c«�¾Z°-¨s«t§#¨�§ û�ªc¦4©�£³°-¬:À
©s¢c§	¤F©s§�¦D«tº�¤F©s¨s§�¦4¯�£³¬c´�´-§#¬c§ ¨�¦4©s§#«ë²1º�©�¢c§"±�£³²c¨�¦4©s£�¬c´�¤Fªc¨F­i¦4®#§	£�¤}®�¦4µ�®#ªtµ�¦4©s§#« �
¡z¢c§�¤s°-µ³ªt©�£³°-¬
¨s§#¦D«c¤

ψ
(s)
1 (ξ, η) = sin(2ξ)

[
a1η cosh(2η) + a2 sinh(2η) + a3 cosh η + a4 sinh η

+a5 cos(γη) sinh(βη) + a6 sin(γη) cosh(βη)

+a7η sin(γη) sinh(βη) + a8η cos(γη) cosh(βη)

+a9 sin(2γη) + a10 sinh(2βη)

+a11 cos(γη) sinh(η + βη) + a12 sin(γη) cosh(η + βη)

+a13 cos(γη) sinh(η − βη) + a14 sin(γη) cosh(η − βη)
]
,

Ñ �-�M×

·�¢c§ ¨s§
β =
√
R cos θ, γ =

√
R sin θ, (12a, b)

¦D¬t«
R = (1 + α4)1/4

¦D¬c«
θ = 1/2 arctan(−α2)

�
ψ

(s)
1

¨s§ ¥c¨s§ ¤s§ ¬k©�¤�©s¢c§
¤U©�§�¦4«tºë¥6¦4¨F©�°D­

ψ1
� ¡z¢c§�® °�§K6�®#£³§#¬1©�¤

a1

©�°
a14

«c§#¥�§ ¬c«Ê°-¬
α

¦4¬c«
H

¦4¬c«
¦D¨F§�¬c°4©}´-£»±-§#¬�¢c§#¨F§#£�¬ �

Ø ©�¨F§�¦D¯�µ�£³¬c§ ¤�­I°-¨s¯þ®#µ³°-¤s§ «�µ�°�°D¥c¤z® ¨s§#¦4©�£³¬c´�¦�®#§ µ�µ³ªcµ�¦D¨(É6°<·�¥6¦A©s©�§ ¨s¬�£³¬
©s¢c§
®[¢6¦D¬t¬c§#µ � ÷e¦A©�ªc¨s¦Dµ�µ»º-À�©s¢c§�É6°M·ÿ¤F©�¨F°-¬c´-µ»ºÄ«t§#¥�§#¬t«c¤�°-¬Ì©�¢t§ë«c£�¯�§ ¬c¤s£³°-¬cµ³§#¤s¤
¥6¦4¨�¦D¯�§ ©s§#¨F¤

α
¦D¬c«

H
� Ô�§#´-£³°-¬c¤e°D­�«c£³Ã�§#¨F§#¬1©�®#§ µ�µq¤F©�¨Fªc® ©sªc¨s§ ¤"¦D¥t¥�§�¦D¨ �"¶ °D¨

H = 1
½6´Dªc¨s§!Õ�«t§#¥c£³® ©�¤w¤F©s¨s§#¦D¯�µ³£�¬t§#¤}°D²t©[¦4£�¬c§ «�­I°D¨

α2 = 2
¦D¬c«

α2 = 300
À

¨F§#¤s¥�§ ® ©s£³±-§ µ³º �
¶ °-ªc¨¹¨s§#´D£�°-¬c¤¹°D­�«c£³¤F©s£�¬c®P©�® §#µ³µ�¤F©s¨sªc®P©�ªc¨F§#¤�§PÂ�£³¤F© �Áü ­�¦Ê®#¨F£³©�£³®�¦Dµ�±A¦Dµ�ªc§�£³¤

«c§P½6¬c§ «
¦D¤}²�§ £�¬c´¹©�¢c§
α2 ¦4©�·�¢c£�®[¢�¦�¬c§P·&µ�¦Mº-§ ¨}°4­vÉ6°M·�® §#µ³µ�¤�£�¤z­I°-¨F¯�§ «�°-¨

«c§ ¤F©s¨s°<ºD§#«:À1©�¢c§)«c£³Ã�§ ¨s§#¬1©VÉ6°<·¸¨s§#´D£�°-¬c¤V¦D¨s§)® µ�§#¦D¨sµ»º	«c£³¤F©s£�¬c´-ªt£�¤s¢t§#«!²kº�®#¨F£³©�£³®�¦4µ
µ³£�¬c§ ¤�£�¬ß¦ ¥c¦D¨�¦D¯�§P©�§#¨�¥cµ�°4©�Àz½6´-ªt¨s§ ð��Î¶ £�´Dªc¨s§
ÕÙÑML × ¦D¬c« Ñ 8<× ¨F§#¥c¨F§#¤s§ ¬k©
¨F§#´-£³°-¬c¤ � ¦D¬c«=�tÀ_¨s§ ¤s¥�§ ® ©�£»±-§#µ»º � ¡z¢c§!§ Ã�§#®P©�°D­f©�¢c§�°-¥c¥�°-¤F£³©s§	·)¦Dµ³µ8±A¦D¬c£³¤s¢c§ ¤
­I°-¨w¢c£³´-¢�±A¦Dµ�ªt§#¤e°D­

H
À_¤s°�©�¢6¦A©e©�¢c§�®#¨F£³©�£³®�¦Dµ�±4¦4µ�ªc§ ¤�°4­

α2 ¦4¨s§�®#°D¬c¤F©�¦D¬k©e­I°-¨
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H = 3
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η

�  ��f�q��� O	��Ø ©s¨s§#¦D¯�µ³£³¬c§#¤ ¤F¢c°<·�£³¬c´ ©�¢c§ ©s£�¯�§P¾Æ¦M±-§ ¨�¦D´-§ «
¤s§#® °-¬c«�¾Z°-¨s«t§#¨ëÉc°<· ½6§#µ³« ­I°D¨#ý�Ñi¦ ×

α2 = 2
À
H = 1

ý�Ñi² ×
α2 = 300

À
H = 1

ý�ÑI® ×
α2 = 2

À
H = 3

ý�Ñi² ×
α2 = 300

À
H = 3

�
η = H

£�¤�¦4©z±�£�²c¨s¦4©�£³¬c´!·)¦Dµ³µ �
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