
LINEAR ALGEBRA (MATH 115)

MOSHE KAMENSKY

Note: References in bold (such as Example 4.1-2) refer to [Nic06].

1. Overview

1.1. Linear equations. Linear algebra can be viewed as the study of systems of
linear equations. Such a system has the form:

a11x1 + a12x2 + · · ·+ a1nxn = b1

a21x1 + a22x2 + · · ·+ a2nxn = b2

. . .

am1x1 + am2x2 + · · ·+ amnxn = bm

Here, the xi are called the unknown variables or indeterminates of the system. The
aij and bi, on the other hand, are called parameters. Their value is unspecified,
but is assumed to be known. A solution of the system is an assignment of values
to the xi for which all the equalities above hold. Thus, each solution of the system
above is a sequence of n numbers. When the number of variables is small, we will
usually use the letter x, y, z, . . . instead of x1, x2, x3, . . . .

As an example, consider the following system:

x + 2y + z = 0
2x + 3y + 2z = 0

x + 3y + z = 0

The right hand side of each equation here is 0. Such systems are called homoge-
neous. A homogeneous system always has at least one solution, namely, the one
where all variables are assigned the value 0. However, the system may have addi-
tional solutions. Indeed, the system above is also solved by the tuple (1, 0,−1). In
the following lecture, we will see how one can find solutions of such systems, and
describe the set of all solutions (or prove that such solutions do not exist.) We may
do this right away with the simplest kind of system: one equation in one variable.

Such a “system” has the form ax = b. Assume first that a 6= 0. In this case
we may divide by a, and conclude that there is at most one solution, namely b/a.
Substitution then shows that this is indeed a solution. At this point it proves useful
to observe that we always seek solutions in a “number system” where we may divide
by any non-zero number (can you think of a situation where this does not hold?)
On the other hand, assume that a = 0. The we again have two cases. If b 6= 0,
there is no solution. If b = 0, any number will solve the equation. We thus classified
the possible sets of solutions: it is either empty, or everything, or consists of one
solution. In the last case, we also found the solution explicitly. A similar analysis,
though more complicated, holds for general systems.
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Systems of linear equations arise both in purely mathematical context, and in
applications. We shall see examples of the later during the course. An impor-
tant example of the former is 2 and 3 dimensional geometry which we shall start
discussing now.

1.2. Vector geometry. One of the most important discoveries in Mathematics,
made by René Descartes in the 17th century ([Wik07]), is that the set of points in
the plane can be identified with the set of pairs of real numbers. To do this, we
need to fix a pair of perpendicular lines, and a unit of length. The pair of lines
is called the x and y axes, drawn horizontally and vertically, respectively. Once
this is chosen, we may map a point to a pair of numbers, called its coordinates, as
follows: given a point P , there is a unique line passing through P and parallel to the
y-axis. This line intersects the x-axis at a unique point Px. The x-coordinate of P
is the length of the interval from the point 0 where the axes intersect, to Px (using
the fixed length unit.) The y-coordinate is obtain similarly, by swapping x and y.
Reversing the process, we see that to every pair of numbers, we may associate a
unique point in the plane.

Similarly, 3-space can be identified with triples of real numbers, by fixing three
perpendicular lines intersecting at the same point, and a unit of length.

Given this identification, we may start asking about the relation between geo-
metric properties of points, lines, etc. in the plane (or space), and the algebraic
properties of the corresponding tuples (or sets of tuples) of numbers. For example,
we saw above that the solution set of a system of linear equations in two variables
is a set of tuples. Given such a system, we may thus consider its set of solutions as
a set of points in the plane. What shape may this set have? Answers to this and
similar questions provide intuition, and sometimes tools, that allow us to develop
the theory of linear equations.

Conversely, given a line in the plane, can we describe it algebraically (say, using
some finite tuple of numbers)? Can we deduce from this description, whether (say)
given two lines are parallel? We will see that these questions amount to questions
about linear equations, and that this correspondence allows us to solve geometric
problems using algebra.

Following [Lan89], we say that a located vector in the plane (or in 3-space) is
simply an order pair of points. The first is called the tail, and the second the tip
(or head) of the located vector. We visualise it as an arrow going from the tail
to the tip. Two such located vectors are equivalent if they have the same length
and direction. In other words, if one can be translated to the other. A vector is a
located vector up to this equivalence. Thus, a vector has length and direction, but
not head or tip.

Once we choose a coordinate system, any located vector is equivalent to a unique
one whose tail is the origin, and therefore, we may identify vectors with points in
the plane (and with tuples of numbers.) However, we will see that it is sometimes
helpful to choose a different representative.

1.3. vector spaces. There are natural operations that can be defined on tuples
of numbers. If x̄ = (x1, . . . , xn) and ȳ = (y1, . . . , yn) are two such tuples, we may
define their sum x̄ + ȳ to be the tuple (x1 + y1, . . . , xn + yn). Likewise, if x̄ is a
tuple and c is a number, we may define cx̄ as (cx1, . . . , cxn).
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Such operations can also be defined on vectors in the plane. If u and v are two
vectors, we define their sum as follows: choose a representative of v whose tail is
equal to the tip of u (when represented with tail at the origin.) The sum is then
the vector whose tip is the tip of v and whose tail is the origin, as in the following
picture:
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Likewise, if c is a positive number, and u is a vector, cu is the vector with the same
direction, and with length c|u| (where |u| is the length of u.) If c < 0, cu is the
vector of length −c|u|, in the direction opposite to u.

We will see that the identification of vectors with pairs of numbers preserves
these operations: if x̄ and ȳ correspond to u and v, then x̄ + ȳ corresponds to
u + v, and cx̄ corresponds to cu. A structure with these operations (that satisfies
appropriate axioms) is called a vector space. As we shall see, vector spaces play a
central role in the study of linear equations.

2. Linear geometry

In this lecture we will study the algebraic properties of certain “linear” sets of
points in the plane and in 3-space. We recall that by fixing axes, we may identify
a (geometric) point with its coordinates, a tuple of (real) numbers. We also recall,
that a vector is an “arrow” in the space, determined by its length and direction.
By fixing a point 0 in space, we may associate with each vector a point in space,
namely the head of the located vector representing the given vector, whose tail is at
0. In particular, if we fix a coordinate system (i.e., axes and a length unit), we may
take 0 to be the intersection point of the axes, and then we may identify a vector
with a tuple, called it coordinates. We now express some geometric properties of
the vector in terms of these coordinates.

We denote the coordinates of a vector v by (vx, vy, vz) (or (vx, vy) in the plane),
or just by (x, y, z) if there is only one vector around.

2.1. The length of a vector. The length ‖v‖ of v is given by
√

x2 + y2 + z2.
This follows from Pythagoras’ theorem. In particular, we see that v = 0 if and only
if ‖v‖ = 0. We note that the length is computed in terms of the chosen length unit.

Example 1. Compute the lengths of the vectors represented by (1,−2, 2) and
(4,−3).
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2.2. The direction of a vector. We claim that non-zero v and u are parallel if
and only if vx = ux = 0 or vy/vx = uy/ux (in other words, vyux = uyvx.) Indeed,
assume that all coordinates are positive (the other cases are similar), and consider
the triangles whose vertices are 0, (vx, vy), (vx, 0) and 0, (ux, uy), (ux, 0). They both
have a right angle, so they are similar if and only if the vectors have the same
direction. On the other hand, they are similar if and only if the ratios between the
sides that meet on the right angle is the same. These ratios are vy/vx and uy/ux.
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It follows that u and v have the same direction if and only if the above ratios
are the same, the coordinates have the same sign. Likewise, in 3 dimensions, the
vectors are parallel iff the ratios between all their components are the same, and
they have the same direction iff in addition, all coordinates have the same sign.

In the plane, we may measure the direction of the vector v by looking at the angle
θ between it and the x-axis, counter-clockwise (so the vector represented by (0, 1)
will have angle π/2.) Recall that the ratio vy/vx we considered are then denoted
tan(θ). The ratio vx/‖v‖ is denoted by cos(θ). We have the following formula that
connects the lengths of sides of a triangle:

c2 = a2 + b2 − 2ab cos(θ) (1)

here, a, b and c are the lengths, and θ is the angle opposite the side of length c.
This is called the law of cosines.

Example 2. Which of the following vectors have the same direction? Which are
parallel?

(1) (1, 3, 2)
(2) (−2,−6,−4)
(3) (−1, 3, 2)
(4) (3, 9, 6)

Example 3. Is there a triangle with sides of length 1, 2, 4?

2.3. Multiplication by scalars. Recall that we defined multiplication of a tuple
x̄ = (x1, . . . , xn) by a number c via cx̄ = (cx1, . . . , cxn). On the other hand we
defined cv, when v is a geometric vector, to be, in case c > 0, the vector with
the same direction as v, and with length c‖v‖ (if c < 0, it will be the opposite of
−cv.) We will now show that these operations are compatible with the translation
between vectors and tuples.
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We need to show that (cvx, cvy) has the same length and direction as cv. By
definition, the length of cv is |c|‖v‖. On the other hand, the length of (cvx, cvy) is

√
(cvx)2 + (cvy)2 = |c|

√
v2

x + v2
y = |c|‖v‖ (2)

For the direction, assume that c > 0. Then (cvx, cvy) has the same direction as
(vx, vy), as we saw in 2.2, and this is the same as the direction of cv. The case c < 0
is similar.

Example 4. If v 6= 0, show that v/‖v‖ is the unique vector in the same direction as
v with length 1. This is named a unit vector in that direction.

Start of lecture 3

2.4. Addition of vectors. Recall that we defined addition of vectors via the par-
allelogram law, while addition of tuples is defined term-wise. As with multiplication
by scalars, these definitions are compatible. This follows from congruence of the
right triangle determined by one of the vectors:
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Example 5 (Example 4.1-2). Show that the diagonals of a parallelogram bisect
each other.

Example 6 (Example 4.1-6). Show that the midpoints of the sides of any quad-
rangle form a parallelogram.

2.5. Lines in space. A line l in space is determined by a direction (more precisely
a parallelism class), and a point through which it goes. Given a point P , the
line through P in a given direction is the set of all points Q such that the vector
defined by P,Q is parallel to the given direction. When the direction is given by a
vector v 6= 0, we conclude from the previous results that a general point on the line
through P in the direction of v has the form P + tv, for arbitrary t (we identified
P with the vector it defines, and then identified the resulting vector with the point
it defines.) If P has coordinates (Px, Py, Pz), then the results above imply that a
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general point on the line has coordinates (Px + tvx, Py + tvy, Pz + tvz).
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Example 7 (Example 4.1-8). Find the equations for the line through (2, 0, 1) and
(4,−1, 1).

Example 8 (Example 4.1-10). Determine the intersection point (if exists) of the
lines determined by P = (1, 2, 1), v = (−3, 5, 1) and P = (−1, 3, 1), v = (1,−4,−1).

2.6. Scalar products. We have defined the operations of addition between vec-
tors, and multiplication of a vector by a scalar (number.) Both of these yield a
vector as a result. We now define an operation between tuples that yields a scalar.
For tuples x̄ = (x1, . . . , xn) and ȳ = (y1, . . . , yn), the scalar product (also called the
inner product or the dot product) is defined to be x1y1+ · · ·+xnyn. It is denoted by
x̄ · ȳ or by 〈x̄, ȳ〉. The scalar product has the following (easily verified) properties:

(1) x̄ · ȳ = ȳ · x̄
(2) x̄ · 0 = 0
(3) x̄ · x̄ = ‖x̄‖2

(4) (cx̄) · ȳ = c(x̄ · ȳ)
(5) x̄ · (ȳ + z̄) = x̄ · ȳ + x̄ · z̄

Example 9 (Example 4.2-2). Compute ‖x̄−3ȳ‖ if ‖x̄‖ = 2, ‖ȳ‖ = 1 and x̄ · ȳ = 2.

We now interpret the scalar product from the geometric point of view. The basic
formula, which follows from the law of cosines, is

u · v = ‖u‖‖v‖ cos(θ) (3)

where θ is the angle between u and v. We note that we may restrict the attention
to 0 ≤ θ ≤ π. In this range, cos(θ) = 1 iff θ = 0, and cos(θ) = 0 iff θ = π/2. We
thus conclude that u · v = ‖u‖‖v‖ iff u and v are parallel, and u is perpendicular
to v iff u · v = 0. In general u · v carries information about the lengths of u and v,
as well as the angle between them.

Example 10 (Example 4.2-3). Compute the angle between (−1, 1, 2) and (2, 1,−1).

Example 11. Show that for any α, β, cos(α− β) = cos(α) cos(β) + sin(α) sin(β)
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Example 12 (Example 4.2-5). Diagonals of a parallelogram are perpendicular iff
it is a rhombus.

Example 13. If u and v are orthogonal to w, then so are u + v and cu for any
number c. Start of lecture 4

2.7. Projections. Let v be a non-zero vector, and let u be a vector. Using the
scalar product, we may compute the projection of u on v. By definition, this is a
vector w parallel to v, such that u − w is orthogonal to v. Since w is parallel to
v, we may write w = cv for some number c. Using the scalar product description
of orthogonality, we get the equation (u − cv) · v = 0. Solving for c, we get that
c = u · v/‖v‖2.

This construction has the following geometric descriptions: w is the unique vector
parallel to v such that the triangle determined by u, w has a right angle; and w−u
is the shortest vector from the tip of u to a point on the line determined by v (so
‖w − u‖ is the distance from the tip of u to this line.)

Example 14 (Example 4.2-8). Find the shortest distance from (1, 3,−2) to the
line through (2, 0,−1) in the direction (1,−1, 0).

2.8. Planes. Consider a plane in 3-space. Given a point P on this plane, there is
a unique line through it that is perpendicular to the plane. If we fix P as a base
point (so that vectors are represented with their tail at P ), we see that any vector
v representing the given line is orthogonal to every vector that lies in the plane.
Conversely, every vector orthogonal to v is contained in the plane. Therefore,
using the scalar product, a plane is given by the set of all points p solving the
equation v · (p− p0) = 0, for a fixed vector v and point p0 (the same plane can be
represented by many such equations.) To write this in coordinates, let v = (a, b, c),
p0 = (x0, y0, z0) and p = (x, y, z). Then we get

a(x− x0) + b(y − y0) + c(z − z0) = 0 (4)

Example 15. Show that any plane is given by an equation ax + by + cz = d, where
abc 6= 0, and any such equation is the equation of a plane. What is the condition
for the plane to contain 0?

Example 16 (Example 4.2-11). Find the distance from (2, 1,−3) to the plane
3x− y + 4z = 1.
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3. Linear Equations

A linear equation is an equation of the form a1x1+ · · ·+anxn = b. This equation
has x1, . . . , xn as indeterminates, and a1, . . . , an are their coefficients. b is called
the constant term. A system of linear equations is a finite set of equations of this
kind. A solution of such a system is a tuple (c1, . . . , cn), such that all the equations
are satisfied when c̄ is substituted for x̄. The system is called homogeneous if all
the constant terms are 0. A homogeneous system always has at least one solution:
0. We have seen that in dimension 3 (when n = 3), one linear equation generically
defines a plane, and two linear equations (generically) define a line.

We would like to find a way to solve systems of linear equations. What do we
mean by solving? We would like to describe all solutions of the system. Since there
might be infinitely many, we can’t simply list them. Instead, we shall see that we
can describe the solutions in the following form:

x1 = d1,0 + d1,1y1 + · · ·+ d1,kyk

x2 = d2,0 + d2,1y1 + · · ·+ d2,kyk

. . .

where the yi are arbitrary. We note that this last set of equations is again a system
of linear equations, of a special form. It is equivalent to the original system, in the
sense that they have the same sets of solutions. Our task is thus to transform an
arbitrary system into an equivalent one, which has a special form.

3.1. Equivalent systems. Two systems a linear equations are equivalent if they
have the same set of solutions. We will examine some simple ways to get from a
system to an equivalent one.

Let a1x1 + · · · + anxn = b be an equation, and consider the equation ca1x1 +
· · ·+ canxn = cb, obtained by multiplying both sides of the equation by a number
c. If x̄ is a solution of the first equation, it will also solve the second. The converse
need not be true: if c = 0, then any tuple solves the second equation. However, if
c 6= 0, then any solution of the second equation also solves the first one. This is
true since the first equation is obtained from the second by multiplication by 1/c.
The main point is that the operation of multiplying an equation by an non-zero
number can be inverted.

Here are examples of operations of the same kind on systems of equations:
(1) Multiplication of an equation by a non-zero scalar
(2) Adding one equation to another

These are called elementary operations on the equations. These operations trans-
form the system to an equivalent one. Later we will see that any system can be
transformed to any equivalent one by a sequence elementary operations.

3.2. Special forms of a system. We now describe more precisely what kind of
form we would like the linear system to have. A system is said to be in row echelon
form if the following conditions hold:

(1) The first non-zero coefficient in each equation is 1 (if exists)
(2) For any two equations the first non-zero entry (if exists) is different

If a system is in this form, we can order the equations according to their first non-
zero coefficient (and all equations all of whose coefficients are zero at the end.) In
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this ordering, they may look like this:

xk1 + a1,k1+1xk1+1 + a1,k1+2xk1+2 + a1,k1+3xk1+3 + · · ·+ a1,nxn = b1

xk1+2 + a2,k1+3xk1+3 + · · ·+ a2,nxn = b2

xk1+3 + · · ·+ a3,nxn = b3

. . .

0 = bm

It is in reduced row echelon form if, in addition, a variable that appears as the
variable in an equation, does not appear in any other equation (so, in the above
example, a1,k1+2 = a1,k1+3 = a2,k1+3 = 0.) This form is what we called earlier a
solution: first, a system will have solutions if and only if the constant term is 0 for
any equations each of whose coefficients are 0. If that is the case, let us call all
the variables that do not appear first in any equation parameters. Then for any
assignment of arbitrary values to the parameters, we get a solution to the equations
(and all solutions are of this form.) What is the condition to have a unique solution?

We now explain that any system can be transformed to a (reduced) row echelon
form. This goes under the name Gauss elimination. It goes as follows: we first
find an equation with a non-zero coefficient a of minimal index k (if there is no
such equation, the all equations are 0, and we are done!). Since a is non-zero,
we may divide by a, to obtain an equation with the first coefficient 1. We now
subtract suitable multiples of this equation from any other equation, to obtain
equations with zero coefficient at that index. At this point all other equations have
only variables of index higher than k. We now remove the equation we used, and
perform the same operations with the rest of the equations. Since the number of
variables (and equation) is strictly less on each stage, we are bound to stop. This
gives an equivalent system in echelon form. To obtain a reduced form, we now
subtract an appropriate multiple of each equation from any equation that contains
its leading variable.

We summarise what we showed:

Theorem 17. Any system is equivalent to a system in reduced echelon form (and
we know how to compute it.)

Example 18 (Example 1.2-2). Solve the system

x + 10z = 5
3x + y − 4z = −1
4x + y + 6z = 1

Example 19 (Example 1.2-4). For which values of (a, b, c) does the following
system have a solution?

x + 3y + z = a

−x− 2y + z = b

3x + 7y − z = c

3.3. Uniqueness and rank. Given a system, there are many ways to perform the
Gauss elimination on it, and many equivalent row echelon forms. However, we have
the following theorem:

Theorem 20. A given system has exactly one equivalent reduced echelon form
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Proof. The existence was proved above. Let A and B be two equivalent systems
in reduced row echelon form, and assume they are different. For an equation in
A (or in B), let us call the index of the first non-zero coefficient the index of the
equation. We may assume, by symmetry, that A contains an equation not in B, of
highest non-zero index k. There are two cases:

B contains an equation of index k: Let E be the difference of the two
equations. Since the two equations are distinct, the difference is not the
trivial equation 0 = 0, and therefore there is a tuple x̄ that does not solve
E. By minimality of k, all variables appearing in E are parameter variables
in both A and B. Therefore, any assignment to them can be extended to a
solution of A (and B). Extending x̄ to such a solution, we find a solution of
all equation of A and B, but not of the difference E of two of the equations.
This is a contradiction.

xk is a parameter in B: By minimality, all parameters in given equation
are also parameters in B. An assignment to these parameters determines
uniquely the value of xk in A, but not in B. This is a contradiction.

�

Corollary 21. If A and B are equivalent systems, it is possible to reach from A
to B by elementary operations.

Since the reduced row echelon form is unique for a given equivalence class of
equations, we may use it to define quantities that depend only on the set of solutions,
and not on the particular system of equations, or the way we implement Gaussian
elimination. For example, the rank of a (consistent) system is defined to be the
number of non-zero equations in the (reduced) row echelon form. The uniqueness
tells us that the rank is well defined, and depends only on the solution set.

Example 22. If the number of variables is 3, a system of equations defines a subset
of 3 space. Equivalent systems define the same subset. The system will have ranks
0, 1, 2 and 3 if the subset is, respectively, the whole space, a plane, a line and a
point. Thus, the rank carries information about the “size” of the set of solutions.

Example 23. If a consistent system of equations has more variables than equa-
tions, then it has infinitely many solutions: since the number of equation in the
row echelon form can only go down, there are more than zero parameters. Since
the system is consistent, any assignment to these parameters gives a solution. In
particular, a homogeneous system with more variables than equations has infinitely
many solutions.

Example 24 (Example 1.3-2). Show that there is a conic through any five points
not on the same line.

3.4. Examples.



LINEAR ALGEBRA (MATH 115) 11

Example 25 (Example 1.4-1). Compute the possible flows of cars in the following
network of one-way roads:
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Example 26 (Example 1.5-1).

Example 27 (Example 1.6-1). Balance the reaction

C8H18 + O2 −→ CO2 + H2O

4. Matrices

Given a system of linear equations,

a1,1x1 + · · ·+ a1,nxn = b1

a2,1x1 + · · ·+ a2,nxn = b2

. . .

am,1x1 + · · ·+ am,nxn = bm

we may organise the coefficients in a matrix , as follows

A =


a1,1 . . . a1,n

a2,1 . . . a2,n

. . . . . . . . . . . . . . . .
am,1 . . . am,n


We will say that this matrix has size (or dimensions) m×n. Writing x̄ for the tuple
of variables, and b̄ for the tuple of constant terms, we will see that the system of
equations can be written as

Ax̄ = b̄

This suggests that a system of linear equations can be thought of in analogy
with a single linear equation ax = b, where the number a is replaced by a matrix
A. To explain the notation, and the analogy, we study algebraic operations defined
on matrices.

4.1. Vector space operations. A matrix can be regarded as a tuple, written in
a funny way: if we write the rows of a matrix (of size m × n) in a sequence, we
get a tuple (of size mn.) Thus, a matrix can be thought of as a tuple, together
with the extra information of the size n of each row. Viewed this way, we see that
the familiar operations of addition of two tuples, and multiplication of a tuple by
a scalar can be applied to matrices of a given size. All axioms that hold for tuples
will hold automatically for matrices. Thus, if A, B and C are matrices of a given
size, and x,y are numbers, the following hold:

(1) A + B = B + A
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(2) A + (B + C) = (A + B) + C
(3) A + 0 = A
(4) −A + A = 0
(5) x(A + B) = xA + xB
(6) (x + y)A = xA + yA
(7) (xy)A = x(yA)
(8) 1A = A

(Thus, in the terminology of 5, the set of matrices of size m × n forms a vector
space.)

We stress that addition is only defined between matrices of the same size.

4.2. Transpose. The transpose AT of a matrix A is defined by the formula (AT )i,j =
Aj,i. Thus it is the reflection of A along the main diagonal. In other words, the
rows of AT are the columns of A. We see from any of these definitions that the
following holds:

(1) (AT )T = A
(2) (xA)T = xAT

(3) (A + B)T = AT + BT

A matrix is called symmetric if AT = A. Such a matrix has to be square (of size
n× n for some n.)

Example 28 (Example 2.1-11). The set of symmetric matrices is closed under the
vector space operations.

Example 29 (Example 2.1-12). If A = 2AT then A = 0.

4.3. Matrix multiplication. Let A be the matrix associated to a system L of
linear equations. Any equation in L has the form ai,1x1 + · · · + ai,nxn = bi, for
some row i of the matrix A. If we write āi for the tuple of which this row consists,
we see that the LHS of the above equation can be written as the scalar product
āi · x̄ of āi and x̄. Thus the system L can be written as

ā1 · x̄ = b1

. . .

ām · x̄ = bm

This motivates the following definition:

definition 30. The product AB of the matrices A of size m×n and B of size n×k
is a matrix of size m× k, with (AB)i,j = Ai,− ·B−,j , where Ai,− is the i-th row of
A, and B−,j is the j-th row of B.

Thus, if x̄ and b̄ above are both considered as m× 1 matrices (column vectors),
the system can be written as Ax̄ = b̄.

Example 31 (Example 2.2-2). Compute the product of[
3 −1 2
0 1 4

]
and  2 1 6 0

0 2 3 4
−1 0 5 8


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Example 32 (Example 2.2-4). Let A =
[

6 9
−4 −6

]
and B =

[
1 2
−1 0

]
. Compute A2,

AB and BA.

The identity matrix of size n is the square n × n matrix I that has 1 on the
main diagonal and 0 elsewhere. The following theorem lists the properties of the
product:

Theorem 33. The following identities between matrices hold (assuming they make
sense)

(1) IA = A, BI = B
(2) A(BC) = (AB)C
(3) A(B + C) = AB + AC
(4) (B + C)A = BA + CA
(5) k(AB) = A(kB)
(6) (AB)T = BT AT

We note that the i-th column of AB is, by definition, AB−,i (where B−,i is the
i-th column of B.) Similarly, the i-th row of AB is Ai,−B. Using this observation
(or directly from the definition), we see that it is enough to prove, e.g., part 3 for
the case that A is a row vector, and B is a column vector. The other parts also
follow easily from the definition, except for 2, which will be proved later.

We note that in general AB is not equal to BA.

Example 34 (Example 2.2-7). AB = BA iff (A−B)(A + B) = A2 −B2

To properly understand the meaning of the product of matrices, and to prove
more easily the above properties, we need to re-interpret matrices as linear trans-
formations.

5. Vector spaces and linear transformations

As we saw several times, the operations of addition of tuples, and multiplication
by a scalar play a central role in the theory. The existence and properties of these
operations can be summarised by saying that the set of n-tuples is a vector space.

definition 35. A vector space is a set V , together with an operation + between
elements of V , an operation of multiplication by numbers on elements of V , and an
element 0. For any elements u, v and w of V , and for any numbers x and y, the
following properties should hold:

(1) u + v = v + u
(2) u + (v + w) = (u + v) + w
(3) u + 0 = u
(4) x(u + v) = xu + xv
(5) (x + y)u = xu + yu
(6) (xy)u = x(yu)
(7) 1u = u

Example 36. The set kn of n-tuples of numbers is a vector space

Example 37. The set of geometric vectors in the plane (or in 3-space) is a vector
space. In honor of this example, an element of an arbitrary vector space is called a
vector.

Example 38. The set of matrices of size m× n is a vector space
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Example 39. The set of solutions of a homogeneous system of linear equations is a
vector space

We have seen that by choosing a coordinate system, we may identify a vector v
in the plane with a pair of numbers T (v). We noted that this identification satisfies
the following properties: T (u+v) = T (u)+T (v), and T (xu) = xT (u) (where x is a
number.) This can be summarised by saying that T is a linear transformation from
the vector space of vectors in the plane to the vector space of pairs of numbers.

definition 40. Let U and V be two vector spaces. A linear map (or linear trans-
formation) T from U to V is a map associating to any element u of U an element
T (u) of V , such that for any u, w ∈ U and number x, T (u + w) = Tu + Tw and
T (xu) = xT (u).

Example 41. Let U be the space of triples, and V the space of pairs. The map
that sends a triple (x, y, z) to (x, y) is a linear transformation from U to V . The
map (x, y) 7→ (y, x) is a linear transformation from V to itself, and so is the map
(x, y) 7→ (x + 2y, 0).

Example 42. If T and S are two linear maps from U to V , then so are T +S (defined
as (T +S)(u) = Tu+Su) and xT , where x is a number (where (xT )(u) = x(T (u)).)
In other words, the set of linear maps from U to V is itself a vector space!

An important example arises from linear equations. Let U be the set of solutions
of an homogeneous system of linear equations. We observed above that this is a
vector space. When the system is brought into reduced row echelon form, each
tuple substituted for the parameters gives a solution to the system. If the number
of parameter variables is m, let T be the map from km to U that assigns to each
tuple the solution obtained in this way. It is immediate that T is a linear map.
Since any solution is obtained in this way uniquely, we see that T identifies the set
of solutions with km.

What is m? Recall that the rank r of the system was defined to be the number
of equations in the reduced form. Since any equation contains exactly one non-
parameter variable (and these are all different), this is also the number of non-
parameter variables. We thus get that m is n − r, where n is the total number of
variables.

5.1. Bases. Matrices provide an example of of linear transformations: if A is an
m×n matrix, and x̄ is an n-tuple, viewed as an n×1 matrix, then Ax̄ is an m-tuple.
Thus A defines a map from kn to km. This map is a linear transformation by 3
and 5 of theorem 33.

To study the relation between linear transformations and matrices it is conve-
nient to introduce bases. If V is a vector space, and v1, . . . , vn ∈ V are vectors, an
expression of the form a1v1 + · · ·+anvn is called a linear combination of v1, . . . , vn.
A basis for V is a sequence v1, . . . , vn such that any vector in V can be presented
uniquely as a linear combination of v1, . . . , vn.

Example 43. Let V be the space kn, and consider the vectors ei that have 1 on
the i-th place, and 0 elsewhere. Any n-tuple ā can be written (uniquely!) as
ā = a1e1 + · · ·+ anen. Thus the ei form a basis for kn, called the standard basis.

It is a fundamental fact that any vector space has a basis, and that the size of
any two bases for the same vector space is the same. However, we do not currently
need these results. Instead we will use just the standard basis.
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Theorem 44. (1) For any matrix A, Aei is the i-th column of A.
(2) Let U be a vector space, let (ui)i be a basis for U and let T and S be two

linear transformations from U to another vector space. If T (ui) = S(ui)
for all i, then T = S.

(3) Any linear transformation from kn to km is associated to a unique m × n
matrix.

Proof. (1) Directly from the definition
(2) Let u be any vector. Write u as a1u1 + · · ·+ anun, and apply T and S.
(3) Let T be such a transformation, and let A be the matrix with columns Tei.

It follows from the previous items that the transformation associated to A
is equal to T , and that A is unique.

�

Example 45 (Example 2.5-7). Find the linear transformation T satisfying T (1, 1) =
(2,−3) and T (1,−2) = (5, 1).

Theorem 44 can help when verifying matrix identities. As an example, we prove
the associativity of matrix multiplication (part 2 of theorem 33): we first prove it
in the case C = ei. In this case, according to the first part of theorem 44, we should
prove that the i-th column of AB is AB−,i. We already observed that this is true.
We next assume that C is a column vector. In this case, it can be written as a
linear combination of the ei, and the statement follows from the other parts of the
theorem. Finally, if C is arbitrary, it is enough, according to theorem 44, to prove
(A(BC))ei = ((AB)C)ei for all i. This reduces to the special cases already proved.

The associativity and the last theorem also allow us to re-interpret the product of
matrices. Let A and B be two matrices such that AB is defined, and let TA and TB

be the corresponding transformations. Recall that the composition of the two maps
TA ◦ TB is defined by (TA ◦ TB)(v) = TA(TB(v)). We claim that TA ◦ TB = TAB ,
the map associated with AB. This holds since, as we proved, A(Bv) = (AB)v.
Therefore, matrix multiplication is nothing but composition of functions.

We may also re-interpret systems of linear equations. Recall that such a system
can be written as Ax̄ = b̄ for some matrix A and tuple b̄. Viewing A as a map, we
see that the set of solutions is the set of vectors mapped to b.

5.2. Examples.

Example 46. Let T : k3 −→ k2 be a linear transformation with T (1, 2, 1) = (1,−2),
T (1,−1, 0) = (0, 1) and T (0, 2,−1) = (−1,−2). Compute T (5, 10, 15), and find the
matrix of this transformation.

We have seen that the set of solutions of a homogeneous system Ax̄ = 0 forms
a vector space, and that the reduced row echelon form gives rise to a basis for this
space. If x̄0 is a solution of a (general) system Ax̄ = b̄, and x̄1 is another solution of
the same system, then x̄1 − x̄0 solves the associated homogeneous system Ax = 0.
Therefore, any solution of the original system can be written as x0 + x, where x is
a solution of the homogeneous one. If y1, . . . , yn is a basis for the space of solutions
of the homogeneous system, then the general form of a solution for the original
equation is x0 + a1y1 + · · ·+ anyn.
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Example 47. Write the general form of the solution for the following equations:

3x + 4y − z + 3w = 2
x + z − 3w = 2

x + 4y − 3z + 9w = −2

In the plane, linear transformations can be described geometrically:

Example 48. Show that the following are linear transformations, and find their
matrices:

(1) Reflection in any of the axes
(2) Scaling in the direction of any axis
(3) Projection on any axis
(4) X-shear
(5) Rotation by any angle θ
(6) Reflection, scaling and projection on any line through the origin

6. Invertible matrices and transformations

Let T : X −→ Y be a function. A function S : Y −→ X is called an inverse of
T if S ◦ T = idX and T ◦ S = idY . T is called invertible if it has an inverse. The
function T is injective (or one-to-one) if T (x) 6= T (y) for x 6= y. It is surjective (or
onto) if for any y ∈ Y , T (x) = y for some x ∈ X.

Theorem 49. Let T : X −→ Y be a function
(1) The inverse of T , if exists, is unique
(2) T is invertible if and only if it is one to one and onto.
(3) If X and Y are vector spaces, and T is a linear transformation and is

invertible, then the inverse of T is also a linear transformation

A corollary of the last two items is that a linear transformation has an inverse
linear transformation if and only if it is one to one and onto. If T is invertible, the
unique (linear) inverse is denoted T−1.

Proof. (1) Assume that S1 and S2 are both inverses of T . We get

S1 = S1 ◦ I = S1 ◦ (T ◦ S2) = (S1 ◦ T ) ◦ S2 = I ◦ S2 = S2

(Note that we showed more: if T has both a left and a right inverse then
they are equal, and T is invertible)

(2) If T is injective and surjective, let S be defined as follows: S(y) = x if
T (x) = y. x exists since T is surjective, and is unique since T is injective.
Clearly S is the inverse of T . The other direction is easy.

(3) Let y1, y2 ∈ Y . By the previous part, yi = T (xi) for some (unique) xi ∈ X.
Hence

S(y1 + y2) = S(T (x1) + T (x2)) = S(T (x1 + x2)) =

= x1 + x2 = S(T (x1)) + S(T (x2))

Multiplication by scalar is similar.
�

The following additional properties of the inverse are easy to verify: The identity
function is invertible, if T and S are invertible then so is T ◦ S (assuming it makes
sense), and (T ◦ S)−1 = S−1 ◦ T−1, if T is invertible, so is T−1, and (T−1)−1 = T .
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An invertible linear map is also called a linear isomorphism. If there is a linear
isomorphism between two vector spaces, they are said to be isomorphic.

Example 50. Rotations, reflections and scaling by non-zero scalar are all invertible.
Projections are not invertible. The transformation given by the matrix

[
0 0
1 3

]
is not

invertible (example 2.3-2).

Example 51. The linear map that assign to each geometric vector in the plane its
pair of coordinates is an isomorphism. Hence, the plane is isomorphic to k2.

Example 52. The map that assigns to each m×n matrix A the linear transformation
TA is a linear map from the space of m × n matrices to the space of linear trans-
formations from kn to km. It is an isomorphism since any linear transformation
comes from a unique matrix.

It is easy to see that an isomorphism maps a basis to a basis: if T : U −→ V is a
linear isomorphism, and (ui) is a basis for U , then (T (ui)) is a basis for V . This is
used in the following example:

Example 53. Let L be a homogeneous system of linear equations, with solution
space V . We saw that the reduced row echelon form gives rise to a linear map from
km to V . This map is an isomorphism: the projection that maps each solution to
the values of the parameter variables is an inverse. In particular (as we saw), a
basis for the set of solutions is obtained from the standard basis of km.

6.1. Inverse matrices. Let A be a square matrix, and consider the system of
equations Ax̄ = b̄. We have seen that the set of solutions of the system can be
interpreted as follows: it is the set of all vectors mapped by TA to b̄. The statement
that TA is surjective means that the system has a solution for any tuple b̄. The
statement that TA is injective means that the solution (if exists) is unique. Thus,
TA is invertible if and only if any system Ax̄ = b̄ has a unique solution. In this
case, applying (TA)−1 to both sides, we get that the solution is x̄ = (TA)−1b̄. Since
(TA)−1 is again a linear transformation, there is some matrix A−1 representing it,
i.e., (TA)−1 = TA−1 . The above discussion shows that if we can calculate A−1, we
can find the unique solution to any equation Ax = b.

In general, assume that A−1 exists. As with any linear map, we can compute
its columns by applying it to the standard basis. Suppose that A−1ei = xi. Then
Axi = ei. Hence, to find the columns of A−1, we need to solve all the systems
Ax = ei. We may do this using elementary row operations. The assumption that A
is invertible means that the reduced row echelon form has the form Ix = xi, where
I is the identity matrix, and xi is the solution. Since the row operation depend
only on A, and not on the right hand side, we may perform them simultaneously
for all ei. Thus we will perform the row operations on the system AX = I, and
will obtain the system X = A−1. If the row operations do not yield the identity
matrix, the inverse does not exist.

Example 54 (Example 2.3-6). Find the inverse of2 7 1
1 4 −1
1 3 0


Recall that T is injective if T (x) = b has at most one solution for all b. In

particular, the only solution of T (x) = 0 is 0. In fact, the converse is true: if the
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only solution of T (x) = 0 is 0, then T is injective. Indeed, if x1 and x2 are two
different solutions of T (x) = b, then T (x1−x2) = 0, so x1−x2 is a non-zero solution
of T (x) = 0. Thus, to check that T is injective, it is enough to check that T (x) = 0
has only the 0 solution. If T : kn −→ kn, more is true: if T is injective, then T is
an isomorphism. This follows again from considering the reduced row echelon form
of the corresponding matrix. If T is injective, this is given by the identity matrix,
and so T is invertible. Thus, T (x) = 0 has only the 0 solution if and only if T is
invertible. Similarly, to verify that a transformation from kn to itself (or a square
matrix) has an inverse, it is enough to check that it has a one-sided inverse.

6.2. Elementary matrices. Each of the elementary row operations is a linear
transformation, and hence has a corresponding matrix. Since each of the opera-
tions is invertible, so is the corresponding matrix. Thus, if A is an m × n matrix,
performing an elementary operation on A amounts to multiplying A on the left
by some invertible m × m matrix E. How to find E? We have EA = (EI)A, so
E = EI is the result of performing the corresponding operation on the identity
matrix.

Therefore, the process of going from a matrix to an equivalent one via row
operation can be described as performing a sequence of multiplication by elementary
matrices: A 7→ Ek . . . E2E1A. Since we already know that we can get from any
matrix to any equivalent one via row operations, we see that A and B are equivalent
if and only if there is a sequence Ei of elementary matrices, such that A = UB,
where U = Ek . . . E2E1. U can be computed by performing row operations on the
identity matrix, as before. In particular, A is invertible if and only if it is equivalent
to the identity matrix. Thus we get: A square matrix is invertible if and only if it
is a product of elementary ones.

7. Determinants

We continue looking for methods to for discovering whether a matrix A is in-
vertible, and to compute the inverse.

Consider the case of 2× 2 matrices. If A is a non-zero 2× 2 matrix, it will either
map the plane bijectively to itself, or to a line. The map is an isomorphism if and
only is the image is a plane. This happens if and only if the vectors A(1, 0) and
A(0, 1) are not on the same line. If A =

[
a b
c d

]
, then Ae1 = (a, c) and Ae2 = (b, d).

The condition that these two vectors are on the same line is ad = bc or ad− bc = 0.
The expression ad − bc is called the determinant , det(A) of A. How to find the
inverse of A? The adjugate of a matrix A =

[
a b
c d

]
is defined to be adj(A) =

[
d −b
−c a

]
.

A direct calculation shows that A adj(A) = adj(A)A = det(A)I. Hence, in the case
that A is invertible, A−1 is given by 1

det(A) adj(A).

Example 55 (Example 2.3-5). Solve the system

5x− 3y = −4
7x + 4y = 8

In general, we may imitate the above idea as follows. An n×n matrix A carries
the standard basis ei to the n-tuple of column vectors of A. A is invertible if
and only if these vectors do not lie in a proper sub space of kn. We will try to pin
down this condition by computing the (oriented) volume of the polytope determined
these vectors. Thus we will consider the function A 7→ det(A), sending a square
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matrix to the volume of the polytope determined by the columns. This volume
is 0 precisely if the matrix is not invertible. Being a volume function, it has the
following properties:

Axiom 56 (Properties of determinants). (1) det(I) = 1
(2) Let B be the matrix obtained from A by multiplying some column by a

number u. Then det(B) = u det(A).
(3) Let A1 and A2 be two matrices with identical columns, except column i, and

let B be the matrix with the same columns as A1 and A2, except column i
which is the sum of the corresponding columns. Then det(A1)+det(A2) =
det(B) (see Figure 1 for an illustration in the two dimensional case.)

(4) If A has two identical columns, then det(A) is equal to 0.
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Figure 1. The area det(u + v, w) of the parallelogram with the
dotted line is equal to the area of the shape with the triangle A
translated to A′. This shape consists of the parallelogram B, and
the one given by u and w. B, it turn, is a translate of B′, which
is the parallelogram determined by v and w. Thus det(u+ v, w) =
det(u, w) + det(v, w).

It follows from these properties that det(A) = 0 if and only if the columns of A
all lie in a proper subspace. It also turns out that there is only one function det
that satisfies the above properties. Therefore, to find it, it is enough to find some
function on the set of matrices that has these properties.

Such a function is defined recursively as follows: if n = 1, det is the identity
function. Assuming det is defined for matrices of size n × n, we set, for A of size
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n + 1 × n + 1: det(A) =
∑n+1

i=1 ai,1ci,1(A), where the cofactor ci,j(A) is defined
as (−1)i+j det(Ai,j), with Ai,j the (i, j)-th minor of A: it is the matrix obtained
from A by erasing row i and column j. This description is deduced directly from
the axioms above: The second and the third axioms show that the function is
determined by its values on the basis elements. The fourth axiom implies we may
assume all columns are different basis elements, and determines what happens when
switching the order. Thus we are reduced to the value on the identity matrix, which
is determined by the first axiom.

The axioms also show that we may expand along any column: for any i,

det(A) =
n∑

j=1

aj,icj,i(A)

Example 57 (Example 3.1-3–5). Compute the determinants of3 4 5
1 7 2
9 8 −6




3 0 0 0
5 1 2 0
2 6 0 −1
−6 3 1 0


1 −1 3

1 0 −1
2 1 6


Example 58. A matrix is called upper triangular if all entries below the main di-
agonal are zero. The determinant of a triangular matrix is equal to the product of
the entries on the main diagonal.

7.1. Properties of determinants. The following properties follow directly from
the definition of the determinant:

Claim 59. Let A be a matrix.

(1) If B is obtained from A by adding a multiple of one column to another,
then det(B) = det(A).

(2) If B is obtained from A be exchanging two columns, then det(B) = −det(A)
(3) If A has a zero column, then det(A) = 0.

Proof. Let C1, . . . , Cn be the columns of A. We assume for definiteness that the
two columns in question are C1 and C3.

(1)

det(C1 + aC3, C2, C3, . . . , Cn) = by 56.3

det(C1, C2, C3, . . . , Cn) + det(aC3, C2, C3, . . . , Cn) = by 56.2

det(A) + adet(C3, C2, C3, . . . , Cn) = by 56.4

det(A)
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(2)

0 = det(C1 + C3, C2, C1 + C3, . . . , Cn) by 56.4

= det(C1, C2, C1, . . . , Cn) + det(C1, C2, C3, , . . . )+

det(C3, C2, C1, . . . ) + det(C3, C2, C3, . . . ) by 56.3

= det(C1, C2, C3, , . . . ) + det(C3, C2, C1, . . . ) by 56.4

(3) A zero column is equal to itself multiplied by 0. Hence det(A) = 0 det(A) =
0.

�

It follows that performing column operations on A (i.e., row operations on AT ),
results in multiplying the determinant by a non-zero number. In particular, if BT

is the reduced row echelon form of AT , then det(B) = cdet(A), where c 6= 0. On
the other hand det(B) = 1 if B is the identity matrix, and B has a zero column
otherwise, in which case det(B) = 0. But B is the identity if and only if BT is
the identity, if and only if AT is invertible, if and only if A is invertible (since
(AT )−1 = (A−1)T .) We proved:

Theorem 60. det(A) 6= 0 if and only if A is invertible.

Using this we may prove:

Theorem 61. For any matrices A and B, det(AB) = det(A) det(B)

Proof. If B is not invertible, then it is not injective, hence so is AB. Therefore,
det(AB) = det(B) = 0 and the statement is true. We thus may assume that B is
invertible.

In this case, B can be written as product of elementary matrices. Hence, by
induction, it is enough to prove the theorem when B is an elementary matrix.
Multiplying by an elementary matrix on the right corresponds to performing an
elementary operation on the column. The effect of each such operation on the
determinant is described explicitly in claim 59. �

Remark 62. The above proof uses a calculation with elementary matrices which
slightly obscures the meaning. A more conceptual (though, at the moment, less
precise) argument is as follows: We defined the determinant of T to be the volume
of the parallelogram determined by T (e1), . . . , T (en). However, there is nothing
special about e1, . . . , en. Given any n vectors v1, . . . , vn, denote by v1 ∧ · · · ∧ vn

the volume of the parallelogram determined by these vectors. Then, it follows from
the linearity of the volume that for any vectors v1, . . . , vn, T (v1) ∧ · · · ∧ T (vn) =
det(T )v1 ∧ · · · ∧ vn. Once this is understood, the product formula in the theorem
above follows immediately.

The following claim together with the product formula allow us to compute
determinants in terms of other determinants:

Claim 63.
(1) If A is invertible, then det(A−1) = det(A)−1

(2) For any matrix A, det(AT ) = det(A)

Proof. (1) det(A−1) det(A) = det(A−1A) = det(I) = 1
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(2) We recall that A is invertible if and only if AT is. Hence det(A) = 0 if and
only if det(AT ) = 0. If both are invertible, using the product formula this
reduces to elementary matrices.

�

The second part implies that we may compute the determinant by expanding
along a row, rather than a column.

Example 64. If det(A) = 3 and det(B) = −2, compute det(B2(A−1T
B−1A)−1AT )

Example 65 (Example 3.2-3). Show that if a product of matrices is invertible,
then so is each matrix in the product.

7.2. Adjugates. Like in the two dimensional case, for any square matrix A we
define the adjugate adj(A) of A to be the transpose of the matrix (ci,j(A)) of
cofactors of A. From the formula for the determinant, we get that the (i, j)-th
entry of A adj(A) is equal to the determinant of the matrix obtained from A by
replacing the j-th row by the i-th one. It follows that A adj(A) = det(A)I, hence,
if A is invertible, then A−1 = 1

det(A) adj(A).

Example 66. Compute the adjugate of the matrix1 2 3
4 5 6
7 8 9


Example 67. Let A be a matrix with integer entries, such that det(A) = 1. Show
that A−1 also has integer entries.

Using the adjugate, we get a formula for the (unique) solution of the equation
Ax = b, where A is invertible. From the formula for the inverse, we get x =

1
det(A) adj(A)b. Expanding this expression we get Cramer’s Rule: xi = det(Ai)

det(A) ,
where Ai is obtained from A be replacing column i with b. This rule allows us to
calculate one xi without calculating the others.

7.3. Application to polynomials. Using the tools we accumulated, we may prove
a division with reminder theorem for polynomials. Recall that a polynomial is a
function of the form p(x) = anxn + · · ·+ a1x + a0. The highest index n for which
an is non-zero is called the degree of the polynomial, denoted deg(p). A polynomial
of degree n is called monic if an = 1. A root of p is a number a such that p(a) = 0.

Theorem 68. Let p(x) be a monic polynomial of degree n.

(1) If q(x) is another monic polynomial of degree m ≤ n, then there are polyno-
mials r(x) of degree smaller than m and t(x) monic of degree n−m, such
that p(x) = q(x)t(x) + r(x) (so t(x) is p(x) divided by q(x), with reminder
r(x).) This presentation is unique.

(2) If a is a root of p, then there is a monic polynomials q(x) such that p(x) =
(x− a)q(x).

(3) If q is a monic polynomial of degree at most n, and a1, . . . , an are distinct n
numbers such that p(ai) = q(ai) = 0, then p and q are the same polynomial.

Proof.
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(1) We write pi, qi, ti and ri for the coefficients of p, q, t and r, respectively.
Thus we are given pi and qi, and we need to show that there exist unique
ti and ri such that

xn + · · ·+ p0 = (xm + · · ·+ q0)(xn−m + · · ·+ t0) + rm−1x
m−1 + · · ·+ r0 (5)

= xn + (tn−m−1 + qm−1)xn−1 + . . . (6)

+ (t0 + qm−1t1 + · · ·+ q0tm)xm (7)

+ (qm−1t0 + · · ·+ q0tm−1 + rm−1)xm−1 + . . . (8)

+ q0t0 + r0 (9)

Comparing coefficients, we get:

tn−m−1 + qm−1 = pn−1

tn−m−2 + tn−m−1qm−1 + qm−2 = pn−2

. . .
m∑

i=0

tiqm−i = pm

m−1∑
i=0

tiqm−i−1 + rm−1 = pm−1

. . .

q0t0 + r0 = p0

In this system of equations, the qi and pi are given, and the ti and ri are
unknown. Thus it is a system of linear equations. Arranging the variable
to have first the ri and then the ti, we get a matrix of the form

1 0 0 . . . 0 q0 0 0 . . . 0
0 1 0 . . . 0 q1 q0 0 . . . 0
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
0 0 0 . . . 1 qm−1 qm−2 qm−3 . . . 0
0 0 0 . . . 0 1 qm−1 qm−2 . . . 0
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
0 0 0 . . . 0 0 0 . . . 0 1


This an upper triangular matrix, with determinant 1. Therefore, there is a
unique solution for any sets of coefficients pi and qi.

(2) According to the first part, we can write p(x) = (x − a)t(x) + r(x), with
deg(r) < deg(x− a) = 1. Hence r is a constant r0. Setting x = a on both
sides, we get that r0 = 0.

(3) According to the previous part, p(x) = (x−a1)p1(x). Since a2 is a root of p
and a2 6= a1, a2 is a root of p1(x). Hence p1(x) = (x−a2)p3(x). Continuing
this way, we may write p(x) = (x−a1)(x−a2) . . . (x−an) (since the degree
is n, there is nothing else left.) The same is true of q(x), so the polynomials
are equal.

�

Remark 69. Using example 67, we note that if all the coefficients involved are
integers, then the polynomials t and r also have integer coefficients.
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In applications, it is often the case that we are trying to find a function that
passes through a given collection of points. In the following corollary, we find a
minimal degree polynomial through any finite set of points in the plane.

Corollary 70. Let a1, . . . , an be numbers. Let

A =


1 a1 a2

1 . . . an−1
1

1 a2 a2
2 . . . an−1

2

. . . . . . . . . . . . . . . . . . . . . . .
1 an a2

n . . . an−1
n


Then det(A) = Πi<j(aj − ai)

Proof. Both sides are monic polynomials of degree n − 1. Hence it is enough to
check that they have n− 1 identical roots. The numbers a1, . . . , an−1 are roots of
both sides. �

Consider the equation Ax̄ = b̄. If t̄ = (t0, . . . , tn−1) is a solution, we get that
tn−1a

n−1
i + · · · + t0 = bi. Setting p(x) = tn−1x

n−1 + tn−2x
n−2 + · · · + t0, we get

that p(x) is a polynomial with the property that p(ai) = bi for each i. Thus we
proved:

Corollary 71. If a1, . . . , an are distinct, then for any b1, . . . , bn there is a unique
polynomial p(x) of degree (at most) n− 1 with p(ai) = bi for all i.

This polynomial is the interpolation polynomial for the give points.

Example 72. For n = 2, we get the familiar statement that there is a line through
any two points.

8. Eigenvalues and Eigenvectors

A diagonal matrix is a square matrix with all entries outside the main diagonal
zero. Diagonal matrices are very simple: the transformation they define on the
space operates separately in each coordinate, and it is easy to multiply them.

In some cases, a matrix is diagonal when considering a different basis. For
example, consider the matrix A =

[
1 3
3 1

]
. Then A(1, 1) = (2, 2) and A(1,−1) =

(−2, 2). Therefore, A acts by multiplication by 2 in one direction, and by −2 in
another. Since (1, 1) and (1,−1) form a basis of the space of pairs, this behaviour
determines the action of A on the whole space. It is “like” the diagonal matrix[

2 0
0 −2

]
. In fact, consider the matrix B =

[
1 1
1 −1

]
. It maps (1, 0) to (1, 1) and

(0, 1) to (1,−1). Hence ABe1 = (2, 2) and ABe2 = (−2, 2). Now, B−1 maps
(1, 1) to e1 and (1,−1) to e2. Hence B−1ABe1 = 2e1 and B−1ABe2 = −2e2. So
B−1AB =

[
2 0
0 −2

]
. We call A diagonalisable:

definition 73. A square matrix A is conjugate (or similar to another such matrix
C if there is an invertible matrix B such that A = B−1CB. A is diagonalisable if
it is conjugate to a diagonal matrix.

It is easy to see that if A is conjugate to B, then B is conjugate to A, and if A
is conjugate to B and B is conjugate to C, the A is conjugate to C.

Example 74. It is easy to compute An where A is a diagonal matrix: it is just the
diagonal matrix whose entries are the n-th powers of the corresponding entries of
A. It is equally easy to compute the An when A is diagonalisable: if A = B−1CB,
then An = (B−1CB)n = B−1CnB.
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The question remains, how to find out whether A is diagonalisable, and if it
is, how to find a matrix B such that B−1AB is diagonal? As in the example, a
diagonalisable matrix is characterised by the existence of a basis v1, . . . , vn such
that Avi = civi for some numbers ci. In this case, the diagonal matrix conjugate
to A has the ci on the diagonal, and the conjugating matrix B has the vi as its
columns. We make the following definition:

definition 75. Let T : U −→ U be a linear transformation. If a number c and
a non-zero element u ∈ U have the property that T (u) = cu, then c is called an
eigenvalue and u an eigenvector of T .

So the diagonal form of a diagonalisable matrix has its eigenvalues on the diag-
onal, and the diagonalising matrix has eigenvectors as its columns.

How do we find the eigenvalues and eigenvectors? We want to find a non-zero
solution u to the equation Au = cu, for some number c. This is the same as solving
(cI − A)u = 0. This system has a non-trivial solution precisely when (cI − A) is
not invertible, which happens precisely if det(cI −A) = 0. We proved:

Corollary 76. The eigenvalues of a matrix A are the roots of the characteristic
polynomial det(xI −A) of A.

Thus to find the eigenvalues of A we should compute the roots of the polynomial
det(xI −A). Once we found them, to find the eigenvectors corresponding to a root
a, we solve the system (aI−A)x = 0. Gaussian elimination provides a basis for the
set of solutions of this system. A is diagonalisable if the whole space has a basis
of eigenvectors. The diagonalising matrix then has the basis of eigenvectors as its
columns. In particular:

Proposition 77. If the characteristic polynomial of a matrix A of size n2 has n
distinct roots, then A is diagonalisable.

Proof. Let B be the matrix whose columns are eigenvectors v1, . . . , vn, correspond-
ing to the distinct roots (eigenvalues) a1, . . . , an. We need to show that B is in-
vertible. Assume that there is some vector x = (x1, . . . .xn), such that Bx = 0. We
may write x = x1e1 + · · ·+ xnen. Hence

0 = Bx = B(x1e1 + · · ·+ xnen) = Bx1e1 + · · ·+ Bxnen

= x1Be1 + · · ·+ xnBen = x1v1 + · · ·+ xnvn

Thus we need to prove that if x1v1 + · · · + xnvn = 0 then x1 = · · · = xn = 0.
Assume this is not the case, and let x1, . . . , xk be a minimal sequence of non-zero
numbers, such that x1vi1 + x2vi2 + · · ·+ xkvik

= 0 for some i1, . . . , ik. Since the vi

are non-zero, k > 1. Applying A to both sides, we get 0 = Ax1vi1 + · · ·+Axkvik
=

x1ai1vi1 + · · · + xkaik
vik

. Since all the ai are distinct, there is some aij which is
non-zero. Assume for simplicity that ai1 is non-zero. Dividing by it, and then
subtracting the original equation, we get an equation y2vi2 + · · · + ykvik

= 0.
The yi are not all zero, since the ai are distinct. This is a contradiction to the
minimality. �

However, A may be diagonalisable even if the polynomial has less roots. In
any case, if A is diagonalisable, then any value that appears on the diagonal is an
eigenvalue, hence a root of the polynomial.
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Example 78 (Example 3.3-4). Diagonalise the matrix2 0 0
1 2 −1
1 3 −2


Example 79 (Example 3.3-8). Show that

[
1 1
0 1

]
is not diagonalisable.

Example 80. Is the matrix
[

0 1
−1 0

]
diagonalisable?

Example 81 (Example 3.3-7). Diagonalise the matrix0 1 1
1 0 1
1 1 0


Example 82. The Fibonacci sequence is given by the rule a0 = a1 = 1, and for
n > 0, an+1 = an + an−1. Find a closed formula for the n-th term an.

9. Linear maps in 3-space

The following transformations of 3-space are linear:
(1) Reflection or projection on a line or a plane through the origin
(2) Rotations about a line through the origin

This can be checked either geometrically, or using coordinates, from the formulas
for these operations. Once this is known we may compute the matrix for these
transformation in the usual way.

Example 83. Let v be a vector in 3-space lying on the xy-plane, with angle α
between it and the x-axis. Compute the matrix of the rotation about v in angle θ
(counterclockwise when looking in the direction of v.)

As mentioned in remark 62, a linear transformation A maps a parallelepiped of
volume V to one of volume det(A)V .

10. Linear independence, Bases and dimension

Recall that a linear combination of vectors v1, . . . , vn is an expression of the
form a1v1 + · · · + anvn (where the ai are numbers.) Recall also that a basis for
a vector space U is a set B of vectors in U such that any vector in U can be
written uniquely as a linear combination of vectors in B (where all the coefficients
are non-zero.) This definition includes two conditions: first, any vector is a linear
combination of vectors in B, and second, such a linear combination is unique.
Since 0 can always be written with the empty linear combination, it implies that
if a1v1 + · · · + anvn = 0 for vi ∈ B, then a1 = · · · = an = 0. Conversely, if
this last condition is satisfied, then the uniqueness is satisfied in general, since if
v = a1v1 + · · · + anvn = b1u1 + · · · + bkuk for vi, uj ∈ B are different expressions
for v, then subtracting them gives a non-trivial expression for 0. All this motivates
the following definition:

definition 84. Let U be a vector space, and B a subset of U .
(1) The span of B is the set of linear combinations of elements of B.
(2) The set B is linearly independent if 0 is not a non-trivial linear combination

of elements of B.



LINEAR ALGEBRA (MATH 115) 27

Thus, a basis for U is a linearly independent set whose span is the whole of U .

Example 85 (Example 5.1-4). For P = (0,−11, 8, 1) and Q = (2, 3, 1, 2), deter-
mine if they are in the span of (2,−1, 2, 1) and (3, 4,−1, 1).

The span can be characterised as follows:

Proposition 86. Let B be a subset of a vector space U . Then the span of B is a
sub-space. It is the smallest subspace of U containing B.

Proof. The first statement is easy, we prove the second. Let V be a subspace of U
containing B. By definition, the span of B as a subset of U and as a subset of V
are the same. Therefore, the span of B is contained in V . �

In particular, B is a basis if it is linearly independent, and if there is no proper
subspace containing B.

Example 87 (Example 5.1-5). If X and Y are two vectors, show that X + Y and
X − Y span the same space as X and Y . If X and Y are independent, then so are
X + Y and X − Y .

10.1. Relation with linear maps. Let T : U −→ V be a linear transformation.
The null space (or the kernel) of T is defined to be the set of vectors u ∈ U , such
that T (u) = 0. The image of T is the set of vectors v ∈ V of the form v = T (u) for
some u ∈ U . It is easy to see that both the kernel and the image of T are subspaces
(of U and of V , respectively.)

Claim 88. Let T : U −→ V be a linear map, and let B ⊆ U . We denote by T (B)
the set of elements of the form T (u), where u ∈ B.

(1) If B spans U , then T (B) spans the image of T
(2) If T is injective, and B is linearly independent, then T (B) is also linearly

independent.
(3) If T is invertible, and B is a basis of U , then T (B) is a basis of V .

Proof. (1) Let v be in the image of T . Then there is some u ∈ U such that
T (u) = v. Since B spans U , we have u = a1u1+· · ·+anun for some numbers
ai and vectors vi ∈ B. Hence v = T (u) = a1T (u1) + · · ·+ anT (un).

(2) Assume that a1v1 + · · ·+anvn = 0 for some vi ∈ T (B). Since T is injective,
there are unique ui ∈ B such that T (ui) = vi. Then 0 = a1T (u1) + · · · +
anT (un) = T (a1u1+ · · ·+anun). Since T is injective, a1u1+ · · ·+anun = 0,
hence, since B is linearly independent, ai = 0 for all i.

(3) Since B spans U and T is surjective, T (B) spans V . Since B is linearly
independent and T is injective, T (B) is also linearly independent.

�

If U = km and V = kn, then T is represented by a unique matrix A. In these
terms, the kernel of A is the set of solutions to the homogeneous system Ax̄ = 0,
and we already know that Gaussian elimination produces a basis for this set. By
definition, the kernel is 0 if and only if the columns of A are linearly independent.
Since the standard basis e1, . . . , em spans U , we get from claim 88 that Ae1, . . . , Aem

spans the image. These are just the columns of A. We proved:

Corollary 89. Let A be an m× n matrix, and let TA be the corresponding linear
map. Then TA is injective if and only if the columns of A are linearly independent,
and it is surjective if and only if the columns span kn.
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If A is a square matrix, then it is injective if and only if it is surjective (if and
only if it is inverible.) Hence, the columns of A span kn if and only if they are
linearly independent. In other words, the columns of A form a basis for kn if and
only if A is invertible. Since AT is invertible if and only if A is, we may exchange
columns and rows throughout.

10.2. Dimension. We next want to show that the size of any two bases for a vector
space U is the same. We will do this only for finite dimensional vector spaces.

definition 90. A vector space U is finite dimensional if it is spanned by a finite
subset.

The terminology will be explained soon. Assume that B is a finite set of vectors
spanning U . If B is linearly dependent, there is some vector v ∈ B that is in the
span of the other vectors in B. Therefore, if we remove it from B, the resulting set
B1 will still span U . Continuing this way, we get (since B is finite) a basis for U .
Thus we prove:

Claim 91. A finite dimensional space has a finite basis

Let U be a vector space with basis v1, . . . , vn, and consider the map T : kn −→ U
given by T (x1, . . . , xn) = x1v1 + · · ·+xnvn. By definition, this is a linear map. We
claim that it is invertible: indeed, if T (x1, . . . , xn) = 0, then x1v1 + · · ·+ xnvn = 0.
Since the vi form a basis, they are linearly independent, so xi = 0 for all i. This
proves that T is injective. On the other hand, T ({ei}) span U , so by 88, T is
surjective. Combining this with the last claim, we get:

Proposition 92. If U is a finite dimensional space, then there is an invertible map
from U to some kn.

We are now ready to show that any two bases of a finite dimensional space have
the same size.

Theorem 93. The size of any basis for kn is n. All bases of a finite dimensional
space have the same size.

Proof. The columns of any basis form an invertible matrix. However, only square
matrices are invertible. To prove the second claim, let U be finite dimensional, and
let T : kn −→ U be an invertible linear map, as provided by proposition 92. Any
basis of U is mapped to a basis of kn (by 88), whose size we just proved to be n. �

The theorem allows us to make the following definition:

definition 94. Let U be a finite dimensional space. The dimension of U is the
size of a basis for U .

Thus, a space is finite dimensional if it has a finite dimension.
These concept are of no much use unless we know that a space is finite dimen-

sional:

Proposition 95. Let U be a finite dimensional space, and let V be a subspace.
Then V is also finite-dimensional, and dim(V ) ≤ dim(U). If dim(V ) = dim(U),
then V = U .
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Proof. Since U is finite-dimensional, there is an invertible map T from U to kn.
The image T (V ) of V under T is a subspace of kn. If we find an invertible map S
from T (V ) to some km, then S ◦T is an invertible map from V to km. Furthermore,
an invertible map maps bases to bases. Thus it is enough to prove the claim for
U = kn.

We prove it by induction on n. Assume we proved it for all ki where i < n. If
V = U there is nothing to prove. Otherwise, there is at least one vector ei in the
standard basis that is not in V . Consider the (linear) map πifrom kn to kn−1 that
“forgets” the i-th coordinate. The fact that ei 6∈ V means that the restriction of
πi to V is injective. Therefore, πi is an invertible map from V to π(V ) ⊆ kn−1.
By induction, π(V ) is finite-dimensional, of dimension at most n − 1. Hence so is
V . �

Remark 96. If V is the kernel of a matrix A, then Gaussian elimination can be
viewed as the process of finding explicitly an invertible map from V to some km.

Remark 97. We saw that any spanning set of a finite-dimensional space contains
a basis. We can now show that any linearly-independent set B is contained in a
basis. In fact, if there is a vector not in the span of B, then adding the vector to
B will result in an independent set. Continuing the process, we are bound to stop
when the size of B reaches the dimension (if we can do this one more time, the span
of B is a subspace of dimension greater than the space containing it, contradicting
the last proposition.) At this point, B is a basis.

11. Scalar product and orthogonality

We will consider an additional structure on a vector space U , a scalar product.
The scalar product is a function from pairs of vectors in U to numbers, (u, v) 7→ u·v,
that satisfies the following conditions:

(1) It is symmetric: u · v = v · u
(2) It is linear in each factor: u · (av1 + bv2) = au · v1 + bu · v2.
(3) If v · v = 0 then v = 0.

The main example of such an operation is given in Qn (Q is the set of rational
numbers) by the formula (x1, . . . , xn) · (y1, . . . , yn) = x1y1 + · · · + xnyn. Though
this is the only scalar product we will use, the properties above are usually more
useful than the formula.

Recall that in the 2 or 3 dimensional case, the scalar product has a geometric
meaning. In particular, the square root of v · v is the length ‖v‖ of v. And two
vectors u, v are orthogonal if they are non-zero, and u · v = 0. In the general
context, we define ‖v‖2 = v · v and u, v are orthogonal if u · v = 0. A set B of
vectors is orthogonal if any two vectors in it are orthogonal. A set is orthonormal
if it is orthogonal, and the (square of the) length of each vector in it is 1. If we
are allowed to extract square roots, then any orthogonal set can be converted to
an orthonormal one by dividing each vector v by ‖v‖. For example, the standard
basis is orthonormal.

Example 98 (Example 5.3-6). Show that the vectors (1, 1, 1,−1), (1, 0, 1, 2), (−1, 0, 1, 0)
and (−1, 3,−1, 1) are orthogonal and normalise them.

The reason we are interested in orthogonal sets is:
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Theorem 99. Any orthogonal set is linearly independent. If v1, . . . , vn is an or-
thonormal basis, then for any v, v = (v · v1)v1 + · · ·+ (v · vn)vn.

Proof. Assume that a1v1 + · · · + anvn = 0, where the vi are orthogonal. Taking
scalar product with vi on both sides, we get ai‖vi‖2 = 0. Since vi 6= 0, this
forces ai = 0. This proves that the vi are linearly independent. If they form an
orthonormal basis, write v = a1v1 + · · ·+ anvn, and again form the scalar product
with vi. We get ai = v · vi. �

As mentioned above, the dot product conveys something about the geometry of
the vectors involved. We saw that in the plane (or in 3-space), vectors u1, . . . , un are
orthogonal if and only if they are perpendicular. It follows from the Pythagorean
theorem that ‖v1+· · ·+vn‖2 = ‖v1‖2+· · ·+‖vn‖2. This holds for the dot product in
general (expand the left side.) To explain further geometric properties, we mention
another property of the dot product. This property only makes sense when the
numbers we are using are ordered in such a way that x2 ≥ 0 for any number x (this
is true for the rational or real numbers, but not for the complex numbers.) In this
case the formula for the dot product shows directly that ‖x‖2 is a sum of squares,
and hence non-negative. In this setting we can prove:

Theorem 100 (Cauchy inequality). For any two vectors u and v, (u · v)2 ≤
‖u‖2‖v‖2. Equality holds if and only if u and v are co-linear.

Proof. We note that for any number a,

0 ≤ ‖u− av‖2 = (u− av) · (u− av) = ‖u‖2 − 2a(u · v) + a2‖v‖2

We may assume that v 6= 0. Then, setting a = u·v
‖v‖2 , we get

0 ≤ ‖u‖2 − 2
(u · v)2

‖v‖2
+

(u · v)2

‖v‖2
= ‖u‖2 − (u · v)2

‖v‖2

Since ‖v‖2 > 0, we may multiply both sides by it, and get the result. Equality
holds if and only if it holds in the first equation, if and only if u = av. �

As a corollary, we get the triangle inequality, which states that the sum of lengths
of two sides of a triangle is always at least the length of the third. In this statement
we use an additional property of numbers: Every non-negative number has a non-
negative square root (this holds for real numbers, but not for the rationals; it holds
in the geometric context because of the Pythagorean theorem.) In this case we set
‖u‖ to be the non-negative square root of ‖u‖2.

Corollary 101. For any pair u, v of vectors, ‖u + v‖2 ≤ (‖u‖+ ‖v‖)2.
Proof. By the Cauchy inequality,

‖u + v‖2 = ‖u‖2 + 2u · v + ‖v‖2 ≤ ‖u‖2 + 2‖u‖‖v‖+ ‖v‖2 = (‖u‖+ ‖v‖)2

�

11.1. Scalar product and matrices. We note that x ·y is nothing but the matrix
product xy, where x is viewed as an 1×n matrix, and y as an n×1 one. Hence, if A
is an m×n matrix, x ∈ km and y ∈ kn, then x·Ay = xA·y. As a vector, xA = AT x.
Hence we get AT x · y = x ·Ay. Setting x = Ay, we get AT Ay · y = ‖Ay‖2. Hence,
if AT Ay = 0, then Ay = 0. We proved that if A is injective, then so is AT A.
But AT A is a square matrix, hence is invertible. Conversely, of course, if AT A is
invertible, then A is injective.
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12. Rank of a linear map

Recall that we defined (in section 3.3) the rank of a matrix A to be the number
of non-zero lines in the (unique) equivalent reduced row echelon matrix A′. We
note that the rows of A′ are linearly independent: if a1R1 + · · ·+amRm = 0, where
Ri are the rows of A′, then, looking at the coordinates containing the leading 1,
we see that the ai must be 0. Therefore, the rank is the dimension of the space
spanned by the rows of A′. On the other hand, considering the columns of A′, we
see that the columns containing the leading 1s form a basis for the space spanned
by the columns of A′. In other words, it is the dimension of the image of A′. Now,
A = CA′ for some invertible matrix C (so im(A) = im(CA′).) Since C is invertible,
it preserves dimensions, so the dimension of im(CA′) is equal to the dimension of
im(A′), which is the rank of A. Thus we get an intrinsic definition of the rank:

definition 102. If T : U −→ V is a linear map between finite dimensional vector
spaces, the rank of T is the dimension of the image of T .

In the case of a matrix, the rank is thus the dimension of the column space, the
space spanned by the columns. Going back to the discussion above, this is also the
dimension of the space spanned by the rows of A′, which is the image of (A′)T .
Again we have AT = (A′)T

CT for the above C, so the images of AT and (A′)T are
equal. Thus we see that the dimension of the row space, the space spanned by the
rows of A, is also equal to the rank. We proved:

Theorem 103. The dimensions of the row space and the column space of any
matrix A are equal (and both are equal to the rank of A.) The ranks of A and AT

are equal.

In particular, if A is an m × n matrix, the rank of A is at most n and at most
m. Also, multiplying by an invertible matrix (on either side) does not change the
rank. If A is a square matrix, it is invertible if and only if it is surjective, if and
only if the rank is n (the size of the matrix.)

If A is an m × n matrix of rank r, we saw that the reduced row echelon form
gives rise to an invertible map from the kernel of A (the set of solutions of the
corresponding system of linear equations) to some kl. What is l? l is the number
of columns in the reduced row echelon that do not contain a leading 1. Hence it is
n− r. We thus proved:

Corollary 104. If A is an m× n matrix, then dim(Im(A)) + dim(ker(A)) = n.

We summarise what we know in the following theorem:

Theorem 105. Let A be an m× n matrix
(1) The following are equivalent:

(a) rank(A) = n
(b) The rows of A span kn

(c) The columns of A are linearly independent
(d) CA = In for some n×m matrix C
(e) A is injective

(2) The following are equivalent:
(a) rank(A) = m
(b) The columns of A span km
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(c) The rows of A are linearly independent
(d) AC = Im for some n×m matrix C
(e) A is surjective

Proof. (1) The first two items are equivalent by definition, The third is by
corollary 104. The fourth follows since there is some C ′ such that C ′A is
in reduced row echelon form. This form has the shape In with some rows
of zeroes added. C is then C ′ with the last m − n rows removed. Finally
the fifth follows immediately from the fourth, and is a restatement of the
third.

(2) We replace A by AT in the first part. Everything follows automatically,
except the last item, which is equivalent to the second.

�

We note that we showed in section 11.1, that if we have a scalar product, then
the first set of conditions is also equivalent to AT A being invertible. Taking the
transpose again, we see that the second set is equivalent to AAT being invertible.

Example 106 (Example 5.4-4). Show that
[ 3 x+y+z

x+y+z x2+y2+z2

]
is invertible if at

least two of x, y, z are distinct.

13. More on similarity

We recall that two square matrices A and B are similar (or conjugate) if there
is an invertible matrix P such that A = P−1BP . We note that if A and B are
similar, then so are AT and BT and Ak and Bk (for integer k if A−1 exists.) In
particular, if A is diagonalisable, then so are AT and Ak.

Some quantities we may compute for matrices are equal for similar matrices. For
example, we saw that if A and B are two matrices, then det(AB) = det(A) det(B).
It follows that det(P−1AP ) = 1

det(P ) det(A) det(P ) = det(A). Hence if A and B

are similar, they have the same determinant. For the same reason they have the
same characteristic polynomial, and so the same eigenvalues. They also have the
same rank, since multiplication by an invertible matrix on either side preserves it.

A more surprising example is the trace: the trace of a matrix is defined to be
the sum of entries on the main diagonal. We note that A 7→ tr(A) is a linear map
from the space of n×n matrices to k. It is not the case that tr(AB) = tr(A) tr(B).
However:

Proposition 107. For any two square matrices A and B, tr(AB) = tr(BA)

Proof. Since tr((cA1 + dA2)B) = c tr(A1B) + d tr(A2B) (for any fixed B, the map
A 7→ tr(AB) is linear), if we prove the statement for A1 and A2 it also holds for A.
A similar remark applies to B. Thus it is enough to prove the statement when A and
B are the elements of some basis. A basis for the space of matrices is given by the
matrices Ei,j , having 1 on the (i, j)-th place, and 0 elsewhere. But Ei,jEl,m = Ei,m

if j = l, and 0 otherwise. Hence tr(Ei,jEj,i) = 1 for all i, j, and is 0 for all other
products. This condition is symmetric, and so the equality holds. �

Hence tr((P−1A)P ) = tr(PP−1A) = tr(A). In fact, both the determinant and
the trace are coefficients in the characteristic polynomial: the determinant is a0 and
the trace is an−1. We note that

[
1 1
0 1

]
and the identity have the same characteristic

polynomial and the same rank, but are not conjugate.
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We have seen that A is diagonalisable if and only if there are n eigenvectors such
that the matrix P with these eigenvectors as columns is invertible (in which case
P is the conjugating matrix.) In our current terminology we may simply say that
the space has a basis of eigenvectors. We showed in proposition 77 that eigenvec-
tors corresponding to distinct eigenvalues are distinct (hence if the characteristic
polynomial has n distinct roots, then A is diagonalisable.)

Recall (theorem 68) that a is a root of a polynomial p(x) if and only if we may
write p(x) = (x− a)q(x) for some polynomial. a may further be a root of q(x). If
p(x) = (x − a)mq(x) for some polynomial q(x) such that a is not a root of q, we
call m the multiplicity of the root m. For example, (x− 3)2(x− 1) has the root 1
with multiplicity 1 and the root 3 with multiplicity 2. The number of roots with
multiplicities of p(x) is the sum of multiplicities of all roots of p (thus, it is just the
number of roots if the multiplicity of each root is 1.)

If α is a number, we let Eα(A) = ker(αI − A). Thus, if α is an eigenvalue,
Eα is the space of eigenvectors for α, and otherwise Eα = 0. Let cA(x) be the
characteristic polynomial of A. We have

Theorem 108. An n × n matrix A is diagonalisable if and only if cA(x) has n
roots with multiplicities, and for any eigenvalue α, the dimension of Eα is equal to
the multiplicity of α as a root of cA(x).

Proof. Assume that A is similar to the diagonal matrix B. The claim is certainly
true for B. The diagonalising matrix P maps eigenspaces to eigenspaces, and since
it is invertible, it preserves dimension.

Conversely, if the dimensions are equal to the multiplicities, pick a basis of each
Eα, and consider the set of consisting of all of these vectors. This is a set of n
vectors, so to prove it is a basis, we only need to prove they are independent, which
we already did. �

If A is not diagonalisable, it is still true that the dimension of Eα is at most the
multiplicity of α. To prove this we first make the following general remark.

Suppose that we have a quantity defined on matrices that does not change when
passing to a similar matrix (such as determinant.) Then we may define it on
any a general map T : V −→ V , where V is a finite dimensional space. Indeed,
since V is finite dimensional, there is an invertible map S : V −→ kn for some
n. Then S ◦ T ◦ S−1 is a map from kn to itself, and hence is represented by a
matrix AS , and we define the determinant (or trace, etc.) to be the determinant
of AS . These definition appears to depend on the choice of the invertible map S.
However, if R : V −→ kn is another invertible map, the matrix AR we get satisfies
AR = (RS−1)AS(SR−1) = (RS−1)AS(RS−1)−1. Hence AR is similar and has the
same determinant (or trace, etc.) Thus the characteristic polynomial of T is by
definition the characteristic polynomial of any such matrix AS .

Now let T : V −→ V be a linear map on a finite-dimensional space, and let U ⊆ V
be a subspace, such that T (U) ⊆ U (we say that U is invariant .) Then T restricted
to U is a linear map from U to itself, which we denote by TU . We may relate the
characteristic polynomials of T and TU :

Theorem 109. Let T : V −→ V be a linear map on a finite-dimensional space,
and let U ⊆ V be a subspace, such that T (U) ⊆ U . Let p be the characteristic
polynomial of T , and q the characteristic polynomial of TU . Then q divides p:
there is a polynomial r such that p = qr.
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Proof. We may, according to the remark above, choose an arbitrary invertible map
S : V −→ kn, and compute the characteristic polynomials using it. Let v1, . . . , vm

be a basis of U . Since the vi are linearly independent, we may choose vectors
vm+1, . . . , vn that complete it to a basis of V . Let S be the map defined by this
basis (i.e., S(a1v1 + · · ·+anvn) = (a1, . . . , an).) Let A be the matrix of S ◦T ◦S−1.
The space U is mapped to the sub space km ⊆ kn. Hence the matrix A has the
shape

[
A′ B
0 C

]
, where A′ is the restriction of A to km. Hence p(x) = det(xIn −

A) = det(xIm − A′) det(xIn−m − C) = q(x)r(x), where r(x) is the characteristic
polynomial of C. �

Now it is easy to deduce the inequality mentioned above:

Corollary 110. Let T : V −→ V be a linear map on a finite dimensional space. For
any number α, the dimension of the eigenspace Eα is at most the multiplicity of α
in the characteristic polynomial of T .

Proof. The space Eα is invariant: If v ∈ Eα, then Tv = αv, hence T (Tv) =
T (αv) = αT (v). Hence we may apply the theorem, and get that the characteristic
polynomial p of T is divisible by the characteristic polynomial of the restriction S
of T to Eα. However, S is simply αI, where I is the identity on the space Eα.
Hence the characteristic polynomial of S is (x− α)m, where m is the dimension of
Eα. Hence p(x) = (x− α)mr(x), and the statement is proved. �

14. Orthogonality

We assume that every positive number has a square root, and that we are given
a scalar product on kn. An orthogonal matrix is a matrix whose columns form
a orthonormal basis. It follows that if P is orthogonal, then it is invertible, and
P−1 = PT . Matrices A and B are orthogonally similar if A and B are similar via
an orthogonal matrix. A is orthogonally diagonalisable if it is orthogonally similar
to a diagonal matrix. The following theorem characterises such matrices.

Theorem 111. A matrix is orthogonally diagonalisable if and only if it is sym-
metric.

Example 112 (Example 8.2-5). Orthogonally diagonalise 8 −2 2
−2 5 4
2 4 5


15. Vector spaces

We recall the definition of a vector space: it is a set V , an operation u, v 7→ u+v
(addition) on elements of V , another operation a, v 7→ a · v (scalar multiplication),
where a is a number and v ∈ V , and an element 0 ∈ V (zero.) These operations
satisfy the following axiom for any elements u, v, w of V and numbers a, b:

(1) u + v = v + u
(2) (u + v) + w = u + (v + w)
(3) u + 0 = 0
(4) There is an element −u such that −u + u = 0
(5) a(u + v) = au + av
(6) (a + b)u = au + bu
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(7) a(bv) = (ab)v
(8) 1u = u

Remark 113. It follows from the first and third axioms that there is only one 0.
Hence it would amount to the same thing to require that there is an element 0 with
u + 0 = 0 for all u ∈ V , rather than specifying it. Similarly, given u, −u is unique
(check!), so we could require a function − : V −→ V with the required property.

A subspace of a vector space V is a subset U closed under the operations of V .
The restriction of the structure to U then equips U with a vector space structure.

So far we have mainly seen the examples of kn and its subspaces. In this section,
we will consider some more diverse examples.

15.1. Matrix spaces. We have already mentioned that the set of m× n matrices
is a vector space, viewed as a set of mn-tuples. It has a basis consisting of the
matrices Ei,j , having 1 in the i.j-th place, and 0 elsewhere. Assume that m = n.
The additional structure allows us to define several subspaces. To do this we recall
that the kernel of any linear map is a subspace. The trace is a linear map, hence its
kernel, the set of matrices of trace 0 is a subspace. As another example, the map T
sending a matrix to its transpose, is linear. Since this map is invertible, its kernel
is 0. However, the map T − I (where I is the identity) is also linear, and its kernel
is precisely the space of symmetric matrices. Similarly the space of matrices with
AT = −A (anti-symmetric matrices) is the kernel of T + I.

Yet another example occurs as follows: Let A be a matrix. The map that takes
a matrix X to AX − XA is linear. The kernel of this map is thus a sub space.
It is the space of all matrices that commute with A. More generally, if P is any
set of matrices, the set CP of matrices commuting with all the matrices in P is a
subspace. In particular, if we take P to be the set of all matrices, we get a subspace
called the centre (in fact, it is the set of scalar matrices cI.)

The map A,B 7→ tr(AT B) is a scalar product on the set of m × n matrices
(assuming, as usual, that a sum of squares of numbers is positive.) It is equal
to A,B 7→ tr(ABT ). The standard basis is an orthonormal basis with this scalar
product. The set of symmetric matrices is orthogonal to the set of anti-symmetric
ones.

We finish this sub section by exhibiting some sets of matrices that are not sub-
spaces: the set of invertible matrices, the set of diagonalisable matrices (check!),
the set of orthogonal matrices.

Example 114 (Example 6.3-5). Let A be a matrix such that Ak = 0 but Ak−1 6= 0.
Show that I,A, . . . , Ak−1 are independent. Conclude that k ≤ n2.

15.2. Spaces of polynomials. Recall that a polynomial is an expression of the
form anxn + · · · + a0, where x is an indeterminate, and the ai are numbers. We
denote by P the set of all polynomials. Recall that the degree of the polynomial is
the highest i such that ai 6= 0. We denote the set of polynomials of degree at most
n by Pn. Both P and the Pn are vector spaces.

Example 115 (Example 6.3-1). Show that 1 + x, 3x + x2, 2 + x− x2 are linearly
independent.

Example 116 (Example 6.3-4). Show that any set of polynomials with distinct
degrees is independent.
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It follows from the last example that the dimension of Pn is n + 1: the set of
monomials xi, for 0 ≤ i ≤ n, is a basis. Since P contains a space of arbitrary large
dimension, it can not itself by finite dimensional. It has, however, an infinite basis:
the set of all monomials is a basis for it.

If a is a number, and p(x) is a polynomial, we may evaluate p at a (i.e., substitute
a for x.) We thus get a function Ta : p 7→ p(a), from the set P (or Pn) to the set of
numbers. It is obviously linear. The kernel Ka of Ta, the space of polynomials that
have a root at a, is a subspace. For n > 0, this space is non-empty. This space can
also be obtained as follows: we saw that if a is a root of p ∈ Pn, then it has the
form (x − a)q(x) for some q ∈ Pn−1. The map q 7→ (x − a)q is a linear map from
Pn−1 to Pn, and Ka is its image.

Example 117 (Example 6.4-3). Show that x− a, (x− a)2, . . . , (x− a)n is a basis
for Ka.

Example 118. Let d : P −→ P be the linear map given by d(xn) = nxn−1 for n > 0,
and d(1) = 0. Let m : P −→ P be the map m(q) = xq. Compute dm−md.

15.3. Function spaces. The most general example is given by function spaces. If
X is any set, and V is any vector space, the set FX(V ) of all functions from X
to V is again a vector space. All examples we have seen so far can be seen as sub
spaces of such spaces.

Let X be the set of numbers 1, . . . , n, and let V be the set of numbers. Then
FX(V ) is (isomorphic to) kn: to function f : X −→ V we assign the tuple f(1), . . . , f(n).
An (open) interval (a, b) is the set of numbers x such that a < x < b. If X is a
non-empty open interval, and V is again k, we may evaluate a polynomial on any
point of the interval, and thus the polynomial gives a function on X. Hence we get
a map from the set P of polynomials to FX(V ). This map is linear and injective,
so P can be viewed as a subspace.

If X = U is also a vector space, the set Hom(U, V ) of linear maps from U to V
is a subspace of FX(V ). If U = km and V = kn, we saw that linear maps can be
identified with m× n matrices, so Hom(U, V ) is identified with Matm,n, which we
already studied. In general, most of what we said for matrices also applies to linear
maps.

If f : X −→ V is a function, the support of f is the set of elements x ∈ X such that
f(x) 6= 0. The set F f

X(V ) of functions whose support is a finite set, is a subspace
of FX(V ). If v ∈ V and a ∈ X, the function fa,v : X −→ V defined by fa,v(a) = v

and fa,v(x) = 0 for x 6= a, is supported on a (at most), and so belongs to F f
X(V ).

It is clear that the set {fa,v|a ∈ X} is independent. Hence, if X is infinite (and V

is non-zero), then F f
X(V ) (and FX(V )) is infinite dimensional.

The space of polynomials can be viewed as F f
X(V ), where V = k and X = N is

the set of natural numbers: the function a : N −→ k corresponds to the polynomials
a(0) + a(1)x + a(2)x2 + . . . (the sum is finite since a has finite support.)

Other examples of function spaces are obtained from analysis. For instance, if
X is an open interval, and V = k = R, the subset Cn ⊂ FX(V ) of functions with
n continuous derivatives is a subspace, and so is the subset of integrable functions,
etc.
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16. Complex numbers

16.1. Fields. The definition of a vector space involves numbers — a vector can
be multiplied by a number. However, so far we almost neglected the question of
what do we mean by a number. This was intentional — most of the theory works
with an arbitrary notion of numbers that form a certain structure, called a field .
Namely, a field is a set, together with operations of addition and multiplication,
both of which are commutative (x + y = y + x and xy = yx), there are elements 0
and 1 satisfying x + 0 = x and 1x = x for all x, for any x there is an element −x
with −x + x = 0, and if x 6= 0, there is an element 1

x with 1
xx = 1. Also, for any x,

y and z, x + (y + z) = (x + y) + z, x(yz) = (xy)z and x(y + z) = xy + xz.

Example 119. The set Q of rational numbers is a field (with the usual operations.)

Example 120. The set N of natural numbers is not a field: if n is a positive number,
there is no −n in N with −n + n = 0.

Example 121. The set Z of integers is still not a field: it contains −n for any element
n, but not 1

n (for most n.)

Example 122. The set of 2× 2 matrices is not a field: it has operations of addition
and multiplication, but the multiplication is not commutative.

Example 123. A field can be finite: let F2 be the set {0, 1}, with usual multiplica-
tion, but with addition mod 2: 1 + 1 = 0. Then F2 is a field (similarly, there is, for
any prime number p, a field Fp with p elements, where the operation are performed
mod p.)

As mentioned above, any field can be used as a set of numbers in the definition
(and theory) of vector spaces. This includes linear maps, dimension, determinants,
eigenvectors and eigenvalues, etc.

However, for parts of the theory, additional assumptions on the field are required.
For example, in the discussion of scalar products, we required the field to be ordered,
with some conditions on the squares.

We note that for any field, we may consider polynomials with coefficients from
this field. If p is such a polynomial, and a is an element of the field, p(a) is again
an element of the field. As usual, if p(a) = 0, then a is called a root of p. It then
makes sense to ask, for a given polynomial p(x), does p have a root in the field?
The most important question about a field is: which polynomials have roots in the
field? The simplest possible answer is: all of them! Such fields exist, and they are
called algebraically closed .

16.2. Real numbers. When considering plane geometry, we have identified the
points of a line (after fixing a point and length unit) with numbers. The field of
numbers obtained in this way is called the real numbers, and is denoted by R.
The precise description of R is outside the scope of this subject, but we will list
properties that, in a sense, characterise it.

The field of real numbers is not algebraically closed: the square of any real
number is positive, so the polynomials x2 + 1 does not have a root. However, this
field can be described as follows:

(1) Any polynomial of odd degree has a root.
(2) For any non-zero number x, exactly one of x, −x has a square root.
(3) Any integer is real
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16.3. Complex numbers. The field C of complex numbers is obtained from the
reals by adding the square root of −1, which is denoted by ı. Thus the complex
numbers include the real numbers, and also an element ı that satisfies ı2 = −1.
Since a field should be closed under the multiplication, it should contain all expres-
sions of the form a0 + a1ı + · · · + anın (where the ai are real), and their inverses.
However, since ı2 = −1, any such expression can be written as z = a + bı, where a
and b are real. The numbers a and b are called the real and imaginary parts of z,
respectively. Furthermore, inverses are also included in this description:

Proposition 124. For any real numbers a, b, not both 0, there are real numbers
c, d such that (a+ bı)(c+dı) = 1. Any complex number can be represented uniquely
as a + bı for some real a, b.

Proof. (a + bı)(c + dı) = ac − bd + (ad + bc)ı. Consider the matrix
[

a −b
c d

]
. The

real part of the product is the scalar product of the rows of the matrix, and the
imaginary part is the determinant. Thus we are looking for a vector (c, d) such
that the determinant is 0, i.e., (c, d) is colinear with (a, b). The fact that the scalar
product is 1 then translate to saying that the length of (c, d) is the inverse of the
length of (a, b), and that they are in the same direction. This determines (c, d)
uniquely. Explicitly, c + dı = 1

a2+b2 (a− bı).
The existence in the second statement follows from the first. For the uniqueness,

assume that a + bı = c + dı. Then a − c = (d − b)ı. The square of the left side is
non-negative, and the square of the right is non-positive. Hence both are 0. �

Example 125. Present 2+3ı
4−ı in the form a + bı.

It follows that the complex numbers form a vector space of dimension 2 over R,
with 1, ı as a basis. In particular, we may identify complex numbers with points
in the plane. The number

√
a2 + b2 whose square appears in the above proof is

then nothing but the length of the vector determined by the point z = a + bı. It
is denoted by ‖z‖. The number a − bi is the complex conjugate of z, denoted z̄.
Geometrically, it corresponds to reflection through the real axis. In particular, the
complex number z is in fact real if and only if z = z̄. And the above proof shows
that for z 6= 0, 1

z = z̄
‖z‖2 . We list some more properties of the complex conjugation

and the length: x + y = x̄ + ȳ, xy = x̄ȳ, ¯̄x = x, ‖xy‖ = ‖x‖‖y‖, ‖x‖ ≥ 0, with
equality only if x = 0.

In addition the vector space structure, we can multiply complex numbers. To
study the multiplication, it is convenient to consider a different representation of
complex numbers. As mentioned above, a complex number z has a length ‖z‖.
The set of all complex numbers of a given positive length forms a circle. Thus a
non-zero complex number is given by its length, and its position on the circle. The
position on the circle is determined by the angle, but only up to 2π: α and α+2kπ
determine the same number (of a given radius), where k is an integer. The complex
number determined by length r and angle α is denoted by reαı. If z = a + bı, the
angle α is determined by the equation cos(α) = a

‖z‖ (equivalently, sin(α) = b
‖z‖ .)

The reason for the exponential notation is:

Claim 126. For any r, s, α and β, (reαı)(seβı) = rse(α+β)ı.
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Proof. The fact that lengths are multiplied is easy. We assume that r = s = 1.
Then

eαıeβı = (cos(α) + ı sin(α))(cos(β) + ı sin(β)) =

= (cos(α) cos(β)− sin(α) sin(β)) + ı(sin(α) cos(β) + cos(α) sin(β))

The last expression is equal to cos(α + β) + ı sin(α + β). �

In particular, for any integer n, zn = (re(ıα))n = rne(ınα) (DeMoivre’s law).

Example 127. Find the complex 3-rd roots of 8.

We noted above that there are fields where any polynomial has a root. It turns
out that the complex numbers satisfy this condition: the field of complex numbers
is algebraically closed. It follows that any polynomial is a product of linear factors
u(x− a1) . . . (x− an) (with ai the roots.) In this sense it is simpler than the reals.
For example, the characteristic polynomial of any linear map has a root, so any
linear map is guaranteed to have an eigenvector.

The decomposition above implies a decomposition for real polynomials:

Proposition 128. Let p(x) be a polynomial over the real numbers.
(1) If z is a root of p(x), then so it z̄
(2) p(x) is a product of linear and quadratic factors

Proof. (1) If p(z) = 0, then p(z) = 0. But p(z) = p(z) for any z, since the
coefficient of p are real.

(2) Let a be a (complex) root of p. If a is real, then p(x) = (x − a)q(x),
where q has real coefficients. Otherwise, ā is also a (different) root, so
p(x) = (x − a)(x − ā)q(x). However, (x − a)(x − ā) is in fact real (and
quadratic), so q(x) is also real. In both cases, q(x) has by induction the
required form.

�

17. Review

Here is a summary of the main point of the theory outlined above.

17.1. Linear equation. The initial motivation for linear algebra is the study of
linear equations (section 3.) Gaussian elimination is an algorithm that produces, for
each system, its unique equivalent system in reduced row echelon form (theorem 20.)
The reduced row echelon form allows us to “solve” the system.

17.2. Matrices and linear maps. The product AB of two matrices A and B
is defined if the number of columns of A is equal to the number of rows of B
(section 4.) Products and sums of matrices behave similarly to these operation with
numbers, with the main differences being that products of matrices don’t commute.
In particular, if A is an m×n matrix, and x is an n-tuple, Ax is an m tuple, and so
A defines a linear map from kn to km. Conversely, any linear map between these
spaces can be represented by such a matrix, which can be computed by applying the
map to the standard basis (subsection 5.1.) Multiplication of matrices corresponds
to composition of linear maps.

A system of linear equations can be written as Ax = b, where x is the tuple of
variables. The set of solution is the set of tuples mapped by A to b. If b = 0, the
system is called homogeneous, and the set of solutions is a subspace. For a general
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b, given one solution x0, any other solution can be written as x0 +x, where x solves
the corresponding homogeneous equation (sub section 5.2.)

17.3. Invertible maps and matrices. A linear map T : V −→ U is invertible
if there is S : U −→ V such that T ◦ S = IU and S ◦ T = IV . In this case, we
write S = T−1. This is equivalent to saying that T is injective and surjective
(theorem 49.) Such a map is also called an isomorphism between V and U . To
check that T is injective, it is enough to show that x = 0 is the only solution to
T (x) = 0.

If T is invertible and corresponds to the matrix A, the matrix of T−1 is denoted
by A−1. By definition, A is invertible if and only if the system Ax = b has a unique
solution for every b. In this case, the solution is A−1b. A is invertible if and only if
its reduced row echelon form is the identity matrix (sub section 6.1.) In particular,
only square matrices can be invertible. To find the inverse, we perform the row
operations that bring A to its reduced row echelon form on the identity matrix.

If A is a square matrix, then it is invertible if and only if it is injective, if and
only if it is surjective, if and only if it has an inverse on either side (all this is false
for non-square matrices.) A is invertible if and only if AT is invertible, and in this
case, (AT )−1 = (A−1)T .

The elementary row operations are linear maps on the columns. The corre-
sponding matrices are called elementary matrices. Since a matrix A is invertible if
and only if it can be brought by elementary row operations to the identity matrix,
a matrix is invertible if and only if it is a product of elementary matrices (sub
section 6.2.)

17.4. Determinants and adjugates. The determinant det(A) of a square matrix
A is a number that can be computed from A. It satisfies det(AB) = det(A) det(B)
(theorem 61), and det(A) 6= 0 if and only if A is invertible (theorem 60.) It is linear
in each column. The determinants of A and AT are equal.

The adjugate adj(A) of a matrix A is computed from its minors. It has the
property that adj(A)A = A adj(A) = det(A)I. From this we get Cramer’s rule,
which gives an expression for each coordinate of the solution of Ax = b separately.

17.5. Bases, Dimension and Rank. A subset B of a vector space V spans V if
any vector in V is a linear combination of vectors in B. B is linearly independent
if no vector in B is a linear combination of the other. B is a basis of V if it is
linearly independent and spans V . V is finite dimensional if there is a finite set B
spanning V . In this case, V has a finite basis (claim 91.) Any two bases of V have
the same size, and this size is called the dimension of V . Since kn has a basis of n
vectors (the standard basis), its dimension is n.

A space has dimension n if and only if there is an invertible map from it to kn.
Invertible maps preserve all linear structure: dimension, subspaces, bases, etc. A
subspace of a finite dimensional space is itself finite dimensional, of smaller dimen-
sion if it is a proper subspace. Any linearly independent subset can be extended to
a basis, and any spanning subset contains a basis.

If T : U −→ V is a linear map, the null space of T is the subspace of U of vectors
u such that T (u) = 0. The image of T is the subspace of V of elements of the
form T (v). If U and V are finite dimensional, the rank of T is the dimension of the
image. In this case, the sum of the rank of T and the dimension of the null space
is equal to the dimension of U (section 12.)
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If T is represented by a matrix A, the image col(A) of A is spanned by the
columns of A. The rank of A is also equal to the dimension of the row space (in
other words, the ranks of A and AT are the same, theorem 103) A basis for the null
space of A can be computed via Gaussian elimination.

17.6. Similarity, Diagonalisation and Eigenvectors. Two square matrices A
and B are similar if there is an invertible matrix P such that A = P−1BP . If A and
B are similar, then so are An and Bn, and AT and BT . A matrix is diagonalisable
if it is similar to a diagonal matrix.

If a function F on matrices satisfies that F (A) = F (B) when A and B are
similar, then it can be defined for linear maps T : U −→ U , where U is a finite
dimensional space. In particular, the determinant, the characteristic polynomial,
the rank and the trace (defined as the sum of entries on the main diagonal) are all
well defined for such linear maps.

If a linear map T : U −→ U , a number a, and u ∈ U a non-zero vector satisfy
Tu = au, then a is an eigenvalue of T , and u is an eigenvector for the eigenvalue
a. The set Ea of vectors u satisfying Tu = au is a subspace (it is the null space
of T − aI), called the eigenspace of a. Thus a is an eigenvalue if Ea is non-
zero. a is an eigenvalue if and only if it is a root of the characteristic polynomial
cT (x) = det(xI − T ) (corollary 76.)

A matrix A is diagonalisable if and only if the space has a basis of eigenvectors
of A (section 13.) In that case, the diagonalising matrix has the eigenvectors as
columns, and the similar diagonal matrix has the corresponding eigenvalues on the
diagonal. A is diagonalisable if and only if the dimension of each eigenspace Ea is
equal to the multiplicity of a as a root of the characteristic polynomial cA(x). In
general the dimension of Ea is at most this multiplicity.

17.7. Scalar products and Orthogonality. A scalar product is an additional
structure on a vector space: it is a map taking a pair of vectors u, v to a number
u · v. It exists (at least) over the real numbers. If v is a vector,

√
v · v (positive

square root) is the length of v. Vectors u and v are orthogonal if u · v = 0.
An orthonormal basis is a basis of the space, such that the length of each vector is

1, and any two distinct vectors are orthogonal. If v1, . . . , vn is an orthonormal basis,
the representation of v in this basis can be computed by taking the scalar product
of v with the corresponding basis vector. The standard basis ei in kn is orthonormal
with respect to the usual scalar product. The Gram-Schmidt algorithm converts
an arbitrary basis to an orthonormal one.

The orthogonal complement A⊥ of a subset A of a vector space with a scalar
product is defined to be the set of all vectors orthogonal to every vector in A. It
is always a subspace. (A⊥)⊥ is equal to the span of A (in particular, if A is a
subspace, it is equal to A itself.) If A is a subspace, any vector in U can be written
uniquely as a sum of a vector in A and a vector in A⊥. If B is an orthonormal basis
of A and C is an orthonormal basis of A⊥ then B ∪ C is an orthonormal basis of
the whole space.

A square matrix P is orthogonal if its columns form an orthonormal basis. In
this case, PT is the inverse of P . A matrix A is orthogonally diagonalisable if it
is diagonalised by an orthonormal matrix. This is equivalent to saying that the
space has an orthonormal basis of eigenvectors, or that A is symmetric. In this
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case, distinct eigenspaces are orthogonal, and the Gram-Schmidt algorithm can be
used to find an orthonormal basis of each eigenspace.

17.8. Linear geometry. The set of vectors in the plane (or 3-space) forms a vector
space. Addition in these spaces is given by the parallelogram law. Fixing axes and
a unit of length, we get a linear isomorphism of these spaces with R2 and R3. Linear
subspaces correspond to sub-lines and sub-planes.

The scalar product in R2 and R3 determines lengths and angles in the space. The
length of a vector is given by the scalar product length, and the angle α between
two non-zero vectors u and v is given by cos(α) = u·v

‖u‖‖v‖ . This definition makes
sense in an arbitrary space with scalar product, because of Cauchy’s inequality:
u · v ≤ ‖u‖‖v‖. Projections on a line or a plane are given by the scalar product
projection. A matrix is orthogonal if and only if it preserves lengths and angles.

The determinant of a matrix is the (oriented) volume of the parallelepiped de-
termined by the columns of the matrix.

Examples of linear maps are projections, rotations, reflections, and rescaling in
arbitrary directions.

17.9. Complex Numbers. Any complex number can be presented uniquely in the
form a + bı, where a and b are real numbers, and ı2 = −1. The complex numbers
form a field: any non-zero complex number z = a + bı has an inverse, which can be
computed as z̄

‖z‖2 , where z̄ is the complex conjugate a− bı, and ‖z‖2 is the square
of the length a2 + b2.

A non-zero complex number can also be presented as z = reαı, where r is a
unique real positive number, the length of z, and α is the angle, which is determined
up to an integer multiple of 2π. eαı = cos(α) + ı sin(α). This presentation is
convenient when multiplying, since r1eα1ır2eα2ı = r1r2eα1+α2ı.

The field of complex numbers is algebraically closed: any non-constant polyno-
mial with complex coefficients has a root. In other words, any complex polynomial
is a product of linear factors. It follows that any real polynomial is a product of
linear and quadratic factors.
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