THE MODEL COMPLETION OF THE THEORY OF MODULES
OVER FINITELY GENERATED COMMUTATIVE ALGEBRAS

MOSHE KAMENSKY

ABSTRACT. We find the model completion of the theory modules over A, where
A is a finitely generated commutative algebra over a field K. This is done in a
context where the field K and the module are represented by sorts in the theory,
so that constructible sets associated with a module can be interpreted in this
language. The language is expanded by additional sorts for the Grassmanians
of all powers of K™, which are necessary to achieve quantifier elimination.

The result turns out to be that the model completion is the theory of a
certain class of “big” injective modules. In particular, it is shown that the class
of injective modules is itself elementary. We also obtain an explicit description
of the types in this theory.

1. INTRODUCTION

We begin with some motivation. An algebra A finitely generated over an alge-
braically closed field K corresponds to an affine variety V' over K, and a module
over A corresponds to a (quasi-coherent) sheaf over V. Whereas varieties can be
reasonably considered within the framework of model theory (for example, as de-
finable sets in the theory AC'F of algebraically closed fields), modules (or sheaves)
do not appear so naturally. For example, basic results about definability of the fi-
bre dimension are proved, using algebraic methods, for algebras and modules alike
(see [2, Theorem 14.4], for example.) On the model theoretic side, the fibre dimen-
sion for a map of varieties (or more generally, for definable sets) is well understood,
in a much more general framework (e.g., the Morley rank of the fibre is definable;
see, e.g., [I, Lemma 5.1.3].) However, the analogous statements for modules can
not even be phrased. This work represents, we hope, a first step in approaching
these questions.

The purpose of this paper is to find the model completion for the theory of
modules over a finitely generated commutative K-algebra (K a field), and describe
the types in that theory. Our initial approach in formulating this theory is to use a
two-sorted language, with a sort K for the field, and another sort M for the module.
In addition to the field structure on K and the K-vector space structure on M,
we introduce symbols for n commuting linear operators 7; on M, that represent
generators of the algebra.

Our goal is to find the model completion. To estimate the feasibility of our
task, we consider the case n = 0. In this case we simply have a vector space M
over K. We immediately observe that the most basic relation on M, that of linear
dependence, cannot be expressed in this theory without quantifiers (this follows by
inspection: the only quantifier free relations on pairs of vectors are linear equations

2000 Mathematics Subject Classification. Primary 03C10; Secondary 03C60.
Key words and phrases. modules,model completion,quantifier elimination.
1



2 MOSHE KAMENSKY

over the base field, but the field elements giving a linear dependence might not be
in the base.) Since this is true independently of the theory of K, we conclude that
the theory does not have a model completion.

To remedy this situation, we introduce operators on the vector space that provide
information about linear dependence. Since the set of tuples witnessing linear
dependence of m vectors is a linear subspace of K™, these operators take values in
various Grassmanians, which we introduce as additional sorts. With this addition
to the language, the above problem is resolved, and it turns out that this is the only
obstacle for the existence of a model completion, even for the case when n > 0.

Below we give a precise definition of the language and the theory we work with.
The rest is divided into the cases n = 0 and n > 0. Although the first case is
not really different, the kind of problems the cases deal with are different and
independent: in the first case, we deal with the vector space structure, as well as
the new sorts introduced. In the second case, the main interest comes from the
action of the operators T;.

Acknowledgement. This work is part of my PhD research, performed in the
Hebrew university under the supervision of Ehud Hrushovski. I would like to thank
him for his guidance, and in particular for suggesting this question, and helping
with the difficulties, as they arose.

1.1. Linear spaces. Before presenting the language and the theory we recall cer-
tain facts about linear spaces. Let V be a vector space over a field k. A line in
V is a linear subspace of dimension 1. If V is finite dimensional, the set of lines
in V, denoted P(V), has a structure of an algebraic variety over k (c.f., e.g., [6,
Ch. 6] for all facts in this sub-section.) If ¢ € V* (the dual of V') is non-zero, then
the set of lines on which ¢ is not (identically) zero is an open subset, and the map
[v] = v/d(v) is an isomorphism of this set with the affine space given by ¢(v) = 1.
Here, we denote by v — [v] the canonical map from V' \ 0 to P(V).

More generally, the set of [-dimensional subspaces of V is called the I-th Grass-
manian of V', Gry(V). If V is finite dimensional, it is again an algebraic variety.
The map U /\l UC /\l V', for U an [-dimensional subspace of V, is a closed em-
bedding of Gry(V) in IP(/\l V). Again there is a canonical map from the set F; (V') of
I-tuples of linearly independent vectors in V' to Gr;(V'). We shall denote by Gr(V)
the disjoint union of all Gr; (V). It is therefore the set of all (finite-dimensional)
sub-spaces of V. If V' has dimension n, we denote by = (or 7y ) the map from V"
to Gr(V) assigning to each tuple the subspace it spans.

If V = k", the above structures are interpreted in the theory of fields. The set
Fy(V) is then given within V! by the non-vanishing of some minor (where an element
of V! is viewed as an n x [ matrix), and is therefore defined without quantifiers.
In particular, the relation of linear dependence is quantifier free. The projective
space P(k™) = P" and the Grassmanians Gr(k™) = Gr™ are imaginary sorts. The
standard cover is given by taking for the functional ¢ above elements of the dual
standard basis. Over the affine open set determined by the i-th projection, the
map v — [v] is given by (z1,...,2,) — (x1/xi, ..., 2, /x;) (this is an instance of
the elimination of imaginaries for algebraically closed fields.)

1.2. Homogeneous definable sets. We shall be interested in definable subsets
of (Cartesian products of) Grassmanians. Such definable sets will be considered
quantifier free if their inverse image under the natural projection is quantifier free.
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A formula in the theory of fields ¢(Z,Y), where Y is a tuple of size m? is called
homogeneous in Y if for any 7, its truth value depends only on the subspace of k™
spanned by the rows of Y (where Y is viewed as a matrix.) We note that the set
of formulas homogeneous in Y is closed under boolean combinations.

We now introduce some terminology that will allow us to define precisely the
atomic structure in the language we will use. Briefly, any formula that is homoge-
neous in some subsets of its variables will give rise to an atomic subset relation on
the Grassmanians and the field. The precise details will become implicit once the
definition is given. See also example 1.

For a natural number n, let [n] be the set {1,...,n}. 7 = (ny,...,n;) is a
sequence of number, and X is a set, we shall call an injective function f : [n1]? II
. A [ng]? = X a matriz form (of shape m) of X. A matrix form of a formula
¢ (in the language of fields) is a matrix form of the set of its free variables. A
homogeneous formula is a formula ¢ together with a matrix form f of shape 7,
which is homogeneous in f([n;]?), for each i. Thus, the subset it defines in k¥
(where X is the set of free variables of ¢) is the inverse image of a subset of
Gr™ x ... x Gr™ x k! under the product of the natural maps 7; and the identity
map. We note, however, that the shape @ and the matrix form f are part of the
data of the homogeneous formula. For convenience, we will also allow the case
k = 0, in which case there is a unique matrix form, and an homogeneous formula
with this form is simply any formula in the language of fields.

Finally, A homogeneous definable set is a pair (X, f) where f is a matrix form,
and X is a definable set that can be represented by a homogeneous formula with
matrix form f. It is quantifier free if the formula can be taken to be quantifier free
(all with respect to the theory of fields.)

1.3. The theory of modules over a commutative K-algebra. We work with
a multi-sorted language, as described, e.g., in [4, 1.3]. If S is (the symbol for) a
sort, and N is a structure, we denote by S(IN) the part of N corresponding to that
sort. Given n > 0, we use the following language £ = L,,:

(1) L, =(K,+,—,-0,1,

(2) M, +,-,0,,

(3) {G'}iso Ami}in0: 1P} 5 {Di}isos
(4) Ty,...,T,)

Where

K is a symbol for a field sort and (1) is the language of fields on it.

M is a symbol for a vector space sort, and (2) is the language of abelian

groups together with a function symbol -: K x M — M

e cach G' is a sort, and 7;: K — G' is a function symbol

e ¢ is a quantifier free homogeneous definable set, of shape k1, . .., k. Given
such a @, Pj is a predicate symbol on G¥1 x ... x GF= x K! (where [ is the
number of variables not in any homogeneous part.)

e Fach D; : M* — G" is a function symbol

e Each T; is a function symbol T; : M — M

Let I C Z[X;,...,X,] (the polynomial algebra in n variables) be an ideal, and
let A :=7Z[X1,...,X,]/I. The theory ¥ = T} says the following:
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e (1) is a field, and (2) is a vector space over it
e For each i, (G', 7;) is the Grassmanian of K, as described in 1.1. Thus,

we view K as an i-tuple of row vectors in K*, and the theory says that
m s K ? 5 Gl surjective, and two elements belong to the same fibre if
and only if the corresponding row vectors span the same linear subspace.
As noted in 1.1, this last axiom is universal.

Let ¢ be a homogeneous definable set, of shape k1, ..., k,,, and with matrix
form f. Denote by T; the set of free variables f([k;]?), and by T the set
of free variables not in the image of f. Then Pz is the set induced on
G* x ... x G x K! by ¢, i.e., we have the axiom

vpl S le)"' yDm € ka7§ € Kl
(Pz(p1s---1Pm,T) =

2 2
JzT e KM, T € KFn(0(FT, ..., T, T)A

/\ ™(T;) = pi))

K3
We note that this is not an additional structure, but part of K°?. How-
ever, as explained above, this addition (together with the operators D;) is
required in our approach in order to achieve quantifier elimination. Also
note, that since ¢ is homogeneous, the above axiom is universal.
For any m, D,, is a function from M™ to G™, assigning to any v =
V1,...,0m € M, the subspace of all T € K™ such that > x;v; = 0.
The T; encode the K®A module structure on M. Thus, they are commuting
K-linear operators on M. Since they commute, for any p € Z[X7,..., X,],
p(T1,...,T,) is a well defined operator. We require that p(T1,...,T},) is
the 0 operator for any p € I (See remark 21 about the non-commutative
case.)

Models of this theory are (determined by) pairs (K, M), where K is a field,
and M is a module over K[X;,...,X,]/I. Here, I is the ideal generated by I in

K[X1,...

7XTL}'

Example 1. To illustrate the structure in (3), we give some examples of formulas

P(;.

(1)

(2)

As mentioned in section 1.1, the condition rank(X) = k on an n x n matrix
X is definable by a quantifier free formula ¢ (together with matrix form
f:[n]* = X.) It follows that the subset of G" consisting of k-dimensional
subspaces is defined by a basic relation Py, which we denote by G7.

Let ¢(X,y, z) be the formula X - (Y) = 0, where X is a 4-tuple of variables,
viewed as a 2 X 2 matrix, and - is the usual matrix multiplication (formally,
we consider 5 to consist of a formula ¢ in six variables, together with a
matrix form f: [2]2 — X.) This is a quantifier free homogeneous formula,
since passing to a matrix X’ with the same row space as X amounts to
multiplying by an invertible matrix on the left. It thus defines a basic
relation Pdg(p,y, z) on G? x K2. The relations R;(p, z) and Rz(p,y) given
by = P; A (y = 1) and Py A (z = 1), respectively, each defines a partial
function from P! to K, which together illustrate the fact that every element
p in P! contains a p definable point. This works in the same way for higher
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dimensional projective spaces P, by replacing X with an (n+1) x (n+1)
matrix, and (y, z) with an n + 1-tuple.

(3) The field multiplication extends to a function m : P! x P — P? (this is an
instance of the Segre embedding, c.f. [3, ex. 1.2.14].) The map is given in
homogeneous coordinates by m([z,y], [z, w]) = [zw,yz, zz, yw]. Its image
is given by the homogeneous equation st = uv on P3, and m gives an
(algebraic) isomorphism with its image.

The map m can further be extended to a map from G? x G2 to G*: on
the level of matrices, the extension is given by sending the 2 x 2 matrices
X and Y to X ® Y. Though the formula X ® Y = Z is not homogeneous
in X, Y and Z, it can be homogenised: the formula ¢(X,Y, Z) given by
dB € GL4(X ®Y = BZ) is homogeneous, since multiplication of X and Y
by invertible matrices Bx and By on the left corresponds to multiplying Z
by Bx ® By, which can be absorbed in B. Contrary to its appearance, the
definable set given by ¢ is quantifier free, as explained in section 1.1. It thus
defines a relation Py(p,q,7) on G* x G? x G*, that gives rise to a function
from G? x G2 to G*, which is an extension of the field multiplication.

Since, according to the previous examples, the projective spaces P! and
P3, respectively, and their affine covers are basic relations, we get an in-
terpretation of the fields structure in the sorts G* via the basic relations.
For example, an element p € G? satisfies the formula G2(p) A m(p,p) =
m(R1(p), R1(p),1,2) if and only if p is the one-dimensional space spanned
by (1,4/2). Here we wrote R; for the function in the previous example, and
used a vector as an argument of 7 instead of the matrix consisting of the
same vector four times.

(4) For natural numbers k < n, let X and Y by matrices of variables of sizes
n and (}), respectively, and let E(X,Y) be the (quantifier free) formula

saying that Y = /\k X, the matrix of k-minors of X. If A and B satisfy F,

then so do TA and (A" T)B for any invertible n x n matrix 7. Hence this
formula can be homogenised as in the previous example, to give a relation

Pp(X,Y) on G™ x G(%). This relation restricts to the embedding of G}

into IP’(Z) mentioned in section 1.1.

Notation 2. For the sake of readability, we use the following conventions: the letter
G is used to denote a G* with an unspecified i. Unless otherwise mentioned, z,y, 2
are field variables, p, ¢, are G variables, and u, v, w are module variables. X,Y, Z
are used for tuples of field variables when considered as matrices. We will generally
use bold letters for structures and their subsets.

Given a model (K, M) of T, we identify an element of K[X7,..., X,] or K® A
with the operator it defines on M. Similarly, we identify an element of Z[ X1, ..., X,,]
or A with the terms or definable function it defines on the module sort. Also, since
the number of operators T; is fixed in every situation, n is released for other uses.

2. THE CASEn =0

In this section we deal with the case of a vector space over a field. We show
that, with the dependence functions introduced above, the theory admits a model
completion, and describe the types explicitly. A related idea appears in [7].
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We are looking for a model completion of the theory above, so in particular the
field part K should eliminate quantifiers. Since in £, the quantifier free subsets of
the field are only those defined in the field language, this leads us to the require-
ment that K is algebraically closed. This requirement makes the theory complete,
up to the characteristic of K and the dimension of M as a vector space over K
(in fact, fixing the characteristic of K and the dimension of M, any two models

where the fields have the same uncountable cardinality are isomorphic.) Let ¥
be Ty, together with the axioms saying that K is algebraically closed, and M is
of infinite dimension over K. Furthermore, let T be the theory ¥y together with
the (universal) axiom saying that M has dimension at most n, and let " be the
extension of this theory by the axioms that K is algebraically closed, and M is of
dimension n. Our first goal is:

Proposition 3. The theories T and T" eliminate quantifiers. They are the model
completions of Ty and T, respectively.

Till the end of this section, we let T stand for one of the theories T (or %),
and T the corresponding extension. See [3, section 5.3] or [10, chapter 12] for the
notions of elimination of quantifiers and model completion. Assuming quantifier
elimination, showing that T is the model completion amounts to showing that any
model of T embeds in a model of <.

We begin with a few remarks concerning only the relation between K and the

G'. We denote by £~ the language restricted to these sorts, and by T, T the
theories T and T restricted to £~. For »(T,p1,.--,pk) an L~ formula, let

P @Y1, V) L p(@r(Vy), . m(VR))
is an homogeneous formula, with the obvious structure.
We are going to make assertions regarding linear transformations on spaces like
K™ and M™. Since we usually need the claims for matrices with arbitrary terms
(and not just constants), we redefine ‘linear map’ to mean any definable map from
K™ to the set of ny X ny matrices (some m, n;), considered as linear transformations
acting on the right for K and on the left for M.

Lemma 4. The following facts hold in € :

a. Any quantifier free formula is equivalent to a quantifier free formula without 7.
b. Let o(T,p1,...,pr) be a quantifier free formula. Then

(5) =P
We note that Py« is defined, since ¢*, by part a, is equivalent to a pure field
formula.
c¢. For any linear map A : K™ — K", and for subspaces p C K™ and ¢ C K™, the
image pA and the inverse image ¢A™ are again linear subspaces. Thus we have
induced maps A : G™ — G"™ and A™! : G" — G™ (these maps will be written
on the left.)

Proof.

a. It’s enough to prove this for atomic formulas. There are two kinds of these:
o Pz(m(X),...), where X is a matrix term of size ky X k1, and ¢(7) has shape
ki,...,kn. By definition, this formula is equivalent to Ps(X,...), where ¢
is ¢ considered as a homogeneous formula of shape ks, ..., ky,.

*

¥
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e 7m(X) = p, where X is a matrix term, and p is a term with value in G. This
one is equivalent to Pryy—(z)(X,p), where (Y) = (Z) is the field formula
expressing that Y and Z span the same space (as explained in 1.1, this is
a quantifier free set), consider as homogeneous formula in Z. Hence this
reduces to the first case.

b. For ¢ = P, this follows directly from the definitions. By part a, this is the only
kind of atomic formulas we should check. On the other hand, * is a homomor-
phism of boolean algebras, and so is P restricted to formulas of the form ¢*, so
the result follows.

c. Is obvious.

]

Corollary 5. The theory T admits elimination of quantifiers. Thus, the equiva-
lence (5) of lemma /4 holds for any formula ¢ in this theory. Any formula in this
theory is equivalent to the formula P, for some field formula ¢.

Proof. By lemma 4.b, we need to show there is a quantifier free formula equivalent
to
JA(P, (2,9, p1,---+Dk))
where A is either x or p;. In the first case, the above formula is equivalent to
P3,0(G,p1, - .., Dr), in the second to Pay,o(y, T, p2, ..., pk) (Where Y7 corresponds
to p1.) The formula ¢ is in the pure field language, and since the field is algebraically
closed, dA¢ is equivalent to a quantifier free formula.
The rest is just a summary of lemma 4. O

At this point we can prove that if T has quantifier elimination, then it is the
model completion of X:

Proposition 6. Any model of ¥ embeds into T

Proof. Let N be a model of ¥ = X" (n can be 00), with K = K(N) and M = M (N)
(the other sorts are uniquely determined by K.) Let K be an algebralc closure of
K, let M be a vector space of dimension n over K containing K ®x M) (which
exists since dim(M) < n), and let N be the model of T determined by (K, M) We
claim that the unique map of N into N restricting to the inclusion of K in K (and
of M in K ®k M), and commuting with the projections 7, is an embedding.
Assume that P = P3(Z,p, D(71),...,D(7,)) holds in N. Since N is a model of
T, there are matrices Y; over K whose rows span p;. Similarly, there are matrices Z;
whose rows span D(7;). The statement P is then equivalent to ¢(Z,Y, Z), together
with the fact that the rows of Z; span the space of tuples Z such that > z;u; = 0.
The formula ¢ is quantifier free, and linear dependence does not change when
extending scalars, so these statements hold in N as well, hence so does P. ([l

It thus remains to prove that T eliminates quantifiers. We shall give two proofs
of this fact. The first, explained directly below, exhibits an explicit quantifier free
formula equivalent to an arbitrary one. The other one, starting with criterion 8,
uses a general criterion for quantifier elimination and an analysis of quantifier free
types. This proof is extended in section 3 to the general case.

For Ay,..., Ay linear maps, and ¢(Z, p1,...,px) a formula, we set

(Aiy.o o, Ao = Ao o(@, A1), - -, Arlar))
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and
— def _ _ _
(AlvaAk)*SD:A*(p = Qp(xaAll(ql)w”vAkl(qk))

Note that these formulas will depend on the additional variables of the A;
(Strictly speaking, the operators A; do not actually exist in the language, but
the formulas exist, and are quantifier free.)

We now go back to the full %, and the next step is to analyse the quantifier free
formulas in the theory. The main lemma we need is:

Lemma 7. Any quantifier free formula is equivalent to a quantifier free formula in
which for every term of the form D(t1,...,ty), each t; is either a module variable
or a module constant (We assume that the base set is a substructure)

Proof. The claim follows from the fact that for any linear map A, we have D(Av) =
A~Y(D(®)): Indeed, both sides are equal to the space of all T such that ZAv = 0.
Now, any quantifier free formula ¢ has the form

()0/(57 D(Ali)a EERE D(Akﬁ)aﬁ)
so by the above equality, ¢ is equivalent to

(4.¢")(@,D(©), ..., D(v),p)

We can now prove quantifier elimination:

Proof of proposition 3. Let ¢(T,p,v) be some quantifier free formula. We need to
find a quantifier free formula equivalent to 3Ap, where A is one of zq, py or vp.
Now, by lemma 7, there is some formula ¢'(Z, P, q) such that ¢ is equivalent to
¢ (Z,p, D(0)). Hence, for the cases that A is either xg or pg, Ay is equivalent to
JAY' (Z,p, D(V)), and JA¢' is equivalent to a quantifier free formula by lemma 4.
Thus the only case left is Jugp.

Let ¢y be the formula

¢'(%,7,9) N F((1,7) € q)

(i.e., the set of ¢ satisfying ¢ whose projection to the first coordinate is not 0),
and let ¢} = ¢’ A —yf. Since existential quantifiers commute with disjunction, it is
enough to prove for each of these cases separately.

Assume first that ¢’ = ¢f. Then Jugy is equivalent to

3?80%?7 ﬁ? D(_ Z YiUi, V1, - - - 7vn))
>0
In the case ¢’ = ¢, ¢ says that vg is independent of the other vectors, and there-

fore D(v) coincides with i(D(vy,...,v,)), where i : K™ — K™*! is the inclusion as
the last n coordinates. Hence Jugy is equivalent to

(T, P, i(D(v1, .y 00))) A< V1,0 vy >F M)

Since the theory determines the dimension of M, the statement that the v; span M
depends only on the dimensions of D applied to subsets of the v;, hence is quantifier
free. (]
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Our next goal is to analyse the quantifier free types. Since we don’t use quantifier
elimination here, we will be able to use this to give a second proof of quantifier
elimination. Then, because of quantifier elimination, this will give information
about the spaces of types, and eventually w-stability will be shown.

To prove quantifier elimination, we will use the following criterion, which is a
variant of [10, 17.5]:

Criterion 8. A theory T eliminates quantifiers if for any model M and any A C M,
any quantifier free 1-type over A is also a type (i.e. consistent) with respect to any
extension of Ta (where Ty is the theory obtained by adding to T all quantifier free
sentences over A that hold in M.)

Proof. We use [10, 17.5]. Let B and C be models of T containing A, and let B*
be a (card C)* saturated extension of B. Let p be the quantifier free type over A
of some element ¢ € C. By assumption, p is consistent with the theory of B* over
A. By saturation, p is realised by some element b € B*. Thus we may extend the
inclusion of A in B* to c. O

We begin by analysing the substructures of a model of ‘Af, and first, as before,
we consider only the restriction to the sorts K and G*. For this restricted theory
we will assume elimination of quantifiers (as proved in lemma 4.)

Let A be a substructure of a model of T . Then K(A) is an integral domain,
whose fraction field we denote by L, and G*(A) contains all the subspaces of L?
(but maybe more.)

Claim 9. There is a minimal extension B of A such that K(B) is a field, and for
each i, m; : K(B)" — G'(B) is onto.

The extension is minimal in the sense that any other such extension factors
uniquely through it. In other words, if A is definably closed, then K(A) is a field,
and the projections 7; are onto.

Proof. First, we may assume that K(A) is a field by passing to the fraction field.
Consider the subset P(A) of G(A) consisting of the one-dimensional subspaces
(these are the A points of the projective space inside G, which we also denote by
G1(A).) A point of this subset corresponds to a line in some affine space K’ (not
necessarily defined over K(A).) For 7; to be onto, this line should have a point in B.
This will happen if and only if the unique point on this line whose k-th coordinate
is 1 has its other coordinates in B. Such points correspond to intersection of this
line with the standard cover of P (cf. section 1.1.) This cover corresponds to some
elements (over 0) of G, and the intersections are encoded in the structure of G, as
in example 1.2.

We thus get a finite set of points in affine space, one for each such intersection.
Using the standard projections, we get a finite set of points in A'. The type of
these points as field elements is well defined, since both the field K(A) and the
field operations can be viewed as part of the structure of GG, as in example 1.3.

In other words, every line appearing in P(A) has a definable point in the model.
Extending the field by all such points, we get a field extension K(B), which, by
construction, contains a point in each element of P(A), and is obviously minimal
with this property. We let B be the structure whose field part is the field just
constructed, and whose G parts consist of the original points G(A), together with
the image of the projections 7 from powers of K(B).
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It remains to show that K(B) contains a basis for any other element of G(B).
Consider the elements G7(A) in G(A) corresponding to k-dimensional subspaces
of K™. This set has a natural embedding (over Z) into P(A" K™), corresponding
to the natural map (K™)* — AF K™ (as in section 1.1.) We may assume that A
is closed under these maps (cf. example 1.4.) The image of a point U of G} (A)
in the above projective space contains, by the definition of B, a point T of K(B).
Thus, as subspace of K™, U is defined by a quantifier free formula in the language
of fields (namely, A" X =7.)

Thus the problem reduces to showing that, for any field L, any non-zero point of
/\k L" has a pre-image in (L™)* under the natural map W : (L")* — /\k L™, pro-
vided it has such a pre-image in a field extension (i.e., provided that it corresponds
to a point in the image of the embedding of G} in projective space.) Two such
pre-images X and Y (in an extension) span the same k-dimensional vector space,
and so are obtained from each other by multiplication by a unique element of G Ly.
Furthermore, this unique element lies in SLy, since W(X) = W(Y') (rather than
just being colinear.) Conversely, if X is obtained from Y by multiplying by an ele-
ment of SLg, then W(X) = W(Y). Hence, the pre-image set forms an SL-torsor,
but any such torsor has an L point (see, e.g., [5, Lemma I11.4.10] for GLj, and then
use the exact sequence 1 — SLy — GL, — G, — 1.) O

Next, we extend the statement to the sort M in the full theory T.IfAisa
substructure of a model of this theory, then M(A) is a flat K(A) module, which
therefore embeds into the L-vector space M(A) ®k(a) L.

Claim 10. Let A be a substructure of a model of %, and let B be as promised by
claim 9 (for the restriction of A to T~ .) Then there is a minimal vector space V
over K(B) such that (B, V) is an extension of A as a substructure.

Proof. Let
V = K(B)®xka) M(A)/<Z r; ® v;|T € D(7))

Since D(Yz} @ v}, ..., Y 2 @ vl") is determined by D(vl,...,v™), this already
defines a structure. It is obvious that this is what we want. O

Let us say that A is a good substructure if K(A) is a field and G*(A) is the set
of subspaces of K(A)® (in other words, it is a model of T). Then the above claims
say that any substructure has a unique minimal extension to a good substructure
(in other words, definably closed structures are good.)

Claim 11. Let A be a good substructure, B an extension of A. Then M (B)
contains K (B) @k a) M(A).

Proof. Since M (B) is a vector space over K (B) containing M (A), there is a canon-
ical map i : K(B) ®xa) M(A) — M(B). Assume that ) x; ® v; goes to 0 in
M(B) (v; € M(A)). Then T € D(7), but according to the assumption, D(7) has a
basis with coordinates in K (A), so ) 2;®wv; is 0 already in K(B)®xa)M(A). O

This implies that for good substructures, statements regarding the vector space
are unambiguous: In general, for example, the statement “vq,...,v, are linearly
independent” might mean either that it is independent over the field part of the
structure, or that D(7) = 0. For good substructures, this is the same.

We can now give a
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Second proof of quantifier elimination. We use criterion 8. Let A be a substruc-
ture. Any model of ¥ containing A will also contain the substructure given by
claim 10, and K will contain an algebraic closure of K(A), so by claim 11 we may
assume that

e K(A) is an algebraically closed field.
e cach 7 is onto.
e M(A) is a vector space over K (A).

Let T; be a theory extending T4, and let p(v) be a quantifier free 1-type over
A with respect to ‘E, in the module sort (quantifiers on other sorts are eliminated
as before). Consider the set of formulas D(v,v1,...,v,) # 0 with v; € M(A),
satisfying D(vy,...,v,) = 0. Assume first that there is no such formula in p. Then
(since p is consistent), the vector space is either co-dimensional, or of dimension
greater than the dimension of M (A). In any case, there is a model of ¥; which has
a member outside the space generated by M (A). Any such member will satisfy the
type.

Now assume, conversely, that there are formulas as above, and assume that n is
minimal. Then for any w; with D(v, ) # 0, the space V spanned by vy,..., v, is
contained in the space spanned by w (Otherwise, the intersection of these spaces is
properly contained in V', and any basis of it is a contradiction to the minimality of
n). We claim that the set

{Po(D(v,7)) € p}

determines the type. Let ¢ (D(v,@1),...,D(v,ux)) be a formula in p. We first
note, that if w; spans the same subspace as u;, then 1 is equivalent to some
formula ¢/ (D(v,w1),...,D(v,ux)): by assumption, there is some matrix U (over
K (A)!) such that (v,u;) = U(v,w;). Hence the equivalence follows from lemma 7.
In particular, we may assume that the first n vectors in each w; coincide with v,
and that each ; is linearly independent. But then, letting i,, : K" < K'm be the
inclusion of the first n coordinates (where I, is the length of @,,), it is clear that
(i1, ... ,ik)*1 is the formula we seek.

Let q = {P,(p) : P,(D(v,7v)) € p}. Since ACF eliminates quantifiers, there is
a model of %7 in which q has a realisation, g. Since ¥ is independent, ¢ will be of
dimension either 1 or 0. If it’s 1, let x1, ..., 2, be the unique tuple with (1,%) € q.
Then v = — Y z;v; satisfies p. If ¢ = 0, then the dimension of M must be more
than n (otherwise p would be inconsistent, since the dimension is given already in
%). Then any v independent of T satisfies p. O

Let us record the result in the proof as a separate claim:

Claim 12 (description of the vector space types). A 1-type p(v) over a good struc-
ture A is determined by either a sequence vi,...,v, € M(A) of minimal length
such that

D(v,v1,...,v,) =0
is in p, together with the type q (in the field and Grassmanian sorts) such that
p=q(D(v,v1,...,05))

or by the fact that there is no such sequence (In other words, it is determined by
the minimal subspace to which v belongs, together with the minimal field over which
it happens).
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Remark 13. In the proof we dealt only with quantifier free types, but now we know
that this is all there is.

Recall that a theory is w-stable if the set of types over any countable set is
countable. As a corollary of the description of types we get

Corollary 14. T is w-stable.

Proof. This follows by counting the types, using the above claim and w-stability of
ACF. O

We note that in the case that M is finite-dimensional, this corollary already
follows from the w-stability of ACF, since, after adding a basis, M is interpretable
in the field. However, the quantifier elimination result holds without adding any
parameters.

3. THE GENERAL CASE

Unlike the case n = 0, for n > 0, T; is far from being complete (unless I is
maximal), even if the field is algebraically closed. Nevertheless, quantifier elimina-
tion in the field (and G) variables follows automatically from the case n = 0. For
the full quantifier elimination, we consider an extended theory %, whose models are
those models N of ¥ satisfying the following property: let A = Ay be the algebra
K(N)[Ty,...,T,]/{I). Then any (finite) set of conditions:

(6) fiv=1;
(7) g;v ¢ Uj
where f;,g; are in A, v; € M(N) are module elements, and U; are finite dimensional
subspaces of M (N), has a solution v, provided that they satisfy the following con-
ditions:

o If

8) > tifi=0

then

(9) Ztﬂ)i =0

for any t; € A.
e No g; is in the ideal generated by the f;.

Note, that these conditions are necessary for a solution to exist.

Remark 15. We no longer consider extensions of ¥ that bound the dimension of M
(or other definable subspaces), as we did in the n = 0 case. However, as before, a
finite dimensional module is still a model of T, and therefore will embed in a model
of T.

Since, as they are written, these conditions involve quantifying over all elements
of A, it is not clear that this is a first order condition. Thus we need to show that
such a theory ¥ indeed exists, that it eliminates quantifiers, and that any model of
%7 can be embedded in a model of this kind.

The fact that the above condition is actually first order, follows from the following
theorem of [11] (by the degree of a polynomial we mean the total degree):
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Fact 16. Let A be the polynomial algebra in n variables over an arbitrary field, d
a fized degree. There is a degree e depending only on n and d (and not on the base
field), such that for any p1,...,pm € A of degree at most d:

(1) For any f € A of degree at most d, if f is in the ideal generated by the p;,
then f =>" h;p; for h; of degree at most e.

(2) The module of tuples (s1,...,8m) such that > s;p; = 0 is generated by
tuples of elements of degree at most e.

More generally, the same results hold when A is replaced by A*. Here, the degree
of (t1,...,tx) € AF is the mazimum of the degrees, and e depends also on k.

Remark 17.

(1) For the polynomial algebra, the set of polynomials of a given degree forms,
in a natural way, a definable set. For the more general algebra A we may
define the degree of an element r to be the minimal degree of a pre-image of r
in K[X3,...,X,]. A priori, it is not clear that the set of elements of a given
degree in A is again definable, since an element is represented in more than
one way as a polynomial. However, since (according to fact 16) membership
in T is a first order property (of the coefficients), we have formulas whose
free variables represent an element of A of a given degree. Alternatively, for
the purpose of describing members of A we may assume that A is actually
the polynomial algebra, since I only appears as a condition on the modules.

(2) Elements of K™ will usually be considered as coefficients of polynomials in
the T;. This means that we fix an order on the monomials in the T}, and
for T € K™, x; is the coefficient of the i-th monomial. Multiplication of
polynomials induces an operation * : K™ x K! — KN,

The same is true for elements of the G?: if two such elements p, ¢ corre-
sponds to vector spaces V,, and V; of polynomials in the T}, p*q corresponds
to the image of V,, ® V; in the polynomial algebra.

Sometimes, instead of thinking of a tuple as a polynomial, we think of it
as a tuple of polynomials (it will be clear from the context.) In that case,
multiplication (by a polynomial or one vector space) is done term-wise.

(3) Here is an instance of the above notation: Let J be an ideal in A. Then J
is finitely generated; let p be the vector space generated by a finite set of
generators. It follows from fact 16, that given a degree d there is a degree
e such that, setting ¢ = K°, the set of elements of degree d in J is precisely
the set of elements of degree d in g * p.

(4) Some more notation: Dy, (v,7) will denote D(T"v,...,v,7), where the ...
stands for all monomials of total degree at most m (with the prescribed
order).

(5) Recall from the case n = 0 that over a good substructure, the type of D(v, )
determines the type of D(v,u) whenever both are not 0 and D(v) = D(u) =
0. The passage to a good substructure is done precisely as in the previous
case.

The fact that the condition on the v; is first order now follows from the second
item of fact 16, since it is enough to state the conditions on the f; for generators
of the tuples (¢;). The fact that the condition on the g; is first order follows from
the first item of fact 16.

Using the last point of remark 17, we may obtain a description of the types:
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Claim 18 (Description of types, general case). For any quantifier free 1-type p(v)
over a good substructure, either there are m and v such that p is determined by
the formulas in it of the form @(Dy,(v,0)) (where ¢ does not involve any module
stuff), or p is the unique quantifier free type determined by the set of formulas
Dy, (v,7) =0 for all m and .

Proof. Let N be a model realising p, v € M(N) a realisation, and let A = Ay
be as before. Since we are working over a good substructure Ng, we may view
K(N) ®k(ng) M(Npg) as a sub A-module of M(N). Let J be the ideal in A of
elements f such that fv € K(N) ®gy) M(Np). If this ideal is 0, we are in
the second case. Otherwise, let f1,..., f, generate J, and let 7; € M(Ny), for i
between 1 and n, be bases for the minimal K (Ny) subspace containing f;v. We set
m to be the maximum of the degrees of the f; and ¥ = (v1,...,7,). A different
choice of N and v will result in choosing f; of the same form, with coefficients
satisfying the same type over K(Ng). Thus m and T do not depend on the choice
of N and v.

Let V; be the vector space spanned by 7;. Using the basis v; we identify V; with
a power of the field. Let g € A be such that p says that D(gv,u,...,ux) # 0
for some module elements u;. Then g = Y h;f; for some h; € A. Since the
base is a structure, applying the operators T; to elements of V; is well defined. If
Y(v) = p(D(gv, 7)) is a formulas in p, consider the definable set

{(wl,...7wn) eV ~--EBVn\go(D(Zhiwi,ul,...,uk))}

(Using the identification of V; mentioned above, this is a subset of the G sorts.)
Since we are over a good substructure, the type of this space is determined by the
base. Also, v satisfies ¥ if and only if (fiv,..., fov) belongs to this set. But this is
determined by the type of D,,(v,7) (over the base Ny) O

As in the case n = 0, the result we seek easily follows from this:

Theorem 19. Let T be the theory extending ¥, and stating, in addition, that the
field is algebraically closed, and that any system

/\ifix =v; A /\iD(gix,ﬂ) =0

has a solution x, where f;,g; € A, v;,u € M, provided that each g; is not in the
ideal generated by the f;, and that if > t;f; = 0 for some t; € A, then > t;v; =0
as well.

Then ¥ eliminates quantifiers.

Proof. Using criterion 8, and the above claim, we need to show that given a good
substructure Mg, and a quantifier free type p over K(Mg) and G(Myp), we may
satisfy p(D,,(v,7)) in any theory extending Ta, -

Since p is a type in the G sorts over K(My), it follows from section 2 that p
is consistent. Let p satisfy p. Again, by the case n = 0, we may assume that p
is in Mp, and we may extend the field so that p corresponds to some subspace of
K'. This means that satisfying p(D,,(v, 7)) amounts to satisfying conditions of the
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form

fv= Zmivi
gu ¢ (vj)

Where f is an element of A and z; € K. Since p was consistent to start with, the
conditions appearing in the axioms are satisfied for any set of conditions like this
that appears in p. Hence, the axioms imply that these equations have a solution. [

Corollary 20. T is w-stable
Proof. from the theorem, by counting the types. O

Remark 21. Following through the proofs, one sees that they work just as well with
the commutativity assumption on the generators replaced by some other axioms,
provided that the resulting algebra is (left) Noetherian, and the class of modules
satisfying the solvability conditions is first order. In particular, using the more
general version of fact 16, we see that the same result holds for algebras finite over
their centre (where the field is contained in the centre.)

The last thing is to prove that any module over A (considered as a model of ¥)
can be embedded in a model of T. First note that the axioms can be split into two
parts:

(1) There is a solution for any finite set of equations f;v = u;, provided that if
Ztifi = 0 then Ztiui =0.

(2) There is a solution for any finite set of formulas f;u = 0, g;v ¢ U; (where
U, is a finite dimensional vectors space), provided that no g; is in the ideal
generated by the f;.

This is true since a solution of a general set of equations of the type considered
is the sum of a solution of the corresponding equations of the first kind, and of the
second kind.

We claim:

Claim 22. Let A be a Noetherian ring. An A module M satisfies condition (1)
above (for f;,t; € A and v,u; € M) if and only if M is injective.

Proof. Let M be an injective A-module, let U C M be the sub-module generated
by the u;, and let V = (U @ A)/ < f; — u; >. The condition

Ztifi =0 = Ztiui =0

is equivalent to the map U — V being injective. Therefore, the inclusion map of U
in M extends to V, and the image of 1 € V in M is a solution.

Conversely, by a result of Baer (see [2, Lemma A3.4]), it is enough to check the
condition of injectivity for the inclusion of an ideal I in A. Since A is Noetherian,
I is finitely generated, say by f;. Let u; be the images of f; in M. Then f;, u;
satisfy the assumption of (1), so there is some v € M such that f;v = w; for all 4.
Now, the map from A to M that takes 1 to v extends the given map. O

Regarding the other condition, consider the module M = [[ M, where M; =
(A/I)¥, for I an arbitrary ideal of A (so the product is over all ideals.) We claim
that any module containing M satisfies the second condition. To see this, we first
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note that it is enough to show that M itself satisfies the condition. Indeed, given
arbitrary finite dimensional vector spaces U; in a module containing M, any solution
in M to the problem, with U; replaced by U; N M will solve the original problem.

For M itself, let I be the ideal generated by the f;. For the same reason as
before, it is enough to find a solution in M7 (note that the condition is non-trivial
only if I is a proper ideal.)

Now, any element of M7 is a solution to the equations. Thus we only need to
satisfy the inequalities. Since the g; are not in I, they are non-zero in each A/I.
Hence, almost all of the unit vectors in M satisfy the inequalities. This solves the
problem.

We now can prove:

Claim 23. Any module over A embeds into a model of T

Proof. Let N be any module. Then N & M can be embedded into some injective
module I (where M is the module constructed above.) Then I contains N, satisfies
the first condition since it is injective, and satisfies the second condition since it
contains M. O

Finally, combining theorem 19 and claim 23, we get:
Corollary 24. The theory T is the model completion of the theory € = ¥.

In algebraic geometry, one is mostly interested in finitely generated modules
(see [3, part 2].) The following example shows the theory of a finitely generated
module is far from having quantifier elimination. Therefore, such definability results
can not be derived directly by considering the theory of the module, but should
probably be obtained by interpreting the module in our theory ¥.

Example 25. Let A = K|[T], the polynomial algebra in one variable over a field K
of characteristic 0, and consider M = A as a module over itself. We will show that
the semi-ring of natural numbers can be interpreted in this theory (a very similar
argument is used in [9] to show that the polynomial algebras themselves, considered
as rings, are undecidable.)

For elements v of M and z of K, denote by v(z) = 0 the formula Ju((T—z)u = v).
Now consider the formula:

d(v,y) =
v#0Av(0) =0A
Ve(v(z) =0 = (x=yVou(z+1)=0))

We claim that for any g, the fibre ¢(v,y) is non-empty (in M) if and only if y is
a natural number. Indeed, assume that y is not in Z, and that v satisfies ¢(v,y).
Then v is a non-zero element that is divisible by T' + n for any natural n. There
is no such element in K[T] (here we use that the characteristic is 0.) Conversely,
when y is natural, the element 7'(T — 1) ... (T — y) satisfies the formula.

The conclusion is that Jv € M(¢p(v,y)) defines the set of natural numbers. The
ring operations are automatically defined, since this formula actually defines the
copy of the natural numbers contained in K.

This example holds more generally: If A is any finitely generated algebra over a
field K of characteristic 0, and M is any finitely generated module over A of infinite
dimension over K, there is dominant map of spec(A) to the affine line, that makes
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M into a K[T] module, which, after a localisation becomes free (and in particular,
torsion free.) The fact that M is infinite dimensional means that the support of M
has dimension at least 1, so that this map can be chosen so that the resulting free
module is non-zero. Now we may repeat the above example to interpret (all but
finitely many of) the natural numbers.

10.

11.
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