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The 0 order and first order terms for the wave velocity for a pressure driven channel flow are
obtained from a long wave expansion. All of the necessary manipulations are shown for this
direct perturbation solution method. | plan to add the solution method using the adjoint system
(see P. J. Blennerhassett, Trans. Roy. Soc. 298, pp451-494 (1980)) sometime in the next few
months.

The base state flow

This notebook addresses the case of Poiseulle flow so that the walls are fixed.
The upper fluid is 1 and the lower is 2, the velocity at the interface, y=0, is used to normalize the velocity so that
we have

ul =1+aly +bly?;

u2 =1+a2y +h2y?;
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The constants are given here but we will substitute these as needed later

2

al - m2—n :

n< +n
bl - _ rrz1+n;

n< +n
azzg;

m

m

The m's and n's are the viscosity ratio, ﬁ: and the thickness ratio, l%‘i‘—'

profilel =Plot [ul //. {al -> (m-n"2) / (n"2 +n),
a2 ->al/m, bl -> -(m+n) / (n*2 +n),

1
b2 -> bl /m, m- 20, n —»—2—} {y, 0,1 3}, PlotRange - All,

DisplayFunction -> Identity ]
- Graphics-
profile2 =Plot [u2 //. {al -> (m-n"2) / (n"2 +n),

a2 ->al/m, bl -> -(m+n) / (n*2 +n),

1 1
b2 ->bl/m, m->20,n - —2—} {y, _E'O}' PlotRange - All ]

vprofile = Show [profilel , profile2 ,
DisplayFunction -> $DisplayFunction ]
v
6L
50
41
3F
2L
/
0.4 -0.2
- Graphics-

This looks OK for the case of the lower fluid (phase 2) being more viscous.
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m The stability equations for the disturbance flow

The governing equations will be the Orr-Sommerfeld equation for each phase.

The equations for the disturbance stream functions in both phases are the Orr-Sommerfeld equation.

Upper phase

osl =W [y]-2a%¢"[y] +a® o[y] -
| aR ((Ui [yl -¢C) (¢" [yl -a®¢[yl) -Ui"[y]l ély])

o(y)a* —2¢"(y) @ — i R((U1ly] - ©) (¢” (y) — @° $(y)) — d(Y) U7 (¥) @ + ¢¥ (y)

lower phase

0s2 =yM [y]1 -2 Yy [y] +a* ¥[y] -
1
— (LaRT (L2 [y]-c) (¥ 1y] -l ylyl) - W Iyl ¥Iyl))

irR((Uzalyl - ©) (" (y) — @® ¥(y)) — w(y) U5 () @
m

w(y)a® -2y (y)a? -

+yD(y)
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= Some narration about boundary conditions

Here is a brief discussion of the boundary conditions.
First the velocity is 0 on the walls

o ¢[0] = ¢'[0] =0,

oy =gn] =0

Next the tangential velocity at the interface

Note that this says that ud(= u2{;). Thus we must expand the velocity to include the effect of the average
velocity

e ¢'0] + n UTTy] =y'[0] +n U21[y]

this is

n is given from the Kinematic condition Rf] = v [0]

substituting gives:

e ¢'[0]-¢'[0] = ¢[0](a2-a1)/(cy[0])

Next the normal velocity at the interface

d[y,x] = d[¢,x] which gives simply

o y[0] = ¢[0]

Next, the tangential stress is continuous across the interface

1 (Qulldy +ovl/ox) = iy (Ou20y + 0v2/0X)

which gives

¥ ¢"[0] + a® ¢[0] = m ("[0] + o® y[0])

Finally, we have the continuity of Normal stress. This is comprised of, in dimensional terms

(p-p g a-udvidy) = Sd2 piox2

which says that the pressure change differs by the surface tension jump.

We substitute for the pressure from the governing equation and make some other simplifications and get
i R ((cU[0]) ¢'[0] +alg[0]) - ¢™[0] + 30 ¢'[0] +

i @ Rr ((cO[0]) ¢'[0] + a2y[0]) + m(y"[0] - 20 y'[0]) =
la R (F +o? S)g[0]/(c-U[0])
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m Expansions for the stream functions and wave speed

The problem will now be solved using the long wave expansiong+e0 so that that we can write the stream
functions and the wave speed as perturbation expansiens in

¢exp = o[yl + a1yl +a” ¢2[yl;
yexp = Yoyl +ayr [yl +a® ¥ [yl;
cexp =¢0 +acl +a?c2;
— General::spelll: Possible spelling error: new symbol namgekp" is similar to existing symbolgexp".

The procedure is to expand the governing equations and the boundary conditions in the expansion variables.
These can then be collected in powerseof Each separate power af must be independent which allows a
sequential solution to the problem. Higher orders depend on known solutions to lower orders.

= Expand the upper phase os-equ

0s1l =0sl /. {¢®=)[y] = (a1 j dEXP, C - CEXP, S[Y] - dEXP,
U ” [yl »Dlul, {y,21}],Us[y] ->ul}

(¢2lyl @® + p1lyl @ + golyD) a* —
2(05(y) @ + ¢ (Y a + g5 (y) @ + 5 (y) a® — i R((b1y? +aly - c2a® —cO—cla + 1)
(= (d2lyl @® + p1lyl @ + doly]) @® + ¢5(y) @® + ¢7 (Y) @ + B (Y)) —
2b1(galyl @® + alyla + dolyD) @ + ¢ (y) @ +
85" (y)

0s12 = Expand [0s11 ];

— General::spelll: Possible spelling error: new symbol name "0s12" is similar to existing symbol "0s2".

0s13 = Collect [0s12, a]
0s100 = Coefficient [0s13, a, 0]

88 (y)

0s101 = Simplify [ Coefficient [0S13, a, 11]]
— General::spelll: Possible spelling error: new symbol name "0s101" is similar to existing symbol "os11".

—i (~2b1Rgolyl + R(b1y? + aly—cO+ 1) g5 (y) + i ¢5" (¥))

08102 = Simplify [ Coefficient [0S13, a, 2 1]
— General::spelll: Possible spelling error: new symbol name "0s102" is similar to existing symbol "0s12".

—i

(bLR @} (y) y? + alR ¢} (y)y — 2b1R 1yl — (CLR+ 2i) ¢ (y) — COR®; (y) + Ry (y) + i 657 (¥))
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m Expand the lower phase os-equ

0s21 =0s2 /. {$@) [y] = diya1 y ¥EXP, C - cexp, ¥[y] - vexp,
U"[y] »D[u2, {y,2 }],Uz[y] ->u2}
— General::spell: Possible spelling error: new symbol name "0s21" is similar to existing synjbsls os12

Walyla® + yalyl a + YolyD) @* = 2(W5(y) @ + Y7 (y) a + ¥§(y) &® +

@, 2 1 2

v (y) @ - - (rR((b2y* +a2y—-c2a®? - cO-cla + 1)
(—Walyl @® + yalyl @ + YolyD) @@ + ¥ (y) & + ¥ (y) @ + ¥§ () -
2b2@Walyla® + yilyl @ + YolyD) @) +

(14) o+

Sy
0s22 = Expand [0s21 ];

0s23 = Collect [0s22, a]l;

0s200 = Coefficient [0s23, a, 0]

Py

0s201 = Simplify [ Coefficient [0S23, a, 11]]
— General::spelll: Possible spelling error: new symbol name "0s201" is similar to existing symbol "0s21".

_i(=2b2rRyolyl + rR (b2y? + a2y — cO+ 1)y (y) + i my’ ()
m

0s202 = Coefficient [0S23, a, 2]
— General::spelll: Possible spelling error: new symbol name "0s202" is similar to existing symbol "0s22".

_ib2rRyf(y)y*  ia2rRyf(y)y  2ib2rRyslyl iclrRyg(y)
m m m m
icOrRy7(y) _ irRy7(Yy) .
m m

=245 (y) +

Dy

= expand the boundary conditions
Each of these boundary conditions are written so that the expression is equal to O.

Here is no tang velocity at top wall, bcl

bcl = ¢’ [y]

¢’ (y)
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bcll =bcl /. {¢@-) [y] » O¢yar j deXP, ¥ ) [y] > ya1 ; ¥EXP,
cC-»>cexp, ¢[y] »¢exp, U 1"[y] »2bl,Ug->1}

B5(y) &° + $1(y) @ + dp(Y)

bcl2 =bcll /.y -1

d5(1) a® + (D) a + ¢h(1)

bcl3 = Expand [bcl2 ]

¢y (1) @ + ¢y a + ¢p(1)

bcl1O0 = Coefficient [bcl3, a, 0]

$o(1)

bcl1O1 = Coefficient [bcl3, a, 1]
— General::spelll: Possible spelling error: new symbol name "bc101" is similar to existing symbol "bc11".

$1(D)

bcl1O2 = Coefficient [bcl3, a, 2]
— General::spelll: Possible spelling error: new symbol name "bc102" is similar to existing symbol "bc12".

$5(1)
Here is no norm velocity at top wall, bc2

bc2 = ¢[y]

o(y)

bc2l =be2 /. {¢®-) [y] = Bpya1 y dexp, ¥ [Y] 0 By y YEXD,
cC-»>cexp, o[yl »¢exp, U 1"[y]l »2bl,Ug->1}
— General::spell: Possible spelling error: new symbol name "bc21" is similar to existing synibols bc12.

b2yl @® + p1lyl @ + ¢olyl

bc22 =bc21 /.y -1

¢2[1]@? + ¢1[1] @ + ¢o[1]

bc23 = Expand [bc22 ]

¢2[1]a® + ¢1[1] @ + ¢o[1]
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bc200 = Coefficient [bc23, a, 0]

dol1]

bc201 = Coefficient [bc23, a, 1]

— General::spelll: Possible spelling error: new symbol name "bc201" is similar to existing symbol "bc21".

¢1[1]

bc202 = Coefficient [bc23, a, 2]

— General::spelll: Possible spelling error: new symbol name "bc202" is similar to existing symbol "bc22".

$2[1]
Here is the tangential velocity match, bc3

¢yl (a2 -al)

bc3 =¢" [yl -4 [y] -
c -Ug

(a2-al ¢(y) , )
- W +¢"(y) =¥’ (y)
bc3l =bc3 /. (@) [y] » O¢yar j dEXP, ¥ ) [y] > ya1 ; ¥EXP,

C>cexp, o[yl >dexp, U 1"[y] »>2bl, Uy > 1}
— General::spell: Possible spelling error: new symbol name "bc31" is similar to existing synibols bc13.

(@2-al) (g2lyl @ + d1lyl @ + dolyD)
c2a?+cla+c0-1

Bo(y) % = Yh(y) @ + ¢ (Y) @ — i (Y) a -

bc32 =bc31l /.y -0
— General::spell: Possible spelling error: new symbol name "bc32" is similar to existing synibol bc23.

(82— al) (¢2[0] @® + $1[0] @ + ¢o[0])

’ 2 ’ 2 ’ ’
9200”0 " + (00 ~ Y3 O o - c2a? + cla + c0- 1

bc33 = Expand [bc32 ] ;

bc34 = Simplify [Series [bc33, {a,0,3 }11
bc300 = Coefficient [bc34, a, 0]

a2¢o[0] N aleol0]
1-c0 c0-1

+ ¢6(0) - ¥5(0)

bc301 = Coefficient [bc34, a, 1]
— General::spelll: Possible spelling error: new symbol name "bc301" is similar to existing symbol "bc31".

_ al(cl¢o[0] - (cO-1)¢1[0]) N a2(cl¢o[0] — (cO-1) ¢1[0])
(c0-1)? (c0—- 1)?

+¢1(0) - ¢1(0)

+ oY) — oY)

+¢0(0) — ¥5(0)
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bc302 = Coefficient [bc34, a, 2]
— General::spelll: Possible spelling error: new symbol name "bc302" is similar to existing symbol "bc32".

(©0-1)°* ((65(0) = ¥5(0)) (cO— 1)° +

al(¢o[0] c1® — (cO— 1) ¢1[0] c1 - (cO— 1) (c2¢o[0] — €O $2[0] + ¢2[0])) —
a2(¢o[0] ¢1? - (€O - 1) ¢1[0] c1 - (O - 1) (2 ¢o[0] — cO B2 [0] + ¢2[0])))

Here is the normal velocity match,bc4

bcd = ¢[yl -oly]
Y (y) — ¢(y)

bcdl =bcd /. (@) [y] » Ogyar ydEXP, ¥ ) [y] » yar ; ¥EXP,

C >cexp, ¢[y] > dexp, ¥yl >vyexp, U 1”"[y] »>2bl,Uqy->1}
— General::spelll: Possible spelling error: new symbol name "bc41" is similar to existing symbol "bc1".

~¢alyl @® + Yoyl @® — g1yl @ + YLyl @ — dolyl + Yolyl

bc4d2 =bc4l /.y -0
— General::spelll: Possible spelling error: new symbol name "bc42" is similar to existing symbol "bc2".

—$2[0] @® + ¥2[0] @® — $1[0] @ + Y1[0] @ — ¢o[0] + Yo[O]

bc43 = Expand [bc42 7;
— General::spell: Possible spelling error: new symbol name "bc43" is similar to existing synibo8 bc34.

bc40O0 = Coefficient [bc43, a, 0]

Yo[0] — ¢o[0]

bc401 = Coefficient [bc43, a, 1]
— General::spelll: Possible spelling error: new symbol name "bc401" is similar to existing symbol "bc41".

¥1[0] - ¢1(0]

bc402 = Coefficient [bc43, a, 2]
— General::spelll: Possible spelling error: new symbol name "bc402" is similar to existing symbol "bc42".

¥2[0] - ¢-[0]
Here is the interfacial shear stress match,bc5

bc5 = ¢” [yl +a® ¢yl -m ¥ [yl +a® ¥[yl)

d(y) @ +¢” (Y) — m(y) @® + ¥ (y))
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bc51 =be5 /. {¢@-) [y] o O¢yar j dEXP, ¥ ) [y] > ya1 ; YEXP,

C >cexp, ¢o[y] > dexp, ¥yl >yexp,U,1"[y]l »>2bl, Uy > 1}
— General::spelll: Possible spelling error: new symbol name "bc51" is similar to existing symbol "bc1".

(d2lyl @® + ¢1lyl @ + doly]) @® + ¢35 (y) @® + 7 (y) @ + ¢§(y) —
M (W2lyl @ + iyl @ + YolyD) @® + ¥y (y) @® + ¥ (y) a + ¥g(y)

bc52 =bcb1l /.y -0
— General::spelll: Possible spelling error: new symbol name "bc52" is similar to existing symbol "bc2".

(62001 @ + ¢1[0] @ + ¢o[0]) @ + ¢5(0) @? + ¢7(0) @ + ¢ (0) —
M ((2[0] @ + ¥1[0] @ + Yo [0]) @® + ¥} (0) @® + ¥ (0) a + ¥ (0))

bc53 = Expand [bc52 1;
— General::spelll: Possible spelling error: new symbol name "bc53" is similar to existing symbol "bc3".

bc54 = Collect [bch3, al;
— General::spelll: Possible spelling error: new symbol name "bc54" is similar to existing symbol "bc4".

bc500 = Coefficient [bc54, a, 0]
$5(0) — my(0)

bc501 = Coefficient [bc54, a, 1]
— General::spelll: Possible spelling error: new symbol name "bc501" is similar to existing symbol "bc51".

¢1(0) — my1(0)

bc502 = Coefficient [bc54, a, 2]
— General::spelll: Possible spelling error: new symbol name "bc502" is similar to existing symbol "bc52".

$0[0] = myo[0] + ¢3(0) — my5(0)
Here is the pressure boundary condition,bc6

bce = -1 aR ((c-Up) ¢’ [yl +al ¢[yl) - o[yl +3a?¢ [y]+
| aRT ((c-Up) ¥’ [yl +a2y[yl) +m@® [yl -3a® ¢ [y]) -
| aR(F+a?S) ¢[y]

c - Uy

iR(Sa® +F
3¢/(ya? - “C_+UO)¢(”“ ~iR(@Lé(y) + (- Ug) ¢’ () a +

irR@2y(y) + (€ - Up) ¥’ () @ — ¢ (y) + myP(y) - 3 ¢/ ()

bc6l =bc6 /. {¢@-) [y] » Ogyar jdEXP, ¥ ) [y] 2 yar ; ¥EXP,
C-»>cexp, ¢[y] » oexp, ¥[y] »yexp, U "[y] »2bl,U;y->1}
bc62 =bc6l /.y -0
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bc63 = Expand [bc62 T;
— General::spelll: Possible spelling error: new symbol name "bc63" is similar to existing symbol "bc3".

bc64 = Series [bc63, {a, 0,3 }1]
bc600 = Coefficient [bc64, a, 0]

my$(0) - ¢ (0)

bc601 = Coefficient [bc6d, a, 1]

— General::spelll: Possible spelling error: new symbol name "bc601" is similar to existing symbol "bc61".

) iFR¢o[0] . . , o ) ,
~ialRo[0] - ——— +ia2r Ryo[0] - i COR(0) +i R(0) + ¢ COTRy(0) -

iTRY5(0) - 657 (0) + myY(0)

bc602 = Coefficient [bc6d, a, 2]

— General::spelll: Possible spelling error: new symbol name "bc602" is similar to existing symbol "bc62".

iClF R¢o[0] . i FR¢1[0]
W - lalR¢l[O] - W

i COR ¢ (0) + i R¢;(0) = 3my5(0) + i clr Rygp(0) + i cOr Ry, (0) — i r Ry, (0) —
0+ mys(0)

+ia2r Ry1[0] — i CLR @} (0) + 3 ¢)(0) —

Here is no tang velocity at bottom wall, bc7

bc7 =y’ [y]
v (y)
bc71l =bc7 /. (@) [y] » Ogyar y dEXP, ¥ ) [y] » yar ; ¥EXP,

C»>cexp, ¢o[y] >dexp, U 1”"[y] »>2bl, Uy > 1}
— General::spelll: Possible spelling error: new symbol name "bc71" is similar to existing symbol "bc1".

Uh(y) & + YL (y) @ + Wp(y)

bc72 =bc71 /.y - -n
— General::spelll: Possible spelling error: new symbol name "bc72" is similar to existing symbol "bc2".

Uh(=n)a® + (=) a + i (—n)

bc700 = Coefficient [bc72, a, 0]

Yo(=n)
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bc701 = Coefficient [bc72, a, 1]

— General::spelll: Possible spelling error: new symbol name "bc701" is similar to existing symbol "bc71".

Y (=n)

bc702 = Coefficient [bc72, a, 2]

— General::spelll: Possible spelling error: new symbol name "bc702" is similar to existing symbol "bc72".

AGL:
Here is no norm velocity at bottom wall, bc8

bc8 = ¢ [y]

¥ (y)

bc8l =bc8 /. {¢ @) [y] » ¢yar j dEXP, ¥ ) [y] > ya1 ; YEXP,

C >cexp, ¢o[y] > dexp, ¥yl >vyexp, U 1"[y]l »>2bl, Uy > 1}
— General::spelll: Possible spelling error: new symbol name "bc81" is similar to existing symbol "bc1".

Yalyla® + yalyl @ + Yolyl

bc82 =bc81 /.y - -n
— General::spelll: Possible spelling error: new symbol name "bc82" is similar to existing symbol "bc2".

Yal-nle® + yq[-nla + yo[-nN]

bc80O0 = Coefficient [bc82, a, 0]

Yol-n]

bc801 = Coefficient [bc82, a, 1]

— General::spelll: Possible spelling error: new symbol name "bc801" is similar to existing symbol "bc81".

Yail-n]

bc802 = Coefficient [bc82, a, 2]

— General::spelll: Possible spelling error: new symbol name "bc802" is similar to existing symbol "bc82".

Wo[-n]
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m Here is the solution to the 0 order problem
m Here are the equations for the 0 order problem
0s100
95" (¥)
0s200
240
bc100

$o(D)

bc200

$oll]

bc300

a2¢o(0] N aleol0]
1-c0 c0-1

+ ¢5(0) — 5 (0)
bc400

Wol0] — ¢o[0]

bc500

¢4 (0) — myy (0)

bc600

my$(0) - 65 (0)

bc700

VAGH)

bc80O0

Yol-n]
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m Here we solve for the eigen functions
We solve as much as we can with one command. We leave out the boundary condition with the eigen value in it

and treat it later.

zerofuncs = DSolve [{0s100 == 0, 0s200 == 0,
bcl100 == 0, bc200 == 0, bc400 == 0,
bc500 == 0, bc600 == 0, bc700 == 0, bcBOO == 0},

{dolyl, oyl }, ¥ 1

2mm +mycgy?> m@n+3)nP+m)cgy 2mnz(n+l)c8)

1
{{¢o[)’]—>€(m(‘e)’3— — + — —
1 2 +mcgy? nmP+m@Bn+4))cgy 2mre(n+1)cg
‘/’0[)’]*5[%)’3_ e - -— )}}

Let's choosecgso as to make this simple as it is the arbitrary constant for this problem. This makes the two

stream functions unity at the interface.

zerofuncsl =
Simplify  [zerofuncs /. C [8] -> -6 (m-n?) /2/m/n?/ (n+1)]

M+y? (yr+m@n-y+2)
2mre (n+1) }}

y-D?>@2n+(y+2n2-my)
{{golyl » T D)  Yolyl »

m Here is a check with eq 8 of Y&H
phi0 = ¢o[y] /. zerofuncsl [[1]1]

y-1?@2m+(y+2)n2-my)
2n2(n+1)

Simplify [ Coefficient [Expand [phi0 ]1,y,3 11

n-m

2n2(n+1)

Simplify [ Coefficient [Expand [phi0 1,y,2 1]

n +m
nzZ(n+1)

Simplify [ Coefficient [Expand [phi0 1,y,1 11

4n+3)n?+m
2n2(n+1)
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Simplify  [Coefficient [Expand [phi0 ],vy, 0O

1

psi0 = yo[y] /. zerofuncsl [[1]1]

— General::spelll: Possible spelling error: new symbol name "psi0"

M+y? (ymr+m@n-y+2)
2mre (n+1)

Simplify  [Coefficient [Expand [psiO ]1,vy, 3
n> —m

2mre (n+1)

Simplify  [Coefficient [Expand [psiO 1,vVy, 2
n®+m

mré (n+1)

Simplify  [Coefficient [Expand [psiO ],vy,1

n®+3mn+4m

2mré +2mn
Simplify  [Coefficient [Expand [psi0O 1,vy, 0

1

m Here we get the 0 order eigenvalue

bc300

a2¢o[0] N algo[0]
1-c0 c0-1

+ ¢5(0) — ¥5(0)

eig0l =
bc300 //. {¢o[0] -> (phi0 /.y ->0), ¢o
¥o[0] -> (psi0 /.y ->0), ¥
al -> (m-n"2) / (n™2 +n),
a2 ->al/m, bl -> -(m+n) / (nN"2 +n)}

2n+2 n? —-m nZ —m 2n®+2n?

11

is similar to existing symbol "phi0".

11

11

11

11

[0] -> (D[phi0,y 1/.y ->0),
[0] -> (D[psi0,y 1/.y ->0),

(m=n?)2nd +2n?)

nn+1) 2m@n+1) * 2 (n+1) n2(n+1)
(Mm=n>)2n +2n?)
2(1-cOmnr? (n+1)(n?2 + n)

+
2c0-DHn2(n+1)(n?2+n)
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eig02 =-eig0l /.cO ->cx +1

2n+2 N —m n—-m 2nf+2n2 (M-n>)2n® +2n?)

nin+1) B 2mn+1) * 2n2(n+1) B nzZ(n+1) 2cxn2 (n+ 1) (n?2 +n) B
(m=n®)2n® +2n?)

2cxmre (n+1) (N2 +n)

eig03 = Solve [eig02 == 0, cx ]

2n(-m? +nZ m+ m-n?)

{{CX_)_n4+4mrr°'+6mn?+4mn+m2}}

cOeig = 1 + FullSimplify [cx /.eig03 [[1111]

2(m=1)n(m-n?)
+
n+2mmn@n+3)+2)n+ m?

Here we can check with Y&H eq. (9)

c00 =1+ (2 (M=-n"2) (Mm=1) (n*3 +n"2)) /
((n*2 +n) (N4 +4n*"3m + 6N"2mMm+ 4nm + m”"2))

2(m-1)(m-n?)(n®+n?) .
MZ+nmn*+4mr +6mré +4mn+m?)

1

It works!!

check = Simplify  [c00 - cOeig 1]
— General::spelll: Possible spelling error: new symbol name "check" is similar to existing symbol "Check".

0

m Here is the solution to the first order problem

m Here are the equations for the first order problem
0s101

~i(-2b1R¢olyl + R(b1y? +aly—cO+ 1) g5 (y) +i g5 (y))

0s201

_i(=2b2rRyolyl + rR(b2y? + a2y — cO+ 1)y (y) + i my’ ()
m
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bc101

$1(D)

bc201

¢1[1]

bc301

_al(cl¢o[0] - (cO-1)4:1[0]) N a2(cl¢o[0] — (cO-1) ¢1[0])
(c0-1)? (c0—- 1)?

+¢1(0) - ¢1(0)

bc401

¥1[0] - ¢1[0]

bc501
¢1(0) - my71(0)
bc601

i F Rgo[0]

~ialRo[0] ~ ———— +ia2r Ryo[0] ~ i COR(0) +iR#5(0) +i cOr Ry(0) -

irRYH0) — 62 (0) + myP(0)

bc701
Y (=n)
bc8O1

Yal-nl

m The solution to the first order problem

We are fortunate again that c1 appears only in bc3. This condition will be saved for last.

We will solve the two OS equations and boundary conditions in three sets because they are so big.

Start with the upper phase OS eq, + top wall BC's
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eqsl2 = Simplify [{0s101 == 0, bclO1l == 0, bc201 ==0} /.
{¢0[0] -> (phi0 /.y ->0), o' [0] -> (D[phi0O,y 1 /.y ->0),
0" [0] -> (D[phi0, {y,213}] /.y ->0),
¢ [0] -> (D[phi0, {y,313}1/.y ->0),
¢o[y] ->phi0O, D [¢o[y]l, {y,al_ }]:>D[phi0, ({y, al }],
Yo [0] => (psi0 /.y ->0), o' [0] -> (D[psiO,y ]/.y ->0),
Yo" [0] -> (D[psiO, {y,21}1/.y ->0),
Yo" [0] -> (D[psiO, {y,33}1/.y ->0),
Yoyl ->psiO, D [doly]l, {y,a2_ }]:>D[psi0, {y, a2 }1],
cO0 -> cOeig 1}1

(i bIR2n + (y+2)n2 —my) (y- 1) .
n2(n+ 1)

R(bly? +aly- 2(m-1) n(m_’) )(@n+3y)m +m(2-3y)

n4+2m(n (2 n+3)+2) n+m?
nzZ(n+1)

$1(1) == 0, $1[1] == 0}

ansl2phi = DSolve [eqsl2, ¢:1[Yy]l.,VY 1;
— Solve::svars Equations may not give solutions for all "solve" variables.

philtempl = ansl2phi /. {C[3] -> c3f, C [4] -> c4f };
Here is the lower phase OS equation + bottom wall BC's

egsl?2a = Simplify [{0s201 == 0, bc701 == 0, bc801 == 0} /.

{¢0[0] -> (phi0 /.y ->0), o' [0] -> (D[phiO,y 1 /.y ->0),
¢o" [0]1 -> (D[phiO, {y,21}]1 /.y ->0),
™ [0] -> (D[phi0, {y,31}1/.y ->0),
$o[y] ->phi0, D [éolyl, {y,al_ }]:>D[phi0, {y, al }],
Yo [0] -> (psiO /.y ->0), o' [0] -> (D[psi0,y 1/.y ->0),
Yo" [0] -> (D[psiO, {y,21}1/.y ->0),
Yo" [0] -> (D[psiO, {y,31}1/.y ->0),
Yoyl ->psi0, D [¥olyl, {y,a2_ }1:>D[psi0, {y, a2 }],
cO0 -> cOeig 1}1

— General::spelll: Possible spelling error: new symbol name "egs12a" is similar to existing symbol "eqs12".

1. @ , b2rRM+y?(ym+m@n-y+2)
{ me [ﬂ[w’l ym n?(n+1) i
rR(b2y? + a2y - n4+22n2’21"é):+(g:;)n+mz)((2n+3y) n? + m(2 - 3y)) B
n(n+1) T
0,
Yyi(=n)==0,

Y1[-n] == 0}

+ig¢(y)|==0,
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ansl2psi = DSolve [eqsl?a, ¢1[Yy].,VY 1;

— General::spelll: Possible spelling error: new symbol name "ans12psi" is similar to existing symbol "ans12phi".

— Solve::svars Equations may not give solutions for all "solve" variables.

psiltemp2 =y [y] /. ansl2psi [[1l]]

Here are the remaining boundary conditions, except for the one that has cl in it

egsOla = ({bc401 == 0, bc501 == 0, bc601 ==0}) /.

{#0[0] -> (phi0 /.y ->0), ¢o' [0] -> (D[phiO,y ] /.y ->0),
¢0" [0] -> (D[phi0, {y,23}1/.y ->0),

¢o"™ [0] -> (D[phi0, {y,33}1/.y ->0),

¢o [yl ->phi0, D [¢o[y]l, {y,al_ }]:>D[phi0, ({y, al }],

Yo [0] -> (psi0O /.y ->0), ¥ [0] -> (D[psiO,y 1/.y ->0),

Yo" [0] -> (D[psiO, {y,21}1/.y ->0),

Yo" [0] -> (D[psiO, {y,33}1/.y ->0),
Yolyl ->psi0, D [¥ol[yl, {y,a2_ }]:> D[psiO,
(philtemp2 /.y ->0),

¢1" [0] -> (D[philtemp2,

¢1" [0] -> (D[philtemp2 ,

¢1' [0] -> (D[philtemp2,y
{y,2317.y ->0),
{y,331/.y ->0),

{y, a2 }1, #1101 ->
17.y ->0),

¢1[y] -> philtemp2, D [¢1[y]l, {y,al_ }]:> D[philtemp2, ({y, al }1,
Y1 [0] -> (psiltemp2 /.y ->0),
¥1' [0] -> (D[psiltemp2,y 1/.y ->0),
¥1" [0] -> (D[psiltemp2, (y,213}1/.y ->0),
¥1" [0] -> (D[psiltemp2, {y,33}]1/.y ->0),
Y1 [yl -> psiltemp2, D [¥1[y]l, {y,al_ }]:> D[psiltemp2, ({y, al }1,
cO -> cOeig }

Olbcstemp = Solve [eqsOla, {C[4], c3f, c4f }1]

Finally we work on bc3 which contains c1

O1bc3 =

bc301 /. {¢o[0] -> (phi0 /.y ->0), ¢o' [0] -> (D[phiO,y 1 /.y ->0),
$o" [0]1 -> (D[phiO, {y,21}]1/.y ->0),
™ [0] -> (D[phi0, {y,31}1/.y ->0),
$o[y] ->phi0, D [éolyl, {y,al_ }]:>D[phi0, {y, al }],
%o [0] -> (psiO /.y ->0), o' [0] -> (D[psiO,y 1/.y ->0),

Yo" [0] -> (D[psiO, {y,21}1/.y ->0),

Yo" [0] -> (D[psiO, {y,31}1/.y ->0),
Yoly]l ->psi0, D [¥oly]l, {y,a2_ }]:> D[psiO,
(philtemp2 /.y ->0),
¢." [0] -> (D[philtemp2,
¢1" [0] -> (D[philtemp2,
¢1 [Y] -> philtemp2, D

Y1 [0] -> (psiltemp2 /.y ->0),

¥1' [0] -> (D[psiltemp2,y 1/.y ->0),

Y1" [0] -> (D[psiltemp2, {y,2}1/.y ->0),
Y1 [0] -> (D[psiltemp2, {y,3}1/.y ->0),
Y1 [y]l -> psiltemp2, D
cO -> cOeig }

bc301t2 = Solve [O1bc3 == 0, cl1 ]

¢1' [0] -> (D[philtemp2,y
{y,2317.y ->0),
{y,331/.y ->0),

[62[y1, {y,al_ }]:> D[philtemp2,

[¥1[y1, {y,al_ }]:> D[psiltemp2,

{y, a2 }1, 11071 ->
17.y ->0),

{y, al }1,

{y, al }1,
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bc301t3 = bc301t2 /. Olbcstemp [[1]1];
Here is the answer for c1

cleigl =hbc301t3 //. {al -> (m-n"2) / (n"2 +n),
a2 ->al/m, bl -> -(m+n) / (n*2 +n),
b2 -> bl / m}

Finally if we get the expression by itself and simplify it, the remaining constarmrops out.

seel = Simplify [cl /.cleigl [[1]111

G(n+6)rn®—mm*+8n%+10n% + 126n+ 88)rn'? +
m? (2rn® + (42r — 140F) n® + (—280F + 248r + 224)n* +

(~140F — 1251 + 1043)n® + (601 + 1486) n® + 32(161 + 21) n + 2241)n°

m® (32rn® + 2(630F + 61r + 112)n® +
(4200F — 197t + 651) n* + 4 (1435F + 1561 — 94) n® +

(3920F — 3561 — 1306) n® + (1120F — 2180r + 406) n — 10881 + 944) n® —
m* (8 (420F — 21 + 49)n” + 6 (2520F — 94r + 273) n® + 2 (15540F + 5781 + 429)n° +

8(4620F + 110r — 83) n* + (26600F — 1287r + 1431 n® +
(11200F + 2581 + 1524) n? + 32(70F + 351 — 9)n+ 224r)n® —

m® (224(10F + 1)n’ + 32(350F — 9r + 35)n® + (26600F + 1524r + 258) n° +

3(12320F + 4771 — 429)n* + 8(3885F — 83r + 110) n® +

2 (7560F + 4291 + 578) n? + 6 (560F + 273r — 94)n + 392r — 16) n* — m®
(16 (70F + 591 — 68) n® + (3920F + 4061 — 2180) n° + 2 (2870F — 6531 — 178) n* +
8(525F — 471 + 78)n® + (1260F + 651r — 197)n® + 2(112r + 61)n+ 32)n° +

m’ (224n°® + 32(21r + 16) n® + (—140F + 14861 + 60) n* +
(=280F + 1043r — 125)n® — 4(35F =561 —62)n?> + 42n+ 2)n +
m® (6n+1) - m®(88n* +126n° +10n° +8n+ 1) R) /

(420m? (n+ 1)* (n* + 2m(2n? +3n+2)n+m2)3)

m Here is a check against the answers of Yiantsios and Higgins
We need can see that the real part of c1 is 0.
Simplify [N[seel /. {m->2,n ->5,r ->1,R ->1,F ->0}]]

0.00199456i

Simplify [N[seel /. {m->.4,n ->4,r ->2, R ->10,F ->5}]1

—-10.4682:

Let's try to get figure 2. To produce the ordinate we choose R=1 and take Im[ ] to get ridl of the

plotl = Plot [Im[N[seel /. {n-> .5r ->1,
R->1,F ->03}11, {m, 0, 10 1},
PlotStyle -> {Dashing [{.03, .02 1}1}1

plot2 = Plot [Im[N[seel /. {n->1,r ->1, R ->1, F ->03}]11, {m, 0, 10 }]
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plot3 = Plot [Im[N[seel /. {n->2,r ->1, R ->1, F ->0}]11,
{m, 0, 10 }, PlotStyle -> {Dashing [{.04, .02, .02, .02 1111
We seem to have perfect agreement. with fig 2a.
Show [ {plotl, plot2, plot3 }, PlotRange -> {-.01, .02 }]
0.02;
0. 015}

0.01¢

0. 005¢

-0. 0057

-0.01"
- Graphics-
If we try to do figure 2b there is a problem. Y&H state in the text that the flow is neutrally stable/if. m=

Fortunately they tell us why. Looking at equation 2 we see that ifrth thena; =a, = 0!. If this is the case
then by equation 5c, we neegd = 0 so thaty -y can be finite at y=0.

Thus there is an error in figure 2b. The curve should ben, fiot what is plotted!! You can check this further
if you need to.



