ChEg 356
Spring 2005 Test #1
2/17/05

1. Steady state heat conduction in a slab with heat generation. (40 points)

Consider a slab that has a thickness B in the x direction. The y and z directions are
infinite and completely uniform. There is a heat generation rate of S W/m’-s. The wall
at x=0 is insulated. The wall at x = B is fixed at a temperature T(x=B) = Ty. The thermal
conductivity is constant with a value of k, W/(m K s), the density of the slab is p (kg/m’)
and the heat capacity is Cp (W/K/kg)

. Wz

=0 x=B

a. Use a shell balance to derive the differential equation that governs the heat flux.
b. If Fourier’s law is valid for this situation, what is the differential equation for the
temperature profile?

c. Find the temperature profile.

d. What is the flux at x = B?

e. Now suppose that S =0, what is the temperature profile in the slab?

f. If the temperature Ty is changed, (approximately) how long will it be before new
steady state is established?

Extra credit (5 points)

g. Find the differential equation for the temperature profile for the case of finite S (that is
again with heat conduction), but this time the thermal conductivity is a function of x, k =
ko + k; x.




2. Transpirational cooling in a cylindrical geometry (35 points)

¢ I Purely radial flow
-
47

I TkR)=T T(R) =Ty
47

A concentric cylinder device as shown above has a fixed outer temperature T(R) = T,.
There is a radial flow outward of fluid, emanating from the inner cylinder, with a strength
w with units kg/(m-s) (mass/time per unit height of the cylinder. The total flow is
constant and goes only in the r direction. The fluid density is p, the heat capacity is Cp
and the thermal conductivity is k. All of these are constant.

a. Find an expression for the velocity field, v(r).

b. Use the complete form of the differential energy equation, in terms of temperature, to
find an equation that governs this situation. Explain the physical meaning of your terms.
c. Solve the ODE for the temperature profile. You may wish to recall that b In(x) =
In(x") and that ODE’s like this one can be readily solved using a simple substitution
variable.

d. Find an expression for the heat flux at r = kR.



3. An insulated wire. (25 points)

Consider the temperature of a wire that has an insulating material around it.

The wire has a radius kR, the outside of the wire has a radius R. There is heat generation
inside the wire by electrical dissipation, S. The thermal conductivity of the wire is k;, the
thermal conductivity of the insulation is k,. They have densities p; and p; and heat
capacities Cp; and Cp,. At r=R the heat loss to the surroundings is given by a heat
transfer coefficient and Newton’s law of cooling q(R) = h (T(R) -TO0).

a. Write down the governing equations in terms of temperature for this problem.

b. Write down all of the necessary boundary conditions

c. Without fitting the boundary conditions, find the general solutions to the differential
equations in the wire and the insulation.

d. If you solved this problem, the inner region (wire) would not have a logarithmic term,
but the outer region would. Explain why.

e. It is surprising, but true, that under certain circumstances, adding insulation will
increase the heat flux from a wire. Explain how this could be happen.
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Table 9.8-1 Summary of Notation for Energy Fluxes

Symbol Meaning Reference
Gpv? + ollv convective energy flux vector ~ Eq. 9.7-2
q molecular heat flux vector Eq.9.1-6
[m- vl molecular work flux vector Eq. 9.6-4

e=q+[w-vi+ (3:,,0'02 + p?DV combined energy flux vector Eq.9.8-5,6
=q + [7-v] + Gp* + pHv

In Table 9.8-1 we summarize the notation for the various energy flux vectors in
duced in this section. All of them have the same sign convention.
To evaluate the enthalpy in Eq. 9.8-6, we make use of the standard equilibrium th
modynamics formula

Fy — oHY , _ ¢ T A
dH'(aT) dT+(ap) dp = C,dT + [V aT)]dp .

When this is integrated from some reference state p°, T° to the state p, T, we then get’

o= [ ars [ v -o(%) | 6
™ P T/, r ‘

in which H° is the enthalpy per unit mass at the reference state. The integral over
zero for an ideal gas and (1/p)(p — p°) for fluids of constant density. The integral ov
becomes C AT — T°) if the heat capacity can be regarded as constant over the rele
temperature range. It is assumed that Eq. 9.8-7 is valid in nonequilibrium syste
_where p and T are the local values of the pressure and temperature. :

QUESTIONS FOR DISCUSSION

1 Defme and give the dimensions of thermal conductivity k, thermal diffusivity , heat capa
» heat flux q, and combined energy flux e. For the dimensions use m = mass, I = length,]
temperature and f = time.
2. Compare the orders of magnitude of the thermal conductivities of gases, liquids, and soli
3. Inwhat way are Newton's law of viscosity and Fourier’s law of heat conduction similar?
similar? '
4, Are gas viscosities and thermal conductivities related? If so, how?
5. Compare the temperature dependence of the thermal conductivities of gases, Liquids,
solids.
6. Compare the orders of magnitudes of Prandtl numbers for gases and liquids.
7. Are the thermal conductivities of gaseous Ne?’ and Ne? the same?
8. Is the relation C — Cy = R true only for ideal gases, or is it also true for liquids? If it is
true for liquids, what formula should be used?
9. What is the kinetic energy flux in the axial direction for the laminar Poiseuille flow of a N
tonian Iiquid in a circular tube? :
10. What is [@ - v} = pv + [7- v] for Poiseuille flow?

L See, for example, R. J. Silbey and R. A. Alberty, Physical Chemistry, Wiley, 3rd edition (2001), §
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§B.1 NEWTON’S LAW OF VISCOSITY {(continued)

Cylindrical coordinates (r, 8, z):

T, = [ -;’— G — KNV - v) (B.1-8)"
130y 2 .

o= —1| 20 352 6 +Gp— (T V) (B.1-9)
Ty = —;4,[2 i?i +Gp -0V v (B.1-10)*

a [ Vs 1 avr
=T =~ o\ T ) Y T e (8111
ov, @
=T, = —u[% + 71;%] (B.1-13)
in which
v, o,
@ =1Ly - 124 (B.1-14)

2 When the fluid is assumed to have constant density, the term containing (V - v) may be omitted. For
monatomic gases at low density, the dilatational viscosity « is zero.

Spherical coordinates (v, 6, ¢):

- o,
= — zai + G~ (T - V) (B.1-15)
1 309 2 7
Tog = —ut2 T30 + + Gp—kXV-W) (B.1-16)
_ [ 1 a"ﬁ v, + v, cot @ 2 ) ;
Tpp = ,u._?_(r Sin 099 + 7 )] + G — k¥V - v) (B.1-17Y¥
7, av,
R —,u,[r% (?F—) +1 ae] (B.1-18)
. __.|singa{ Y 1 9%
Toe = Top = P[ T 90 ( s 9) t o 8 a¢] (B.1-19)
RO N SR NI
Ter = Tre = 'u'l:r sin 6 d¢h T ( ¥ )] (B.1-20)
in which '
=l 1 1% -
v V)_rlc?r(rzv’)+r mﬂc?ﬁ(va sih 6)+rsin60¢ (B.1-21}

3 When the fluid is assumed to have constant density, the term containing (V - v} may be omitted. For
monatomic gases at low density, the dilatational viscosity « is zero.

§B.



i et gt B

i [

it i e Sl

rdhn e e SR e e R e S

Wy

= SR

§B.2 FOURIER'S LAW OF HEAT CONDUCTION"

§B2 Fourier's Law of Heat Conduction 845
lq = —kVT]
Cartesian coordinates (x, y, 2):
—l
=~k > (B.2-1)
aT
= ek B.2-2
Uy ay (B.2-2)
- 9L
.= —k > (B.2-3)
Cylindrical coordinates (r, 8,z
dTl
q. = -k ar (B.2-4)
14T
9% =—k355 (B.2-5)
_ .97 y
f. =~k (B.2-6)
Spherical coordinates (r, 8, ¢):
)y .
e (B.2-7)
= ;14T
%= "k+735 (B.2-8)
L (B.2-9)

q¢=—kr sin @ d¢p

2 For mixtures, the term Eq(-ﬁ,,/ M,)j, must be added to q (see Eq. 19.3-3).
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§B.3 FICK'S (FIRST) LAW OF BINARY DIFFUSION*

. §B.2
[jA = _P%ABV“—'A] .:
Cartesian coordinates (x, y, z): }
, A ;
jax= —PBp ‘é‘f (8.3-1)
. dw
jay = -p%réyi (8.3-2)
i dw
Jaz = —pBag T;; (B.3-3)
Cylindrical coordinates (v, 8, z): ‘ "_
. dw
Jar = =S 45 a_: (B.3-4)
. 1 dw ~ -
Jae = —pDag T?B_A (B.3-5) Cylin
. o &,
Jaz = ‘P@AB—af (B.3-6) -_:: P(“g’t'
! . aY;
Spherical coordinates (r, 8, ¢): ] -
Jar = —P2ap —;d;ﬂ (B.3-7) 3 (%
F at
- 1 0wy _ 3
jae = —PDap T (B.3-8) 5 : — o
i 1 aw ¥ assumr
o = P2 TG e B39 %
Spher
3 To get the molar fluxes with respect to the molar average velocity, replace j,. p, and w, by 1% ¢, and x,. 3 -
: v,
”(E
§B.4 THE EQUATION OF CONTINUITY"
[op/at + (V- pv) =0}
Cartesian coordinates (x, y, z): a0
g, a é \a
(L
oL g i o = -
3 3z v 5y v ¥ 5 ) =0 (B4-1)
Cylindrical coordinates (v, 8, 2): p(%
ot
9 13 14 LA = .
=7ty g lorod + pog v + o (pr) = 0 (B.4-2)
Spherical coordinates (1, 6, ¢ : Thes
ap 13 1 J . 1 a assum
— == — + — = B.4-3
at * P or tpriv) + r sin € 40 pvs sin 8) r sin 8 d¢ (pre) =0 ¢ )

° When the fluid is assumed to have constant mass density p, the equation simplifies to (V+ v) = 0.




8§6.5 The Equation of Motion in Terms of 1 847
§B.5 THE EQUATION OF MOTION IN TERMS OF r

[pDv/Dt = —Vp — [V - 1] + pgl

Cartesian coordinates (x, y, z):"

dw, av, v, ) ap [ z 2
p( o TV T dy T an )T Tax T |ax ™ * @ Ty g | T P8 (BSD)
o, v N _ g [
Uy v AN s 4 d .
P(—at T U, + Uy By t o, 32) Ay | ox Tay + ay Twt g Jz :l Py (B52)
v, v, v, aw\_ o [a a d
(Jf g Y e )T Tm T ety e T s BSD)

* These equations have been written without making the assumption that 7 is symmetric. This means, for

example, that when the usual assumption is made that the siress tensor is symmetric, 7,, and 7, may be
interchanged.

Cylindrical coordinates (r, 0, 2)*

du,  dv, vedv, v w\_ 9 lig 14 4 _ _Tm
”( b~ Rl o e e I B5-4)
avg ﬂ'Ua Uy 6'1)9 ava Uy _ —1 iz 14 _i Tor — Trp
P(??T”’F*_E”Vé‘z“*“?“ =773 rZ&r(’g R LA T * 03 .55
A, v, | Tydn; a,\_ 9 114 14 9 .
p( at + v v, -9?‘ + ?3‘6— + v, Jz - Jz ¥ ar ) += T 33 Toz + 9z Tz + P8 (B'S 6)

& These equations have been written without making the assumption that 7 is symmetric. This means, for example, that when the usual
assumption is made that the stress tensor is symmetric, 75 = 1, = 0.

Spherical coordinates (v, 8, ¢):°
(av, g, vy, Vs dv, Uit v;';) _ap
ol —= =

AR il g —
ot Uar T a0  rsin 0 dd r

ar
1 14 Tao + Tgs
[r2 ar (r'7) + ¥ sin 8 90 (79’ sin 0) + T in e T r] T P8 (B.5-7)
(avg pp P T e B Ul T w5, cot 0) _ 1
“or T r e ¥ sin 6 J¢ ¥ T 38
— 1) — t
- %% (Pre) + - mln 5 (o sin ) + —— si]n 5 ??% Tyo o~ 7 r e 2 6) + PRo (B.5-8)
4, ) vy v, 9 Uy 0D, Uyl Ugl, COt B) 1 dp
p(—é?"+v'?+7_rﬂg rsinﬂﬁ r )‘ r sin 0 4
5 S T (T — T,g) + g9 COL B:I . (5.59)
- L,ﬂ or o T+ r sin 096 (T“’ sin s 03 Pt r P&s )

¢ These equations have been written without making the assumption that 7 is symmetric. This means, for example, that when the usual
assumption is made that the stress tensor is symmetric, T = 7o = 0.




848 AppendixB  Fluxes and the Equations of Change

§B.6 EQUATION OF MOTION FOR A NEWTONIAN FLUID

WITH CONSTANT p AND

[pDv/Dt =

—Vp + 1V + pgl

Cartesian coordinates (x, y, z):

a, v, v, av, op lév, oo, %]
—_— — —= —e | A e — R — | + 6~
”(at TG TGy T az) x M o a2 P 6D
0, a0 v Jv g'lp 7%, v, &%,
y v AW/ e T T
p( o ThTE T, 5 + o, az) Y p,—axz + P + pe1 +pg, (B6D)
du, Ju, du, AN [ o2, o, 320
(E+U’§§+ y6y+ Zaz)" 55+“L6x2 y2 +ng ®.&3
Cylindrical coordinates (r, 8, z):
G L | N S R S W ) P10 dU 20| (B.6-4)
Pt " T T e T )T Tar T e\t T R TR Rae | TP '
37, dvy Uy 0D, Vg | T\ 1P af1a 18, %, 99y,
(at+vfar+rae+”zaz+ 7 )= ra M Fa )t e T e | T B65)
g, v, veau,  avN_ . (14 v\ 10 v
p(ﬁ'\"vr—g'}' ; 39 "‘“UZFZ—)-— E'f‘p,. ?E i""—r— +;362 +-é—z? "'?"pgz (B.6-6)
Spherical coordinates (r, 8, ¢):
N L O i ik A DO
Pt "% T T a9 7 sin 89 T ar
16, 1 a( ) 1 %,
+ | 2Lty 4 —— pol) 1 0, B.6-7F
M‘_r2 ar’ r? sin § 98 /) r?sin?g ad? P B.&7)
0y s | Ty 30 %y 90y v, — U5 cot @ 19p
Pt " ar T T30 T 7 ein 6 9 r * a8
19 {0\, 14( 1 1 3y 230, 2 cot g 90
RO LN PR bl RS S L BT 2 Pl 6-
'”'_r2 r(r 5”) rZ&G(sm 999(% sin 9)) r*sin’@ o¢° > 98  y% sin 6 I P8 B6-8)
5%_,_0?_?24_”08% Uy ﬂ 040, + gy cot § _ 19
A "% ar TT 38 7sin 0 0 7 * sin 6 0

19(,%\ 1a( 1 1 v 2
+uf =A==+ = +— 24 f
‘u'[,-l ar( 0r) 2 aﬂ(sm e 30 g0 Ve S 9)) r?sin?8@ 4¢*  r? gin 01396

2 cot 6 07y

+ B.6-9
r* sin 6 07?5] pgs (BE9)

* The quantity in the brackets in Eq. B.6-7 is not what one would expect from Eq. (M) for [V » Vv] in Table A.7-3, because we have added
to Eq. (M) the expression for (2/r{V - v), which is zero for fluids with constant p. This gives a much simpler equation.

*The
syster




§B.8 The Equation of Energy in Termsof q 849

§B.7 THE DISSIPATION FUNCTION ®v FOR NEWTONIAN
FLUIDS (SEE EQ. 3.3-3)

Cartesian coordinates (x, y, z):
do 2 [ fau P dv, v, 12 |dv, IR |ev.  du, P 2 v, Ov,  av,|?
= i + | — — —_— e — —_— — _ ] —— —_— —_— -
@ 2[(5I) (5}; %z * ax  dy * oy + oz * oz * ax 3| ox * ay * az ®.7-1)
Cylindrical coordinates (r, 9, z)
an,\2 [10v v\ (80 VP [\ 190 19v, v lov,  du,?
= — - — —_ 4 | —= - —— — e e — —_—
o, 2[(ar)+(rae+r ) | T #\F) rae] T vt e T

_2|1e 1% o |2
E[r Tyt az] (B7-2)

Spherical coordinates (r.8,¢):
_ v\t (10 U\ 1 Yy v, + D, cot OV
‘bv‘z[(_r) +(r ae+?) +(rsin9.9¢+ r
af{vel 1071 |sing g Ys 1 1 8o 3 (Vs\l?
ey et s — L — | + —_ 2|2
+[’ar(r)+rae]+[ T aa(sine)+rsinaa¢ rsin 03¢ o\t

2|14 13 o 1 vl ’
5[,—’- 5 o)+ g g @esin®) + oy aqb] (B.7-3)

§B.8 THE EQUATION OF ENERGY IN TERMS OF q
[pC,DT/Dt = —(V-q) = (31n p/3 In T),Dp/Dt = ()]

Cartesian coordinates (x, y, 2):

N L. | i‘l:__f‘.&i@%_m)Pﬁ_. B
pcp(ﬁ+v,3;+vyay+vzaz)— [dx+c?y+az a7, Df {(:Vv) (B.8-1)

Cylindrical coordinates (v, 8, z):

o aT .ol ., oT\_ |14 199 94| _(alnp\DPpr_ B8
pcp(ﬁ-t—+vr-§+—?3§+vz:;;)_ [ ) + 350+ 5 Jn T), Df (m:¥v) (B.8-2)

Spherical coordinates (r. 0, )

o fgr . oT  PadT, Ys aTy_|14 1 6., o oya 1}&_(61119)23* v
PCP(E+”'§?+rae+rsinea¢) [rzar(’zq’Hrsinaae("‘*sme) 63| \omt), o Y
(B.8-3F

" The viscous dissipation term, —(+:Vv), is given in Appendix A, Tables A.7-1, 2, 3. This term may usually be neglected, except for
systems with very large velocity gradients. The term containing (4 In p/ 7 In T), is zero for Auid with constant p.
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§B.9 THE EQUATION OF ENERGY FOR PURE NEWTONIAN ‘ §B.
FLUIDS WITH CONSTANT” p AND k ‘

[pC,DT/Dt = kV*T + u,]

Cartesian coordinates (x, y, z):

: Car
s (o7, oT,  oT . aT\_ |&#T, &T . &1 . § o
L R N - F 2 I AL RS- A ) 9-
pc”( ot igx Cvgy O"Z) k[é‘x2 Ay " 9z e (B5-1)
Cylindrical coordinates (v, 8, z): Cyl
s (3T L 0T (%0l 9T _(f1a ( a1y 18T &7 f,
pCP(&t to ar 3 36 o dz) - k_r ar (r 6;‘) + v geR * 622] +ud, (B.9-2)

Spherical coordinates (r, 6, ¢): Sph
s T T  PedT  _Ys 4T (16 20T 1 af_. .47 19T b i
ClT+p T 20 2 gl L0200 £ L)y ——25 |+ 9- ¢

P V('ﬂ “or T T 98 T rein 6 adJ) k_r2 dr (,—2 ‘97’) ¥ r? sin 0 30(Sm 0 69) r? sin? @ d¢? # ®39-3) P

* This form of the energy equation is also valid under the less stringent assumptions k = constant and (¢ In p/d In T),Dp/ Dt = 0. The

assumption p = constant is given in the table heading because it is the assumption more often made. : —

" The function @, is given in §B.7. The term u®, is usually negligible, except in systems with large velocity gradients. Te

Reg

§B8.10 THE EQUATION OF CONTINUITY FOR SPECIES « by

IN TERMS” OF j,
[pDw, /Dt = —(V +j,) + r,]

Cartesian coordingtes (x, y, z):

du, dw, dw, G, Fax oy _ o
Ly =2 - e = — -
P( = v, . + vy ay + v, 7z ) I: e + 5y + 7z +r, (B.10-1)

Cylindrical coordinates (r, 0, z):
(?wn ’9‘”& Uﬁ ‘9“);’ awa - 1 a . ] ajﬂﬁ ajuz
p( T + v, Sr + 55 + v, E) = H[?Er' (r]ar) + 758 + - +F, {B.10-2}

Spherical coordinates (v, 8, ¢):

dw, ow, Uy da, Uy G 14 . 1 J .. , 1 5fa¢
oy, —+ T =4+ - =] == (rd + — < + 10-
p( at ¢ T 3 rsing 6(#) [r2 or o) r sin 6 38 (na sint 6) rsing d¢ *r. (B10-3)

#To obtain the corresponding equations in terms of J} make the following replacements:

Replace p W, Ja v Yo

N
by c X, It v R, —x, BE'I Rp




§B.11

The Equation of Continuity for Species A in Terms of w, for Constant pBa 851

§B.11 THE EQUATION OF CONTINUITY FOR SPECIES A4
IN TERMS OF w, FOR CONSTANT* p3,,

oD,/ Dt = pB 4g¥%w, + 1]

Cartesian coordinates (x, v, z):

Ay de, dw, dry [ G0, Fw, Fo,
- —Lt 4y L A4 .
”( Gt Uy Yoy T az) PQ’AB? 2 oy tea |t (B11-1)
Cylindrical coordinates (r, 8, 2);
Jou  dws  Vgdws | dw,\ (14 ( 00\ 15w,  Pa,
p( e T a ) TP\ )Y e TR T i

Spherical coordinates (r, 8, ¢):

i, dw, Ty dwy Vs dawy
— Attt A
p( U TT 58 v ein 0 0

)=PQDAH

19 {00, 1 af . .dw, 1 FPo,
_r””( 3")+rzsin90"6(sme39)+r23m293¢2 s

(B.11-3)

* To obtain the corresponding equations in terms of x,, make the following replacements:

Replace P e v Ta
N

by c X v* R, =%, 2 Rg
A=




