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Summary

This notebook is intended to give a first introduction to multifluid flows through the use of "méideltegimes
calculated from exact solutions for laminar flow in different configurations. By comparing pressure drop over a
range of flow rates for these different configurations, #haiw differences of factors of up to 3Gthe importance

of knowing the flow regime is demonstrated. Insight into the physical reasons for the variation in pressure drop
with flow rates and physical properties is given.
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How to use this notebook

The best way to use this notebook is to open Mathematicaand work through the examples and make changes

in parameters or procedural stepeiplorethese problems. On line help is availabléMathematica3 so that a
definition and in most cases examples for any unknown command can be obtained. If you would like to view the
movies of flow regimes you will need web accesss and a web browser (which you might need to have turned on
first). If you do not have a license forMathematica you can download MathReader
(http://www.wolfram.com/mathreader/) free of charge. It does not let you change anything or run the calculations,
but it does allow full access to the notebook.

If you have to, you might be able to get some of the message from reading the .pdf file.

Other notebooks that cover a range of fluid dynamics problems are available at:
http://www.nd.edu/~mjm/

These can also be used to explore multifluid flows and learn more abouMadimgmatica

Motivation: Importance of multifluid flows

There are several reasons that multifluid flows are of interest. In the process industries, operations such as
extraction, distillation and stripping involve contacting of immiscible fluids and thus multifluid flows. Key
questions are the amount of interfacial area produced by various mixing schemes, the interfacial transport rates
and possibly pressure drop for pumping. In the petroleum industry, long distance transportation by pipe of
gas-liquid mixtures is quite common. Prediction of flow regime and pressure—drdljpwrate relations are

crucial to success of design and operation -- particularly of facilities to produce oil from deep water.

The academic interest of multifluid flows stems from the inherent complexity of these flows. For a horizontal
two-fluid flow in a simple geometry (circular or 2-D), there are six dimensionless groups. Thus a general
predictive relation for say, flowrate —pressure drop, cannot be obtained in a simple a form such &s ke
relation for single phase flow. With two or more fluids, the new problems that arise and really make the problem
more interesting (and hard) are the presendateffacewith dynamics different from either single phase and the
issue of the location of the phases.

Importance of knowing the flow regime

Prediction of flow regime for process and pipeline flows is still considered one of the major unsolved problems of
multifluid flows because prediction procedures typically have limited (and sometimes unknown) ranges of validity
and the regime exerts a zero order effect on the important macroscopic properties of the flow.
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Examples of flow regimes (video clips)

[BACK] to "How to"

When a gas and a liquid are forced to flow together inside a pipe, there are at least 7 different geometrical
configurations, or flow regimes, that are observed to occur. The regime depends on the fluid properties, the size of
the conduit and the flow rates of each of the phases. The flow regime can also depend on the configuration of the
inlet; the flow regime may take some distance to develop and it can change with distance as (perhaps) the
pressure, which affects the gas density, changes. For fixed fluid properties and conduit, the flow rates are the
independent variables that when adjusted will often lead to changes in the flow regime.

Air-water flow in a 1.27 cm diameter pipe oriented horizontally.

These videos are frorfiTwo Phase Flow Regimes in Reduced Gravity", NASA Lewis Research Center
Motion Picture Directory 1704.

By J. B. McQuillen, R. Vernon and A. E. Dukler.

The video was taken at 400 fps and the projection is at 29.97 fps
Earth gravity

Bubbly flow(.mov movie)

Superficial gas velocity = .16 m/s, Superficial liquid velocity = .90 m/s.

In this example of bubbly flow, the liquid flow rate is high enough to break up the gas into bubbles, but it is not
high enough to cause the bubbles to become mixed well within the liquid phase. The Froude number,

F:g—dzz.l5
L

whereg is gravitation acceleratiord is the pipe diameter arU, is liquid superficial velocity, shows that while
inertia is slightly larger than gravity forces, the experiments show that there is not enough mixing to scatter the
bubbles.

If the pipe were oriented vertically, the phase orientation would be symmetric, but there would likely be "slip"
between the phases and the gas would not move at the same speed as the liquid.

Annular Flow (.mov movie)
Superficial gas velocity = 7.4 m/s, Superficial liquid velocity = .08 m/s.
In annular flow, the liquid coats the walls. However, because of gravity, the liquid distribution is not symmetric.

There is much more liquid on the bottom of the pipe than the top. The velocity of the gas is large enough to cause
waves to form in the liquid and also to atomize some liquid. The maximum possible wave amplitudes scale, for
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liquid layers that are not too thin, as roughly the liquid thickness.
Slug flow (.mov movie)
Superficial gas velocity = .17 m/s, Superficial liquid velocity = .08 m/s.

The slug regime, is characterized by the presence of liquidiugisthat span the entire channel or pipe diameter.
These travel at a speed that is a substantial fraction of the gas velocity and they occur intermittently. Slugs cause
large pressure and liquid flow rate fluctuations. The movie shows the approach of first a large wave and later a
long slug. Other movies of slugs would show much more gas entrainment and a flow that looks much more
violent. The length to diameter ratio of slugs varies greatly with flow rates, pipe diameter and fluid properties. If
the diameter is very largé&; can always be large and slug flow, where the entire diameter is bridged, will not
form. Instead roll waves waves, which are breaking traveling waves, will be seen. Liquid may or may not coat
the entire pipe because there will be substantial atomization.

Here are the same flow rates if gravity is reduced to an insignificant level.
Bubbly flow
Superficial gas velocity = .13 m/s, Superficial liquid velocity = .89 m/s.

In this example of bubbly flow, there is no gravity so that there is no buoyancy force on the gas bubbles. Thus
they mix freely within the liquid. While there is definitely a continuous phase (liquid) and a dispersed phase (gas),
this is close to the idealizedomogenousr dispersedflow that will be used for comparison in the examples
below.

Annular flow
Superficial gas velocity = 8.1 m/s, Superficial liquid velocity = .08 m/s.

Now that gravity is removed, the liquid distribution is uniform around the pipe. Large disturbance waves still
occur but they are seen as "ring - like" disturbances. The absence of gravity also increases the amplitude to film
depth ratio of traveling waves because there is no liquid drainage from the wave caused by gravity.

Slug Flow
Superficial gas velocity = .16 m/s, Superficial liquid velocity = .08 m/s.

In the absence of gravity, the liquid distribution is uniform and the slugs are now liquid "trapped" between
traveling "Taylor Bubbles". This flow will not experience large pressure fluctuations and the flow rate
fluctuations occur only on the size of the bubbles. This is close to the idesllima@gime that is considered in

the calculations below.

The calculations below show directly that for the easily calculable case of laminar flow, the flow regime greatly
influences the pressure - drop flow rate relation. Thus, if design or operation of a device requires accurate
knowledge of flow rate and pressure drop, there is a need to know the flow regime. The rates of heat and mass
transfer are also often important in process equipment and the movies suggest that these will also depend
significantly on the flow regime!
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Intent of this notebook

This notebook is intended to serve as a basic introduction into one aspect of multifluid flows — the importance of
knowing the flow geometry, that is tiflew regime when a flowrate — pressure drop relation is needed. To do this

we use three idealized flows that have (more or less) exact solutions of the governing equations. It should be
noted that for various parameter ranges it may not be possible to physically construct the flows that are being
computed. However, it should also be realized that this demonstration exelmése,not in any way,
overemphasizethe importance of correct knowledge thatithgimehas on the design of a process flow!

There are very few exact solutions of the governing equations for multifluid flows. Here we use one exact
solution, a two-layer laminastratified flow and two idealized solutions, an alternating fluid1-fluid2 laminar flow
(which we term aslug flow) and adispersedfuid1-fluid 2 flow that is laminar with fluid properties described by

an average viscosity and density.

Our goal is to first show the extent of the predicted difference in the pressure drop depending upon the
arrangement of the phases. Second we would like to gain some physical understanding of the differences
between multifluid flows and single phase flows. Finally, some effort is given to demonstrating various
mathematical manipulations that are useful for studying the equations of multifluid flows.
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Preview of Major points

We have shown, using simple models for flow regimes, stratified, slug and dispersed, that

1. Thequalitativeas well as thguantitativebehavior of multiphase flows will change as the ratios of flow
rates and physical properties change.

2. The pressure drop predictions differ substantially with flow configuration. The pressure drop for dispersed
flow was predicted to be a factor of 35 higher than for slug flow in one case and a factor of 20 greater than
stratified flow for another case This key result is true for process flows and makes correct prediction of the flow
regime crucial to successful design of multifluid systems. Most engineering designs cannot stand an uncertainty
of a factor of 2 in the main design variable, let alone 30.

3. Stratified flow is the most efficient configuration, of the three tested here (compare stratified/slug,
dispersed/stratified), for fluid transport when the more viscous fluid has a higher flow rate. This is due to the
lubricating effect of the less viscous fluid that reduces shear in the more viscous fluid. This is the basis of
lubricated pipeline transport of heavy oil (See D. D. Joseph and Y. Y. Rerardgamentals of Two-Fluid
Dynamics Springer-Verlag, 1993, Vol. 2.) If the more viscous fluid is present in lessor amounts the advantage is
lost because it is subjected to high shear and acts to reduce the available flow area for the less viscous fluid.

4. The loss of lubricating effect of a less viscous fluid in stratified flow can cause a region where
decreasinghe flow rate of the less viscous fluidcreaseghe pressure drop (click for specifics abmettograde
pressure drop) -- contrary to physical intuation gained from most other flow situations.

5. The specific conclusions for dispersed/slug, dispersed/stratifed and stratified/slug can be accessed
directly.
6. The reason for the differences in the pressure drop with configuration for the examples in this notebook is

that the dissipation is altered. Differences in dissipation arise primarily when fluids of different viscosities are
located in regions of different stress. We also find that changing the effective flow area (i.e., by having a stratified
region of more viscous fluid) for the fast moving fluid changes the dissipation significantly. These general
observations should hold for either laminar flow (as shown here) or turbulent flow. However, if the primary
contributions to pressure drop are from fluid acceleration, or gravity, then the pressure drop differences caused
by the flow regime could be less than shown here. Examples are unsteady or transient flows, developing flows or
vertical flows.

[BACK to Recap
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Flow rate pressure drop relations for the three regimes.

Stratified flow

Fluid 2
—>

: h
Fluid 1

Two-layer, horizontal two-fluid flow

[BACK to Preview]
[BACK to Recap ‘

m Problem description

As shown in the picture, we consider a two-layer, steady, laminar flow with a flat interface. The two fluids are
presumed to have different viscosities and densities (and be immiscible) so that the separate regions are governed
by separate flow equations. The no-slip condition will be enforced at the lpweér)(@nd uppery = H-h) walls.

At the interface y{ = 0) we will have no slip between the fluids and a continuity of shear stress. For two, 2nd order
ODE's, this gives us the required number of boundary conditions.

Experimental and process flows are often stratified although the usual case would be that waves form. (Consider
also the case of wind blowing over a body of water. There will be a current caused by the wind and waves may
form.) If you would like to see still pictures of waves or video clips of waves, please click on the highlighted text.
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Mathematicaaside

In Mathematica it is convenient to give all expressions a "name". | try to pick ones that are consistent with what

is being done (but sometimes "temp" is used). This assignment is done with an "=" sign. To make an equation, a
"=="is used. This distinction is very useful in computer algebra and is employed in all of the packages with
which | am familiar .

Equations and boundary conditions

Governing equations for each fluid

strateql = p 9y UL [Y] - dpdx

p Uy (y) — dpdx.

strateq2 = ug dyy2 3 Usly] - dpdx g

Mg Ug(Y) — dpdx;

Boundary conditions

Bottom wall

bcl =u_[-h] == 0

u(=h) ==

top wall

bc2 =ug[H-h] == 0

UG(H = h) ==
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The velocity and stress match at the interface.

bc3 = up [0] == UG,[O]

u . (0) == ug(0)

bcd = (u DIu[yl,y 1/.y ->0) == (ucDluglyl.y 1/.y ->0)

p UL (0) == pg Ug(0)

Velocity profiles

We can solve all of the above equations together and simplify the result by using the command:

stratansl1 =
Simplify  [DSolve [{strateql == 0, strateq2 == 0, bcl, bc2, bc3, bcd },
{uclyl,uclyl}, y 11

(h+y) (h— H)? dpdxg p —dpdx (hyue +(h—H) (h-y) u))
2u (h=H)p —hpue) '
(h—H +y) (dpdx_uc h? +dpdx; (h(~h+H +y) uc + (H —h)yu)) )
2uc (hpg +(H=h)u)

{uy -

Ug(y) -

We should check the profiles to see if they make sense. Here we use an oil-water flow in a 1 cm channel.
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testplotl = Plot [
(u_ [y] /. stratansl [[111) /. {H->1,h -> .4,dpdx | ->-.2, ug->.2,
dpdx g ->-.2, wu. ->.01}, {y, -4,0 }]

- Graphics

testplot2 = Plot [
(ugl[y] /. stratansl [[111) /. {H->1,h -> .4,dpdx | ->-.2, pug->.2,
dpdx 5 ->-.2, p ->.011}, {y,0,.6 1}]

0.25;

0. 15

0. 05;

- Graphics

We see nice profiles for this oil-water flow with water on the left (the lower region).
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Show [testplotl, testplot2 ]

- Graphics

m  Average velocities
We need the average velocities to make comparisons based on flow rates.

J'_Oh (u_[y] /.stratansl  [1]) dy
h

ulstratave = Simplify |

h(3dpdy, u (h—H)* + hdpdx (huc +4(H —h) )
12pu (h—=H) u. —hpug)

ugstratave =
Simplify  [Integrate [ (ug[y] /. stratansl [[111), {y,0,H -h}1/ (H-h)]

— General::spelll: Possible spelling error: new symbol name "ugstratave" is similar to existing symbol "ulstratave".

~ (h—H) ((h—H)dpdx, 4hug +(H —h) ) —3h? dpdx_pug)
12 (hpug +(H —h) py)
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m  Pressure drop in terms of flow rates

In an experimental or process flow, the flow rates for the fluids are chosen and the pressure drop and depths of the
fluids adjust to appropriate values. Thus we would like to choose the liquid and gas flow rates as input variables
and eliminateh and then solve for dpdx. Unfortunately, we cannot do this analytically as it would produce a 7th
order equation foh. Thus, let us eliminate dpdx and then solveUsr We can later translate as needed to
compare toRe_, Reg input info.

We realize that if the flow is horizontal, there is no hydraulic gradient and tdpdx | =dpdx .

Start with the average equation for the lower fluid,
dpeqgl = (ulstratave /. {dpdx 5 -> dpdx, dpdx | ->dpdx}) == 0

h(3dpdxu (h—H)? +dpdxh(hug +4(H -hypu)) o
124 (h—H) . —hpe) o

Solve this for the pressure drop. Note that &indU_ are known, the flow is completely prescribed.

presstempl = Solve [dpeql, dpdx ]

12/,l|_ (—h/lG+h/l|_—H/l|_)U|_ }}

ko - h(—peh? +p h?+2H u h-3H2 u)

Then we get the stratified pressure drop in a useful form for later calculations.

dpdx = Simplify [ (dpdx /. presstempl [[1]]) /. UL -> Re. u . /h/p.]

strat

___12Re pf (h—H)pu —huo)
h2 ((h?2 +2H h—3H?2) . —h? ug) pr

Use the pressure drop in the equation for the average velocity of the second fluid to get a useful relation for its
average velocity.
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Ugexpress = Simplify [ ((ugstratave /. {dpdx g -> dpdx, dpdx | ->dpdx }) /.
presstempl [[1]]1) /.
O -> Re. u/h/p]

_(h-H)Re i (h—H)? u —h(h-4H) po)
h? ug (h? pg — (W2 +2H h-3H2) ) pu

m  Friction velocity

It is useful to also calculate the interfacial friction velocity. It is often termed, v*, and is defin, / = for 7 the

interfacial shear ang the liquid density.

vstar | =
Simplify [ ((Sqrt [u. (D[u_[y] /.stratansl [[1]],y1/.y ->0)/p.1 /.

{dpdx 5 -> dpdx, dpdx | ->dpdx }) ) /.
presstempl [[1]]]

V|- =t — P pe) Uy
h((h? +2Hh-3H2?) p - h2 u) p,

Dispersed

Dispersed

0 O ()00 OO _o

fuid 2 > OOOOO 60(8?%%)00%0 (8

[Back to Preview]
[BACK to Recap \

View the bubbly flow movie Bubbly flow
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Problem description

We choose a channel i$ high with fixed wall boundary conditions and the origin on the bottom wall. We
presume that we can describe a dispersed flow with an average viscosity and density. Note that this works
sometimes, but in real flows there are several problems. First, it should be recognized, as mentioned above, that it
may not be possible to construct a uniformly dispersed (homogeneous) flow at all flow rates. Second even if the
flow exists, there can be an effective "slip" between the phases so that a "drift flux" model is needed (see
Two-phase flows and heat transfer with applications to nuclear reactor design prot#emd. J. Ginoux,
Hemisphere, 1978, pp35-43). Third even if there is little slip between the phases, the average viscosity of the
mixture can be a complicated and often unknown function (ibid p22; M. Ishii & N. Al#E J. 25 pp843-854,

1979). Finally, even when the flow is nominally dispersed, it may not be homogeneous so that people solve
averaged versions of the Navier-Stokes equations for each phase with appropriate closures.

Equations for a steady, laminar single phase flow

dispeql = pmix a(y,z y Umix [Y]1 - dpdx mix

Mmix U;;]ix (y) - dpd)ﬂnix
The single differential equation and no slip boundary conditions are easily solved.

ansl = DSolve [{dispeql ==0, U mix [0] == 0, U mix [H] == 0}, U mix [Y1. VY ]

y* dpdx,,,  H ydpdx,,,
2 [mix 2 [mix

{{Umix ) -

We like to extract the velocity as

udisp = Umx [Y] /.ansl [1]

y* dpdx,;,  Hydpdx,
2 HMmix 2 Hmix

Average velocity

We need the average velocity to get the flow rate.
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jOHudisp dy
umixave =z —
H
H? dpdx_.,
12Hmix

Pressure drop

We can rearrange to get the pressure drop, and give it the newdpdx iy o

Note the the command below says to make an equation with the expression for umixa Uy violve it for
dpdx ., , then take the first part of it, which is the piece inside the outside braces, and use this as a substitution
rule to replacdpdx ;. This expression has the new nadpdx 4, Which will be used below.

dpdx disp = dpdx /. Solve [umixave == Uyy, dpdx . 1[[1]]

mix

— General::spelll: Possible spelling error: new symbol name "disp" is similar to existing symbol "udisp".

12/1mix Unnix
_ T

Friction factor

We might be interested in the friction factor, which is defined as

2
fmix =-H dpdxdisp /2 / pmix / Unix

6ﬂmix
H pmix Unmix

Which is the expected = 6/Refor a channel flow.

Friction velocity

It could also be of interest to derive the wall friction velocity.
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vstar mix = SArt [umx (D[udisp,y 1 /.y ->0)/pmx] /. dpdx ., -> dpdx disp

\/6 ’ Mmix Umix
H Pmix

Slug (Alternating)

Fluid 1 + fluid 2 2
— >

View the slug flow movie, Slug Flow

[BACK to Preview]
[BACK to Recap \

m Problem description

We cannot easily compute the exact relation for this alternating geometry even for laminar flow, although a
number of solutions exist for bubbles in capillaries at low Reynolds number. We will instead restrict our solution

to the case where the slugs and bubbles are long compared to the diameter (not like the picture) so that each region
is in fully-developed laminar flow. We can then get an average pressure drop using the volumetric flowrate to tell
us the fraction of the time that each region is contributing.

=  Equations for a steady, laminar single phase flow

slugeql = p 2y Uly] - dpdx

pu”(y) - dpdx

We choose a channel thatlis high with fixed wall boundary conditions and the origin on the bottom wall.
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slugansl = DSolve [{slugeql ==0,u [0] ==0,u [H] ==0},u [y],V ]

dpdxy? dpdxHy}}
2u - 2pu

{uy) -

Velocity profile

slugans2 =uf[y] /.slugansl [1]

dpdxy?  dpdxHy
2u 2u

Average velocity
We need the average velocity to get the flow rate.

jOHsIugansz dy
H

uslugave =

dpdxH?
12u

Pressure drop

Rearrange the average velocity equation to get the pressure drop.

dpdx =dpdx /. Solve [uslugave ==0, dpdx 1[[1]]

slug

120
=

Friction factor

It is convenient to construct a friction facterReynolds number relation from this.



18

intro.to.multifluid.nb

ftemp = -H dpdx /2/10/02

slug

HpU
Which is the expectefl= 6/Refor a channel flow.

Friction velocity

It is also useful to derive the friction velocity.

vstar gug = Sqrt [u (D[slugans2,y 1/.y ->0)/p] /.dpdx -> dpdxSlug

uU
6 | =
V6 oo

Pressure drop comparisons

We now need to compare the pressure drop for the different configurations to see what happens. To show the
importance of the regime, the ratio of pressure drop between two different regimes will be plotted as a function of
flow rate.

Dispersed / Slug

Pressure drop ratio

The pressure drop ratio for dispersed flow to slug flow is given as

dpdX 4, / dpdX

slug

Hmix Unnix
j718)
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Sensible values for the velocities and viscosities are needed in this expression.

m  Dispersed relations

For the mixture velocity, we just use the total flow rates

Re Re,
LA L G MG

Umix =
H

— General::spelll: Possible spelling error: new symbol name "Umix" is similar to existing symbol "mix".

Res pe + Re u
)4e] PL

H

Averages will be used for the viscosity and density. A straight volume average should be good for the density.
This will not be good for the viscosity and we will use a mass fraction weighting for viscosity.

The volume averaged expressionSaverage = Volfrac(L) &L + volfrac(G)£s. The volume fraction for, say, the

je AL
L phase is 5

The expression for the density is,

ReL uL Res ug

. o PL e PG _
pMIX = + :
( ReL uL + Res ug ) ( ReL uL + Reg ug )
PL PG PL PG

For the viscosity we will use an expression (franwo-phase flows and heat transfer with applications to nuclear
reactor design problemsd. J. J. Ginoux, Hemisphere, 1978, p22), attributed to Cicchitti et al.. It is essentially a
mass fraction weighting and assumes that the more viscous fluid is also more dense. (Of course this is not always
true!) If you don't like this one, check out the above-mentioned Ishii and Zuber paper.

o Re_ u. o Reg ug
umix = oL L+ PG ue:
(pL Re. u. + 06 Reg ug ) L (pL Re. u. + 06 Reg ug ) G
PL PG PL PG

— General::spelll: Possible spelling error: new symbol nametiix" is similar to existing symbolgmix".

umixsimp = Simplify  [umix ]

Res g + Ra pf
Reés uc + Re. u
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Now substitute the averages into the expression for the dispersed pressure drop.

disptemp = FullSimplify [dpdxdi,Sp /. {Umix => umixsimp,
Unix => Umix }]

PG PL
H3 (Res g + Re. )

12(Res 3 +Ra_ pp) (Boete 4 Boi)

= Slug relations

dpdx

slug

120
=

From the relation fodpdx sug + We see that we need an average of the prodwy ol U. The way this works

is that the pressure drop for each region is —12+u but theU; is increased over its single phase velocity by

the loss of flow area owing to the presence of the other phase. So in a region of L, the pressure drop is higher than
if no G were present. Of course, the entire pipe is not filled with L, it is ﬁ full of L. So we can

combine this to get the final result.

The fraction still available to fluid L should be

XL=1-L
(U + Ug)
U
I
UG+U|_

The fraction available for fluid G is then

XGolo—*
(U + Ug)
U
1- — -t
Ug + UL

This gives a pressure drop that becomes
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-12 ([ U U ue Us Us
dpslug = +
H XL (U +Ug) XG (U +Ug)
( g UZ UZ )
Ug+UD) (1-go—) — Ue+U0) (1- gs)
_ —
L Re. u. Reg ug
slugtemp = Simplify dpslug /. {U -> y,Ug ->
[ { HoL Hpc }]
_ 12(Res p g +Ra pf po)
H3 pg pu
This is, of course, the same as the obvious answer,
dpslug2 =
- -12 Re. p. Res us
FullSimplify ( — (U U+ pg UG)] /. U > ,Ug >
[ H { HoL Hog }]
_12(Res pu g + Re pf po)
H3 pc pu
m  The dispersed- slug ratio
dispslugratio = Simplify  [disptemp / slugtemp ]

(Res w2 +Re u?) (Re. p pe + Res pig pu)
(Res pig + Re. u) (Res pu pd + Re. 12 pg)

= Limits of the expression

This result gives all of the expected limits.
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ratiotest = FullSimplify [dispslugratio /. {Re. -> U.p  H/ u,
Reg -> Uz pg H/ ug}]

(Ug +UL) (Ug pG pe + UL p pL)
(Ug e + UL i) (Ug pg + UL p1)

ratiotest2 = FullSimplify [ratiotest /.
{ug -> uL}]

Limit [dispslugratio, Re c ->0]

Limit [dispslugratio, Re c -> Infinity ]

= Plots of the ratio

Air-water in a 2.54 cm channdRe, =100.
The pressure drop ratio for dispersed flow divided by slug flow gives a difference of a factor greater than 30. The

liquid flow rate is held constant as the gas flow is increased.
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m  Pressure drop comparison for dispersed vs. slug flow

Plot [Evaluate [dispslugratio /. {Re_ -> 100, p_->.01, pug->.00018,
oL ->1, pc->1/899,H ->13}], {Reg 1, 10000 1},
AxesLabel -> {"Reg", "dispersed /slug ratio" }1]

di spersed/slug ratio
35¢

30}

25¢

20t

15}

10

5

2000 4000 6000 8000 10000%<C

- Graphics

[BACK to Preview]
[BACK to Recap \

Air-water in a 2.54 cm channeRe. =1000.
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Plot [Evaluate [dispslugratio /. {Re_ -> 1000, p -> .01,

oL ->1, pc->1/899,H ->1}], {Res 1, 10000 3},
AxesLabel -> {"Reg", "dispersed /slug ratio" }1]

di spersed/slug ratio
35}

30}
25}
20}
15}
10}

5,

2000 4000 6000 8000 10000%°C

- Graphics

Check to see if anything is happening at snReg .

Air-water in a 2.54 cm channeRe_ =1000.

e -> .00018,
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Plot [Evaluate [dispslugratio /. {Re. -> 1000, p_ ->.01, uc->.00018,
oL ->1, pc->1/899,H ->1}1, {Reg .01, 1 1},
AxesLabel -> {"Reg", "dispersed /slugratio” }1

di spersed/slugratio
1. 015;

1. 0125}
1.01}

1. 0075}

1. 005;

1. 0025}

- Graphics

We see that for largReg, there is a huge disparity in the predictions of pressure drop.

Oil-waterin al cmchannelRe _=100. Now the dispersed flow has a lower pressure drop.
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Plot [Evaluate [dispslugratio /. {Re. ->100, pu ->.01, pug->.2,
oL ->1, pc->.88,H ->1}1, {Reg, .1, 10 1},

AxesLabel -> {"Rey ", "dispersed /slug ratio" }1

di spersed/slug ratio

0. 96

0. 95

0. 94

\/ 4 6 g 10 reoil

- Graphics

Oil-water in a 1 cm channeRe,. =1000. Again, dispersed is lower.

Plot [Evaluate [dispslugratio /. {Re_ -> 1000, p ->.01, pug->.2,
p. ->1, pc->.88,H ->1}], {Reg .1, 10 1},
PlotRange -> All, AxesLabel -> {"Re ", "dispersed /slug ratio" }1]

di spersed/slug ratio

.99
.98
.97
96
95
94

O ©o o o o o o

.93

Reoi |

- Graphics
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Oil-water in a 1 cm channeRe, =100. There is a modest minimum in the pressure drop ratio.

Plot [Evaluate [dispslugratio /. {Re. ->100, y ->.01, pug->.2,
oL ->1, pg->.88H ->1}], {Reg .1, 5 1},
PlotRange -> All, AxesLabel -> {"Re ", "dispersed /slug ratio" }1]

di spersed/slug ratio

0. 96

0. 95

0. 94
- Graphics

m  Dispersed - slug observations

The first observation, that was probably obvious, is that the character of the flow can change with the relative
values of the two flow rates.

For gas-liquid cases, we see that dispersed flow always has a larger pressure drop that slug. This is evidently
because the viscosity of the mixture is always higher than the less viscous fluid and thus the pressure drop is
always increased over a single phase flow of the less viscous fluid. In contrast, the alternating flow has regions of
the low viscosity fluid in laminar flow which gives the lowest possible pressure drop for a requisite fraction of the
flow distance.

For oil-water flows, dispersed flow has a lower pressure drop. This is evidently because of the density weighting
of the mixture viscosity function which keeps the viscosity below its volume fraction value.

For all of the test cases, there is an intermediate maximum and an intermediate minimum that appear to depend on
the viscosity ratio. Let's see if we can make some sense of this.
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= Analysis

The Reynolds number is not an intrinsically important parameter in this problem so let us do some rearranging.

dpmax1 = dispslugratio /. {Re. -> U.p. H/ u,
Reg -> Us pg H/ uc}

(HUg e pe +H UL p o) (HUg pe oL + H UL pG pL)
(HUg pc +HUL pL) (HUg g pc p. +H UL 1 pg pL)

Now get the pressure drop ratio completely in terms of parameter ratios. Note we could have done the whole
problem this way by using the appropriate nhondimensionalization at the beginning.

dpmax2 = FullSimplify [dpmaxl /. {ug -> mu., Ug -> ¢ U,
oG ->T1 pL}]

W+D(mry +1)
My +1) Ty +1)

If the viscosities are equam=1, then the models give the same result as they should.

Simplify [dpmax2 /. m -> 1]

Likewise, if the densities of the fluids are equratl, the pressure drop ratio is unity.

Simplify [dpmax2 /.r ->1]

Forr not equal to unity, we see that we have the same behavior as above using this simpler expression and we
now find that there is a maximum. Note that in the limit of gas/liquid flowrate ratieoco, the pressure ratio
returns to unity.

We need to load a package to do a log plot
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<< Graphics Graphics®

Here is air-water.

LogLogPlot [dpmax2 /. {m->.02,r ->.001 }, {y, .01, 100000 1},

AxesLabel -> {"flow ratio

di spersed/slug ratio

20 ¢

10 ¢

, "dispersed /slug ratio" }]

flowratio

0. 01 1 100 10000

- Graphics

Here is oil-water
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LogLinearPlot [dpmax2 /. {m->20,r -> .8},
{y, .01, 200 3}, PlotPoints -> 100, PlotRange -> All,

AxesLabel -> {"flow ratio", "dispersed /slug ratio" }1]

di spersed/slug ratio
1,

0. 98
0. 96}
0. 94}
0.92;
0. 9¢

0. 88}

: : : : : flow ratio
0.01 0.1 1 10 100

- Graphics

Forr<1 andm<1, there is a maximum at high flow rates. Fot, m>1, there is a minimum.

Now take the derivative to find the extremum,

dpmax3 = FullSimplify [Dldpmax2, ¥ 1]

_(Mm-DHr-Hmry® -1
(MY + 1% (r g + 1%

We are fortunate that we get a simple result for the flow rate ¢atibthe extreme point,

dpmax4 = Solve [dpmax3 == 0, ¥]

1

1
W= )
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We see that/, the flow rate ratio, for the maximum pressure drop will be large for air-water flows and possibly
closer to unity for oil-water flows for the minimum. The pressure drop value of the maximum or minimum is
given by substituting this into the pressure drop ratio expression,

maxeql = FullSimplify [dpmax2 /. dpmax4 [[2]]]

(Vm VT +12)°
(Vi + V7Y

It is seen that this value can be arbitrarily large, or somewhat smaller than 1. Most engineering designs cannot
stand a factor of 20 uncertainty in a key parameter.

Consider gas-liquid density ratio. The air-water viscosity ratio would be 0.018, giving a factor of 30 of difference
in the pressure prediction of the two models.

LogLogPlot [maxeql /.r -> 1/900,
{m, .001, .1 }, AxesLabel -> {"viscosity ratio",
"max dpratio" @ }]

max dpratio
200 ¢
150 |
100 |
70 ¢
50 |
30 ¢

20 ¢
15 ¢

10 ¢

‘ ‘ ‘ ‘ ‘ ‘ viscosity ratio
0.001 0.002 0.005 0.01 0.02 0.05 0.1

- Graphics

The minimum for oil-water is much more modest.
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LogLogPlot [maxeql /.r ->.8, {m,1, 1000 },
PlotRange -> {.3,1 }, AxesLabel -> {"viscosity ratio",
"min dpratio" }]

mn dpratio

l \
0.7
0.5
0.3 - : : : : : — viscosity ratio
1 5 10 50 100 5001000
- Graphics

Conclusions for dispersed verus slug flows

The dispersed flow has a higher pressure drop than the model slug flow if the less viscous fluid has a lower
density than the more viscous fluid. This difference can easily be a factor of 30 for reasonable values of the
viscosity and velocity ratios. Dispersed flow gives a modest reduction in pressure drop (~10-15%) occurs
(compared to slug) if the more viscous fluid has a lower density. It should be emphasized that the model for the
mixture viscosity of the dispersed flow can significantly change these results (Check this yourself).

[BACK to Preview]
[BACK to Recap \

We can examine the viscosity relation for dispersed flow to gain some physical insight into why the dispersed
flow can have a much higher pressure drop for air-water.

Change the mixture viscosity into ratios,
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viscl =umix /. {Re. -> U. oL H/ pu,
Reg -> Ug pg H/ uc}

H Ug us ps HUL u oo
HUg pc +HULp.  HUgps+HUL oo

Now compare the mixture to the liquid viscosity,

visc2 = FullSimplify [(viscl /. {ug-> mu,, Ug -> ¢y U,
pc =>r pL}) /ul

mry +1
ry+1

LogLinearPlot [visc2 /. {r ->1/900, m ->.02 }, {y, .01, 100 1},
AxesLabel -> {"Air -water ratio", "mixture viscosity" }]

m xture viscosity
1

0. 98

0. 96

0.94

0. 9L ‘ ‘ : — Air-water ratio
0.01 0.1 1 10 100

- Graphics

We see that the mixture viscosity is staying close to the liquid value even when the flow has a high volume
fraction of the gas. Thus while the alternating flow has regions of low pressure drop, (the gas), the dispersed flow
never gets this benefit.
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In contrast for oil-water, since water is less viscous and more dense, the mixture viscosity does not increase too
quickly as the oil flow is increased so there is a range where the dispersed pressure drop is not as large as the
alternating flow.

LogLogPlot [
visc2 /. {r ->.8, m ->20}, (¢, .01, 100 3}, PlotRange -> All,

AxesLabel -> {"Oil -water ratio", "mixture viscosity" }]

m xture viscosity
20 |

15 |

10

1.5}

Ol -water ratio

0.01 0.1 1 10 100

- Graphics

m Dispersed / Stratified

Here is the ratio of dispersed flow to stratified flow

dpdX 4, / dpdX

strat

h? ((h2 +2Hh- SHZ) ML — h? M) Hmix PL Umix
H2Re uf ((h—H)u —hue)
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We now need sensible values for the velocities and viscosities.

m  Dispersed relations

For the mixture velocity, we just use the total flow rates

Re. up Reg ug
PL PG

H

Umix =

Averages will be used for the viscosity and density. A straight volume average should be good for the density.
This will not be good for the viscosity and we will use a mass fraction weighting for viscosity.

The volume averaged expressionaverage = Volfrac(L) &L + volfrac(G)&s. The volume fraction for, say, the

je AL
L phase isgo—.

The expression for the density is,

Re. u Res ug
. o PL e PG
omix = + :
( Re_ u. + Reg ug ) ( Re_ u. + Reg ug )
PL PG PL PG

For the viscosity we will use an expression (franwo-phase flows and heat transfer with applications to nuclear
reactor design problemsd. J. J. Ginoux, Hemisphere, 1978, p22), attributed to Cicchitti et al.. It is essentially a
mass fraction weighting and assumes that the more viscous fluid is also more dense. (Of course this is not always
true!) If you don't like this one, check out the above-mentioned Ishii and Zuber paper.

Re, u
. pL
mix = +
K (p ReL uL + 06 Reg ug ) KL
PL PG
Reg ug
PG oo p
G
Re. up Reg ug
+
(pL PL P PG )

Simplify  [umix ]

Res 4§ + Re. pif
Res uc + Re.

Now substitute the averages into the expression for the dispersed pressure drop.
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disptemp = Simplify [dpdxdi,Sp /- {Mmix —-> pmix,
Unix => Umix }]

_ 12(Res pi§ +Re i) (Ra. pu pe + Res s pu)
H3 (Res e + ReL ) pe pu

= Stratified relations

This is the ratio that we want.

dispstratratio = Simplify [ (disptemp / strattemp ) /.Reg -> regfunc ]

—((uE h* =2 —2HN? +3H?h-2H3%) ug . h+ (h—H)* 12
(hus (h—=4H) (h—H)? ps - h® pp) = (h=H) p ((h=H)® pg — h? (h+3H) py)))/
(H® (g +(H = h) )
(4G puh* = (h—H) g p (W —=5H h+4H?) pg + h(h+3H) p.) h+ (h—H)* 1 pc))

<< Graphics Graphics’

m  Plots of the ratio

Oil-water flow in_ a1 cm channelRe =100. Dispersed flow has a lower pressure drop at low oil flow rates but
stratified becomes lower as the oil flow rate becomes large. This is because theibviiaiesthe flow in the

sense of reducing the stress near one wall. (The effect would be quantitatively larger for a pipe geometry where
the water could completely surround the oil.) The reason that the pressure drop is higher for stratified at low water
flow rates is that thevater, in its stratified configuration, is taking up floareathat is not available to the more

viscous phase.

sublist = {Re. -> 100, p_ ->.0098, pug->.21,
pL —> 1, PG —> .855, H -> 1}

{Reg — 100,y - 0.0098,uc - 0.21,p, —» 1, pg — 0.855,H — 1}
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ParametricPlot [{Log [regfunc /.sublist 1,
dispstratratio /.sublist 3}, {h,0.05, .95 1}, PlotRange -> All,

AxesLabel -> {"Log [Reg]", "dispersed /stratified ratio” }]

di spersed/stratified ratio

2.25
2
1.75

Log [Reg]

- Graphics

Here is the plot as a function of increasing water layer thickness (based on stratified geometry). This is the same
as above but the abscissa is "flipped". The total channel depth is 1.

Plot [ (dispstratratio /.sublist ),
{h, 0.05, .95 1}, AxesLabel -> {"h", "dispersed /stratified ratio” }]

di spersed/stratified ratio

2. 25¢

ol
1.75}
1.5
1. 25}

0. 75;

- Graphics
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Oil-waterflow in a1 cm channeRe =1000. The behavior is qualitatively the same for different flow conditions.

sublist = {Re. -> 1000, p -> .0098,
pL —> 1, PG —> .855, H

e -> .21,

{Re. - 1000,y — 0.0098,uc — 0.21,p, - 1, pg - 0.855,H — 1}

ParametricPlot
dispstratratio

AxesLabel -> {"Log [Reg]",

di spersed/stratified ratio

2.

1.

1.

[ {Log [regfunc

2,

1.5

}, {h, 0.05, .95
/stratified ratio"

25¢

75¢

25}

0.

- Graphics

75}

}, PlotRange

Log [Reg]

-> All,
]
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Plot [ (dispstratratio /.sublist ),
{h, 0.05, .95 1}, AxesLabel -> {"h", "dispersed /stratified ratio" }]

di spersed/stratified ratio

2.25;

ol
1. 75}
1.5¢

1. 25¢

0. 75¢

- Graphics

Here we plot the viscosity of the dispersed phase. It will be shown better below, but on the left side of the plot,
the viscosity of the dispersed phase is decreasing while the pressure drop ratio is increasing. This demonstrates
that the lubrication effect occurs because of the flow geometry -- less viscous fluid in region of high shear reduces
the pressure drop.
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Plot [ ( umix /. Reg ->regfunc ) /. sublist, {h, 0.05, .99 3},
PlotRange -> All, AxesLabel -> {"h", "dispersed phase viscosity" }]

di spersed phase viscosity
0. 2}

0. 15¢

- Graphics

Heavy Oil-water flow in_a 1 _cm_channelRe =100. The pressure drop reduction for stratified flow is more
pronounced for a more viscous oil.

sublist = {Re_. -> 100, g, ->.0098, ug->5,
oL ->1, pg->.95H ->1}

{Rg — 100,y - 0.0098,uc » 5,p. > 1, pg » 0.95,H - 1}
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ParametricPlot [{Log [regfunc /.sublist 1,
dispstratratio /.sublist 3}, {h,0.01, .95 1}, PlotRange -> All,
AxesLabel -> {"Log [Reg]", "dispersed /stratified ratio” }]

di spersed/stratified ratio

3.5/\

-125 -10 -7.5/ -5 -2.5 55 LoglRec]

- Graphics
LogLinearPlot [ (dispstratratio /.sublist ),
{h, 0.01, .95 }, PlotRange -> All,
AxesLabel -> {"h", "dispersed /stratified ratio” }1

di spersed/stratified ratio

3.5
3
2.5
2
1.5

1

0.010.02 0.05 0.1 0.2 0.5 1

- Graphics

Here we plot the viscosity of the dispersed phase. The specific lubricating region is shown on the very left of the
plot where the dispersed viscosity is decreasing while the pressure drop ratio is increasing. It is also seen that
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there is a very great change in the mixture viscosity and a much smaller corresponding change in the pressure drop
ratio.

LogLogPlot [ ( umix / ug /. Re g -> regfunc ) /. sublist,
{h, 0.05, .99 }, PlotRange -> All,
AxesLabel -> {"h", "dispersed phase /oil viscosity" }]

di spersed phase/oil viscosity

1t

0.5

0.1¢

0.05 |

0.01 ¢

0.005 |

0.1 0.15 0.2 0.3 0.5 0.7 1

- Graphics

Air-water flow in_a 2.54 cm channelRe =100. Dispersed flow always has a higher pressure drop for air-water.
This differs qualitatively from the oil-water case because the large density ratio makes the mixture viscosity
increase very fast as the liquid flow rate is increased. Thus there is no advantage to having a dispersed flow with
the entire flow area. Note that a different mixing rule for the mixture viscosity would change this.

sublist = {Re_. -> 100, y; ->.0098, ug -> .00018,
oL ->1, pg->1/7899, H ->254}

! ,H - 254

{Re. - 100, - 0.0098,uc - 0.00018,0 > 1, pg > 599
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ParametricPlot [

{Log [regfunc /.sublist ], dispstratratio /. sublist },
{h, 0.001, 2.537 }, PlotRange -> {0, 25 },

AxesLabel -> {"Log [Reg]", "dispersed /stratified ratio”

di spersed/stratified ratio

25
20
15
10
5
°5 5 10 15 20 Lo9[Rec]
- Graphics
Plot [ (dispstratratio /.sublist ),
{h, 0.05, 2.51 1}, PlotRange -> All,
AxesLabel -> {"h", "dispersed /stratified ratio" }1

di spersed/stratified ratio

20

15

10

- Graphics
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Air-water flow in a 2.54cm channeRe; =1000.

sublist = {Re. -> 1000, py ->.0098, ug ->.00018,
o ->1, pg->1/899, H ->254}

2 - 2.54)

{Rq_ — 1000,y — 0.0098,uc — 0.00018,0, — 1, pg — 899

ParametricPlot [{Log [regfunc /. sublist 1,
dispstratratio /.sublist 3}, {h, 0.05 251 1}, PlotRange -> All,

AxesLabel -> {"Log [Reg]", "dispersed /stratified ratio” }1]

di spersed/stratified ratio
20

15

10

25 4 7.5 10 12 5\1‘5"09[%6]
- Graphics

The maximum is not due to the specific value of the gas Reynolds number. This large maximum occurs at a depth
of about 20% of H at this viscosity ratio and is probably best thought of as a geometric effect. See
the dimensionless compariso(n below.
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Plot [ (dispstratratio /.sublist ),
{h, 0.05, 251 1}, PlotRange -> All,
AxesLabel -> {"h", "dispersed /stratified ratio" }1

di spersed/stratified ratio

20

15

10

- Graphics

= Observations
We see a complex shape with regions where either dispersed or stratified could have a larger pressure drop. Let's
explore the equation that determines this.
Again we need to get rid of the Reynolds numbers and recast the problem in terms of ratios.

stratdispl = dispstratratio /. {Re. -> U p. H/ u,
Reg -> Us pg H/ uc}

—((uE h* =2 —2H K +3H?h-2H3%) ug w h+ (h—H)* 1?)
(hus (h=4H) (h—H)? ps - h® pp) = (h=H) p ((h=H)® pg — h? (h+3H) py)))/
(H® (hpug +(H = h) )
(& pLh* = (h=H) pg . (0? =5H h+4H?) pg + h(h+3H) p ) h+ (h=H)* 1 po))

Now get it in terms of parameter ratios,
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stratdisp2 = Simplify  [stratdispl /. {uc-> mu., h ->nH,
oG ->T1 pL}]

—((M=-2°n*+4Mm-HnP-6M-1n +4M-1)n+1)
(M=-Dr-Dn*+@-6mr+2)n*+3((Bm-2r-1)n’-4m-1)rn-r))/
(M=-Dn+Dr-D*-mn(r+1n?+@B=5rn+4r)(n-1) +nm? n?)

Do the same for the viscosity ratio.

mumixratio = ((umix /ug) /. Reg-> regfunc ) /. {Re. -> U . p H/ u.}

1 H UL u oo

G _ (—HHH-h U (h-H) s ~h(h-4H) o) po
He (HU W2 fie (W2 g —(2+2H h-3H2) )

(h—H)H (H -h) UL g ((h=H)? u —h(h=4H) ue) pe

2 (h2 2 2 (h—H)H (H-h) U, m_((h-H)* p ~h(h-4H) 6) ps
h (h /lG_(h +2Hh_3H )/lL)(H ULPL— hZHG(hZHG—(hZ‘*ZHh—SHZ)HL) )

Now get the viscosity ratio in terms of parameter ratios,

mumix2 = FullSimplify [mumixratio /. {ug -> my, h ->nH,
PG =>T pL}]

(M-8 -n+2n-rn-1%+nm (M (-mn+n+2)—3)
-rn=*+mné@r+nn+(-5r+3)N-1)—mn*

We can plot a few of these to see that the behavior is the same as complete expression.

The first plot has a density ratio of unity and the amount of more viscous fluid increases with h/H. We see that

dispersed is more efficient at low h/H and that stratified has the lowest pressure drop as the more viscous fluid
takes up more area.
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LogLinearPlot [stratdisp2 /. {m-> 01, r ->13}, {n,.01,1

AxesLabel -> {"h /H", "dispersed /stratified ratio” }1]

di spersed/stratified ratio

3
2.5
2
1.5
1
‘ ‘ ‘ : ‘ : — h/H
0.010.02 0.050.1 0.2 0.5 1
- Graphics
We expand the region near the peak
Plot [stratdisp2 /. {m-> .01, r ->1}, {n, .81 1},
AxesLabel -> {"h /H", "dispersed /stratified ratio" }1]

di spersed/stratified ratio

h/H

0.8 0.85 0.9 0. 95

- Graphics

} ’
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Now plot the viscosity ratio at the same conditions. Note that the viscosity of the dispersed phase is decreasing
while the pressure drop ratio is increasing this is a clear indication of the lubrication effect! The pressure drop
advantage of the stratified configuration is due to more than the specific value of the dispersed phase viscosity.

Plot [mumix2 /. {m-> .01,r ->1}, {n, .8,1 1},
AxesLabel -> {"h /H", "dispersed /oil viscosity ratio" }]

di spersed/oil viscosity ratio
1

95
90
85
80
75
70

0.8 0.85 0.9 0.95 e

- Graphics

The demonstratiorof the lubrication effect is more clear if the maximum region is spread out. We can do this by
simply flipping the viscosity ratio so that the bottom phase is less viscous. Now the amount of more viscous fluid
decreases with h/H. Now the maximum occurs at low h/H and the log axis spreads this out nicely.

Plot of dispersed model/stratified model pressure drop ratio as a function of h/H, which is the depth of the less
viscous phase to the channel depth. The density ratio is unity so that viscosity ratio and depth ratio are the only
important parameters.
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LogLinearPlot [stratdisp2 /. {m-> 100,r ->1}, {n,.01,1 3},
AxesLabel -> {"h /H", "dispersed /stratified ratio” }1]

di spersed/stratified ratio

3

2.5

1.5

h/H

0.010.02 0.050.1 0.2 0.5 1

- Graphics

The viscosity of the dispersed phase is clearly dropping while the pressure drop ratio of dispersed/stratified is
increasing. The lubrication effect, even for a channel flow where lubrication is occuring at only one wall, is thus
shown!

LogLinearPlot [mumix2 /. {m-> 100,r ->1}, {n,.01,1 1},
AxesLabel -> {"h /H", "dispersed /oil viscosity ratio" }]

di spersed/oil viscosity ratio
1

0.010.02 0.050.1 0.2 0.5 1

h/H

- Graphics
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[BACK to dimensional comparison] that is a short way up.

[BACK to dispersed/stratified conclutions]

If the viscosity ratio is not as large the maximum moves to a larger value of the less viscous/more viscous depth
ratio.

LogLinearPlot [stratdisp2 /. {m-> 10,r ->13}, {n,.01,1 3},
AxesLabel -> {"h /H", "dispersed /stratified ratio” }1]

di spersed/stratified ratio

2

N N = =

8
6
4
2
1
8

o L L h/H
0.010.02 0.050.1 0.2 0.5 1

- Graphics

Now do_air-water, dimensionless The large density ratio makes the mixture viscosity increase very fast with

increases in liquid flow rate (h/H). Thus there is no region where there is a reduction in dispersed pressure drop
by allowing the dispersed phase to have the entire flow area.
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LogLinearPlot [stratdisp2 /. {m-> 1/55r ->1/900},
{n, .001, 1 3}, AxesLabel -> {"h /H", "dispersed /stratified ratio" }]

di spersed/stratified ratio

20

15

10

Ot. e o e h/H
0.001 0.0@501 0.08.1 0.51

- Graphics

[BACK to Preview]
[BACK to Recap \

Here is the viscosity ratio for air-water, this should be compared to the next plot where the density ratio is set to
unity. The small density ratio causes the mixture to have a much larger viscosity over the critical range where the
pressure drop reduction for dispersed flow could occur.
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LogLogPlot [mumix2 /. {m-> 1/55,r ->1/900}, {n,.001,1 1},
AxesLabel -> {"h /H", "dispersed /gas viscosity ratio" }]
di spersed/gas viscosity ratio

50
20
10
5
2
1L ey — ——— h/H
0.001 0.00501 0.08.1 0.51
- Graphics

LogLogPlot [mumix2 /. {m-> 1/55,r ->13}, {n,.001,1 1},
AxesLabel -> {"h /H", "dispersed /gas viscosity ratio" }]
di spersed/gas viscosity ratio

50
20
10
5
2
1L — — ——— h/H
0.001 0.00501 0.09.1 0.51

- Graphics

Here we show the pressure drop ratio for the 1/55 viscosity ratio but with unity density ratio. The reduction

occurs below h/H=0.5.
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LogLinearPlot [stratdisp2 /. {m-> 1/55r ->1}, {n,.001,1 3},
AxesLabel -> {"h /H", "dispersed /stratified ratio” }1]

di spersed/stratified ratio

2.5

1.5

‘ ‘ = ‘ — h/H
0.02 0.05 0.1 0.2 0.5 1

- Graphics

[BACK to Preview]
[BACK to Recap \

m  Conclusions for dispersed/stratified flows.

The expression for the pressure drop ratio is too complicated to find out much about. We just see from the plots
that for air-water, the pressure drop is always higher for dispersed than stratified. However, for oil-water, or other
cases where the density ratio is close to 1, the pressure drop for dispersed flow is lower if the more viscous fluid
has a depth less than about H/2.

This can be understood by considering that for stratified flow, a thin layer of less viscous fluid "lubricates” (i. e.,
reduces the stress near the wall) the flow of a more viscous fluid and thus is an efficient means of transport.
However, the stratified regime becomes relatively less efficient for lower ratios of the more viscous fluid because
the more viscous fluid is receiving high shear and is effectively reducing the flow area available for the less
viscous fluid. For these cases, a lower pressure drop is achieved with a dispersed mixture that has a lower
viscosity than the high viscosity fluid, and has the entire flow area available.

We again have the overall conclusion that the degree of uncertainty in pressure drop caused by the flow regime
exceeds what is desirable for good engineering design.
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m  Stratified/Slug

Here is the ratio of dispersed flow to stratified flow

dpdx / dpdx

strat slug

H2Re p? (h—H)p —hue)
h2 U ((h2 +2H h—3H2) u —h? ps) po

We now need sensible values for the velocities and viscosities.

= Slug relations

dpdx

slug

120
-~

From the relation fodpdx sug + We see that we need an average of the prodw ol U. The way this works

is that the pressure drop for each region is %& but thel; is increased over its single phase velocity by

the loss of flow area owing to the presence of the other phase. So in a region of L, the pressure drop is higher than
if no G were present. Of course, the entire pipe is not filled with L, it is — % full of L. So we can

(U +Ug)
combine this to get the final result.

The fraction still available to fluid L should be

Us

XL=1- —m8 —;
(U + Ug)

The fraction available for fluid G is then

U

XG=1- ——mM—;
(U + Ug)

This gives a pressure drop that becomes

-12
dpslug = (

ue U U . uc Us Us J

H XL (U +Ug) XG (U +Ug)
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slugtemp = Simplify  [dpslug /. {U. -> R:Lpr Ve Rﬁi‘f }
_12(Res pu uE +Re. pf pe)
H3 pG oL
This is, of course, the same as the obvious answer,
dpslug2 =
FullSimpliy [( 'H%Z i Ui+ e UG)] AT Rng;LzL Ve Rﬁf 1

_12(Res pu i + Re pf po)
H2 pG pL

= Stratified relations

We need to make the translation frRe. andReg to h andUg andU, .

regfunc = Ugexpress (H-h) pg/ uc

_(h-H)H-MRa g (h—H)* u —h(h-4H) pe) ps
h2 pg (N2 pe — (M2 + 2H h—=3H2) 1) pi

strattemp  =dpdX g, /. {Us-> Reg ug/ (H-h) /ps, UL -> Re. u  /h/pL}

___12Re pf (h—H)pu —huo)
h2 ((h?2 +2H h—3H?2?) . —h? ug) pr

stratslugratio = Simplify [ (strattemp  /slugtemp ) /.Re g -> regfunc ]

H? (hpg +(H - h) p)
h(@6h2-9H h+4H?2) ug +(-6h3 +9H h2 —4H2 h+ H3) .
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m  Plots of the ratio

Now make some plots, oil-water

sublist = {Re_. -> 100, y; ->.0098, ug-> .21,
oL ->1, pg->.855H ->1}

{Reg — 100,y - 0.0098,uc - 0.21,p, —» 1, pg — 0.855,H — 1}

We use a parametric plot to see the oil Reynolds number

ParametricPlot [{Log [regfunc /.sublist 1,
stratslugratio /.sublist 3}, {h,0.05, .95 1}, PlotRange -> All,
AxesLabel -> {"Log [Rey 1", "stratified /slug ratio" }1

stratified/slug ratio

Log [Reoi ]

- Graphics

Now the same one as a function of water depth. For this range, there is no significant effect of stratified compared
to slug flow.
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Plot [ (stratslugratio /.sublist ),
{h, 0.001, .99 }, AxesLabel -> {"h", "stratified /slug ratio"

stratified/slug ratio

1.4
1.2
: : : : = h
0.2 0.4 0.6 0.8 1
0.8
0.6
0.4
- Graphics
Now try air-water in 2.54 cm channel.
sublist = {Re. -> 1000, p_ ->.0098, pug ->.0001815,
o ->1, pg->1/890,H ->254}
1
{Re. > 1000, - 0.0098 1 — 0.00018150, - 1, pg - Bl H - 2.54

}
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ParametricPlot [{Log [regfunc /.sublist 1,
stratslugratio /.sublist 3}, {h,0.05 25 1}, PlotRange -> All,
AxesLabel -> {"Log [Reg]", "stratified /slug ratio" }1

stratified/slug ratio
1.6

1.4

1.2

55 5 7175 10 12.5 15 -C9[Rec]

0.6

0. X

- Graphics

We check the ratio as a function of depth and again find no big difference between stratified and slug flow.

Plot [ (stratslugratio /.sublist ),
{h, 0.05, 2.5 }, AxesLabel -> {"h", "stratified /slug ratio" }1

stratified/slug ratio
1.6

1.4

1.2

0.8

0.6

0.4

- Graphics
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= Analysis

stslansl = FullSimplify [stratslugratio

(m-1)n+1
mMm-1Hn@Bn2n-3)+4) +1

Check for the viscosity ratio being 1.

Simplify  [stslansl /. m -> 1]

Check for the depth ratio being 1/2

Simplify  [stslansl /.n ->1/2]

Plot for oil-water,

/. {ug-> mu ., h ->nH}]



60

intro.to.multifluid.nb

LogLinearPlot [stslansl /. m -> 20, {n,.001,1 }]

0. 001 0. 0050. 01 0.050.1 0.5 1

- Graphics

Plot for air-water,

LogLinearPlot [stslansl /.m ->1/55, {n,.001,1 }]

0. 02 0. 05 0.1 0.2 0.5 1

- Graphics

It seems that there are two interior extrema.
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maxminl = FullSimplify [D[stslansl, n 11

_3(m-1)(n4(m-1) N2 -3(m-3)n-6)+1)
(M=1)n@Bn@2n-23)+4) + 1)

maxmi2 = Simplify [Solve [maxminl ==0, n ]]

(sl +m+\3/m3—5mz—5m+4\/—m(m?—1)2+1—3
\3/m°>—5mZ—5 m+4y —-m(@m2-1)? +1

tin - A(m-1)

1 9i(~i+V3)m+1)?

{n- 72m=1) |~
\3/m°’—5mz—5m+4\/—m(m?—1)2 +1

+

18(m—3)+9u'(y'+«/§){/rrﬁ—5m2—5m+4\/—m(m2—1)2 +1 [},

1 9i(i+V3)(m+1)y

{n- 72(m=1)
\3/m3—5m2—5m+4\/—m(mz—1)2 +1

+18(m-3) —

9(1+u’\/§)\3/m3—5m2—5m+4\/—m(m2—1)2 +1 |1}

Check the roots to see which is which.

maxmi2 /. m -> .10

{{n > 0.244696+ 0.3}, {n - 1.29615- 2.74129% 10°" i}, {n > 0.875818+ 0.i}}

b
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maxmi2 /. m -> .01

{{n - 0.249447+ 0.3}, {n - 1.06639+ 0.}, {n — 0.949319+ 0.i}}

maxmi2 /. m -> 10.

{{n > 0.755304+ 4.93432x 1017 i}, {n > —0.296153+ 6.5791x 10" i},
{n - 0.124182- 1.31582¢ 107 ;}}

The first and third roots are the ones that are of interest. First choose the 3rd root which will give the minima.

stratminl = stslansl /. maxmi2 [[3]]

LogLinearPlot [stratminl, {m, .01, 100 }, PlotPoints -> 100,
PlotRange -> {.2,1 }]

© ©o o o o o o
w A OO O N 00 © BB

0.01 0.1 1 10 100
- Graphics

We see that the minimum can be a factor of 2 or 3 for accessible parameters.

Now choose the 1st root which will give the maxima.

stratmaxl = stslansl /. maxmi2 [[1]]
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LogLinearPlot [stratmaxl, {m, .01, 100 }, PlotPoints -> 100,
PlotRange -> {1, 2 }]

1.8¢

0.01 0.1 1 10 100
- Graphics

We see that the maximum can be about 60% for accessible parameters. We can get the limit for m->0.

stratmaxl /.m ->0

8
5

m  Conclusions for stratified verus slug

We again see many of the features shown above. If the more viscous fluid is has a higher flow rate (depth), then
stratified is a more efficient configuration and has a lower pressure drop. This point was discussed above and is
globally important for the transportation of heavy oils in pipelines using the "lubricated" flow configuration where
water surrounds the oil core. In contrast, if the more viscous fluid has a lower flow rate then the alternating flow
takes better advantage of lowsp for the less viscous fluid by giving it the entire flow height for fraction of the
length over which it is flowing.

The magnitude of the differences are less dramatic for this example. However, the message that knowledge of the
flow regime is important still should be apparent.

[BACK to Preview]
[BACK to Recap \
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m  Stratified flow anomaly(?)

Here we find out something interesting about stratified flow.

Choose one of our favorite air water cases,

sublist = {Re. -> 1000, py, ->.0098, ug ->.0001815,
oL ->1, pc->1/890,H ->254}

2 H- 2.54)

{Ra_ — 1000, — 0.0098,uc — 0.0001815p, - 1, pg - 890

We plot the stratified pressure drop versus the gas Reynolds number. It seems that there is some peculiar behavior
at smallReg. AsReg is decreased, the pressure drop goes up. Why could this be?

ParametricPlot [
{Log [regfunc /.sublist ], Log [ -strattemp /.sublist 13}, {h,.1,25 1},
PlotRange -> All, AxesLabel -> {"Log [Reg]", "Log [-pressure drop 1"}]

Log[-pressure drop]

17 Log [Reg]

- Graphics

We look a little closer, and see the definite minimum in pressure drop.
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ParametricPlot [{Log [regfunc /.sublist 1,
Log [-strattemp ] /.sublist }, {h, 2.0,253 3}, PlotRange -> All,
AxesLabel -> {"Log [Reg]", "Log [-pressure drop 1"}]

Log[-pressure drop]

-3. 1;

-3.2¢

-3. 3§

R =3 3 Lou[Rec]

- Graphics

[BACK to Preview]
[BACK to Recap \

We can't help but analyze this one. We expect it to be related to the loss of lubrication of the liquid by the gas.

strattemp

_ 12Re pf (h=H)p —hpe)
h? ((h? + 2H h—3H2) . —h? ug) pu

stratextral = strattemp /. {Rep => U . p. H/ .,
Reg -> Ug pg H/ ug}

_12HU p ((h—H) o —hpg)
h2 ((h2 +2H h-3H2) 4 —h? ug)

Now get it in terms of parameter ratios,
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stratextra2 = Simplify  [stratextral /. {ug-> mu_,,h ->nH,

PG ->T pL}]

12((m— Dn+1)U. ML
CHZnZ(m-1)n2 - 2n+3)

We need to take the ratio of it to the single phase liquid flow

stratextra3 = stratextra2 /12 /U /. HM2

(m-1)n+1
MR (Mm-1)n2-2n+3)

LogLogPlot [-stratextra3 /.m->.1 {n,.01,1 1},
AxesLabel -> {"h /h", "stratifed /single phase ratio"

stratifed/single phase ratio

10
7
5

P ON W

0.150.2 0.3 0.5 0.7 1

- Graphics

}

We see the minimum. Adding a small amount of air to a water flowedllicethe pressure drop. Now take the

derivative.

finalderiv = FullSimplify [D[stratextra3, n 11

3n((m-1>%n2+m-3)+6
n (n((M-1)n-2) + 3)
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Solve for the roots,

finalmin = Solve [finalderiv ==0,n ]

. \3/6\/§(m—1)3\/r_n\/mz+18m—27—54(m2—2m+1)2 B
3v2 (M -2m+1)

V2 (m-3)
\3/6\/§ m-1°%vVm Ve + 18m- 27 — 54(m2 — 2m+ 1)
(1+ivV3)(m-3)
) 223 \3/6\/:_3 (m-1)° Vm V2 + 18m— 27 — 54(? — 2m+ 1)°
(1—i«/§)€/6«/§ (m-1°vVm Ve + 18m- 27 — 54(n2 — 2m+ 1)
6v2 (M -2m+1)
. (1-iv3)(m-3)
223 {63 (M- 1)> Vm VP + 18M= 27 - 54(P — 2m+ 12

(1+u’\/§)\3/6\/§(m—1)3\/r_n\/m2+18m—27—54(m2—2m+1)2
6v2 (M -2m+1)

{{n

b

{n

b

{n

)

Check and find that the 2nd root gives reasonable values,

finalmin /.m->.2

{{n > 1.562511- 5.55112x 107 % i}, {n > 0.859331+ 2.22045x 10 16 i},
{n > —2.38444- 1.11022¢ 107¢ i}

finalmin /.m->.1

{{n > 1.2919- 1.11022x 1072 i}, {n > 0.879992- 2.22045x< 1026 j}, {n -» —2.17189+ 0.i}}

finalmin /. m -> .01

{{n > 1.06626+ 1.11022x 10718 i}, {n > 0.949447- 2.22045x 107¢ i},
{n > —2.0157- 5.55112x 1017 j}}
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Substitute in the 2nd root,

The location of the minimum with viscosity ratio is also interesting. It is easy to miss because it moves away from
the wall only for an intemediate range.

Plot [n /. finalmin [[2]1], {m, .001, .98 1},

AxesLabel -> {"viscosity ratio", "minimum location, n" }]

m ni mrum | ocati on, n

0. 98

0. 96

0. 94

0.92;

: ‘ ‘ : + viscosity ratio
0.2 0.4 0.6 0.8 1

0. 88

0. 86+

- Graphics

Recap of Major points

(same as the preview above)
[BACK to Preview]

We have shown, using simple models for flow regimes, stratified, slug and dispersed, that

1. Thequalitativeas well as thguantitativebehavior of multiphase flows will change as the ratios of flow
rates and physical properties change.
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2. The pressure drop predictions differ substantially with flow configuration. The pressure drop for dispersed
flow was predicted to be a factor of 35 higher than for slug flow in one case and a factor of 20 greater than
stratified flow for another case. This key result is true for process flows and makes correct prediction of the flow
regime crucial to successful design of multifluid systems. Most engineering designs cannot stand an uncertainty
of a factor of 2 in the main design variable, let alone 30.

3. Stratified flow is the most efficient configuration, of the three tested here (compare stratified/slug,
dispersed/stratified), for fluid transport when the more viscous fluid has a higher flow rate. This is due to the
lubricating effect of the less viscous fluid that reduces shear in the more viscous fluid. This is the basis of
lubricated pipeline transport of heavy oil (See D. D. Joseph and Y. Y. Rerardgiamentals of Two-Fluid
Dynamics Springer-Verlag, 1993, Vol. 2.) If the more viscous fluid is present in lessor amounts the advantage is
lost because it is subjected to high shear and acts to reduce the available flow area for the less viscous fluid.

4. The loss of lubricating effect of a less viscous fluid in stratified flow can cause a region where
decreasinghe flowrate of the less viscous fluidcreaseshe pressure drop (click for specifics aboetrograde
pressure drop) -- contrary to physical intuation gained from most other flow situations.

5. The specific conclusions for dispersed/slug, dispersed/stratifed and stratified/slug can be accessed
directly.
6. The reason for the differences in the pressure drop with configuration for the examples in this notebook is

that the dissipation is altered. Differences in dissipation arise primarily when fluids of different viscosities are
located in regions of different stress. We also find that changing the effective flow area (i.e., by having a stratified
region of more viscous fluid) for the fast moving fluid changes the dissipation significantly. These general
observations should hold for either laminar flow (as shown here) or turbulent flow. However, if the primary
contributions to pressure drop are from fluid acceleration, or gravity, then the pressure drop differences caused
by the flow regime could be less than shown here. Examples are unsteady or transient flows, developing flows or
vertical flows.

Suggestions for future study

1. This notebook uses laminar flow as a basis for the calculations, it would be interesting to redo the
examples using turbulent flow pressure drop relations.

2. We did not refer to the "classic" pressure drop predictions of Lockhart and Martinelli (1949) (see page 25
in the Ginoux book, or most other books on two-phase flow). It would be interesting to compare their relation
with the results of this notebook, or even to develop a model analogous to the L&M one, based on the results here.

3. Probably the next major topic for study in multifluid flow, after this introduction to flow regimes, is a

basic introduction to compressible flow (per suggestion of Jim Tilton from Dupont.). While | hope to have a
notebook on this at sometime in the future, you can probably learn about this topic quite well using a number of
good general fluid mechanics texts.

4. A number of otheMathematicanotebooks dealing with various aspects of linear stability of multifluid
flows are available at http://www.nd.edu/~mjm/.



