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Abstract

The delay till success (DTS) is the mean number of transonissneeded, averaged over the
fading, until a single packet is successfully received ¢decl) over a wireless link. This paper shows
that under a mean and a peak power constraint, random powgpkoan significantly reduce the DTS.
We derive the optimal power control policies that minimiZZES at one link of given length. For most
commonly used fading distributions, these optimal powerttrd policies are random on-off policies,
whose parameters depend on the fading statistics and théitance. We present two applications of
this result in the context of noise-limited wireless netkgminimizing the local delay (mean delay for
successful nearest-neighbor communication) and miningite local anycast delay (mean delay for a

transmission to any node).

. INTRODUCTION
A. Motivation and Main Contribution

Consider a fading wireless link where the transmitter keepxling the same packet. The
delay till succesgDTS) is the mean number of transmissions needed, averagedhe fading,
until this packet is successfully received (decoded) atréoeiver. Assuming independent and
identically distributed (iid) block fading and that the risamnitter is allowed to vary only the
transmit power, the DTS is a function of the fading statsand the power control policy. The
DTS can be interpreted as the service time of the head-efdacket, if the transmit buffer and
the link are viewed as a queueing system.

This paper shows that under a mean and a peak transmit powstraiot, randomly varying
the transmit power can significantly reduce the DTS. In paldir, we derive the optimal (DTS-
minimizing) power control policies for different fadingagistics. It turns out that for almost
all popular fading distributions (Rayleigh, Nakagamij-Rician, lognormal) the optimal power

control policy is a random on-off policy.
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B. Related Work

Recently, [1]-[4] introduced the notion of thecal delay which is a fundamental source of
delay in wireless networks. It is the mean time until a nodecessfully transmits to its nearest
neighbor in a wireless network whose node locations arergedeby a point process, averaged
over fading, channel access, and the point process. Thé dietay can be characterized in
networks both with [1], [3], [4] and without [1], [2], [4] imrference. In [2], the author shows
that power control can significantly reduce the local delaynoise-limited networks, but the
optimum power control policy is not derived. The DTS can bewmad as theonditional local
delay, i.e., the local delay conditioned on the link distance (see Sedti@® for details).

Besides its use in reducing the local delay, power control loamefit both point-to-point
wireless communication and wireless networks in many wifie ways (see [5]-[8] and the
references therein).

In the context of point-to-point communication, typicaiper control policies include water-
filling, dynamic programming, channel inversion. Watelisfg is typically used to maximize
the throughput under energy constraint [9]-[13]. Powertrabnpolicies based on dynamic
programming is useful in reducing the queueing delay underep constraints, or, conversely,
reducing energy consumption under queueing delay consr@], [14]-[17]. All the above
power control policies require instantaneous channeé stdbrmation (CSI) at the transmitter,
while no such assumption is made in this paper.

In wireless networks, power control is often considered &sohof interference management,
see,e.g., [7] and the references therein. While the conclusion has lakawn that random
transmit power control may improve the network performafit@], [19] in the presence of

interference, here we consider the noise-limited casdy, antexplicit focus on delay-optimality.

C. Applications to Wireless Networks

The optimal power control schemes devised in this paper hawedirect applications in the
context of noise-limited wireless networks: the minimiaat of the local delay [1]-[4]; and
the minimization of thelocal anycast delayThe local delay is the DTS averaged over the
random distances in an ensemble of links. The local anycalstyds the mean time until a
packet is successfully received (decoded)aimy of a set of the desired receivers. Since the

DTS-minimizing power control policies (where the link diste is fixed) are also delay-optimal



for random link distances if they are known at the transmitta@s paper is the first to provide

and prove the optimal power control schemes in terms of ieduihe local delay.

D. Organization

The rest of the paper is organized as follows: Section lloohices the system model and
defines the DTS (or conditional local delay), local delay &whl anycast delay. In Section lll,
we provide and prove the optimal power control policy for Régth fading, while Section IV

extends the results to general fading distributions. Catieturemarks are provided in Section V.

Il. PROBLEM FORMULATION
A. Reception Model

The basic model we use in this paper is the one provided inT[2¢. received power is
P.= PHr™“,

where P is the transmit powerH is the iid (power) fading coefficient; is the link distance,
and « is the path loss exponent. We use an SNR condition to defingheha transmission
is successful. A transmission is regarded successfil it 0, wheref incorporates both the
SNR threshold and the noise power. Then, we can write theesacprobability of a single

transmission as a (deterministic) functionrofs
ps(r) =P(PHr = > 0),

whereP(-) denotes the probability measure afdcan be a stochastic function ofasr is
considered as a constant that can be learned by the tramsifitis assumed to be iid over time

and unknown to the transmitter.

B. Delay Definitions

1) DTS and Local DelayThedelay till succesg¢DTS) is defined as the mean number of time
slots that the receiver needs to successfully receive @dgche message over a link distance
of distancer. With iid fading and iid transmit poweP (or constant transmit power), the event
of successful transmission is iid over time. Thus, the timéhe first successful transmission is

geometrically distributed with mean

D, = , 1)



which is, by definition, the DTS. If the link distance is a rand variableR, which is constant
over time and known at the transmitter, tloeal delay[1]-[4] is the ensemble average of the
DTS, i.e., )

D = Eg[Dg| = Eg [m] : (2)
Such a situation arises when considering a noise-limitaticstandom wireless network, which
can be modeled as a collection of links with spatially randaut temporally fixed distances
(Fig. 1). Hence the DTS can also be interpreted as the lodal dsonditioned on the link
distance, and we may use the two terms DTS and conditional tiay interchangeably.

2) The Local Anycast DelayConsider the case where a transmitter wants to transmit the
message to any one of thedesired receivers (Fig. 2). Let be the distance from the transmitter
to each receiver and/; be the fading coefficient from the transmitter to each remgiwhere
i € [n]', and theH; are iid both over time and space. Then the local anycast deéfined as
the mean time until the message is successfully decodadyaof the desired receivers

1
D, =
1 —P(PHyr;{“<0,PHyry* <0,--- ,PH,r;® <#0)
1
= - g : (3)
P(Pmax{H;r;*,i € [n]} > 6)

Comparing (3) with (1), it is obvious thab, is equivalent to the conditional local deldy,,

where the link distance = 1 and the fading subject to the distribution ofax{H,;r;*,i €
[n]} > 0. Since H, is iid over space, this fading distribution can be complet#aracterized by
P(max{H;r;“,i € [n]} <z)=][, P(Hr;* <x).

C. The Optimal Stationary Power Control Policy

We concentrate on stationary power control policies, the statistics of the transmit power
P in different time slots are the same, and define the optinadiostary power control policy to
be the stationary power control policy that minimizes theditonal local delay (or, delay till
success). Without loss of generality, we consider a unitmpgaver constraint and a peak power
constraintP,,.., with P,.,. > 1 (otherwise, the mean power constraint will always be loose)
and call a policy to beralid if and only if it satisfies both the constraints. In other ward
valid policy hasEP =1 and P < Pyax.

"We use[n] to denote the sefl,2,3,--- ,n}.



Let P be the class of probability density functions (pdfs) wittpgart at most0, P,,..| and

meanl. The problem is to find the pdf;;lr of the transmit powet(r), where

Iy £ argmin D, = argmax P(P(r)Hr~* > 0). 4)
fP\re,P fP\rG,P

Initial efforts to reduce the local (unicast) delay usingveo control are made in [2]. (2) shows
that the power control policy minimizingp,. for all r is the power control policy that minimizes
the local delay. Thus, an important application of the rssah conditional local delay is the
discovery of a local delay-minimizing power control policy

For the local anycast delay, we observe from (3) that withappropriate adjustment in the
fading distribution, the optimal power control policy caa &pplied to minimize the local anycast

delay also.

[1l. RAYLEIGH FADING
A. Random On-off Is the Optimal Policy

In the iid fading case, the conditional local delay (or, getil success) is simply the inverse

of the success probabilitf(H Pr— > ). For Rayleigh fading,

0o Ore 0o .
P(HPr— >6)= / Fp <%) e "dh = Ora/ FP(I_I)e_eT Tdr,
0

0
where Fp(z) is the complementary cumulative distribution function dcof the randomly

controlled powerP. Thus it must be monotonically decreasing;(z) = 0 Vo > Py, and, by
the mean power constraiff’” Fp(z)dz < 1.

To simplify the notation, we define the following function
F'(x) 2 Fp(z™"), Yz >0, (5)

which is the cumulative distribution function (cdf) 6f-'. The constraints o> are mapped to
the constraints that”(z) is monotonically increasing;”(z) = 0 Vo < P L, lim, ., F'(z) <1
andEP = [~ a 2F'(z)dz < 1.

Therefore, the problem now becomes to find #igx), defined as the optimal”’(z) satis-
fying all the requirements above and maximizifig F’(x)e *“*dz. In order to maintain full
generality of the transmit power distribution, we do notuieq lim, .., F'(x) = 1. This is

because

1
lim F'(z) = lim P(P~! <) = lim P(P > =) = P(P > 0),

T—00 T—00 T—00
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which is less tharl whenP(P = 0) > 0. In fact, as will be shown latef2(P = 0) > 0 is often

the case for the optimal power control policies.

Lemma 1. The desired function™*(z) satisfiesF*(z) = F*(zy), Vo > xy, Wherez,, =

1
max{ P, max,—era .

Proof: See Appendix A. [ ]
Analogously, we have the following lemma.

Lemma 2. If 1 < 0r® < Py, We haveF*(z) =0, Vo < =

97"0‘ .

Proof: Similar to the proof of Lemma 1, we start with the case whetér) is simple and
then generalize to the case of all valid cdfs.
Consider the case wher*(z) is a simple function and write it as (11). Assumi@g €

[by, bi11), We can construct

I
F(z)=F*(z) — Zanl[bn )+ Z b 07’0‘ (ke 100) (),

where1,(-) is the indicator function. Suppose that(xz,) > 0 for somez, <

H —, we know

F(z) # F*(z), sinceF(z) = 0, Vz < ;5. Meanwhile, it can be verified thaf” 22 (z)dz =
J7° 22 F*(z)dz. By Lemma 1,F*(z) = F*(5%), Vo > ;& and thusF(z) < 1 (because
[ 2~%dx = 1). All other constraints ovef’(z) to be a valid candidate faF’(z) are automat-

ically satisfied. Also,

(o] o0 l o0
—QTO‘xF d _/ —GraxF* dr = / ( Qp, 1
/0 e (x)dzx i e (x)dzx ; i b o

l

n L e —0r°b

= r GT‘Q — bn r nd ,
; bulre (97“0‘6 ‘ x)

—Or®x
[k r00) — anl[bmoo)> e dx

which is strictly larger than zero due to the fact thhat < 9%, Vn < | by assumption and
the monotonicity ofze~?"* in [0, 7%-]. Therefore, we found”(z) as a strictly better candidate
than F*(z), contradicting the assumption that it is the desired fumctiThe generalization from
simple function to general functions are the same as in theff Lemma 1. [ |

Similarly, it can be shown that:

Lemma 3. If Or* < 1, we haveF*(z) =0, Vo < 1.



Although special care must be taken to make sure fl’(at) < 1, the proof of Lemma 3
directly follows from that of Lemma 2 and is therefore ontte
Combining Lemmas 1, 2, 3 and the requirements we have for d ¥4(ic), we conclude that

F*(x) is of the form:

Li1,00) (%), Ore <1
F*(l’) - 07‘%1[9%700)(1'), ]_ < 97“0‘ S Pmax
Pm_a%xl[Pr;;x,oo) (:C), HT’a > Pmax

As stated earlier, there is a one to one mapping betwéén) and Fp(z) (and thusFp(x)).

Hence, the result above directly leads to the following theo

Theorem 1. For Rayleigh fading, given a link distanecethe optimal distribution of the transmit

power P that minimizes DTS is

L{1,00) (%), ore <1
Fp($) = (1 — 9%)1[0’9,«1)(1‘) + 1[9,@700) ((I?), 1 < 07,04 S Pmax
(1 - PI;;X)].[O’PmaX)(x) + l[PmaX7OO) (':C)7 era > Pmax

More concisely, we can defingé = max{1, min{Py.y, r*}}. Then Theorem 1 says: the
optimal random power control strategy is a random on-offgyolvith transmit probability¢ —*

and transmit powet.

Definition 1. A link is said to be in the peak-power-limited regime if theiropd power control

policy is to transmit at power,,,, with probability P! .

Definition 2. A link is said to be in the mean-power-limited regime if consf@wer transmission

(P =1) is the optimal power control policy.

The optimal strategynaximizeghe variance of the transmit power in the peak-power-lichite
regime, whileminimizingthis variance in the mean-power-limited regime.

Theorem 1 also indicates that in order to apply the optimalgraontrol policy, the transmitter
needs to know either anda or r*. SinceEH = 1, »* can be easily obtained by simply taking

the average of the received power.



Corollary 1. Without peak power constraint, but with the mean power limiteL P = 1, the

optimal (DTS-minimizing) random power control policy is

1[1700)(1’), Ore < 1

(1 = g)lpor) (@) + Ljgro ooy (z),  Or% > 1.

The exact value of the local delay depends on the distributibthe link distanceR. An
important case is the Rayleigh distribution, since it is theriution of the nearest-neighbor
distance in a 2-dimensional network, whose nodes are lis¢d as a Poisson point process
(PPP) [21]. It is shown in [2] that with such a distribution Bf the local delay is unbounded
if Rayleigh fading is considered and no power control is aggpliexcept for the case of = 2).

The natural question is whether random power control canenth& local delay finite in the

same scenario, which is answered by the following propmsiti

Proposition 1. Without a peak power constraint, (random) power control casuce the local
delay to be finite while keeping the mean transmit power at eade runit even if the link
distance is Rayleigh distributed. However, with a peak powastaint, power control cannot

achieve a finite local delay if the link distance is Rayleigstributed anda > 2.

Proof: The first part (no peak power constraint) can be shown by trepplying the
result in Corollary 1. When link distances are Rayleigh disiiell,

o

_1
1 o >
} = 27r)\/ refm AT g g 27‘(’)\(96/ ) patlo=dar? g,
0 0

D=E {
Ps|R

< e(l - e—Awe’E) + Qe(Aﬂ)—%F(% +1, /\710_%) < 00,

whereI'(-,-) is the upper incomplete gamma function.

To show the second part, we realize that, with only a peak paeastraint, the minimum
local delay is achieved when the transmit powePjs, at each link in each time slot. Then the
proposition trivially follows from the fact that any constapower in is not sufficient to keep

the local delay finite when the link distance is Rayleigh distied ando > 2 [2]. [ |

B. Comparison of Random Power Control Schemes

In this subsection, we compare the DTS performance (in thegnce of Rayleigh fading) of

several power control policies, defined as follows:



Definition 3. The optimal power control (OPC) policy is the power control ppldefined in

Theorem 1.

Definition 4. The peak power control (PPC) policy transmits at pow&r., with probability
P! and does not transmit with probability — P! , regardless of the value of

max

Definition 5. The uniform power control (UPC) policy transmits at powereach time withP
uniformly distributed in[1 — A, 1 + A]. Here, A £ min{1, P — 1}.

Definition 6. The hybrid uniform power control (HUPC) policy transmits witlolpability ﬁ

If transmitting, the transmit power is uniformly distribdtéetweenl and P,,..

Definition 7. The 1-bit power control (1BPC) policy transmits at constanivpo (P = 1) when
Oro < Lslees \Whenfre > 18lnex the policy transmits at poweP,,., with probability Py

and does not transmit with probability — P! .

While the peak power control (PPC) policy, the uniform powentoal (UPC) policy, and the
hybrid uniform power control (HUPC) policy are all suboptimeir complexity is lower than
OPC's in the sense that they do not require the link distanfnmation R. Meanwhile, their
constructions are inspired by Theorem 1 in different ways. €&ample, in the peak-power-
limited regime PPC is the same as OPC. The intuition behind ElisRthat Theorem 1 implies
that for all realizations of? it is always suboptimal to transmit with power {f, 1).

The 1-bit power control (1BPC) policy is proposed as a tradéetfveen OPC and other kinds
of power control policies that do not utilize the link distaninformation. In practice, although
the link distance can always be measured, its precise vaigiet ine difficult to acquirege.g, it
may take too long to accurately measure. In such occasibegdrformance of OPC becomes
difficult to realize, and 1BPC turns out to be more suitablaeceiit only requires 1 bit of
information about the link distance.

The intuition of 1BPC lies in the observation that OPC is cansfpower transmission in
the mean-power-limited regime and PPC in the peak-powsatdd regime. Therefore, 1BPC
switches between these two types of power control policigbzing the 1 bit information and
achieving minimum DTS in the two regimes. Outside these tagimes, the switching point

©elue js chosen in a way that 1BPC always achieves the smaller DTBvattie by either
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constant power transmission or PPC.

It is not difficult to find that if the link distance is known and OPC is applied, the conditional

local delay is
Paxe gr;:x, Or® > Prax
D, =< 0Or%e, 1 <0r® < Ppax
e Ore < 1.

In comparison, we can see that with constant power trangmisthe conditional local delay is

always equal texp(6r*). WhenP,,.x > 2, the transmit power of UPC is uniformly distributed in

xT

—1
[0, 2]. Its conditional local delay can be calculated (&xp(—%ﬁro‘) — 20r* [T . eXp(‘“”dx) .
2

Straightforward (but tedious) manipulation reveals thaditional local delay for HUPC to be

-1
or> _—

P2 - 1 _ or® _ o 6 x

—max o p e Puax — e 07— Or® —dzx )

2 Ore x

Pmax

The calculation of the conditional local delay for 1BPC is i&mto that of OPC.

Figs. 3 compares all the power control policies defined alkeleag with constant power
transmission P = 1). The parameters in the figure are chosen in a way that the -pwaer-
limited regime isr < 1 and the peak-power-limited regime is> 2 for the sake of easy
illustration. The figure shows that in the peak-power-leditregime (large-) the conditional
local delay grows exponentially with for all power control policies. This is mainly due to
the peak power constraint. However, for different powertagdrschemes the exponent is quite
different, which can result in many orders of difference amditional local delay. As expected,
in this regime, OPC, PPC and 1BPC perform the best among alired)eand constant power
transmission is the worst. Both UPC and HUPC appear to be-ttislidetween the best and
the worst.

In the mean-power-limited regime (smal), the difference in the conditional local delay
between the different schemes can be at most a factar (@fig. 3). Still, UPC and HUPC
perform between the two extremes. Fig. 3 also shows that 1BR1ti considerably inferior to
OPC even in its suboptimal regimé € 0r* < P,.x), and thus is a good substitute for OPC in

many cases.
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V. GENERAL FADING DISTRIBUTIONS
A. The Optimality of Random On-off

Results in Section Il raise a more general question: Is thdam on-off policy still optimal
in reducing the (conditional) local delay if the fading istiRayleigh? To answer this question,
this subsection derives more general sufficient conditionghe optimality of random on-off

polices. We usg(z) to denote the pdf of the fading random variatle

Lemma 4. For a givenr, if there exists a constarnt < oo such thatz f;og(eray)dy is strictly

monotonically decreasing for alf > ¢, we have
F*(x) = F*(zp), Yo > xpp,

where [*() is the desired function as defined before, and = max{P_.  9}.

ax?

Proof: Using the definition off,(x) and F'(x) as before, we have

P(HPr—* > 0) = /0 h F, (e%a) g(h)dh = 6r® /0 h F'(2)g(0r*r)dz.

As in the proof of Lemma 1, we prove Lemma 4 by contradictidartg with simple functions,

we write F*(z) as in (11) and construdt(z) as (12). Straightforward manipulation shows

/0 " Fla)g(0row)de — /0 P @)g(0rn)de
. i % (;UM / oog(&rax)dx—bn / h g(Gro‘m)dx), (6)

n=I+1 n TMm bn,
which is strictly larger than zero by the monotonicityf =~ g(¢r*y)dy. Therefore, the lemma
is proved for simple functions. The generalization to nongde functions is just as in Lemma
1. u
A simple sanity check would be to consider the Rayleigh fadiase, wherg(z) = exp(—x).
Then,z f;o g(Or¢y)dy = 5% exp(—0r®), which is strictly monotonically decreasing for> QTLQ

This retrieves Lemma 1. Similarly, Lemmas 2 and 3 can be gdéimed as follows:

Lemma 5. For a givenr, let¢ be any constant such thatfmOO g(0r®y)dy is strictly monotonically

increasing for all0 < x <. Then the desired functioA™(z) must have

F*(z) =0, Vo < zp,
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wherez,, £ min{1,¢}.

The proof is analogous to that of Lemma 4. For Rayleigh fadinﬁl,OO g(0r®y)dy is strictly

increasing for all0 < z < .
T

Theorem 2. Let G(z) denote the ccdf ofi. If there exists some, > 0, such thatzG(0r°x)
is strictly increasing on0, z,) and strictly decreasing offz,, c0), the optimal power control
policy is a random on-off policy with transmit powérand transmit probabilityé—!, where

¢ 2 max{1, min{ Py, 75 '}

Theorem 2 is simply a combination of Lemmas 4 and 5. In Apperigli we show that

Nakagamim fading satisfies the condition in Theorem 2, which leads éfttiowing corollary.

Corollary 2. The optimal power control policy for Nakagamifading is a random on-off policy.

B. Peak-power-limited and Mean-power-limited Regimes

For a more general class of fading distributions, the camutin Theorem 2 may not be

satisfied. The simplest example may be the (discrete) fadistgbution with pdf
9(7) = qd(x — h1) + @20(x — hy), (7)

where0 < hy < hy < o0, gih1 + @2hy = 1, andq; + g2 = 1. Then,zG(z) = z1jp, /00y (z) +

Q27 L, g hy j0re), Which does not satisfy the conditions in Theorem 2 for twasoms: 1) there

iS no strict monotonicity forx > 9’;—2&; 2) even if we relax the strictness requirement, there is
still no suchz, thatzG(x) is monotonically increasing of), z,) and decreasing ofx, o), as
long asg; > 0. Thus, results so far are not applicable in this case. Howewene of the results
can still be obtained in particular regimesotven when the conditions in Theorem 2 are not

met.

Theorem 3. For a general fading distribution with ccdf(), fixed threshold), and link distance
ro, if xG(Orgx) is monotonically decreasing for at > P, the random on-off peak power
control policy with on powelP,,., achieves the minimum conditional local delay. Moreovar, fo

all » > ry, the same policy is still delay-optimal.
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Proof: When the monotonicity ofG(rgx) is strict, the proof of the first part of Theorem
3 trivially follows from Lemma 4, sincé”(z) = 0 Yz < P_} . In the non-strict case, Lemma 4
needs to be slightly generalizeicg., (6) is no longer strictly larger than zero. Yet, (6) is stid n
less than zero, which ensures that the construé?t(am) produces a conditional local delay no
larger than the minimum conditional local delay. Thus, tist fpart is of the theorem is proved.
For the second part, leP. ) < z; < z, andr > r,. Noting thatz [ g(Orgt)dt =

max

7= Jo., g(t)dt and using the monotonicity of [ g(6r§t)dt, we have

= g(t)dt:%<@>a—<%) o

gy Ore \ r Org T(b)y(%)“zl

Ory ro\° (%) T2 e Ty [

— =] —F— t)dt = — t)dt.

- Ore <r) org /gr(a(T)a$2 9(1) 97‘0‘/ 9(t)
) 0
Thus, the monotonicity of: f;o g(0ret)dt is proved for allr > . [ |
Note that Theorem 3 doewot imply that, for general fading, there must exist a peak-pewe

limited regime where the random on-off peak power contrd?@l is delay-optimal. To show
this, one can consider a fading distribution with an ostilta tail in the pdf, whererG(6r°x)

does not have a monotonic tail for dll< » < oo.

Likewise, we can deduce the following theorem:

Theorem 4. Constant power transmission minimizes the conditional loeddy, ifxG (0rgx) is

monotonically increasing for alk < 1. Moreover, the optimality still holds for akt < .

For the particular example we raised at the beginning of shissection, where the fading
coefficient has a pdf as in (7), Theorems 3 and 4 indicate: Bnvh,..ho < 6, the random on-
off power control policy achieves minimum conditional lbdelay; 2) whenh, > 6r“, constant
power transmission minimizes local delay. These two fasrdauitive in this example. Because,
when P,..ho < 0r®, even full power transmissionP( = P,.,) cannot achieve a successful
transmission, and thus the conditional local delay is abvay Whenh, > 6r®, constant-power
transmission P = 1) always succeeds. So, the minimum conditional local délay= 1 is
achieved by such policy.

In addition to the toy example above, Theorems 3 and 4 arellusbEn the fading distribution

has a very complicated shape, making(r“z) non-unimodal.



14

C. Numerical Approach

Theorem 5. If the transmit power canP only be chosen from a finite set of power levels

W = {wp,w, - ,wy}, where0 = wy < w; < --+ < wy = Pnax, and G(x) is the ccdf of the
fading coefficientd, then the optimal power control policy is of the form
N
Fp(x) = Zpkwk:, (8)
k=0
where (pg, p1, -+ ,pn) € [0,1]¥! is the solution of the following linear programing problem:
al ~ [ Or®
maximize » " py (—)
{pk.0Sk<N} =7 Wy

subjectto p, >0, k=0,...,N
N N
Zpk =1, Zpkwk =1L
k=0 k=0

D. Examples

1) Nakagamim Fading: The optimality of random on-off in the presence of Nakagami-
fading is shown in Corollary 2. Then, the implementation & tptimal policy hinges on finding
the corresponding;, which is the solution of (m, mér®z) = (mfrex)™e~™""*, Numerically
solving this equation yields the optimal policy as well as thinimum conditional local delay.
Fig. 4 compares the minimum conditional local delay for eféintm (m = 1 is the Rayleigh
fading case). As expected, whens small, a largemn yields a lower conditional local delay,
since there is less chance for the channel to be in a bad @nddn the other hand, for large
r, Nakagami fading with a largern. has a larger conditional local delay, since the chance of a
particularly large channel gain is considerably smallemtim the Rayleigh fading case.

In particular, for any two curves in Fig. 4, there is a crogsopoint slightly larger than
r = 2. Before this point, channel (fading) randomness incredsesanditional local delay,e.,

a largerm results in a smaller delay. After this point, channel (fadirmndomness helps reduce
the conditional localy delay,e., a largerm results in a larger delay.

2) Rician Fading and Lognormal Shadowinghe conditions in Theorem 3 are not restrictive.
In fact, almost all practical continuous fading distrilauts satisfy them although it can be tedious
to prove. In particular, apart from the Rayleigh fading ank&gamism fading, two of the most

common types of fading, Rician fading and lognormal shadgwsatisfy these conditions. In the
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following, we use the numerical approach introduced aboveetify the optimality of random
on-off policies.

The ccdf of the Rician fading i6'(z) = Q (g, @) wheres? is the line of sight (LOS) power
component2qs? is the non-LOS power component, afd-, ) is the Marcum Q function. The
mean power is the sum of these two power componentsALet s?/202, and fix the mean of

H to be one. The ccdf can be written as

G(z) = Q(V2K,\/2(K + 1)x). (9)
If H represents the effect of lognormal shadowing &id = 1, the ccdf of H is

- 1 1 Inz + 02/2>

G(z)==-—zerf| ——= ], 10

where o? is proportional to the variance of the received power in dBj arf(-) is the error
function.

Fig. 5 and Fig. 6 show the cdf of the optimal power control ofior different link distances.
For small link distances.g.,r = 0.5, constant power transmission is optimal. For large distanc
e.g.,r = 2, peak power control (PPC) is optimal. Between these two regimg.,r = 1.5, the
optimal policy is a random on-off power control policy witlertain a transmit probability in
[Pl 1]. In any case, the random on-off policy is optimal.

3) Local Anycast DelayAs mentioned in Section 1I-B, the optimal policy in this papan
be directly applied as the optimal policy that minimizes livgal anycast delay. In particular, we

provide the following corollary which follows from Theorethand is proven in Appendix C.

Corollary 3. When the desired receivers are located at the same distantte ttransmitter and
Rayleigh fading is considered, the optimal policy that mizies the local anycast delay is a

random on-off policy.

Similar to the Nakagamir fading case, in general, there is no closed form expressiothé
(optimal) transmit probability. However, this optimal dmyuration is implied by the solution of
4 L(x) =0, whereL(z) is defined in Appendix C.

Table | compares the transmit powérof the optimal random on-off policy for different
number of receivers and different common link distancelt shows that with a larger number

of desired receivers, the optimal policy tends to reducerduesmit power of each transmission
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attempt while increasing the transmit probabiligy!. Fig. 7 shows how the minimum local
anycast delay decreases as more desired receivers ar@bbvaih both Table | and Fig. 7, the

casen = 1 corresponds to the single-link Rayleigh fading case.

V. CONCLUSIONS

This paper provides a set of power control policies that miré the conditional local delay
(or delay till success) for channels with different fadirigtistics. We give sufficient conditions
under which the random on-off policy is optimal and show thahost all common fading
models satisfy these conditions, including Rayleigh fadidgkagamim fading, Rician fading
and lognormal shadowing. These results natually leads tolwi@n for minimizing the local
delay in random but fixed wireless networks, and also proti@esolution for minimizing the
local anycast delay.

Although we focused on minimizing DTS, given a single-bittdmatic Repeat reQuest (ARQ),
the optimal policies derived also maximize the network tigtgout and minimize the queueing
delay. To see this, recall that (4) shows that the optimal ggowontrol policy is the policy
that maximizes the transmission success probability ofnk &f lengthr. For a single rate
of transmission, the success probability equals the long teroughput. Thus, given a single
ARQ, the delay-optimal power control policies also maximike throughput in noise-limited
networks. At the same time, since the transmission sucaesslpility can be interpreted as the
service rate of the transmission queue, with the ARQ, the Bili8mizing power control policy
minimizes the queueing delay as well.

While the literature studying power allocation over timesguency or space is extensive, this
paper shows that power control can improve the performahegreless communication through
assigning transmit power in another dimension, the prdibalspace.

As in many cases the optimal policy derived in this paper geaky’ scheme (random on-off),
our results bear interesting relations to some of the resilso suggesting ‘peaky’ transmissions,
e.g.,[22]-[24].

In a wireless network where interference is not negligible, optimal scheme can be used as a
lower-layer power control policy. When a specific link is aated by an upper layer interference-
managing MAC schemee(g., CSMA, LMAC [25], etc.), individual links can apply our policy

in this paper to minimize the conditional local delay, andstlthe local delay.
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APPENDIXA

PROOF OFLEMMA 1

Proof: First, consider the case that () is a simple function. Sincé;*(z) is monotonically

increasing, we can write it as

N
l’) = Zail[bi,bi+1)(x)7 (11)
1=0
where0 = ap < a1 < ag < - < ay <l and0 =by < by < by < -+ < byy = .

Suppose there exists & > z,, such thatF*(zo) # F*(zu), 1.€., F*(xg) > F*(xp), and
assumery € [b;,b41), zm € [by, biyq1), for somel, j € N such that) < < j. Then, let
j j
~ N Ay — Ay
F(x) £ F' (@) = ) (an = an-1)1p, o0 (@) + 20 Y b—ll[zM,oca(x)- (12)

n=Il+1 n=Il+1 n
It can be easily verified thaf,~ 2 2F = [;7272F*(z)dz and F(z) satisfies all the

requirements for a valid”(x) over [0, oo). Moreover,

/ e F(2)da — / e T (1) da
0 0
J

oo An = Gn-1 an ® _orag
_/ e Uy Z S| L2000 (2)dz —/ e’ Z (an = an—1)1p,, 00)(x)d
0 0

n=l+1 n=I[+1

an — Qp—1
= xMe

b Oro

—Orozy bne—éro‘bn) :

n=I[+1
which is strictly Iarger than zero because of the monotopiof ze=%* at [5= L o0) and the
fact thatb, >z > 5= Vn > [+ 1. This contradicts the assumption that(x) is the function
which maximizes|;® F’ (z)e~?“*dz and satisfies all the constraints.

For generalF*(x), consider a sequence of simple functigifs;)° such thatF; < F; <
F*, Vi < j andlim;_,, Fj; = F*. By the monotone convergence theordimy, . [, = 2F; (z)dz =
Jo - a i F (x)de and limy o [ e F (x)de = [T e " F*(x)dz. Using the construction
in the proof for the simple functions, we are able to produteatlzer sequence of simple functions
(Fy)$°, such that[,” e~ [ (z)dz > [° e """ F}(z)dz, Vk. Meanwhile,limy, ., F}, # F*,
since Fy(zo) = Fi(z%). Thus, the limiting function offi,(x) is a strictly better candidate for
F'(x) than F*(z). u



18

APPENDIXB

THE OPTIMAL POWER CONTROL PoLICY UNDER NAKAGAMI -m FADING

Let K(x) = xI'(m, mér®x). With Theorem 2, the following proposition is sufficient toope

Corollary 2.

Proposition 2. There exists a unique, € (0, Z2tL), such thatd K (z) |,—,,= 0. K () is strictly

increasing on(0, xy) and strictly decreasing ofiz, c0).

Proof: Since K (z) is twice-differentiable, the monotonicity in the propasit can be shown

by evaluating the derivatives df (z). To prove the first part of the proposition, we first notice

that there must exists at least ong € (0, 2tL), such thatl K(z) |,—,,= 0. This is due to
the continuity of K (x) as well as the fact thak'(0) = lim,_,., K(z) = 0 and %K(a:) le=0=
I'(m) > 0.

In the following, we prove the uniqueness af by contradiction. Assume there is another
point x; # z, and %K(x) l.—z,= 0. Without loss of generality, consider, > z, (otherwise,

we can exchange the subscript). Becalisg .., %K(:p) |.—¢+= 0 and

T

a 1
——K(z) = (mfroz)me m0"e (m@r“ _m ) : (13)

which is strictly positive when: > ™tL e must haver, < z; < 2L, However, (13) also

mre? more

indicates & K (z) is strictly decreasing orf0, Z21). Then, £ K(2) |,epy= LK (2) |pms,= 0
implies z, = x1, which contradicts the assumption that+# x,.

Since K (x) is continuous and< (0) = lim,,,, K(¢) = 0, the uniqueness aof, implies that
there are at most two monotonic region &f(z) over [0,00). Combined with the fact that
4 K(2) |s=o= I'(m) > 0, we conclude that{(z) is strictly increasing orf0, z,) and strictly

decreasing ofg, o). u

APPENDIXC

LocAL ANYCAST DELAY

In Rayleigh fading case, the distribution of fading coefintg; is exponential with unit mean.
As we are considering the case where the link distances to @athe n desired receivers are
the same, the cdf ahax{H,r;*} is thenG(x) = (1—e""%)", wherer is the link distance. Let

L(z) £ 2(1 — G(0x)). With Theorem 2, the following proposition suffices to show@ary 3.
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Proposition 3. There exists a unique,, such thatZ(x) is monotonically increasing ofv, x|

and monotonically decreasing dmg, co).

Proof: Since L(x) is differentiable on0, co) and its derivative is continuous, it suffices to
show: there exists a unique, such thatl L(z) |,—,,= 0, and L L(z) is positive on[0, z,] and
negative onz,, o). Observing thatim, o, £ L(z) > 0 and that L(z) approaches zero from
below whenz — oo, we can deduce the latter directly from the former. Thus kiieis to show
4 7(z) = 0 has a unique solution off), cc).

This is proved in three steps: first, we show that there cart beat one solution oglL (x
0 on [0, ;.=]; second, we show there can be at most one solutioff 6fz) = 0 on [;1, co);
third, we observe that cannot be two solutions®f () = 0 on [0, c0).

First, the derivative ofL(z) can be expanded as

d(i.L( ) 1 — (1 . e—Gro‘:c)n . neraxe—Hr"‘x(l o earo‘:c)n—l’ (14)

which is strictly decreasing oft), ;=] due to the monotonicity of*""*, the monotonicity of
ze~"* on [0, ;2. Thus there cannot be more than one solutiorldf(z) = 0 on [0, ;% ].
Second, L L(z) = 0 can be rearranged ds— (1 — nfr@z)e=""® = (1 — e~"*)1=" where

the left side is a strictly increasing function offor > “-1 and the right side is a decreasing

function of z. Thus, there can be at most one solution%ef (z) = 0 on [;1, 00) € (&L, c0).

Ore”? nfre?

Third, there can be only an odd number of zero crossin%%bfx on [0, o) smce%L(:r) is
continuouslim,_,o+ & L(z) > 0, and < L(z) approaches zero from below as- co. Combining

with results above, we conclude there is a unique zero ergssi 2 L(z) on [0, cc). u

REFERENCES

[1] M. Haenggi, “The Local Delay in Poisson Network$EEE Transactions on Information Theo3011, submitted. [Online].
Available: http://www.nd.edu/mhaenggi/pubs/tit12.pdf

[2] M. Haenggi, “Local Delay in Poisson Networks with and without Inéeeihce”,2010 Allerton Conference on Communica-
tion, Control and ComputingSep. 2010.

[3] M. Haenggi, “Local Delay in Static and Highly Mobile Poisson Network§hwALOHA,” 2010 IEEE International
Conference on Communications (ICC’10), (Cape Town, South Afriday, 2010.

[4] F. Baccelli and B. Baszczyszyn, “A New Phase Transition for dloDelays in MANETS,” 2010 IEEE International
Conference on Computer Communications (INFOCOM'Mygy. 2010.

[5] L. Liand A.J. Goldsmith, “Capacity and optimal resource allocationféding broadcast channels—Part I: Ergodic capacity,”
IEEE Transactions on Information Theowol.47, no.3, pp.1083-1102, Mar 2001.



20

[6] V. Kawadia and P.R. Kumar, “Principles and protocols for powentml in wireless ad hoc networkslEEE Journal on
Selected Areas in Communications].23, no.1, pp. 76- 88, Jan. 2005.

[7]1 V.P. Mhatre, K. Papagiannaki and F. Baccelli, “Interference Mitign Through Power Control in High Density 802.11
WLANSs,” 2007 IEEE International Conference on Computer Communications@@®BM’'07), May 2007.

[8] D. Rajan, A. Sabharwal and B. Aazhang, “Delay-bounded eask&heduling of bursty traffic over wireless channdlEEE
Transactions on Information Theorypl.50, no.1, pp. 125- 144, Jan. 2004.

[9] AJ. Goldsmith and P.P. Varaiya, “Capacity of fading channels whhnnel side information,IEEE Transactions on
Information Theoryvol.43, no.6, pp.1986-1992, Nov. 1997.

[10] A.J. Goldsmith, S.A. Jafar, N. Jindal and S. Vishwanath, “Cépdimits of MIMO channels,”IEEE Journal on Selected
Areas in Communications/ol.21, no.5, pp. 684- 702, June 2003.

[11] E. Telatar, “Capacity of Multi-Antenna Gaussian Channefajt. Trans. Telecomm10(6):585-596, 1999.

[12] M.A. Khojastepour and B. Aazhang, “The capacity of average peak power constrained fading channels with channel
side information,”2004 IEEE Wireless Communication and Networking Conference (WGI@/ar. 2004.

[13] G. Caire, G. Taricco and E. Biglieri, “Optimum power control ovadihg channels,IEEE Transactions on Information
Theory,vol.45, no.5, pp.1468-1489, Jul. 1999.

[14] R.A. Berry and R.G. Gallager, “Communication over fading ates with delay constraints/EEE Transactions on
Information Theoryyol.48, no.5, pp.1135-1149, May 2002.

[15] A. Fu, E. Modiano and J. Tsitsiklis, “Optimal energy allocation folageconstrained data transmission over a time-varying
channel,”2003 IEEE International Conference on Computer Communications@BBM’'03), May 2003.

[16] B. Collins and R. Cruz, “Transmission policies for time varying afela with average delay constraint4999 Allerton
Conference on Communication, Control and Comput®ep. 1999.

[17] J. Lee and N. Jindal, “Energy-efficient scheduling of delay st@ined traffic over fading channels2008 IEEE
International Symposium on Information Theory (ISIT’08)ly 2008.

[18] T.S. Kim and S.L. Kim, “Random power control in wireless ad hetworks,”IEEE Communications Lettersol.9, no.12,
pp. 1046- 1048, Dec. 2005.

[19] M. Elmusrati, N. Tarhuni and R. Jantti, “Performance analysisaoilom uniform power allocation for wireless networks
in Rayleigh fading channelsEuropean Transactions on Telecommunicatjore. 20, no. 4, pp. 1541-8251, May. 2009.

[20] N. Abramson, “The Aloha system - another alternative for compaommunication,Proc. of American Federation of
Information Processing Societies (AFIRSP70, pp. 295-298.

[21] M. Haenggi, “On Distances in Uniformly Random Network&EE Transactions on Information Theoryol. 51, pp.
3584-3586, Oct. 2005.

[22] M. Medard and R.G. Gallager, “Bandwidth scaling for fading multipahannels,” IEEE Transactions on Information
Theory,vol.48, no.4, pp.840-852, Apr. 2002.

[23] I.E. Telatar and D.N.C. Tse, “Capacity and mutual informatiomimfeband multipath fading channel$EEE Transactions
on Information Theoryyol.46, no.4, pp.1384-1400, Jul. 2000.

[24] V.G. Subramanian and B. Hajek, “Broad-band fading chanrignal burstiness and capacityEEE Transactions on
Information Theoryyol.48, pp.809-827, Apr. 2002.

[25] X. Zhang and M. Haenggi, “A Location-Based MAC Scheme fon&am Networks,"IEEE International Conference on
Communications (ICC'11)}June 2011.



FIGURES 21

©)

Fig. 1: A collection of links with random distances. Trangers are denoted by and receivers are denoted by
The distancesy, k € [5], are iid drawn from some distributiofiz (z).
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Fig. 2: Broadcast in wireless network. Transmitters areotlhbyx and receivers are denoted byThe distances
ri, k € [5], are deterministic and known to the transmitter.
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Fig. 3: Comparison of the conditional local delay for diffat power control schemes. HetB,,, = 4, 0 = 1,
o= 2.
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Fig. 4: Minimum conditional local delay for Nakagami-fading, whereP,,,, =4, 06 =1, a = 2.
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Fig. 5: Numerically obtained”(x) for Rician fading.Ppnax =4, 0 =1, a =2, K = 1.
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Fig. 6: Numerically obtained”; (z) for lognormal fading.Pp.x =4, 0 =1, a =2, 0 = 1.
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Fig. 7: Minimum local anycast delay in the Rayleigh fading&ead’,.x =4, 0 =1, a = 2.



TABLE I: Optimal transmit powek for anycast with Rayleigh fading, whei@,., =4, a« =2, § = 1.

n=1

n=2

n=23

n=4

n=5 n==6

r=0.5
r=1.5
r=2.5
r=23.5

1.0000
2.2500
4.0000
4.0000

1.0000
1.8566
4.0000
4.0000

1.0000
1.6352
4.0000
4.0000

1.0000
1.4893
4.0000
4.0000

1.0000
1.3841
3.8448
4.0000

1.0000
1.3038
3.6218
4.0000
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