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Abstract

We consider a network where each route consists of a souraanaer of relays and a destination
at a finite distance, and the locations of the sources angsrel@ determined according to independent
Poisson point processes. Given a TDMA/ALOHA medium accessrol (MAC) protocol, our objective
is to determine a relay selection strategy such the meanceaded delay in a typical route is minimized.
Towards this goal, we analyze an idealized network modelreviaé routes have the same number of
hops, the same distance per hop and their own dedicatedsraleing a combination of tools from
queueing theory and stochastic geometry, the mean endetalelay and throughput are evaluated for
a typical route. In the case of backlogged sources, we findttieadelay is minimized if the first hop
is much longer than the remaining hops, while in the case ofrarklogged sources, if all hops are
equidistant. The respective optimal numbers of hops saadinearly and linearly with the source-
destination distance. Simulating the original networknse® confirms that the analytical results are

accurate, provided that an adequate number of relays ismres the network.
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I. INTRODUCTION

One of the main design issues in multi-hop wireless netwisldetermining the number of
hops between the source of information and the final degtimgl]. For a given transmission
power, a smaller hopping distance results in a larger redesignal-to-interference-and-noise-
ratio (SINR), which implies higher reliability and/or a lhigr transmission rate over a single
hop. However, as argued in [1], this does not necessarihslage to an end-to-end performance
benefit, e.g., in terms of delay: each node that is added ketwe source of information and
the final destination is also the cause of additional delmgcesa packet has to be decoded,
re-encoded and wait in the queue, before it is transmittetheéonext node. Moreover, if the
intermediate nodes can transmit only one at a time, e.g.yaalantra-route interference, the
throughput might suffer as well. Along the line of thought[R], a meaningful performance
analysis and the design of multi-hop ad hoc networks shoelddrried out with end-to-end
constraints on delay and reliability in mind.

This paper combines tools from stochastic geometry andejunguheory, in order to conduct
an analytical study of the end-to-end delay performance uitirnop random networks. We
consider a network where each route consists of a sourcemaeruof relays and a destination
at a finite distance, and the locations of the sources angsrelee determined according to
independent Poisson point processes. Nodes are equippledgueues to accommodate the
randomness in the delivery of a packet, which is determingdhle level of the signal-to-
interference-ratio (SIR) over each hop. Given a TDMA/ALOHMAC protocol, we first study
an idealized network model where all routes have the saméeuof hops, the same distance
per hop and their own dedicated relays. Assuming that aogtaty regime exists for this network,
we analytically evaluate the mean end-to-end delay andhiteaigghput for backlogged and non-
backlogged sources. A key point in our analysis is taking adcount that the interference level
over each hop, i.e., the density of transmitting nodes, migpen the packet success probabilities
and vice versa. The derivation of closed-form expressi@mnjis the optimization of the mean
end-to-end delay with respect to the number and placemetiteofelays. The benefits of this

relay selection - or routing - strategy are then verified i@ ¢higinal network via simulation.



A. Related work

Excluding the literature on capacity scaling laws [3], poens work on random multi-hop
networks considered a single hop of a typical route, with ithelicit assumption that the
destination lies at an infinite distance from its source [Bl<€also see [9] for a survey and a
list of references). Single-hop metrics that are related performance benefit at the end-to-end
level were devised and evaluated. Such metrics were: theceegh progress [4], i.e., the product
(packet success probabilityy (hop length), for a given spatial density of transmitter$jch
reflects the trade-off between reliability and hoppingahse; the transmission capacity [6], [8],
i.e., the maximum density of transmitters allowed under @straint on the success probability,
for a given hop length; and the spatial density of progre§sig., the product (spatial density
of successful transmissions) (hop length) which is a logical combination of the previou®t
metrics. A central assumption in [4]—[8] is that the locaBoof the transmitters constitute a
Poisson random process on the plane. This enables an anelhgracterization of the SINR
statistics, hence the derivation of analytical results themonstrate the effect of the channel
(fading, interference and noise) and physical layer patars®n the above network-wide metrics.

A second body of work [10]-[13] is, in a sense, complementarthe first. A well-defined
route is considered, where the distance to the final destmaind the number of intermediate
nodes, or relays, are specified. However, the impact offaramce from other transmissions in
the network is not taken into account. Assuming a channelenadth path-loss, fading and
noise, and no delay constraints, [11], [12] determined theé-te-end rate, i.e., the minimum
achievable rate over all hops, when a TDMA-access protacehployed. Alternatively, under
a given delay constraint, [13] specified the number of homkthe rate allocation among them,
such that the total power consumption is minimized. A simpeoblem was studied in [10],
under an end-to-end success probability requirement.

To the best of our knowledge, [14] was the first to considerrthdti-hop problem taking
into account the interference present in a random networkerGan ALOHA medium access
control (MAC) scheme, an opportunistic routing strategyswséudied, according to which the
next node in a route is dynamically selected based on itsr&Hararacteristics and its distance
to the final destination. However, the characterizationhef ¢nd-to-end delay was mainly based

on simulations and interference was modeled in the netwsskraing all relays are backlogged.



B. Contributions

If the sources are backlogged, we find that the delay is ma@dif the first hop is much
larger than the remaining hops, e.g., in a delay-optimiredet-hop route, the first hop covers
half the total distance. On the other hand, in the non-bagdd case, the delay is minimized for
equidistant hops. We demonstrate that the respective aptimmbers of hops scale sublinearly
and linearly with the source-destination distance. We dlsouss stability issues in a multi-hop
random network and derive sufficient conditions on the madaccess probability (MAP), and
the traffic load in the case of non-backlogged sources, fordte stability of the network.

Simulations show that, when the relays of each route areteeleut of a random population,
the analytical results are accurate, provided that theityeasthe relay process is sufficiently
large.

The rest of the paper is organized as follows. Section lloohices the system model. In
Section Ill, we develop our mathematical framework in ortterevaluate the mean delay and
discuss stability issues in a multi-hop random network. Edoal examples and simulation
results are presented in Section IV, and our conclusionswarenarized in Section V. A list of

symbols commonly used throughout the paper is given in Table

Il. SYSTEM MODEL
A. Network setting

We consider a network that consists of an infinite number afees, relays and destinations,
referred to indiscriminately asodegsee Fig. 1). Each source has its own destination at a destanc
R and random orientation. The locations of the sources andethgs are drawn independently
according to spatially homogeneous Poisson processesnsitiés A and \,, respectively. A
route or flow in the network consists of a source, a finite number of relayhese sole function
is to forward the packets that originate at the source - anda diestination.

Each node has an infinite queue, where packets that are edciom the previous node in
the route can be stored in a first-in, first-out fashion. Timelivided into packet slots. In a
route with N hops, the source “receives” a packet from an upper layer efptiotocol stack
every N slots with probabilityp,; if the sources are assumed to be backloggeds equal to

one. Within a route, a TDMA/ALOHA protocol is observed, amtiog to which a node is given



the opportunity to transmit everyy slots with a certain MAP. In the assigned TDMA slot, a
source node is allowed to transmit with probabilitywhile a relay is allowed to transmit with
probability p,.. A packet is received successfully by a node if the SINR it #hat is above a
target threshold. If it is not, the transmitting node is imfed via an ideal feedback channel and
the packet remains at the head of its queue, at least for thieMeslots, until it gets another
opportunity to transmit.

The network operation starts at some arbitrary time, withragoitrary number of packets in
each queue. For convenience, we assume that differentsratgesynchronized at the slot level.
However, to avoid an artificial periodic behavior, we assubhag, for each route, the node which
is first allowed to transmit is randomly selected among theaand the relays with probability
1/N. Since the population of relays is common to all sourcesetlie a possibility that, at a
given slot, a relay has to be used, either for transmissiaea@ption, by more than one routes.

We assume that the conflict is resolved arbitrarily.

B. Idealized network setting

The analysis of the network model described above is comatglitby the fact that the number
of relays and their placement differ across routes, as vgetha fact that routes might intersect.
In order to simplify the model, we let each route in the netwbave the same number of
hops N, the same distance per hep, » = 1,..., N, and its own set of relays. Under this
idealization, node: of a typical route denotes the receiving node at hofmode0 denotes the
source).

The design guidelines that stem from the analysis of the Ifiegb model are then used to

route packets in a simulation of the original realistic nativ

C. Physical layer

The channel between any two nodes at distandecludes Rayleigh fading and path-loss
according to the law—°, whereb > 2 is the path-loss exponent. Given the MAC scheme, we
assume that the coherence time of the fading coefficient lsast (most) equal to the duration

a slot (V slots). We also assume an interference-limited settieg,thermal noise is considered

1This implies that retransmissions are not given priority.



negligible and disregarded, and that all nodes have the sam&mit power, which is normalized

to one. The signal-to-interference-ratio (SIR) at tti& hop of a typical route is therefore
Anr®

Zz‘e@n Bidi_by

wherer, is the distance of the'™ hop; A, is the fading coefficient between the transmitting

SIR,, = n=1,...,N 1)

and receiving node and exponentially distributed with am#tan;®,, is the process of interfering
nodes over hom; d; is the distance between the interfering nadend the receiver, and; is
the respective fading coefficient, also exponentiallyrtisted with unit mean.

A packet is successfully received when the SIR is above @tangeshold) 2. The following
result provides an expression for the probability of susfitdsreception over the'™ hop, p?,
when ®,, is a homogeneous Poisson point process.

Lemma 1 (Corollary 3.2 [7]):Given the definition ofSIR,, in (1) and that®,, is a homoge-

neous Poisson point process with density
p5 = P(SIR,, > 0) = e e, ()

wherec = I'(1 +2/b)T'(1 — 2/b)70%*" andT(x), = > 0, is the gamma function.
The physical meaning of (2) is that the success probabsgiggual to the probability that a disk

of area),cr? around the intended receiver is free of interfering nodes.

D. Network metrics

Our metric of interest is the mean end-to-end d&lay i.e., the mean total time (in slots)
that it takes a packet to travel from the source to the ddgtiman a typical route. Assuming
negligible propagation timed) is the sum of the meawaiting timesand service timesalong
the queues of the route. The waiting time at a given node isured starting from the moment
a packet arrives at that node’s queue, till it becomes thd-bééine packet. The service time is
measured from the moment a packet reaches the head of the, qilietiis successfully received
by the next node, and incorporates the access delay assbeiih the MAC protocol.

In addition to the delay, we are interested in evaluating dfierall route throughpuRT,
defined as the expected number of packets successfullyedsdivo the destination per slot over
a typical route. The respective network throughput is thefindd asNT = ART.

2This implies that the receiver regards interference asenois

3Henceforth, the terms “mean delay” and “delay” will be usetkichangeably.



[Il. A NALYSIS

To begin our analysis, we assume that, under certain conditivhich are discussed in
Section IlI-C, the queues approach a stationary behaviadhénlong run. Moreover, due to
the randomness and symmetry present in our network modehsaeme that, in this stationary
regime, successful packet transmissions overrtiehop of the typical route arendependent
events that occur with probability?. The latter assumption allows us to consider the set of
interfering nodes over each hop as a homogeneous Poissonppocess. Using (2) then leads
to a set of fixed-point equations that provide solutions lier success probabiliti§p? }_,. Note
that, in spirit, this approach is similar to that introduéed15], in the context of analyzing the
performance of the IEEE 802.11 protocol for wireless locakanetworks.

In the first part of this section, we use tools from queueingpti in order to express the
mean delay over a typical route as a functionpop,., p, and {p:}_,. In the second part, we

N
evaluate{ps } *_,.

A. Queueing analysis

We examine the backlogged and non-backlogged source cagastely.

1) Backlogged sourcesThe mean waiting and service times at a given relay are fonstof
the packet arrival and departure probabilities to and frbat telay. Assume that we are looking
at the queue of the first relay. A packet arrival occurs at theé ef slotmN, m € Z, if the
source transmitted in that slot and the transmission wasesstul. The probability of this event
is thereforep; = pps;. Similarly, at the beginning of sldt+m/V - provided that the queue is not
empty - a packet departs from the head of the queue with pildgal, = p,p;. This procedure
is repeated every slots.

The queue of the relay is modeled as a Random Walk [16], whtzge & the number of
packets in the queue at the end of stalv. The transition probability from stateto statek + 1,
k> 1,is p;(1—po), while, from statek + 1 to statek, it is po(1 —p;), for k > 0. Since in state
0 the queue is empty, the transition probability from state statel is simply p;. Assuming
that the queue is stable, the steady state probability afgoei statek, =, is found to be

SR ' (pz(l —po))k_l e, k> 1 )
po(L—pr) \po(l—pr) T

wheremy =1 — 5—é Obviously, a necessary condition for the stability of theege isp; < po.




The mean waiting time at the first relag);, can be computed by Little’s theorem, as the
average queue size, excluding the head-of-line packetjetivoy the arrival rate [16], in this

casep;/N. Using (3), after some calculations we find that

0 _ P I —po
1 = _—.
bPoPo — Pr

It is also straightforward to show that the service time tog head-of-line packet is

1
H1:N<——1)+1. (4)
Po
The total time in the queue of the first relay is
1-— N 1-—
O +H=NPL-"Po 0 NN TP N (5)
Popo —Pr Po Po — D1

If the queue at the first relay is stable, i.ep; < p,p5, the packet arrival probability to the
second relay ip;. In fact, as long as all intermediate queues are stable,pp@. < p,.p?,
n=2,...,N, the packet arrival probability to relay is ppj. As a result, we can calculate the
total time in the queue of relay by settingpo = p,.p; in (5).

Adding the service time at the source and the total timesegtieues ofV — 1 relays, the
mean end-to-end delay for a packet at the head of the soussegi,, is found to be
N oy ~ 1—pp

Db - P + S S
R B O T

(6)

The route throughput is determined as follows: a packetdsived everyN slots by the final
destination with probabilityp;. Hence,RT}, = pp; /N.

2) Non-backlogged sourcest the sources are not backlogged, then, provided that algs
are stable (including the source queue), the packet ampirabability to all queues i, and
Pa < min{pp$, p.ps, ..., Py} Following a similar reasoning to the backlogged sourcee cas

the mean end-to-end delay for a packet that arrives at theoktite source queud),,,, is

N

1-— a 1- TfL
Doy = N—— 4 Ny~ 2 (7)
PP1 — Pa PrPy, — Pa

n=2

and the route throughput BT,;, = p,/N.

“Since the sources are backlogged, the only meaningful walgfioe the end-to-end delay is for a packet at the head of the

source queue.



B. Evaluation of packet success probabilities

We now determine the packet success probabilifigs}_;, which are required for the
evaluation of the mean delay in (6) and (7).

The definition of the Lambert function is needed in the subsaganalysis and is stated here.

Definition 1: The Lambert functiony = W (x), is the unique solution to the equatiget = «,
wherez > —e~! andy > —1.

The following lemmas are also useful and are stated withowbfp

Lemma 2: The functionf(z) = xe ™ n > 0,z > 0, is continuous, with a uniqgue maximum
fo = (ue)~! atx, = p~t. There are two solutions to the equatign= f(z), 0 < y < f,, and
the smaller of the two is;; = —W (—uy)/p < p=t.

Lemma 3:The functiong(z) = xe**, u > 0,z > 0, is continuous and strictly increasing.
The equatiorny = g(z), >0, x,y > 0, has a unique solutiom; = W (uy)/p.

Once again, the backlogged and non-backlogged source assgsesented separately.

1) Backlogged sourcestUnder the assumption that packet success events are irteyen
across routes, the queue of relayof the typical route is not empty at the beginning of its
assigned slot with probabilityps/(p,p), hence the relay transmits a packet with probability
ppi/(peps) - pr = ppi /ps. As a result the interfering nodes over hegonstitute a homogeneous
Poisson point process with density, = % + A—Jé’ Eff:z% where the first term represents the
transmitting sources, while the second term representotakpopulation of transmitting relays.
From Lemma 1p; satisfies the fixed-point equation

“2p(14xN, B )2
P, =e Np( Ek_ka) ,n=1,...,N. (8)

Eq. (8) illustrates the coupling effect between concurtesmbismissions in a wireless network.
The packet success probabilities depend on the interferiewel in the network and vice versa.
The solution of (8) ovelp: }Y_, for general values of,, ..., ry seems complicated. Propo-
sition 1 provides the solutions for the packet success ibtes in the setting, = --- = ry,
i.e., when hopg, ..., N are equidistant.
Proposition 1: Let r, = - -- = ry. Given that the relay queues are stable, the packet success

probabilities are given by
-2 N— p—i cr?
b= e Np<1+( 1)p2) n—19 @)
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Furthermore

p_ig — T F T (10)
P & (N = Dpe(r} —13)
1 1 = Ta.
Proof: Settingp; = --- = pY, (9) results directly from (8). Dividing the two equations i
(9) and rearranging terms
pl N(N 1)1”(’“1""%)*% _ e—%pc(rl—rg). (11)

P2
We have the following cases.
« 7 > 1y by Lemma 3, (11) has a unique solution with respecpit@s, given by (10).
o 71 = 1y Settingr; = 7y in (9), it follows thatp; = p§ = e~ ',
« 7 <19 by Lemma 2, (11) has a solution with respectpfgp; if and only if
1

T AN =De(rf —ri)e

However, this condition holds if the relay queues are stablEch we show as follows.

pe—%pC(Tf—TS)

Assuming that all the relay queues in the network are bagddga necessary requirement
for stability is that

pem REEN=Dpert ) o= R pH(N=Dpr)erd

This implies that

N-De(ri—rd)pr < 1

AW =D} —rhe.
By Lemma 2, the smaller of the two solutions of (11) with regp® p5/p5 is given by

pe Npc(rl r3) < pye N(

(10). We have ignored the other solution on the basis that deicreasing im,.

[
Substituting (9) and (10) in (6), we can evaluatg Concluding the analysis of the backlogged
sources case, we now show that setting= - - - = ry is of significance in minimizingD,,.
Proposition 2: The mean delay, given by (6), is minimized when the relayspéaeed on the
line between the source and the destinationang --- = ry = fv Nt

Proof: By pairwise division and summation of the expressions in @& obtain

N o4 N P (2 p2
Z pl _ o NP(H—Z,L:Q p%> (r{ k) (12)
n=2 p" k=2
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Fix r; and definez,, = :—ZL <1, n=2,...,N. The functionh(z, ..., z,) = ZiVZQ f% is strictly
1 n

increasing in{z,}. Indeed, differentiating (12) with respect t@ and rearranging terms, we

obtain
2k

Since the rlght hand S|de term and the left hand side term enptirenthesis are positive, it
follows that - > 0.
From (8), it foIIows that, given|, {p:}"_, are decreasing functions of, ..., ry. SinceD,
in (6) is a sum of identical decreasing functionspgf. .., p%, then, givenR, D, is minimized
if the relays are placed on the line between source and ddéstinandr, = - - - = ry. [ |
2) Non-backlogged source8imilarly to the backlogged scenario, the probability thatable
source queue is not empty jig/(pp;), so the probability that a source transmitpigp;. The
corresponding probabilities for relay are p,/(p,ps) and p,/p;. The density of interferers at

any hop is therefore,, = % Zk  E é, and, by Lemma 1, the success probability over hog
N i pEers
pl=¢ NI =1, N. (13)

Following a similar reasoning to Proposition 2, we can shioat the delay is minimized if the
relays are placed on the line between the source and thealésti andall hops are equidistant.

For equidistant hops, the solution of (13) is given by théofeing proposition.

Proposition 3:Let r, = --- = ry. Given that the queues are stable, the packet success
probabilities are given by
Apacr? W (—Apacr?)
s . ‘rarl 0 __ aCTy 14
P W(=Apgcr?) ¢ (14)
pi = pp=ccc =Dy
Proof: Settingr; = --- = ry in (13) results in
s s _AP_%CT%
pi=:"-=py=2¢€ Py (15)
By Lemma 3, (15) has a solution with respect {5, if -——- > 1 0rp, < e. This condition

is satisfied if the queues are stable. Indeed, assumlng tlTeemare backlogged, a necessary
condition for the stability of the source queuespis < pe %, Since pe i < Tozer It
follows thatp, < 2 . By Lemma 3, (14) is the solution to (15). The other solutisngnored
on the basis that it is increasing in. [ |

The mean delay can now be computed by substituting (14) in (7)
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C. Discussion on stability

In Sections IlI-A and IlI-B, we evaluated the mean end-to-delay over a typical route, based
on the assumptions that the queues approach a stationaayibehnd that packet successes are
independent across routes. The latter assumption is @gtifhen the probabilities of random
accesy andp, are sufficiently small [17]

Determining if and under what conditions the network atain stationary regime, i.e., it
is dynamically stabld7], is a complicated problem, as transmissions interfeit wach other,
creating couplings between different queues. However,amedetermine conditions under which
the network israte stable i.e., the queue backlogs remain finite over time. Rate lgials a
necessary condition for dynamic stability of the networR][1

1) Backlogged sourcesThe following proposition establishes a necessary candifor rate
stability whenp = p,.

Proposition 4: Assumep = p,. If the relay queues are rate stable, then> r,, n =2,..., N.

Proof: Let all the relay queues in the network be backlogged. If #layr queues are rate

stable, then, from (2), it must be that

pe N EHN=Dpoert gy o= GHN=Dper gy =9 N

Y

or, equivalently,; > r,, n=2,..., N, sincep = p,. [ ]
This condition can also be deduced by demanding that thendieators in (6) are greater than
zero. We now propose a sufficient condition for rate stahilit

Proposition 5: Assumep = p,. The relay queues are rate stable,it> v/Nr,,,n =2,...,N.

Proof: Since the sources are backlogged, the success probabilitiyei first hop is the

largest when no potential interfering relay has a packetaiosmit. From (2), an upper bound to
the success probability in the first hop is thijs= e~~Pri. In contrast, the success probability
in the second hop is the smallest when all nodes that are tpadterierferers in the second hop
have packets to transmit. In this case, the density of ieters is%)\p + %)\p = \p and a
lower bound to the success probability in the second hq_qg is e~z A sufficient condition
for the stability of the first relay queue is therefgrg; < prp; Of simply p; < p;- Defining
p* = e as the lower bound to the success probability of hop, = 2,..., N, a set of

—n

sufficient conditions for the stability ddll relay queues is

_ _A 2 _ 2
D] <BZ(:>e NPT < @A oy >/ Nry,n =2, ..., N.
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[

Since packets arrive to the queues of the initially emptay=lwith positive probability, the
packet arrival probability to the backlogged relays pregieely decreases due to increasing
interference. For this reason, it appears that ProposHigiiaces a strict requirement on the
distance of the first hop and may be far from necessary. Weectuig that the condition in
Proposition 4 is also sufficient for the rate stability of tleéay queues, which is corroborated
by our simulation results in Section IV.

We now letr, = --- = ry and, in a similar manner to Proposition 5, derive sufficient

conditions onp andp, such that the queues are rate stable for any valug.of

Proposition 6: Let r, = --- = ry. The relay queues are rate stable if
(v (55)
~1)rie —1)cr
% TlS\/NTQ, Lj\fl)%zl (16a)
NC(Tz — )
<D é \ 9 9 _)\(Nfl)crg
p=pr W we(r; —ri)e . .
— ri < VNry, 22D72 (16b)
NC(TQ — 1)
(1 r > \/NTQ (16C)
and
. 1
Qr<pr<m1n{m,l}, (17)
N
where ,
R W <_)\(N;V1)cr2pe_%pc(r%—r§)> 18
ET o A(N—1)cr3 ( )
A
The limit lim,, ., p exists and provides the upper boundon
Proof: See Appendix A. [ |

Proposition 6 provides an upper bound @such that rate stability is ensured for < v/Nr.
Additionally, the upper bound omp, in (17) ensures that the relays do not create excessive
interference by transmitting too often, thus causing thekptdeparture probability from the
typical relay queue to become less than the packet arrieddaghility. The following proposition
sheds more light on the relation betW@nandp.

Proposition 7:If r < V/Nrs, thenp > p, with the equality occuring at, = V/Nry. If
r1 > V' Nry, thenBT < p.
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Proof: See Appendix B. [ ]
In other words, if the distance of the first hop is larger tRéNr,, ap, smaller tharp stabilizes
the relay queues. On the other handrif< /Nr,, rate stability is guaranteed if the relays
transmit with a probabilityp,, which is larger tharp.

2) Non-backlogged sourced=ollowing a similar reasoning to the backlogged sourceg,cas
we establish rate stability conditions for the source atayrqueues in the network, when= p,
(the casep # p,. can be easily handled, but is omitted for the sake of brevity)

Proposition 8: Let p, be the packet arrival probability to the sources evéfyslots, and

p = p,. The queues are rate stable if and only if

: —)\pcri }
Po < min {pe . (29)

Proof: Similarly to Propositions 5 and 6, (19) results by demandi&g p,, is smaller than
the packet departure probability from any node in a typioate, when all queues in the network
are backlogged. [ |
Assuming that the relays are placed on the line between theesand the destination (19)
implies that, for rate stability, a strict upper boundtpis 7, = pe‘m%. A strict upper bound

to the network throughput is therefore

. n 2
NT,, — Aﬁ“ - A—]\fe—m%. (20)

This function can be optimized oveé¥. Assuming thatV can take any positive value, we easily
find that NT,p, max = ,/236’1’%2 and N,,x = v2ApcR. It is meaningful to now ask what is the
number of hops that minimizes the delay when the system tgsest a given percentage of

NT . max- We address this issue via a numerical example in the netibrec

IV. NUMERICAL RESULTS

In this section, we present the analytical results of Sadtipalong with simulation results, for
A = 10~* sources/, b = 4 andp = p, = 0.05 (unless otherwise stated). The desired placement
of the relays is on the line between the source and the déstinavith r, =--- =ry = %.

The simulated network size §000 x 5000 m?, which on the average yield%00 sources
(and routes). Since our analysis determines the mean deththeoughput of a typical route, in

the simulation, these metrics are evaluated as averagegioe over different routes, as well
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as over different network realizations. The duration ofrawgation for a given network and the
number of realizations are chosen in order to provide adegstatistical confidence. In order
to minimize the impact of edge effects, metrics are colarly for routes whose sources are

situated inside an inner square of sizZg)0 x 1100 m?.

A. Backlogged sources

Given the desired placement of the relays on the line betwleeisource and the destination,
routing in each hop is performed by selecting among the setllhgt are between the respective
desired point and the destination, the one that is close#tabpoint. This constraint ensures
that, if the desired point satisfies the stability constidime position of the selected relay will
do so as well, as it is even farther away from the source. Ifléisé relay found is closer to
the destination than,, then transmission is made directly to the destination. Assalt, routes
with a smaller number of hops than that theoretically spetifnay exist in the network. The
average end-to-end delay is calculated over those routeglas

We first explore the impact of the number of hops on the meaaydahd the network
throughput. In Figs. 2 and 3);, and the respectivlT,, are plotted vsR for different numbers
of hops. For eachV, the distance of the first hop is determined such thdp,, is minimized.
For eachR, there is an optimal number of hops that minimiZgsand the distance between the
switching points (values oR for which N and N + 1 hops yield the same delay) progressively
increases. This points to a sublinear relationship betwkeroptimal N and R (Fig. 8). Note
that the optimal total service time, shown in a dashed limeyides a rather tight lower bound
to the optimal end-to-end delay. This shows that, for optynalaced relays and selectel,
the waiting time at each queue is small compared to the setinee.

The simulation results, shown with points, correspond t@layr density\, = 2(N — 1)A.
We observe that, in the range &f for which a given number of hops is optimum, the match
between the theoretical and simulated delay values idaetisy. As R increases, the dicrepancy
between theory and simulation for smallbecomes worse. This is due to the fact that the average
number of crossings between routes increases, so botterage created at the relays which
are used by more than one routes. We confirm that the disargpmiacreases with increasing
relay density in Fig. 4. A related observation is that theotk&cal network throughput values

in Fig. 3 match the simulation ones quite well even for insie@ R; the reason being that
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the routes with bottlenecks get very few packets across dditial destination, hence have a
minimal contribution to the total end-to-end throughput.

In Fig. 5, we examine the sensitivity of the delay to the phaest of the first relay, for three
different pairs of value$R, V). The curves correspond to the theoretical delay obtaine@)hy
The simulation confirms the validity of the analysis for aagedensity\, = 2(N — 1)\. The
discrepancy at; = 450 m for R = 500 m is caused by the existence of a large number of
two-hop routes in the network, for which the delay is vergégras the - only - relay is placed
very close to the destination. The optimal distance of thet fiop for R = 500 m and N = 3
is approximately250 m, i.e., half the total distance. As — R, p; — 1 and the service time at
the source dominates the delay. On the other hand, as R/N, i.e., all hops tend to become
equidistantp; — p; — 0 and the queueing delay at the relays obtains very large satug., an
r1 approximatelyl00 m short of the optimal value results in a large delay penalty.

In Figs. 6 and 7, we sek = 800 m and examine the sufficient rate stability conditions of
Proposition 6. The lower and upper boundsgprand p, respectively, are shown in Fig. 6. Note
that, forr; < v/Nry, = 320 m, p. 2 p as indicated by Proposition 7. The respective delay
curves as a function qf, along with simulation results, are shown in Fig. 7. For eagtve, the
value ofp, is set equal to the maximum value @rf overp in Fig. 6. Asp approaches zerd),
is dominated by the service time at the source and tends twtynfFor p > 0, the sensitivity
of the delay top depends on the relay placement, i.e., fpe= 100 m, only a small range of
values around).005 yields a delay below2000 slots. As the relay is moved farther away from
the source, this range becomes wider and, o> 320 m, the delay varies less with Note
that, for all values ofr;, Dy, is finite asp — p, which is also verified via the simulation; this
provides an indication that the sufficient conditions of jorsition 6 are stringent.

An issue of interest is to determine haw, scales withR. From Fig. 2, we obtain the number
of hops that minimized),, for each value ofR and plot it as a function of: in Fig. 8. It is
seen that this number scalssblinearlywith R; specifically, we find thatV ~ 7, R*™, where
m > 0 is determined by the sublinear fit. Likewise, in Fig. 9, theimpl distance for the first
hop also scales sublinearly with and we find that; ~ 17, R**®, 1, > 0. In Fig. 10, we plot
the optimal success probabilities V8.and note that, a® increasesp; progressively decreases,

while p5 approaches a constant valpe~ 0.55. As a result, solving (9) ovew; for large values
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of R, we have the following approximation fa
W (e ¥ert)
ps

~5 2

Pl ~ Dy

Aper?
From (6), the end-to-end delay can thus be approximated as
AeriN

1
Dy, ~ +N2< ~—1). (21)
b (Mo ) prp
2

Taking into account that, < 1, we have
>\C77177§RL6 N H%RIAS
%% <773~¢R0.74> Dr
2

Dy, =~ , (22)

peri . .
wheren; £ A1”—]3’”%e—AN < e ! SinceW(z) = O(lnx) for x — oo, it also holds thatV (z) =

O(z). Moreover,IW(z) = Q(1). As a result, the first term in (22) R(R"®®) and O(R%). The

superlinear scaling oD, with R in (22) is a result of the scaling of the optimal with R,

as well as the TDMA nature of the MAC protocol, i.e., the coaistt that a node is allowed

to transmit only once every slots. These scaling results indicate that the MAC protasol
tailored to a small number of hops; &sincreases, intra-route spatial reuse should be considered
a scenario which is beyond the scope of this paper. As a fidal isote, sincd? is present in
every expression in the produstR?, for a givenR, we also conclude that the optimal number

of hops scales witliAc)®37,

B. Non-backlogged sources

In Fig. 11, we consider a range &f from 50 m to 1200 m and equidistantly placed relays.

For eachR, the number of hops and traffic loag that minimizeD,,, are found, whemNT,,, is

Ap
2ceR? "

a certain fractiom of NT,, yax, 1-€., A—}@“ =1 The delay is then plotted vs. the optimal
number of hops, for, = 0.25,0.5.0.75. The plot confirms that operating the network at a smaller
throughput results in a smaller delay and a smaller numbbop$ (delay-throughput trade-off).
In Fig. 8, the optimal number of hops is shown for a larger emafjR andrn = 0.75; in contrast

to the backlogged case, the scaling is linear. This imphes the optimalp,, thus the packet
success probabilities in (15), are approximately consiget R. Taking these trends into account
in (7) we can show thab,,;, scales withN? (or R?). This behavior is the result of the linear

scaling of the optimalV with R, combined with the TDMA character of the MAC protocol.
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V. CONCLUDING REMARKS

We have conducted an analytical and simulation study ofaandnterference-limited, multi-
hop networks. Our approach consisted of two steps: firstlygstg an idealized network model
and deriving expressions for the mean end-to-end delay lmmaighput over a typical route,
using tools from basic queueing theory and stochastic gegntben, employing the obtained
design insights to perform routing in a realistic networkissnment, where the relays are picked
from a random population. We determined the number of retas their placement such that
the mean delay is minimized and derived conditions for thie stability of the network. The
simulation results confirmed the validity of the analysisrwoderate to high relay densities and
illustrated the usefulness of the design guidelines in mizing the mean end-to-end delay.

A variety of interesting problems remain open, such as ekignthe analysis to accommodate

varying source-destination distances, intra-route apeguse or variable rate transmission.

APPENDIX
A. Proof of Proposition 6
Following the line of thought in the proof of Proposition 5safficient condition for the rate
stability of the relay queues is

PP < p@; PN pe—%pcrf < pre—%(er(N—l)pr)crg PN pe—%pC(Tf—TS) < pre—%(N—l)crgpr_ (23)

The proof involves making use of Lemmas 2 and 3, in order terdd@he a set of acceptable
values forp and p,, such that (23) is satisfied. The function on the right hawni sif (23) is
f(p,) of Lemma 2, withy = %(N — 1)cr2. By Lemma 2, (23) is possible only if

1

pe-Neri=rdp H})?Xf(pr) _ m_ (24)
We take the following cases.
o« 71 < 7120 let g(p) = pevetri=rDr. By Lemma 3, (24) holds if (16a) is satisfied.
« 71 =19: by (24), it immediately follows thap < ———-—-. This is also the limit of (16a)

N (N—1)er2e

for r, — ry, which can be shown using the Lambert function propéityr) = ze="®),
e 7o <71 < VNry: let f(p) = pe-nci=3r_ For this range of

1 1
"< VN & < & max f(p) >

2c(r? —rd)e = 2(N —1)erde P 2(N =1)ere’

(25)
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By Lemma 2,f(p) = m has two solutions; a sufficient condition for (24) to hold
is p being smaller than the solution given by Lemma 2. This camdlits identical to (16a).

« 7 > \/Nry: following the same steps as in (25)(p) < m for any p. Sincep is

a probability, it suffices thap < 1.

We have determined sufficient constraints joisuch that (24) is satisfied. By Lemma 2, a
sufficient condition for (23) to hold is (17). We now need tglexe if, for A(LN”C’"% < 1, there
are additional constraints g5 such thatg_ar < 1 is ensured or

W _)\(N - 1)C7ﬂ§pe_%pc(7€_r§) > _)\(N - 1)07’% o pe—%PC(T%—Tg) < e_)\(N;\]l)cr% . (26)

N N
If 1 # ro, then, by Lemmas 2 and 3, (26) holds if (16b) is satisfied whiile, = r,, it holds if
— CT'2
p < e_%, which is also the limit of the bound in (16b) when — r,. By comparing the
arguments of the Lambert function in (16b) and (16a), we temvghat (16b) is a more stringent
condition. Moreover, by the propertyy/ (z) = ze~"®), the bound in (16b) is an increasing
. . A\ _MN—1Der3 A .

function of r,. Since, forr; = VNry, W | 2¢(r3 — Nr3)e — & = 2c(r3 — Nrj), it
follows that, forr, > v/ Nr,, (26) holds for allp < 1 and (16c¢) is established.

B. Proof of Proposition 7

From (18),p can be written ag = dp, wheres = @, B &£ —2(N — 1)erip and
v E e~ wreri—rd) We want to show that > 1, whenr, < v/Nr,, with the equality occuring at
r = v/ Nry, andé < 1, whenr; > v/ Nr,. We take the following cases.

e 71 < +/Nry andr, = ry: The following statements are equivalent due to Definition 1
_ W(By)

6
2

However, the last statement is true, @svrei—r3) > e~ v (N-Derip oy 12 < Np2, with

§ >1eW(Ey) <fefy<fef oq>el (27)

equality occuring at; = v/ Nr.

e 71 > V/Nry: If g < —1, thens = % < 1 asW(fy) € [-1,0). On the other hand, if
£ > —1, then, following the same steps as in the previous bulletcareshow that < 1.

« 11 = 19. From (23), we can see thatandp, must satisfy the conditiop, > pe%(N—l)C’“gpv'.

As the exponential factor is greater than one, it follows tha= dp, with § > 1.
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TABLE I: Commonly used symbols

‘ Symbol ‘ Meaning
P source medium access probability (MAP)
Dr relay MAP
Pa probability of packet arrival at the source eve¥y slots

density of sources

Ar density of relays

R source-destination distance

N number of hops

[ packet success probability over hap
Tn distance of hopm

2000

1800

1600

1400

1200

1000

800

600

400

200

0 |
0 200 400 600 800 1000 1200 1400 1600 1800 2000

Fig. 1: A network realization wherg)% of the nodes are shown & 10~* sources/rh \, = 3)).
Sources are denoted by circles, relays by diamonds anddtstis byx’s. The distance to the
destination iskR = 800 m and the number of hops & = 4. In order to avoid cluttering the

figure, only a few routes are shown.
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Fig. 2: Dy vs. R, for N = 1,...,5. The dashed line shows the optimal end-to-end service time.

Simulation points are shown fox, = 2(N — 1)A. (A = 10~* sources/h b = 4, p = p, = 0.05)
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Fig. 3: NT}, vs. R for N = 1,...,5. Simulation points are shown fot, = 2(N — 1)A. (A =
10~* sources/th b =4, p = p, = 0.05)
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Fig. 4. Dy, vs. (NA——m for R =500 m (N =2), R=700 m (N =3) and R = 900 m (N = 4).
Simulation results are shown with points. £ 10~* sources/rh b = 4, p = p, = 0.05)
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Fig. 5: Dy, vs. ry, for R = 500,800, 1000 m (N = 3,4,5 respectively). Simulation points are
shown for)\, = 2(N — 1)\. (\ = 10~ sources/rh, b = 4, p = p, = 0.05)
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Fig. 6:p_ vs.p, for R = 800 m, N = 4 and various placements of the first relay (A =
10~* sources/rh, b = 4)
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Fig. 7: Dy, vs. p, for R =800 m, N = 4 and various placements of the first relay Simulation
points are shown foi, = (N — 1)\. (A = 10~* sources/rh, b = 4)
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Fig. 8: Optimal number of hops vsk for backlogged and non-backlogged sources.={
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Fig. 9: Optimal hopping distances vB. (A = 10~* sources/rh b = 4, p = p, = 0.05)
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Fig. 10: Optimal success probabilities 3. (A = 10~* sources/rh, b = 4, p = p, = 0.05)
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Fig. 11: D,;, vs. the optimal number of hops for different fractionsNof,, ... (R takes values

from 50 m to 1200 m, A = 10~ sources/rh b = 4, p = p, = 0.05)



