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Abstract—In the analysis of large random wireless networks,
the underlying node distribution is almost ubiquitously assumed
to be the homogeneous Poisson point process. In this paper, the
node locations are assumed to form a Poisson cluster process on
the plane. We derive the distributional properties of the inter-
ference and provide upper and lower bounds for its distribution.
We consider the probability of successful transmission in an
interference-limited channel when fading is modeled as Rayleigh.
We provide a numerically integrable expression for the outage
probability and closed-form upper and lower bounds. We show
that when the transmitter—receiver distance is large, the success
probability is greater than that of a Poisson arrangement. These
results characterize the performance of the system under geo-
graphical or MAC-induced clustering. We obtain the maximum
intensity of transmitting nodes for a given outage constraint, i.e.,
the transmission capacity (of this spatial arrangement) and show
that it is equal to that of a Poisson arrangement of nodes. For
the analysis, techniques from stochastic geometry are used, in
particular the probability generating functional of Poisson cluster
processes, the Palm characterization of Poisson cluster processes,
and the Campbell-Mecke theorem.

Index Terms—Interference, Poisson cluster processes, shot noise,
transmission capacity, wireless networks.

I. INTRODUCTION

COMMON and analytically convenient assumption for

the node distribution in large wireless networks is the ho-
mogeneous (or stationary) Poisson point process (PPP) of in-
tensity A, where the number of nodes in a certain area of size
A is Poisson with parameter A A, and the numbers of nodes in
two disjoint areas are independent random variables. For sensor
networks, this assumption is usually justified by claiming that
sensor nodes may be dropped from aircraft in large numbers; for
mobile ad hoc networks, it may be argued that terminals move
independently from each other. While this may be the case for
certain networks, it is much more likely that the node distribu-
tion is not "completely spatially random,” i.e., that nodes are
either clustered or more regularly distributed. Moreover, even
if the complete set of nodes constitutes a PPP, the subset of ac-
tive nodes (e.g., transmitters in a given time slot or sentries in
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a sensor network) may not be homogeneously Poisson. On the
one hand, it seems preferable that simultaneous transmitters in
an ad hoc network or sentries in a sensor network form more
regular processes to maximize spatial reuse or coverage, respec-
tively. On the other hand, many protocols have been suggested
that are based on clustered processes where the clustering is “ar-
tificially” induced by mediaum access control (MAC) protocols.
This motivates the need to extend the rich set of results available
for PPPs to other node distributions. The clustering of nodes
may also be due to geographical factors, for example, commu-
nicating nodes inside a building or groups of nodes moving in a
coordinated fashion. We denote the former as logical clustering
and the latter as geographical clustering. The main motivation
of this paper is to understand the characteristics of the interfer-
ence when the transmitting nodes are clustered.

A. Related Work

There exists a significant body of literature for networks with
Poisson distributed nodes. In [1], the characteristic function of
the interference was obtained when there was no fading and the
nodes were Poisson distributed. They also provide the proba-
bility distribution function of the interference as an infinite se-
ries. Mathar et al., in [2], analyze the interference when the in-
terference contribution by a transmitter located at « to a receiver
located at the origin is exponentially distributed with param-
eter ||=z||2. Using this model they derive the density function of
the interference when the nodes are arranged as a one-dimen-
sional lattice. Also the Laplace transform of the interference is
obtained when the nodes are Poisson distributed.

It is known that the interference in a planar network of nodes
can be modeled as a shot-noise process. Let {z;} be a point
process in RY. Let {3;(-)} be a sequence of independent and
identically distributed (i.i.d.) random functions on R?, indepen-
dent of {z;}. Then a generalized shot-noise process can be de-
fined as [3]

Y(z) = Zﬂj(l’ — ;).

If 3;( ) is the path loss model with fading, Y (z) is the interfer-
ence at location z if all nodes x; are transmitting. The shot-noise
process is a very well studied process for noise modeling. It was
first introduced by Schottky in the study of fluctuations in the
anode current of a thermionic diode, and it was studied in de-
tail by Rice [4], [5]. Daley in 1971 defined multidimensional
shot noise and examined its existence when the points {z;}
are Poisson distributed in R¢. The existence of a generalized
shot-noise process, defined for any point process, was studied by
Westcott in [3]. Westcott also provides the Laplace transform of
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Fig. 1. [lllustration of transmitters and receivers. Cluster density is
deviation
the cluster located around the origin.

the shot noise when the points {x; } are distributed as a Poisson
cluster process. Normal convergence of the multidimensional
shot-noise process is shown by Heinrich and Schmidt [6]. They
also show that when the points {z;} form a PPP of intensity A,
the rate of convergence to a normal distribution is v/\.

In [7], llow and Hatzinakos model the interference as a shot-
noise process and show that the interference is a symmetric
«-stable process [8] when the nodes are Poisson distributed on
the plane. They also show that channel randomness affects the
dispersion of the distribution, while the path-loss exponent af-
fects the exponent of the process. The throughput and outage in
the presence of interference are analyzed in [9]-[11]. In [9], the
shot-noise process is analyzed using stochastic geometry when
the nodes are distributed as Poisson and the fading is Rayleigh.
In [12], upper and lower bounds are obtained under general
fading and Poisson arrangement of nodes.

Even in the case of the PPP, the interference distribution is not
known for all fading distributions and all channel attenuation
models. Only the characteristic function or the Laplace trans-
form of the interference can be obtained in most of the cases.
The Laplace transform can be used to evaluate the outage prob-
abilities under Rayleigh-fading characteristics [9], [13]. In the
analysis of the outage probability, the conditional Laplace trans-
form is required, i.e., the Laplace transform given that there is a
point of the process located at the origin. For the PPP, the condi-
tional Laplace transform is equal to the unconditional Laplace
transform. We are not aware of any literature pertaining to the
interference characterization in a clustered network.

In [14], Weber et al. introduce the notion of transmission ca-
pacity, which is a measure of the area spectral efficiency of the
successful transmissions resulting from the optimal contention
density as a function of the link distance. Transmission capacity

. Transmitter density in each cluster is
. Observe that the intended receiver for the transmitter at the origin is not a part of the cluster process. The transmitter at the origin is a part of

. Spread of each cluster is Gaussian with standard

is defined as the product of the maximum density of successful
transmissions and their data rate, given an outage constraint.
They provide bounds for the transmission capacity under dif-
ferent models of fading, when the node locations are Poisson
distributed.

B. Main Contributions and Organization of the Paper

In this work, we model the transmitters as a Poisson cluster
process. To circumvent technical difficulties, we assume that
the receivers are not a part of this clustered process. If the re-
ceivers were part of the process, we would lose the notion of
a common distance that information traveled. We would not
have a common transmission range R which would make cer-
tain transmissions more important (with a metric like transport
capacity) than others. If the receivers were a part of the point
process, it is not clear how to choose the transmit-receive pairs
a priori. A deterministic R is also appropriate for defining the
notion of transmission capacity. Hence, we focus on a specific
transmit—receive pair at a distance R apart, see Fig. 1. We eval-
uate the Laplace transform of the interference on the plane con-
ditioned on the event that there is a transmitter located at the
origin. Upper and lower bounds are obtained for the compli-
mentary cumulative distribution function (CCDF) of the inter-
ference. From these bounds, it is observed that the interference
follows a heavy-tailed distribution with exponent 2/« when the
path loss function is ||z||~“. When the path-loss function has
no singularity at the origin (i.e., remains bounded), the distri-
bution of interference depends heavily on the fading distribu-
tion. Using the Laplace transform, the probability of successful
transmission between a transmitter and receiver in an interfer-
ence-limited Rayleigh channel is obtained. We provide a nu-
merically integrable expression for the outage probability and
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closed-form upper and lower bounds. The clustering gain G(R)
is defined as the ratio of success probabilities of the clustered
process and the PPP with the same intensity. It is observed that
when the transmitter—receiver distance R is large, the clustering
gain G(R) is greater than unity and becomes infinity as R — oo.
The gain G(R) at small R depends on the path loss model and
the total intensity of transmissions. We provide conditions on
the total intensity of transmitters under which the gain is greater
than unity for small R. This is useful to determine when logical
clustering performs better than uniform deployment of nodes.
We also obtain the maximum intensity of transmitting nodes for
a given outage constraint, i.e., the transmission capacity [12],
[14], [15] of this spatial arrangement and show that it is equal
to that of a Poisson arrangement of nodes. We observe that in a
spread-spectrum system, clustering is beneficial for long-range
transmissions, and we compare DS-CDMA and FH-CDMA.

The paper is organized as follows: in Section I, we
present the system model and assumptions, introduce the
Neyman-Scott cluster process and derive its conditional gen-
erating functional. In Section I, we derive the properties of
interference, outage probability and the gain function G(R). In
Section IV, we derive the transmission capacity of the clustered
network.

Il. SYSTEM MODEL AND ASSUMPTIONS

In this section, we introduce the system model and derive
some required results for the Poisson cluster process.

A. System Model and Notation

The location of transmitting nodes is modeled as a stationary
and isotropic Poisson cluster process ¢ on R2. More details
about this spatial process are given in Section 11-B. The receiver
is not considered a part of the process; see Fig. 1. Each trans-
mitter is assumed to transmit at unit power. The power received
by a receiver located at z due to a transmitter at = is modeled
as h,g(xz — z), where h,, is the power fading coefficient (square
of the amplitude fading coefficient) associated with the channel
between the nodes 2 and z. We also assume that the fading co-
efficients are i.i.d.. Let o denote the origin (0,0). We assume
that the path loss model g(z) : R? \ {0} — RT satisfies the
following conditions.

1) g(=) is a continuous, positive, nonincreasing function of

||| and

/ g(z)dr < 00, Ve>0
R2\B(o,€)
where B(o, €) denotes a ball of radius e around the origin.

2
) lim —g(x)

=1,
]| —o0 g(z —¥)

Yy € R2. (1)

g(x) is usually taken to be a power law in the form ||z||~<,
(1 + ||z||*)~, or min{1, ||||=®}. To satisfy Condition 1, we
require o > 2. The interference at node z on the plane is given
by

Iy(z) = Y hag(z — ). )

TEP
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The conditions required for the existence of I4(z) are discussed
in [3]. Let W denote the additive Gaussian noise at the receiver.
We say that the communication from a transmitter at the origin
to a receiver situated at z is successful if and only if

hog(2)
—_  _>T (3)
W + I¢\{x}(z)
or equivalently
hog(2) o T
W+I¢(Z) T 14T

For the calculation of the outage probability and transmission
capacity, the amplitude fading v/h,, is assumed to be Rayleigh
with Eh, = pu, but some results are presented for the more
general case of Nakagami-m fading. Hence, the powers h,. are
exponentially and gamma distributed, respectively. We will be
evaluating the performance of spread spectrum in some sec-
tions of the paper. Even though we evaluate spread-spectrum
systems (specifically DS-CDMA and FH-CDMA), we will not
be using any power control, the reason being that there is no
central base station. One can think of using the spread spectrum
as a method of multiple access. The main difference between
DS-CDMA and FH-CDMA in our context is that DS-CDMA
effectively reduces the threshold 7" by the spreading gain, while
in FH-CDMA the number of contending transmitters is reduced
by a similar factor.

Notation: If lim,_,o f(x)/g(z) = C we shall use f(z) ~
g(x)ifC =1, f(z) < g(z)if0 < C < 1,and f(z) = g(x) if
1< C < oo

B. Neyman Scott Cluster Processes

Neyman-Scott cluster processes [16] are Poisson cluster pro-
cesses that result from homogeneous independent clustering ap-
plied to a stationary Poisson process, i.e., the parent points form
a stationary Poisson process ¢, = {z1,x2, ...} of intensity \,,.
The clusters are of the form N® = N+« for each x € ¢,,. The V;
are a family of i.i.d. finite point sets with distribution indepen-
dent of the parent process. The complete process ¢ is given by

¢=J N @)

TEP)

The parent points themselves are not included. The daughter
points of the representative cluster N are scattered indepen-
dently and with identical distribution F(A) = [, f(z)dz, A C
R2, around the origin. We also assume that the scattering density
of the daughter process f(z) is isotropic. This makes the process
¢ isotropic. The intensity of the cluster process is A = A,¢,
where ¢ is the average number of points in representative cluster.

We further focus on more specific models for the represen-
tative cluster, namely Matern cluster processes and Thomas
cluster processes. In these processes, the number of points in the
representative cluster is Poisson distributed with mean ¢. For
the Matern cluster process, each point is uniformly distributed
in a ball of radius « around the origin. So the density function

f(z) is given by

]| < a
otherwise.

@)= {5 ®
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Fig. 2. (Left) Thomas cluster process with parameters
for comparison.

In the Thomas cluster process, each point is scattered using
a symmetric normal distribution with variance o2 around the
origin. So the density function f(z) is given by

I N

2mo? 202 )7
A Thomas cluster process is illustrated in Fig. 2. Neyman-Scott
cluster processes are also Cox processes [16] if the number of

points in the daughter cluster are Poisson distributed. The den-
sity of the driving random measure in this case is

my)=c Y fly—=).

TEP,

f()

Let E! (-) denote the expectation with respect to the reduced
Palm measure [16], [17]. It is basically the conditional expecta-
tion for point processes, given that there is a point of the process
at the origin but without including the point. Let v(x) : R? —
[0,1] and [, (1 — v(x))dz < co. When ¢ is Poisson of inten-
sity A, the conditional generating functional is

E, Hv(x) =E HU(:L)

TEP TEP

= exp (—)\ /[R - v(x)]dz) . ®)

The generating functional G(v) = E(I],c,v(z)) of the
Neyman-Scott cluster process is given by [16], [18]

G(v) = exp <—/\p /W {1 -M </RZ v(z + y)f(y)dyﬂ d:v)

where M(z) = 72, pn2" is the moment generating function
of the number of points in the representative cluster. When the

. The crosses indicate the parent points. (Right) PPP with the same intensity

number of points in the representative cluster is Poisson with
mean ¢, as in the case of Matern and Thomas cluster processes,
the moment generating function is given by

M(z) = exp(—¢&(1 — 2)).

The generating functional for the representative cluster G.(v)
is given by [18], [19]

Go(v) = M (/R v(x)f(w)dm) .

The reduced Palm distribution P! of a Neyman-Scott cluster
process ¢ is given by [16]-[18], [20]

Pl=PxQ) @)
where P is the distribution of ¢, and Q' is the reduced Palm
distribution of the finite representative cluster process N,. “*”
denotes the convolution of distributions, which corresponds to
the superposition of ¢ and N,. The reduced Palm distribution
Q! is given by

®)

lE ( > (Vo \ {o}>)

where ¢, = ¢ + 2 is a translated point process. We require the
following lemma to evaluate the conditional Laplace transform
of the interference. Let G(v) denote the conditional generating
functional of the Neyman-Scott cluster process, i.e.,

Gw)=E, | [[v(=) ©)

TEPD

We will use a dot to indicate the variable which the functional
is acting on. For example G(v(- — y)) = E,[[] ¢, v(x — y)].

o
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Lemma 1: Let 0 < v(z) < 1. The conditional generating
functional of Thomas and Matern cluster processes is

=GW) | G.(v(-

JR2

G(v) — ) f(y)dy.

Proof: LetY, =Y + z. From (8), we have

QL(Y) = %E < > 1 (No\ {w})) :

zEN,

(10)

Let ©() denote the probability distribution of the representative
cluster. Using the Campbell-Mecke theorem [16], we get

:i// Ly, (N,)Q. (AN, )eF(dz)

/R/ Ly, (N,)QL (dN,) f(x)dz.

Here A denotes the space of locally finite and simple point
sequences on R2. Since the representative cluster has a Poisson
distribution of points, by Slivnyak’s theorem [16], we have
QL(-) = Q(-). Hence

[ mixon
= [ 200 s(@as.

For notational convenience, let ¢ denote N,. Let v,
Using (7), we have

(11)

No) f(x)da

(12)

=Y +uy.

() P(dg)2, (dyp)

d¢>/H

TEY

Q(dey) f(y)dy

2
TEY JR

(E) ¢ v v\
26 [ ] vt [
=aw) [ /N [T (@), f(y)dy

rEY

:é(ru)/z/NHv(l— Y)QUd) f(y)dy

TEY

—
=3
~

Go) [ Gelul: = 1) 0)a. 13)

(a) follows from (12), and (b) follows from the definition of
Gg(-). O

So from the above lemma, we have

G(v) =exp (—Ap I [1—M < /. v(x+y>f(y)dyﬂ da:)

X /D;Q M </|_\02v(x—y)f($)d$> f(y)dy. (14)

4071

The preceding equation holds when all the integrals are finite.
Since f(z) = f(—=z), then jiRZ v(z +y)f(y)dy = fW v
y)f(y)dy = v * f, s0

60) = exp (=4 [ 1= M((ox )l

></ M((v* f)(y)f(y)dy. (15)
R2

(x —

Likelihood and nearest neighbor functions of the Poisson cluster
process, which involve similar calculations with Palm distribu-
tions are provided in [21]. One can obtain the nearest neighbor
distribution function of Thomas or Matern cluster process as
D(r) = G(1B(o,ryc(-)). In some cases, the number of points
per cluster may be fixed rather than Poisson. The conditional
generating functional for these cases is given in Appendix Il.

I1l. INTERFERENCE AND OUTAGE PROBABILITY OF
PoI1sSON CLUSTER PROCESSES

In this section, we first derive the characteristics of interfer-
ence in a Poisson cluster process conditioned on the existence
of a transmitting node at the origin. We then evaluate the outage
probability for a transmit—receive pair when the transmitters are
distributed as a Neyman-Scott cluster process, with the number
of points in each cluster is Poisson with mean ¢ and density func-

tion f(x).

A. Properties of the Interference I,(z)

Let £, (s) denote the Laplace transform of the fading random
variable h.

Lemma 2: The conditional Laplace transform of the interfer-
ence is given by

Lr,z)(s) = G(Ln(sg(- — 2))). (16)
Proof: From (2) we have
EId,(z)(S) = [EL eXp(—S Z hrg(x - Z))
TEP
S T—
TEP
a1)[E {Hﬁh sg(xz — 2) ] a7
TEPD

where (a) follows from the independence of k., and the result
follows from (9). O

We observe from Lemma 2 and (15) that the conditional
Laplace transform of the interference £, (.)(s) depends on the
position z. This implies that the distribution of the interference
depends on the location z at which we observe the interference.
This is in contrast to the fact that the interference distribution is
independent of the location z when the transmitters are Poisson
distributed on the plane [9], [12]. This is due to the nonstation-
arity of the reduced Palm measure of the Neyman-Scott cluster
processes. I, (z) is therefore a nonstationary stochastic process.
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Let K, (B) denote the reduced nth factorial moment mea-
sure [16], [18] of a point process ¢, and let B = By x --- x
B,_1, B; C R?

T AT

Ka(B)=E,| Y

T1yeeyTp—1€P

lB(‘Tl-/"wxnfl) (18)

K2(B(o, R)), for example, denotes the average number of
points inside a ball of radius R centered around the origin,
given that a point exists at the origin. First and second moments
of the interference can be determined using the second- and
third-order reduced factorial moments. The average interfer-
ence (conditioned on the event that there is a point of the
process at the origin) is given by

EYIo(2)] = EL |3 hagle - 2)

TEPD

= E[h]A /RZ g(z — 2)Ko(dz). (19)

Since the process ¢ is stationary, Ky (B) can be expressed as
[16], [22]
2(B) = 35 [ #Pa)ia
A g
where p(? () is the second-order product density. 1 So we have

E[A]

Ell2] = [ olw=2P@ye. @0

Example: Thomas Cluster Process: In this case, from [16]

p () 1

[
=1 )
A2 * A \po? xp ( 402

where A = A,¢. We obtain

E,[15(2)] = Elpoi(a)
cE[h]
A2 Jge

g(x — z)exp <%:172||2> dz (21)

where Elpg;y is the average interference seen by a receiver
located at z if the nodes are distributed as a PPP with inten-
sity A. The above expression also shows that the mean interfer-
ence? is indeed larger than for the PPP. One can also get the
above from the conditional Laplace transform in Lemma 2 and
using EL[I4(2)] = —4ELr,(2)(s)]s=0. In the following the-
orem, we bound the tail probability of the interference I,;(z)
for any stationary distribution ¢ of transmitters. We adapt the

Lintuitively, this indicates the probability that there are two points separated

by . For PPP, itis (2 2 independent of . Also, the second-order
product density is a function of two arguments, i.e., (? ;5 .Butwhenthe

process s stationary, (2) depends only on the difference of its arguments,
ie, @ , 1 o forall ; R2. Furthermore, if is
motion-invariant, i.e., stationary and isotropic, then depends only on

> [16, p. 112].

2Note that for ety is diverging.
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technique presented in [15] to derive the tail bounds of the in-
terference. We denote the tail probability (CCDF) of I4(z) by

Fr(y) = P(I4(2) > y).

Theorem 1: When the transmitters are distributed as a sta-
tionary and isotropic point process ¢ of intensity A with condi-
tional generating functional G and second-order product den-
sity p(?), the tail probability F7(y) of the interference at lo-
cation z, conditioned on a transmitter present at the origin3 is
lower-bounded by F'(y) and upper-bounded by F'(y), where

0-1-5(0 )

Fi) =1- (- (A (o 25)). @

(22)

Fp(z) denotes the cumulative density function (CDF) of the
power-fading coefficient 4 and

1 y/g(x—2)
/ g(z — 2)p? () / vdFy,(v)de.
0

o(y) = .

Proof: The basic idea is to divide the transmitter set into
two subsets ¢, and ¢, where

¢y ={z € ¢, hag(x — 2) >y} (24)
by = {7 € b, hag(z — 2) <y} (25)
¢, consists of those transmitters, whose contribution to the in-
terference exceeds y. We have 1,,(2) = Iy, (2) + Is: (2), where
I, (z) corresponds to the interference due to the transmitter set

¢y and I, () corresponds to the interference due to the trans-
mitter set ¢7. Hence, we have

Fi(y) =P (Ip,(2) + Is (2) > v)
>P(Iy,(2) > y)
=1-P(I4,(z) <y)
=1-P(p, =0). (26)

We can evaluate the probability P(¢, = 0) that ¢, is empty
using the conditional Laplace functional as follows:

P(d)y = @) = lEl) H lhmg(l’—z)Sy

TEPD

(i) [E!o H [Ehm (1hmg(mfz)Sy)
TEPD

—E ] = (L)

ved g(x — 2)

=)

where (a) follows from the independence of ... To obtain the
upper bound

(@7)

Fr(y) = P(ly > y|ly, > y)Fi(y)
+P(Iy > ylly, <y) (1 - Fi(y))

3We do not include the contribution of the transmitter at the origin in the inter-
ference. This is because the transmitter at the origin is the intended transmitter
that we focus on.
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@, _g (Fh <g(.ziZ)>>

+P(Iy > ylls, <y)G <Fh <ﬁ))
=1—(1-P(Is > ylls, <y))G (Fh (9(' - Z)))

where (a) follows from the lower bound we have established.
To evaluate P(14 > y|1,, < y) we use the Markov inequality.
We have

P(ly > ylly, <y)
=PIy > yloy = 0)
© E!(Is|¢, = 0)

Yy
1
= QE’O D heg(@ = 2)ln,ga—sy<y
rEP
y/9(z—=2)
= llEl, Z gz — 2) / vd Fy,(v)
Y rEP 0
1 y/g(z—2) @)
) g(z — 2) vdFp,(v)p'? (z)dz. (28)
YA Jre Jo

(a) follows from the Markov inequality, and (b) follows from
a procedure similar to the calculation of the mean interference
in (20). O

In the proof of Lemma 3, we show ¢(y) ~ 6,y~2/* when
g(x) = ||z]|~. This indicates the tightness of the bounds for
large y. Lemma 3 shows that the interference follows a heavy-
tailed distribution with parameter 2/« when the nodes are dis-
tributed as a Neyman—Scott cluster process.

Lemma 3: For g(z) = ||z||~, the lower and upper bounds to
CCDF F'((y) of the interference at location z, when the nodes
are distributed as a Neyman-Scott cluster process scale as fol-
lows for y — oo:

Fly) ~ 01y~
Fi(y) ~ (61 + 02)y~ %/

(29)
(30)

where 6, = we[(f * f)(2) + Ap] fy” v¥/*dFy(v) and 65 =
201 /(a — 2).
Proof: See Appendix I. O

Remarks:

1) Observe that 6; = mA~1p3)(z) [;° v¥/*dF,(v). A sim-

ilar kind of scaling law can be obtained [23] when the trans-
mitters are scattered as any “nice”# stationary, isotropic
point process with intensity A and second-order product
density p®(z) # 0atz = 2.

4We require the conditional generating functional to have a series expansion
with respect to reduced  th factorial moment measures of the reduced Palm dis-
tribution [22] similar to that of the expansion of the generating functional [16,
p. 116] and [24]. The proof of the series expansion of the conditional gener-
ating functional with respect to reduced th factorial moment measures, would
be of more technical nature following a technique used in [24]. If such an ex-
pansion exists it is straightforward to prove the scaling laws for the CCDF of
interference similar to Lemma 3, with 4 L@ [ 2« 5 and

2 1
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2) Asimilar heavy-tailed distribution with parameter 2/« was
obtained for Poisson interference in [1], [15]. Since 2/« <
1, the mean and hence the variance do not exist. This can
also be inferred from (21) and is due to the singularity of
the path-loss function g(z) = ||z||~* at the origin. For
Matern cluster processes (f * f)(z) = 0, for ||z|| > 2a,
and for Thomas cluster processes (f * f)(z) is a Gaussian
with variance 202. Hence, for large z, we observe that the
constants 6, become similar to that of the unconditional in-
terference, since the contribution of the cluster at the origin
becomes small as we move far from the origin.

3) When the path loss function is g(z) = (1 + ||z||*)~%,
the distribution of the interference more strongly de-
pends on the fading model. Using a similar proof as in
Lemma 3, one can deduce an exponential tail decay when
g(z) = (1 + ||z||*)~! and Rayleigh fading. Similarly, if
the power fading coefficient follows a power-law distri-
bution with exponent &, the tail of the interference shows
a power-law decay. So when using nonsingular channel
models, the interference has a more intricate dependence
on the fading characteristics rather than a simple de-
pendence on the 2/ath moment of the fading as in the
singular case (see Fig. 3). This behavior is well understood
for Poisson and unconditional Poisson cluster shot noise
processes [25], [26]. The properties of the interference
for different path loss models with no fading when the
nodes are uniformly distributed are discussed in [27]. A
detailed analysis of the effect of path loss models on the
distribution of interference is provided in [23]

B. Transmission Success Probability

Let the desired transmitter be located at the origin and the
receiver at location z at distance R = ||z|| from the transmitter.
With a slight abuse of notation, we shall be using R to denote
the point (R, 0). The probability of success for this pair is given

by

_p! hg(z)
P(success) = P, (m > T) . (31)

We now assume Rayleigh fading, i.e., the received power is ex-
ponentially distributed with mean n. So we have

P(success) = / e~ T/ qp(W + I\ (0} (2) < 5)
0

= L1, (T /9()Lw (WT[g(2).  (32)
When h,. is Rayleigh, we have
) = H

At s = uT/g(R) we observe that the above expression will be
independent of the mean of the exponential distribution .

Lemma 4: [Success probability] The probability of suc-
cessful transmission between the transmitter at the origin and
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Fig.3. ,
exhibits an exponential decay. Curve #2 for which

fading distributions.

the receiver located at = € R?, when W = 0 (no noise), is
given by

2

P(success) = exp {—)\p/ [1 — exp(—cf(z, y))]dy}

e

T
< [ exp(=eAz) )y (@4
T
where
r — -z
s = [ a9
R S +g(r -y —2)
Proof: Follows from (33) and Lemma 2. ]
Remarks:

1) The probability of success for Nakagami-rm fading, m € N
is evaluated in Appendix I11.

2) The success probability, when the number of nodes in each
cluster is fixed is given in the Appendix Il. See Fig. 4 for

comparison. For ||z|| > o, a, neglecting the first term we
have

P(success) < (36)

1
(1+T)e1t
where ¢ is the fixed number of points inside the cluster.

3) Observe that the interference can be written as a sum of

two independent terms, one being the interference caused

300 400 500 600
y

: Comparison of the interference CCDF for different path loss models and different types of fading. The
curves were generated using Monte Carlo simulation. Curves #1 and #2 correspond to

is distributed as generalized Pareto with parameters
distribution which exhibits power law decay). Curves #3 (generalized Pareto), and #4 (Rayleigh) correspond to

e —1 Curve #1 corresponds to Rayleigh fading and
» (a hypothetical power fading
—= and exhibit a heavy tail for both

atthe receiver by the transmitter’s own cluster and the other
being the interference caused by other clusters

Itb(z) = Id)\Tx—cluster(Z) + ITx—(‘,luster(Z)- (37)
Since we are considering a Poisson cluster process, these
two terms are independent. The contribution of the interfer-
ence in the success probability is £, (.y(#T/g(z)). Since
the Laplace transform of the sum of independent random
variables is the product of the individual Laplace trans-
forms, we have the product of two terms in Lemma 4. The
term T in (34) captures the interference without the cluster
at the origin (i.e., without conditioning); it is independents
of the position z since the original cluster process is sta-
tionary (can be verified by change of variables y; = y+ 2).
The second term 75 is the contribution of the transmitter’s
cluster; it is identical for all z with ||z|| = R since f and ¢
are isotropic. So the success probability itself is the same
for all z at distance R. This is because the Palm distribu-
tion is always isotropic when the original distribution is
motion-invariant [16]. Hence, we shall use 3(R, y) to de-
note ((z,y) where z = (Rcosf, Rsin#). We shall also
use R and (R, 0) interchangeably and it will be clear by
the context.
4) From the above argument we observe that P(success) de-
pends only on ||z|| = R and not on the angle of 2. So
the success probability should be interpreted as an average

5By this we mean the unconditional interference distribution which leads to

this term does not depend on the location . The term ; does depend on
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Fig. 4. Comparison of P(success) when the number of points in a cluster are fixed and Poisson distributed with parameter .

5)

6)

7)

over the circle ||z|| = R, i.e., the receiver may be uni-
formly located anywhere on the circle of radius R around
the origin. For large distances R, there is a high probability
that the receiver is located in an empty space and not in any
cluster. Hence, for large R the success probability is higher
than that of a PPP of the same intensity. If the receiver is
also conditioned to be in a cluster, we have to multiply (at
least heuristically) by a term that is similar to 75 which
would significantly reduce the success probability.

When the fading is not Rayleigh, the Chernoff bound can
be used to bound the success probability. This is possible
since the Laplace transform of the interference is known
from Lemma 2.

From Lemma 4, we have P (success) = E! [exp(—sl4(2))]
evaluated at s = uT/g(z). If uT/g(z) is small, and
Jg(z)dz < oo (ie., nite average interference) then,
P(success) < P,(). This follows from (21) and the fact
that E! [74(2)] is the slope of the curve E [exp(—sI4(2))]
at s = 0. This implies that at small distances, spread
spectrum (DS-CDMA) works better with a Poisson dis-
tribution of nodes. (If the distance R is large, then the
spreading gain has to increase approximately like g(z) to
keep uT/g(z) small.)

Let M be the DS-CDMA spreading factor. We have
P(ou age) = P(I4(z) > Y h,g(2)). For g(x) = |lz] =,
we have the following scaling law for the outage proba-
bility with respect to the spreading gain:

6, R> M~/ T/ “E[h=%/*]

(2) (b)
< P(ou age) < %HlRQM_Q/“TQ/"[E[h_Q/”]
o —

(38)

(a) and (b) follow from Lemma 3. Also observe that these
scaling bounds are valid for any fading distribution for
which E[h=2/%] < occ. Similar scaling laws with the expo-
nent of M being —2/« can be obtained when the transmit-
ters are Poisson distributed on the plane. When the fading
is Rayleigh, i.e., h ~ exp(u), the lower bound is

me[(f+f)(R)+A)] <1+ %) (1— %) R2M 22/«

and the upper bound is a/(a — 2) times the lower bound.
(z) represents the standard gamma function.
We now derive closed-form upper and lower bounds on the
probability of success.

Lemma 5: [Lower bound]
P(success) > P,(\)P,(cf*) (39)

where P,()) denotes the success probability when ¢ is a PPP,
J* =sup,ere(f* f)(y), and A = A,c.

Proof: The first factor in (34), Ty, can be lower-bounded
by the success probability in the standard PPP P, (), and the
second factor can be lower-bounded by P],(Ef *). From (34) and
the fact that 1 — exp(—6z) < 6,6 > 0, we have

P(success) > exp <—/\p6/ ﬂ(&y)dy)
R2

Term1

< [ exp(=eB(R.) )

~ ~
~~

Term?2
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