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Random Power Control in Poisson Networks
Xinchen Zhang, Student Member, IEEE, and Martin Haenggi, Senior Member, IEEE

Abstract—This paper studies power control strategies in
interference-limited wireless networks with Poisson distributed
nodes. We concentrate on two sets of strategies: single-node
optimal power control (SNOPC) strategies and Nash equilibrium
power control (NEPC) strategies. SNOPC strategies maximize
the expected throughput of the power-controllable link given
that all the other transmitters do not use power control. Under
NEPC strategies, no individual node of the network can achieve a
higher expected throughput by unilaterally deviating from these
strategies.

We show that under mean and peak power constraints at each
transmitter, the SNOPC and NEPC strategies are ALOHA-type
random on-off power control policies, whose transmit powers
and transmit probabilities depend on the knowledge about the
network at each transmitter. Moreover, the resulting NEPC
strategies achieve a higher spatial average throughput of the
network than constant power transmission. These results suggest
that ALOHA can be viewed not only as a MAC scheme but also
as a stable and efficient power control scheme.

Index Terms—Wireless networks, power control, interference,
ALOHA, stochastic geometry, game theory.

I. INTRODUCTION

POWER control benefits wireless communication in many
different ways (see [1]–[3] and the references therein).

In wireless networks, two main approaches have been used
to analyze and design sensible power control policies: the
optimization approach and the game theory approach. The
optimization approach takes a global point of view and aims
at finding the assignment of power that maximizes some
global metric [4]–[7]. Recent efforts concentrate on finding
such assignment by distributed algorithms, and algorithms
with different merit have been proposed in both infrastruc-
ture (cellular) networks [8] and infrastructureless (ad hoc)
networks [4], [7], [9]. Instead of modeling network users
as cooperative individuals, the game theory approach views
the network as a collection of selfish users with conflicting
interests [10]. Many forms of games have been introduced
to facilitate the analysis and design (see [11]–[13] and the
references therein). Although properly designed the games
(e.g., by designing pricing structures) are often used to find
solutions that maximize some global utility (e.g., [9], [14]–
[16]), the key merit of game theory arguments lies in revealing
the robust power control strategies such that malicious users
cannot benefit from deviating from them, which can hardly be
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achieved by other approaches. A detailed survey of existing
power control schemes is presented in [17].

Unlike most of the other work listed above where the result-
ing power control strategy is characterized by a deterministic
power level at each transmitter, we allow the transmit power at
each node to be a random variable with arbitrary distribution
subject to a (unit) mean power and a peak power constraint.
The results of this paper show that this additional randomness
can potentially be highly beneficial.

We focus on the case where any inter-node coordination is
not allowed and the transmitters decide on their own power
control strategies to maximize their own expected throughput.
Modeling power control as a non-cooperative game among
transmitters, we characterize two types of power control strate-
gies: 1. Single-node optimal power control (SNOPC) strategies
when only one node in the network uses power control; 2.
Nash equilibrium power control (NEPC) strategies when all
the nodes in the network use power control. SNOPC strategies
maximize the expected throughput of the power-controllable
link, whereas NEPC strategies ensure that no individual node
of the network can achieve a higher expected throughput by
unilaterally deviating from these strategies. In the discussion
of each type of strategy, we consider three different levels
of information available at the transmitters, which can be
interpreted as corresponding to three levels of mobility of
the network. It turns out that, in many cases, ALOHA-type
random on-off power control policies are single-node optimal
and constitute Nash equilibria.

While this paper is not the first one to demonstrate the
benefits of randomly varying the transmit power in wireless
networks, only a very limited number of papers focus on
it [18]–[20]. [20] considers a noise-limited wireless network
and shows that an ALOHA-type random on-off power control
policy maximizes the expected throughput. This paper extends
this result to interference-limited networks, where the choice
of power control policy is a function of the power control
strategies at all other nodes (the interferers). While [18],
[19] demonstrate the benefits of random power control in the
presence of interference, both papers fail to justify their choice
of random power control distribution (uniform distribution).
Here, we show that there is a specific type of simple transmit
power distribution (ALOHA-type random on-off) that not only
maximizes a single user’s throughput but also constitutes the
network-wide Nash equilibrium.

Random power control schemes also naturally appear as
mixed strategies in game-theoretic frameworks, e.g., [21].
However, in this context, the combination of mean and peak
power constraints is usually not considered. We show that
these constraints have a significant impact on the strategies
of interest. In particular, it turns out that both the SNOPC and
NEPC strategies are ALOHA-type random on-off policies .
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Another important feature that contrasts this paper with
others in the power control literature is the use of a stochastic
point process to model the network, and the explicit separation
of channel uncertainty due to node location and fading.
Although powerful tools from stochastic geometry have been
introduced in the analysis of large wireless networks over
the last decade [22], only a very small part of the power
control literature considers the spatial distribution of wireless
networks. Instead, most of the papers do not differentiate the
path loss due to fading and path loss due to random location
of the nodes. Such simplification does not matter when the
(combined) channel state is known at the transmitters, e.g.,
[4], [9], or stays fixed over time and thus can be learned
gradually through channel feedback, e.g., [15], [16], [21]. Yet,
it prohibits the discovery of efficient power control schemes
when the network has limited capability to acquire perfect
channel state information. In this paper, we explicitly account
for these two sources of randomness.

The rest of the paper is organized as follows: Section II
introduces the system model and specifies three cases of
interest (with different levels of information available at the
transmitters). Section III, IV and V analyze the SNOPC and
NEPC strategies in three cases. The performance of these
strategies is evaluated in Section VI. Section VII concludes
the paper.

II. SYSTEM MODEL

A. Network Model

The network topology is represented as a marked Poisson
point process (PPP) Φ̂ = {(xi, yxi)} ⊂ R

2 × R
2, where

Φ = {xi} is a homogeneous PPP with intensity λ and denotes
the location of the transmitters, and the mark yx denotes the
location of a dedicated receiver of transmitter x. The link
distances Rx � ‖x− yx‖ are iid with distribution fR.

We consider the following SIR model, where a transmission
attempt from z to yz is considered successful iff

SIRz � Sz

Iz
> θ,

where Sz = Pzhz‖z − yz‖−α, Iz =
∑

x∈Φ\{z} Pxhxz‖x −
yz‖−α, Px is the transmit power at node x ∈ Φ, α > 2 is the
path-loss exponent, θ is the SIR threshold, and hz and hxz

are (power) fading coefficients from the desired transmitter
and the interferer x to z respectively. We focus on the iid
Rayleigh fading case, thus hz and the sequence (hxz) are iid
exponentially distributed with unit mean. In the following, we
use I for Iz for simplicity.

B. Game-Theoretic Formulation

The players in the game are all the transmitters in the
network x ∈ Φ. Each player can select a strategy sx from
a common set of stationary strategies S. Here, S is the set
of distributions with (at most) unit mean and with support (at
most) [0, Pmax], where Pmax > 1 (otherwise, the mean power
constraint would always be loose).

The strategy each node chooses is based on its knowledge
about the network. We use Kx to denote this knowledge
available at node x and split our discussion into three cases:

case 1: Kx = {fR}, case 2: Kx = {λ,Rx, fR}, and case
3: Kx = {Φ̂}. These three cases represent different levels of
information in ascending order. Case 1 and case 2 are more
suitable models for high-mobility networks, where only very
limited network information can be acquired at each node.
Case 3 applies to static networks, where the complete network
topology information can be either provided off-line or learned
gradually by each link.

The pay-off of node x ∈ Φ is its own expected throughput
(success probability) averaged over all the randomness in the
rest of the network, i.e., πx(sx) = ps|Kx

(sx) = P(Sx

Ix
>

θ | Kx, sx(Kx)). The single-node optimal power control
(SNOPC) strategy of node x maximizes πx(·) if all the other
transmitters in the network transmit with unit power (no power
control). If all the transmitters in the network use power
control, we say that a strategy set {sx(Kx), x ∈ Φ} is a
Nash equilibrium and sx(Kx) is the Nash equilibrium power
control (NEPC) strategy if none of the transmitters is willing
to unilaterally deviate from its current strategy as that cannot
increase its pay-off (expected throughput).

In addition to the game-theoretic framework above, we
study the global impact of SNOPC and NEPC by evalu-
ating the spatially averaged throughput, (or, simply spatial
throughput), defined as the throughput (success probability)
of a typical node in the network, which can be expressed as

ps = E
!x[πx(sx)],

where E
!x is the expectation with respect to the reduced Palm

measure. Loosely speaking, it is the expectation conditioned
on the existence of a point at x but not counting it. More
details about the Palm measure and its applications in wireless
networks can be found in [22] and the references therein. In
the case of a PPP, by Slivnyak’s theorem, E!x = E, i.e., having
a node at location x does not change the distribution of the
point process [23].

III. CASE 1: UNKNOWN LINK DISTANCES

We first consider the case of Kx = {fR}, i.e., only the
distribution of Rx is known at the nodes with power control
capability. In particular, we consider the case where the link
distances Rx are Rayleigh distributed with mean 1/2

√
λr,

i.e., fR(x) = 2λrπx exp(−λrπx
2). This distribution is of

interest because fR is the distribution of the link distances
when each node of Φ tries to connect to its nearest neighbor
in an independent homogeneous PPP of intensity λr [24].

Proposition 1. If only the node z ∈ Φ can use power control
but all other transmitters transmit with unit power and R
is Rayleigh distributed, the SNOPC strategy at z is constant
power transmission (no power control).

Proof: Since Φ is motion-invariant, without loss of gen-
erality, place the desired receiver at origin, i.e., yz = o. Then,
if we let hx be the iid fading coefficient from x to o, the
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Laplace transform of the interference I can be expressed as

LI(s) = E

[ ∏
y∈Φ\{z}

eshy‖x‖−α | z ∈ Φ
]

(a)
= E

!z
[ ∏
y∈Φ\{z}

eshy‖y‖−α
]

(b)
= E

[ ∏
y∈Φ

eshy‖x‖−α
]

(c)
= exp

(
−λπsδ

πδ

sin(πδ)

)
,

where (a) is due to the definition of Palm distribution, (b) is
due to Slivnyak’s theorem, (c) is shown in [25] and δ = 2/α.
It is assumed that α > 2 (otherwise the interference is infinite
almost surely), so δ < 1.

Thus, for an arbitrary power control policy characterized by
the random variable P , the success probability can be written
as

P(PhR−α > θI)

= EP,R[P(PhR−α > θI) | P,R] = EPER[LI(s)|s= θRα

P
]

= EP

[∫ ∞

0

2br exp

(
−a

(
θrα

P

)δ
)
exp(−br2)dr

]

= EP

[
b

a
(
θ
P

)δ
+ b

]
,

where a = λπ πδ
sin (πδ) and b = λrπ. Since b

a(θ/x)δ+b is concave
for a, b, θ > 0 and 0 < δ < 1, by Jensen’s inequality, the
throughput is maximized when choosing P ≡ EP = 1.

Proposition 1 shows that if R is Rayleigh distributed and the
rest of the network uses constant power transmission, the best
strategy at node z is constant power transmission, regardless
of the values of λ and λr. Since z is arbitrarily chosen, this
immediately implies that constant power transmission at all
nodes is a Nash equilibrium. However, in order to find out
whether there are other Nash equilibria, we need to study the
interference distribution when the rest of the network uses
power control.

Lemma 1. If the interferers are distributed as a homogeneous
Poisson point process Φ with intensity λ and the transmit
power at each transmitter is drawn iid from the same distri-
bution fP , the interference observed at any receiver yz with
z ∈ Φ has the Laplace transform

LI(s) = exp(−λcdE[P
δ]E[hδ]Γ(1− δ)sδ).

Proof: First, by Slivnyak’s theorem, LI(s) =
E[
∏

x∈Φ e−sPxhx‖x‖−α

], where Px is the transmit power at
x. Second, since (Px), x ∈ Φ, is iid, Pxhx can be considered
as a new fading coefficient h̃y . The proof is then completed
by the Laplace transform of the interference distribution for
arbitrary iid fading with finite δ-th moment [25, Sec. 3.2].

Proposition 2. If all nodes are capable of power control,
constant power transmission is the unique NEPC policy in
Poisson networks with Rayleigh distributed unknown link
distances.

Proof: By Proposition 1, the fact that constant power
transmission is a NEPC strategy is evident. To show its
uniqueness, we start by noting that the information available

at each individual node Kx = {fR} is the same. Thus, given
that all the nodes are completely selfish and sufficiently and
equally smart, at any Nash equilibrium, their choice of power
control strategy must be the same. Assume the common choice
of power control strategy (of the rest of the network) is
characterized by the random variable P̃ with pdf fP̃ ∈ S, and
let the interference observed at arbitrary receiver yz under this
power control policy be Ĩ . Then, Lemma 1 gives the Laplace
transform of the Ĩ . Straightforward manipulation shows

P(PhR−α > θĨ) = EP

[
b

ã
(
θ
P

)δ
+ b

]
, (1)

where ã = λπ πδ
sin (πδ)E[P̃

δ], b = λrπ, and P is the transmit
power at z. As in the proof of Proposition 1, we can show that
P ≡ 1 maximizes (1) under the unit mean power constraint.
Since z is arbitrarily chosen, we have P = P̃ ≡ 1.

Corollary 1. If the transmitters and receivers are distributed
as two independent homogeneous Poisson point processes
Φ,Φr ⊂ R

2 and all the transmitters in Φ try to connect to
their nearest neighbor in Φr, constant power transmission is
the NEPC strategy.

This corollary is a straightforward extension of Proposi-
tion 2. However, this result hinges critically on the special
form of Nash equilibrium (constant power transmission), in
Proposition 2. A similar result cannot be obtained in the two
cases discussed in the next two sections.

IV. CASE 2: KNOWN LINK DISTANCE

In this section, we consider the case where Kx =
{λ,Rx, fR}, i.e., the nodes with power control capability
know the network density, the distances to their own dedicated
receivers and the distribution of the link distance of the whole
network. We first derive the form of the SNOPC and NEPC
strategies for general fR. Then, we take the Poisson bipolar
network, i.e., fR(x) = δ(x − r), as an example to further
illustrate the NEPC strategy.

A. General fR
In this subsection, we start with the SNOPC strategy and

then study the Nash equilibrium. First, we present a lemma:

Lemma 2. Given a link of length R = r, if there exists x0 > 0
such that xLI(θr

αx) is monotonically increasing for x < x0

and monotonically decreasing for x > x0, the power control
strategy that maximizes the throughput at node x is random
on-off power control with transmit power γ and transmit
probability γ−1 where γ = max{1,min{Pmax, x

−1
0 }}.

Proof: For interference-limited Rayleigh fading networks,
the success probability of a transmission at power P is
LI(s)|s= θrα

P
. Thus, the success probability of any power

control strategy characterized by the pdf fP of the random
variable P is

ps = EP

[
LI(s)|s= θrα

P

]
=

∫ ∞

0

LI

(
θrα

x

)
fP (x)dx. (2)

It is easy to show that LI(x) is a valid ccdf, i.e., LI(0) = 1,
limx→∞ LI(x) = 0, and LI(x) is monotonically decreasing
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on [0,∞). So, instead, we can consider an interferenceless link
of distance r with another fading random variable h̃ whose
ccdf is F̄h̃(x) = LI(x). The success probability is

p̃s = P(P h̃r−α > θ) = EP

[
F̄h̃

(
θrα

P

)]

=

∫ ∞

0

LI

(
θrα

x

)
fP (x)dx.

(3)

Comparing (2) and (3), we find that finding the SNOPC
strategy that maximizes ps and finding the one for p̃s are
two identical problems. The latter problem has already been
solved in [20]. In particular, Theorem 2 in [20] shows that if
there exists a x0 as in the statement of the lemma, subject
to the constraints EP ≤ 1 and P ≤ Pmax, p̃s is maxi-
mized when fP (x) = (1 − γ−1)δ(x) + γ−1δ(x − γ), where
γ = max{1,min{Pmax, x

−1
0 }}.

Corollary 2. If the Laplace transform of the interference I has
the form LI(s) = exp(−asδ), where δ = 2/α and a > 0, the
throughput-maximizing power control strategy at any trans-
mitter z ∈ Φ with Rz = r is a random on-off power control
strategy with transmit power γ and transmit probability γ−1,
where γ = max{1,min{Pmax, (aδ)

1/δθrα}}.

Corollary 2 is proved by simply verifying that the form
of the Laplace transform of the interference satisfies the
conditions in Lemma 2.

Proposition 3. If only one node z ∈ Φ with Rz = r
uses power control and all other nodes Φ\{z} transmit
at unit power, the SNOPC strategy of z is an ALOHA-
type random on-off power control strategy with trans-
mit power γ and transmit probability γ−1, where γ =

max{1,min{Pmax,
(
λ π2δ2

sin(πδ)

)1/δ
θrα}}.

Proof: The proposition follows directly from Lemma 1
(P ≡ 1) and Corollary 2.

Moreover, since the transmit power at each node x ∈ Φ is a
(stochastic) function of the link distances Rx = r, where the
Rx are spatially iid, Lemma 1 shows that the interference
always has a Laplace transform in the form exp(−asδ),
regardless of what kind of power control strategy is applied
at each node. Then, the proposition below follows.

Proposition 4. ALOHA-type random on-off power control is
the unique NEPC strategy in a wireless network where the
transmitters are distributed as a homogeneous Poisson point
process Φ and Kx = {λ,Rx, fR}, for all x ∈ Φ.

Proof: The fact that ALOHA-type random on-off power
control at each node is a Nash equilibrium can be deduced
directly from Lemma 1 and Corollary 2. In particular, we can
write E[P δ] in terms of the throughput-maximizing random
on-off strategy at each link, which yields

E[P δ] = ER[P
δ
R] = ER[γ

−1
R γδ

R]

= ER

[
min

{
1,max

{
P δ−1
max ,

(
aδE[P δ]

)1−1/δ

(θRα)1−δ

}}]
, (4)

where a = λπ πδ
sin (πδ) . Note that the RHS of (4) is a mono-

tonically decreasing function of E[P δ] (since 1 − 1/δ < 0),

and when E[P δ] = 0, its value is P δ−1
max > 0. Thus, there is

a unique E[P δ] > 0 satisfying (4). Once this value is found,
the optimal power control strategy at x is simply an ALOHA
policy with transmit power γ and transmit probability γ−1,

where γ = max{1,min{Pmax,
(
λE[P δ] π2δ2

sin(πδ)

)1/δ
θRα

x}}.
Moreover, Lemma 1 also says that no matter what kind of

power control policy is applied in the rest of the network, the
interference distribution observed at an arbitrary receiver has
a Laplace transform of the form LI(s) = exp(−asδ). Thus,
Corollary 2 also indicates the uniqueness.

B. Bipolar Networks

In general, analytically solving for the Nash equilibrium in
(4) is difficult. As a special case, when all the link distances
are known and constant, the network model becomes a Poisson
bipolar model [26], for which we have the following result:

Corollary 3. If all the link distances are r, the NEPC
strategy is an ALOHA-type random on-off policy with trans-
mit power γ and transmit probability γ−1 where γ =
max{1,min{Pmax, λ

π2δ2

sin(πδ)θ
δr2}}, λ is the density of the

transmitters and δ = 2/α.

Proof: For Rayleigh fading, h is exponentially distributed
with mean 1, and thus E[hδ] = Γ(1+ δ). Then, when the link
distances are the same, (4) becomes

E[P δ] =

(
max

{
1,min

{
Pmax,

(
aδE[P δ]

)1/δ
θrα
}})δ−1

,

(5)
where a = λπ πδ

sin (πδ) . Solving this equation for E[P δ]

and applying to max{1,min{Pmax, (λE[P
δ ] π2δ2

sinπδ )
1/δθrα}}

yields the desired result.
Corollary 3 says that in any case, an ALOHA-type random

on-off policy is the NEPC policy in a Poisson bipolar network.
For ALOHA-type random on-off strategies with transmit
power γ and transmit probability γ−1, we define the following
regimes to facilitate our illustration.

Definition 1. A random on-off power control strategy is said
to be in its peak-power-limited regime if γ = Pmax.

Definition 2. A random on-off power control strategy is said
to be in its bandwidth-limited regime if γ = 1.

As a MAC scheme, ALOHA in Poisson bipolar networks
is well analyzed in the literature. In particular, [26] derived
the ALOHA scheme that maximizes the spatial throughput in
Poisson bipolar networks, which we call the globally optimal
(GOPT) ALOHA scheme. GOPT ALOHA maximizes the
spatial throughput by properly choosing transmit probability,
and when only the SIR is considered, the absolute transmit
power does not affects its optimality. However, in order to
make a fair comparison with the NEPC strategy, we interpret
GOPT as a power control scheme and always choose the
maximum transmit power for GOPT under the mean and peak
power constraints. Then, it can be shown that the transmit

probability of GOPT is pGOPT = min{1,
(
λ π2δ
sin(πδ)θ

δr2
)−1

},

and the transmit power is PGOPT = min{p−1
GOPT, Pmax}. For

the same set of parameters, we always have PGOPT ≥ γ and
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Fig. 1: Comparison of throughput using 1) constant power transmis-
sion (no power control) 2) GOPT ALOHA 3) the best response to
the GOPT ALOHA and 4) NEPC strategy. Here, λ = 1, Pmax = 2,
α = 2, θ = 10. To the right of the two vertical lines, the transmit
power of GOPT and NEPC strategy hits their corresponding peak
power limits.

pGOPT ≤ γ−1, where γ is the transmit power of the Nash
equilibrium power control strategy. In other words, GOPT
achieves higher spatial throughput by forcing each transmitter
to back off on their transmit probability.

However, GOPT is unstable in the sense that any selfish
link can apply another power control strategy and thus obtain
a performance far better than anyone else. It is not difficult to
see (by slight variation to Proposition 3) that the best response
of any individual link in a Poisson bipolar network applying
GOPT is an ALOHA policy with transmit power γBR and
transmit probability γ−1

BR , where the subscript BR stands for
best response and

γBR = max

{
1,min

{
Pmax,

(
aδpGOPTP

δ
GOPT

)1/δ
θrα
}}

= max{1, PGOPTδ
δ}.

Here, γ−1
BR ≥ pGOPT, and the equality holds only when γ−1

BR =
pGOPT = 1, i.e., both strategies operate in the bandwidth-
limited regime.

Fig. 1 compares the spatial throughput of 4 strategies:
constant-power transmission (no power control), NEPC strat-
egy, the globally optimal (GOPT) ALOHA, and the best
response to GOPT in Poisson bipolar networks. We can see
from the figure that the Nash equilibrium power control policy
has a better performance than constant power transmission.
As expected, outside the bandwidth-limited regime of both
GOPT and NEPC, NEPC has a spatial throughput strictly
smaller than GOPT. However, the performance gain of GOPT
over NEPC mostly comes from forcing each transmitter in the
network to reduce its mean transmit power and thus manage
the interference, i.e., for large r, pGOPTPGOPT < 1. Fig. 1
shows that in such cases, if any node cheats by using another
power control strategy, in particular, the best response to
GOPT, its expected throughput gain is significant. Such gain
can be a strong incentive for individual links to cheat.

V. CASE 3: STATIC NETWORK

This section considers the case where Kx = {Φ̂}. This
assumption is particularly interesting in a static network,
where the topology of the network can be acquired either
directly off-line or gradually by observing the interference
from the rest of the network. In fact, in this context, the
assumption on the spatial distribution of the network becomes
unimportant. We are in fact considering an arbitrary realization
of the random network. Results in this section thus also apply
to deterministic networks.

First, we provide a lemma to explicitly address the case
where xLI(θr

αx) is monotonically increasing for all x > 0.
This lemma complements Lemma 2 as it is essentially con-
sidering the case where x0 = ∞.

Lemma 3. If the Laplace transform of the interference I
is LI(s) and xLI(θr

αx) is monotonically increasing for all
x > 0, the optimal power control strategy is constant power
transmission, i.e., P ≡ 1.

Proof: Construct another random variable Ĩ with Laplace
transform

LĨ(s) = LI(s)1[0,θrα](s) +
1

s2
LI(θr

α)1(θrα,∞)(s),

for all s > 0. Since xLI(θr
αx) is monotonically increasing, it

can be verified that xLĨ(θr
αx) is monotonically increasing on

[0, 1] and strictly decreasing on (1,∞). Applying Lemma 2,
we know that

max
fP∈S

∫ ∞

0

LĨ

(
θrα

x

)
fP (x)dx = LĨ(θr

α) = LI(θr
α),

where the maximum is achieved when P ≡ 1.
Let f∗

P be the distribution of the optimal power control
policy for interference I . With the help of Lemma 5 in [20],
it is straightforward to show that f∗

P (x) = 0, for x < 1, and

max
fP∈S

∫ ∞

1

LI

(
θrα

x

)
fP (x)dx

(a)
= max

fP∈S

∫ ∞

1

LĨ

(
θrα

x

)
fP (x)dx

(b)
= max

fP∈S

∫ ∞

0

LĨ

(
θrα

x

)
fP (x)dx = LI(θr

α),

where (a) is due to the definition of Ĩ and (b) is due to the
fact that SNOPC policy for Ĩ is constant power transmis-
sion. The lemma then follows the fact that when P ≡ 1,∫∞
0 LI(

θrα

x )fP (x)dx = LI(θr
α), i.e., the maximum success

probability is achieved.

Proposition 5. If only one transmitter at z ∈ Φ uses
power control and the transmitter knows the positions of all
interferers, the SNOPC strategy at this link is an ALOHA-type
power control policy.

Proof: Assume the desired receiver is located at o and the
positions of all interferers are φz , i.e., φz is one realization
of Φ\{z}. Then, the Laplace transform of the interference
I | φz =

∑
x∈φz

hx‖x‖−α is

LI|φz
(s) =

∏
x∈φz

1

‖x‖−αs+ 1
.
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In order to simplify the notation and eliminate ambiguity, in
the following we use l = ‖x‖ to be the label of each interferer.
{l} forms another PPP on R

+ [27]. Thanks to the fact that
{l} is a simple point process, there will be no ambiguity
introduced by this change of labeling1. With a slight abuse
of notation, we let l = ‖x‖ ∈ φ iff x ∈ φ.

Then, the variable x can be reserved for examining the
condition in Lemma 2. Since log(·) preserves the mono-
tonicity, once the (monotonicity) conditions are proved for
log(xLI(θr

αx)), they are proved for xLI(θr
αx). Thanks to

the continuity of log(xLI(θr
αx)), we examine the monotonic-

ity of log(xLI(θr
αx)) by calculating its derivative

d
dx

log(xLI(θr
αx)) =

1

x
−
∑
l∈φz

1

x+ lα/θrα
. (6)

We rearrange the equation d
dx log(xLI(θr

αx)) = 0 as

∑
l∈φz

1

1 + lα/θrαx
= 1, (7)

where the LHS is a (strict) monotonically increasing
function of x. Thus, there is at most one positive
zero-crossing for log(xLI(θr

αx)). Moreover, it can be
shown that limx↓0 d

dx log(xLI(θr
αx)) = +∞. Therefore,

log(xLI(θr
αx)) is either monotonically increasing on (0,∞)

or has a unique x0 ∈ (0,∞), such that xLI(θr
αx) is monoton-

ically increasing for x < x0 and monotonically decreasing for
x > x0. Applying Lemma 3 in the former case and Lemma 2
in the latter case yields the desired result.

In addition to finding the SNOPC policy, Proposition 5
provides the NEPC policy for a network of two links. In-
terestingly, no matter what kind of topology these two pairs
of transmitter and receiver form, the NEPC strategy for
this network is always constant power transmission at both
transmitters. To see this, we can first assume one of the
two transmitters is transmitting with constant power. For the
other transmitter, (7) becomes l/θrαx = 0, where l is the
distance between the desired the receiver and the interferer.
This equation does not have a finite solution and thus by
applying Lemma 3, constant power transmission is single-node
optimal. The same analysis applies to the other node. Thus,
constant power transmission is a NEPC strategy in two-link
networks. However, for networks of more than two links, the
NEPC strategy is in general not constant power control, as is
shown in the following proposition.

Proposition 6. ALOHA random on-off power control is a
NEPC strategy for Rayleigh fading wireless networks, where
the positions of the nodes of the whole network (both the trans-
mitters and the receivers) are available at each transmitter.

Proof: We first focus on the power control strategy of an
arbitrary transmitter z ∈ φ and assume the rest of the network
uses certain ALOHA random on-off power control policies
which are known at z. We show that in such scenario the best
response power control strategy for z is ALOHA.

1Even in a deterministic network where ‖x1‖ = ‖x2‖ may exist, one can
still avoid ambiguity by simply denoting l1 = ‖x1‖ and l2 = l1+ ε = ‖x2‖
for ε sufficiently small.

The proof is analogous to that of Proposition 5. Again, we
let yz = o without loss of generality and denote φ\{z} by φz .
We assume that the transmit probability of node with label
l = ‖x‖ ∈ R

+ is γ−1
l and its transmit power is γl. Then, the

Laplace transform of the interference is

LI|φ(s) =
∏
l∈φz

(
γ−1
l

γll−αs+ 1
+ 1− γ−1

l

)
. (8)

Again, we use the logarithm to change the product into a sum
and examine the derivative of log(xLI(θr

αx)), which can be
calculated as

1

x
−
∑
l∈φz

(
1

x+ lα/θrαγl
− 1

x+ lα/θrα(γl − 1)

)
,

where γl > 0, ∀l. Then, d
dx log(xLI(θr

αx)) = 0 can be
rearranged as

∑
l∈φz

(
1

1 + lα/θrαγlx
− 1

1 + lα/θrα(γl − 1)x

)
= 1,

where the LHS is a (strict) monotonically increasing func-
tion of x. Thus, there is at most one positive zero cross-
ing for log(xLI(θr

αx)). Moreover, it can be shown that
limx↓0 d

dx log(xLI(θr
αx)) = +∞. The rest of the proof

follows the one of Proposition 5.
Since z is an arbitrary transmitter in the network, a Nash

equilibrium is established. The assumption that each node
knows the power control policy of the rest of the network
is justified by the fact that each node has the same knowledge
when deciding its own power control policy. Therefore, if a
particular node can calculate its optimal power control policy,
all the other nodes can do that as well.

While Proposition 6 shows that a set of random on-off
power control strategies is a Nash equilibrium, the exact
equilibrium point, i.e. the transmit power γl, ∀l ∈ φ, is
typically difficult to determine. In general, for a finite network
of n transmitter-receiver pairs, let lij be the distance from
the transmitter i to the receiver j, and rk be the distance of
the transmitter-receiver pair k, ∀i, j, k ∈ [n]2. Then, for each
j ∈ [n], we have the following two equations{

1
xj

=
∑

i∈[n]\{j}
(

1
xj+lαij/θr

α
j γi

− 1
xj+lαij/θr

α
j (γi−1)

)
γj = 1/min{1,max{P−1

max, xj}}.
(9)

Since γj , xj , ∀j ∈ [n] are unknowns, altogether, there are 2n
equations and 2n unknowns. Although xj does not carry a
particular physical meaning, it helps solve for the power level
γj at each node j. Also, Proposition 6 implies that there is at
least one solution for the 2n unknowns, despite the fact that
finding it analytically is almost hopeless. In the following,
we use numerically found solutions to evaluate this Nash
equilibrium. Fig. 2 shows an example of the NEPC policy
as well as its throughput for a realization of a Poisson bipolar
network.

2We use [n] to denote the set {1, 2, 3, · · · , n}.
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Fig. 2: The NEPC in a Poisson bipolar network in case 3. Each transmitter-receiver pair is linked by a line, where a circle is centered at the
transmitter and the receiver is labeled by x. The radius of each circle is proportional to the Nash equilibrium transmit probability (Fig. 2a)
or the throughput (Fig. 2b) at the corresponding link. Here, λ = 1, r ≡ 0.3, Pmax = 2, θ = 10.

VI. PERFORMANCE EVALUATION

A. The Single-node Optimal Power Control (SNOPC) Strate-
gies

When all the interferers are transmitting with unit power, the
interference distribution does not dependent on the distribution
of the link distance. Thus, if the throughput conditioned on
the link distance r is ps(r), the mean throughput is just
ER[ps(R)]. For this reason, in this subsection, we only focus
on ps(r).

If no power control is applied, the throughput can be
expressed in terms of the Laplace transform of the interference
distribution; it is given by [25]

ps(r) = exp

(
− λπ2δ

sin(πδ)
θδr2
)
.

The optimal power control policy for the case where only
the link distance is available at the transmitter is given by
Proposition 3. The throughput conditioned on the link distance
r is ps(r) =⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

exp
(
−λπ(θrα)δ πδ

sin(πδ)

)
, r ≤ R1

exp(−1/δ)
θrα

(
sin(πδ)
λπ2δ2

)1/δ
, R1 < r ≤ R2

P−1
max exp

(
−λπ

(
θrα

Pmax

)δ
πδ

sin(πδ)

)
, r > R2,

where R1 = θ−1/α
√

sin(πδ)
λπ2δ2 and R2 =

(
Pmax

θ

)1/α√ sin(πδ)
λπ2δ2 .

When the complete network topology Φ = φ is
available at the central node (case 3), the optimal per-
formance can be achieved by applying the policy sug-
gested by the proof of Proposition 6. However, analyti-
cally characterizing the spatial throughput of such power
control strategy requires a closed form expression for
max1≤γ≤Pmax γ

−1
∏

l∈φ
1

1+θrα/lαγ , which seems hopeless.
Therefore, we first solve for the single node optimal transmit
power γ(φ) and transmit probability 1/γ(φ). The expected
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Fig. 3: Comparison of throughput using three different SNOPC
strategies. Here, λ = 1, Pmax = 10, α = 4, θ = 10. The throughput
of case 3 is averaged over 10,000 PPP realizations.

throughput is given by γ−1
∏

l∈φ
1

θrα/lαγ+1 . We can then use
simulation to average over a large number of realizations of
Φ and compare the result with other two cases.

Fig. 3 compares the three SNOPC strategies for different
levels of information. As expected, the SNOPC strategies
with more information does strictly better than the SNOPC
strategies based on less information. However, while the gain
of knowing the link distance is significant especially when
the link distance is large, the gain of knowing the complete
network topology is marginal.

B. Nash Equilibrium Power Control (NEPC) Strategies

In contrast to SNOPC, it is not clear whether more in-
formation results in a higher throughput for NEPC. In this
subsection, we evaluate the spatial throughput for different
NEPC strategies.
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1) Bipolar Networks: When the link distance is the same
and constant throughout the network, the NEPC strategy for
case 2 is the one described in Corollary 3, and the expected
throughput at each link is

ps(r) = γ−1 exp

(
−λγ−1 π2δ

sin(πδ)
θδr2
)
,

where γ = max{1,min{Pmax, λπr
2 πδ2

sin(πδ)θ
δ}}.

Evaluating the performance of NEPC for complete network
topology information (case 3) involves solving (9). Once (γl)
is (numerically) found, the throughput can be determined by
making use of the Laplace transform in (8).

Fig. 4 compares the spatial throughput of NEPC strategies
in the bipolar network and the throughput of SNOPC. The case
where all nodes in the network transmit with power Pmax and
probability P−1

max is also plotted for reference. We see for case
2 when the link distance is larger than 0.5, the NEPC strategy
enters its peak-power-limited regime.

A key observation of Fig. 4 is that by allowing all the
transmitters in the network to selfishly use power control, the
spatial throughput of the network can be improved (although
not necessarily maximized). In particular, the comparison
between the performance of SNOPC and NEPC strategy in
case 2 shows that the throughput gain of a smart user is larger
when all the other users are also smart. This result is somewhat
surprising, since it is natural to conjecture that a smart user
should be able to take more advantage of others if they are
all dumb. The root of this counter-intuitive phenomenon lies
in the special form of the Nash-equilibrium, i.e., each node
transmits with (the same) power γ ≥ 1 and probability γ−1. At
this equilibrium, the interference Iγ observed at any receiver
has the Laplace transform LIγ (s) = exp(−λπγδ−1 πδ

sin(πδ)s
δ),

which is larger than the Laplace transform of the interference
without power control LI(s) = exp(−λπ πδ

sin(πδ)s
δ) for all

s > 0. Due to the relation between success probability and
Laplace transform, this implies that any power control strategy
achieves a higher expected throughput when the network
operates at a certain the Nash equilibrium than when all other
nodes transmit with constant power. Moreover, the NEPC
strategy, by definition, maximizes the (individual) throughput
at the Nash equilibrium, and thus the spatial throughput of
NEPC is always higher than what SNOPC can achieve if all
other transmitters do not use power control.

The fact that LIγ (s) > LI(s), ∀s > 0 in case 2 suggests
that by selfishly choosing its power control strategy, each
node is essentially reducing its interference to other nodes.
Therefore, the spatial throughput of NEPC is always larger
than without power control (this is also confirmed in Fig. 4).

However, as is shown in Section IV-B, NEPC does not
maximize the spatial throughput, which interestingly is also
due to the special form of the NEPC strategy, which always
ensures that E[P ] = 1. In contrast, if we replace the mean
power constraint E[P ] ≤ 1 with the constraint E[P δ] ≤ 1, it
can be shown that the resulting NEPC policy coincides with
GOPT ALOHA, i.e., the spatial throughput is maximized at
the Nash equilibrium. This can be interpreted as follows: A
(smart) selfish power control strategy always has E[P δ] = 1,
since otherwise it is easy to construct another random variable
(as a function of P ) which statistically dominates P but still
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10
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10
0

r

p s

 

 

case 3 (NEPC)
no PC
case 2 (SNOPC)
case 2 (NEPC)
=P

max

Fig. 4: Comparison of throughput in bipolar network using constant
power transmission, NEPC strategies in case 2 and case 3, the case
where all nodes transmit with power Pmax and probability P−1

max

(γ = Pmax), and SNOPC strategy in case 2. Here, λ = 1, Pmax = 2,
α = 4, θ = 10.

satisfies both power constraints. This, by Lemma 1, ensures
that the power control strategy does not affect the interference
distribution. Then, by adjusting the power control strategy,
each node only maximizes its own throughput without inflict-
ing more or less interference on others.

The comparison between the two NEPC strategies in Fig. 4
also indicates that the more information is available at each
transmitter, the higher the throughput. This phenomenon is
also observed in the scenario of variable link distances which
is discussed in the next subsection.

2) Networks with Variable Link Distances: Here, we focus
on the case where the link distance R is Rayleigh distributed
with mean 1/2

√
λr. As discussed earlier, in case 1, the NEPC

strategy is constant power transmission, and the resulting
throughput is

ER [ps(R)] =
λr

λr + λ πδ
sin(πδ)θ

δ
.

For case 2, the NEPC strategy hinges on solving for E[P δ]
in (4). A closed-form solution is not available in this case,
but a numerical solution is easy to obtain. Given E[P δ], the
spatial throughput can be calculated by averaging over the
distribution of R, which yields ER[ps(R)] =

λr

λr + aθδ/π

(
1− e−(λrπ+ãθδ)R2

1

)
+

λr/Pmax

λr + ã (θ/Pmax)
δ
/π

(
1− e−(λrπ+ã(θ/Pmax)

δ)R2
m

)
+

(λrãπδe)
−1/δ

(
Γ(1 + 1

δ , λrπR̃
2
1)− Γ(1 + 1

δ , λrπR̃
2
m)
)
,

where ã = λπ2δ
sinπδE[P

δ], R̃1 = θ−δ/2(ãδ)−1/2, R̃m =
(θ/Pmax)

−δ/2(ãδ)−1/2 and Γ(·, ·) is the upper incomplete
Gamma function.

Fig. 5 compares the Nash equilibrium power control strate-
gies in three cases, where the throughput of case 3 is calculated
by simulation, averaged over 10,000 network topologies (real-
izations of the PPP). Again, we see that the more information
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Fig. 5: Comparison of spatial throughput under NEPC when link
distance are Rayleigh distributed in three cases. Here, λ = λr = 1,
Pmax = 2, α = 4, θ = 10. The throughput in case 3 is averaged
over 10,000 realizations of PPPs.

available at each node, the higher the spatial throughput will
be, even if each node acts selfishly.

Although this paper focuses on Rayleigh distributed links,
the results are applicable to general link distributions. More
specifically, for case 3, the link distance distribution does not
matter since the complete network topology is assumed to be
available at the transmitters. For cases 1 and 2, as long as
the link distance is iid, the transmit power at each individual
transmitter is iid. Therefore, the link distance distribution
enters the interference distribution only by the δ-th moment
of the transmit power. In case 2, this means the interference
distribution property required by Lemma 2 always holds, and
thus results for Rayleigh-distributed link distance hold for
arbitrary link distance distribution. In case 1, this means all
the proofs in Section III can stay the same as long as the
concavity of ER[LI(s)|s= θRα

P
] (w.r.t. P ) holds.

VII. CONCLUSIONS

A. Main Contributions

This paper considers the single-node optimal power control
(SNOPC) strategies and the Nash equilibrium power control
(NEPC) strategies in wireless networks whose node distri-
bution is governed by a Poisson point process (PPP). The
SNOPC strategies maximize one link’s expected through-
put given that the rest of the network uses constant power
transmission. When all the nodes in the network can use
power control, the NEPC strategies are the stable strategies
in the sense that no individual link would deviate from these
strategies as that cannot increase the expected throughput at
this link.

With the basic assumption that the channel fading state
is unobservable at each node, we analytically characterize
SNOPC and NEPC strategies in three cases of different levels
of knowledge at each node. We show that in all cases the
optimal and Nash equilibrium power control strategies are
ALOHA-type random on-off strategies whose transmit power
level and transmit probability are functions of the knowledge
at each transmitter. While ALOHA is generally considered

to be inefficient as a MAC scheme, our results show that,
as a power control scheme, it constitutes a natural Nash
equilibrium in interference-limited Poisson networks.

In bipolar networks (fixed link distance), the performance
comparison between the NEPC strategy and the globally
optimal (GOPT) power control strategy reveals the inefficiency
of the NEPC strategy. However, it is also shown that in such
a scenario the NEPC strategy achieves a spatial throughput
larger than without power control. Since nodes in a real net-
work are likely to cooperate to some degree, the performance
of the NEPC strategy provides a worst case scenario for
wireless networks with random power control capability. In
this sense, this paper demonstrates the potential benefits of
random power control in wireless networks.

Numerical results suggest, just like SNOPC, under NEPC,
the more information is available, the higher the spatial
throughput. In other words, spreading network topology in-
formation over all nodes can increase the spatial throughput
even if all the nodes are selfish. Thus, there exists a trade-off
between the gain in spatial throughput and the overhead of
acquiring topology information, which can be quantified by
the tools provided in this paper.

B. Extensions and Future Work

1) Adding Noise: This paper focuses on the analysis of an
interference-limited network and ignores noise. However, in
the case of Rayleigh fading, it is straightforward to extend the
results to the scenario where both interference and noise exist.
To see this, recall that the success probability of a transmission
attempt over link distance r with power P is

P(Phr−α > θI) = LI(s)|s= θrα

P
.

In the presence of noise of power N0, the success probability
becomes

P

(
Phr−α

I +N0
> θ

)
= LI(s)e

−N0s|s= θrα

P
,

which can be considered as a noiseless link with another
interference distribution. Therefore, although the analytical
results in the paper can become more cumbersome if noise
is included, the analysis will be the same.

2) Achieving the Strategies: Although this paper shows that
in many cases the SNOPC and NEPC strategies are ALOHA-
type random on-off policy, closed-form expressions for the
transmit probability and transmit power of these strategies
only exist in some special cases, e.g., in bipolar networks. In
general, efficient numerical approaches are needed to specify
the strategies, especially for large static networks (case 3).

Moreover, while deriving the desired power control strate-
gies, we first assume the availability of certain amount of
knowledge and decide on power control strategies based on
it. In practice, the required knowledge may not be avail-
able at the beginning. Instead, it may have to be collected
gradually at the transmitter. For example, the knowledge at
the transmitters may be estimated by the past successful or
unsuccessful transmission attempts. In such a scenario, it is
desirable to have an adaptation approach, similar to the one
in [28], which iteratively updates the strategy according to the
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knowledge available at any given time. The development of
such algorithms is another interesting problem to be explored
in the future.
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