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Abstract—In this paper we derive the tail properties of in- Il. SYSTEM MODEL

terference for any stationary and isotropic spatial distribution of Th . deled h .
transmitting nodes. Previously the properties of interfeence were e transmitters are modeled as a homogeneous (stationary

known only when the nodes are distributed as a homogeneous and isotropic) poi_nt process of intensi_ty)\. on the plane.
Poisson point process on the plane. We show the effect ofEvery transmitter is assumed to transmit with unit powee Th
a singular path loss model on the tail distribution of the receiver under consideration is a point that does not beiong
interference. When the path loss function has a singularityat the the point proces® and is located at = (R,0). We assume

Sgglenf ?eer;ntrﬁirrg rig?\?jiltisoig(_)vwggnb?h% hs:t\;]y-ltgggdis ItS)ic?l:Jr?c(i)gd that the fading is independent and identical for each trénsm

the distribution of the interference is predominantly dictated receive pair. A transmitting node locatediat ¢ can transmit
by the fading. We also provide asymptotically tight upper ad  to a node at iff
lower bounds on the CDF of the interference, and discuss the

effectiveness of using Gaussian approximation for modefig the S(x,z) = heog(x — 2) > (1)
interference. ’ Ip\2(2)
where g(z) represents the path loss modkl.. denotes the
|. INTRODUCTION square of the fading variable with a CDF;,. We also use

Interf : fth . f limiting fast If(h) to denote the PDF of the fading process. We assume
__[nterierence 1S one ot the main pertormance imiting 1a&lorg ;1 _ 4 44 that the fading is iid per transmit-receive pair
in ad hoc networks. Interference depends on the position

of the transmitting node_s, multiple access (MAC) scheme Iy(z) = Zhyzg(y_z) 2)
employed, power transmitted by each node and the fading
distribution. In some sense, for a given set of nodes, the ) ] )
spatial distribution of the transmitting nodes at any insta"we only consider those point procesg for which, the
is decided by the MAC protocol. The MAC protocol or thesécond order density®)(z) = o(log(|«[|)) for large = and
arrangement of nodes by themselves, may induce clustering) (z,y) = o(log(||z||) log(|ly[))) for large values of: and
regular or a completely random arrangement of nodes. TheSee Section Il for the definition 06 (x) and p®)(x).
spatial arrangement of nodes clearly affects the disichuif In this paper we are interested in the propertied gfo; (2).
the interference. In this paper, we consider the decay afiihe More precisely the characterization of the (complementary
of the interference for different path loss functions andtispp CDF of I, given that there is a transmitting node at the origin.
arrangement of nodes. We show the strong dependence of the importance of characterizing the conditional intexfeze
distribution on fading when the path loss model is boundestems from (1), which in turn determines the performance of
When the path loss model has a singularity at origin, ttie system. We consider the following path loss models:
distribution depends onlyeakly on the fading process (see 1) Singular modely(z) = ||z|~%, a > 2.
Table 1) 2) Non-singular modely(x) = (1 + ||=]|*)~, a > 2.
Interference can be modeled as a shot noise process. Shgtrequiren > 2 because we WarﬁB(O 1) 9(x) < 00, where

noise is very well StUdie.d. topic [1], [2]’. but the caveat infet B(a,r) denotes a ball of radius centered around.
networks is that theonditional shot noise process needs to be ‘™’

studied,.e., the process given that there is a point at the origin

(explained in more detail later). When the underlying node I1l. CCDF BOUNDS OFINTERFERENCE

distribution is Poisson, one can replace the conditionat sh e consider a transmitter and receiver pair, with the trans-
noise process by the original shot noise process. Appdicatimitter located at origin. i.eg € ¢ and the receiver located at

of shot noise processes for the study of interference can heso when calculating the outage probability for this paie, w
found in [3]-[7]. This paper generalizes our work in [8], wbe have

we study the properties of the interference in clusteredaad h ) .
networks. P, = P(ho-g(2) < Bls(2)| transmitter at the origin (3)

The paper is organized as follows. In Section Il, we introsg g the probabilities are conditioned on the event thateth
duce the node distribution and fading models. In Section lik 4 transmitting node at the origin. In the theory of point

we derive the properties of the tail probability of intedace processes, these probabilities are called the Palm pritesbi
for different path loss models. In Section IV, we consider

concrete e>§ample$ of spatia] diStri.bUtion of nOde$ andiyeri 1this is not a restrictive assumption becays®) (z) — A2, where\ is
the results in Section Il by simulations and analyticalutess  the intensity of the process.

yEP



| Fading | g(e) =Jlz]~* andp® () #0 [ g(z) = A +[Jlzf|*)"" ]
Fr(y) < exp(—py) | Heavy tailed with parametex/a. FI¢(z)( ) < exp(—puy)
Fr(y) ~y~% a > 1 | Heavy tailed with parametex/ . Fr,ly) ~y™*°

Table |
OVERVIEW OF THE RESULTS

[9]-[11]. An equwalent and more convenient Palm prob@blh One can easﬂel show that the average interference is given by
representation is the reduced Palm probability and is @ehotr)[], Elh fR2 g(z—2)p? (z)dz. We cite the following

by P'°(.). This probability is the same as the Palm probabllltmeorem from [8

but one does not count the point at the origin. So to evaluateTheorem 1: When the transmitters are distributed as a ho-
(3), we have to derive the properties of the interferehge) mogeneous point process, the CCBRy) of the interference
with respect to the Palm measures. L@tv) denote the atlocationz, conditioned on a transmitter present at the ofgin
conditional generating functional of the point process.e., is lower bounded byF%(y) and upper bounded by} (y),

~ B [ vl @ e Ao =1-9(r () ©

vee g9(-—2)
We will use a dot to indicate the variable on which the func-
tional is acting on. For exampt&(v(.—y)) = Ej[[],c,v(z— Fiy)=1-(1—(y)g (Fh (L)) (7)
y)]. Let L (s) denote the Laplace transform bf. We have, g(- = 2)
Lemma 1: The conditional Laplace transform of the interwhere F},- () denotes the CDF of the square of the fading

ference is given by coefficienth and
_ o 1 y/9(z—2)
Lr,)(5) =G (Ln(sg(. = 2))) %) oly) = Y /R2 g(z — 2)p® (I)/O vdFy, (v)dz. (8)

Proof: From (2) we have
If EO[I”] < oo, we can also use a loose(y) =

£I¢(z) (S) = EO exp Z hlg i EO[Ip]y p’ p>1.
i€o Proof: See [8] (]
@ EO H Ly (sg(z; — 2)) Lemma 2: ¢(y) — 0 asy — oo. Also if g(z) =
—« 72/04
vicd [z~ a > 2, thenp(y) ~

where(a) follows from the independence &f and the result | .., Pr(o;)f Fr(irr} (8)9 ;nirez?szg)g( t)hdexllr_nrgfscglég[rtla)?rtz;tr:%r; t\:)ve
yX JR?

follows from (4). : t infinitv. Wh - i 5
Let K, (B) denote the reduced-th factorial moment mea- zer% asy increases to infinity. Whep(z) = [|z]|7% o > 2,

sure [10], [11] of a point process), and let B = we have

By x # X Bp_1, B; S R2. Then ’Cn(B) = (p(y)

E) [z O VI C TR 1)l K2(B(0, R)), for ex- 1 /°° / . )

ample denotes the average number of points inside a ball”  yX J, vdFi () [ 127 Dapesvy—p™ (@ + 2)dx

of radius R centered around the origin, given that a point oy =2/

exists at the origin. Also we observe that the interference ~ 7p(2)(z)/u2/o‘th (v)

distribution need not be the same for all receive poiats a—2

(Palm distributions are not stationary in general). In a,PPP o o u

the distribution of I;(») does not depend onm because of The above lemma also indicate the asymptotic tightnesseof th
the stationarity of the Palm process for the PPP. But kpunds (6) and (7).

general,l,(z) does not depend on the direction obecause = Theorem 2: When g(z ; = ||z||~*,a > 2, factorial mo-

of the isotropic property of Palm distribution for statiopa ments of¢ exist andp(®(z) # 0 and continuous around a
process. First and second moments of the interference carsbwll nbhd ofz, then I4(z) is heavy tailed distributed with
determined using the second and third order reduced fattoparameter/c.

moments. WhellC,, (B) are absolutely continuous with respect ~ Proof: Due to space constraints we just provide the basic
to the Lebesgue measure, we denote the densities [10], [kia of the proof. The basic idea is to use Tauberian theorem
asp(™, the exact relation beidgin the stationary case) to relate the decay of the CCDF at infinity with the behavior of
the Laplace transform of the interferencesat 0. To evaluate

K.(B) = in/ pt™ (x1,,22,...,Tp_1)dx the behaviour of Laplace transformat 0,we show and use
A the expansion of the probability generating functional fod t
point process. ]

2|ntuitively, p<2)(:p)_is the probability that there are two points separateq)bserve that Wheg( ) ||IH704 andp(2> (z) 75 0, thatI¢(z)

by ||z||. For PPP, it isp(®)(z) = A2 independent ofc. Also the second me
order product density is a function of two arguments (€2 (z1., z2). But is always heavy tailed distribution and depends only on the

when the process is stationary,0(2) depends only on the difference of its

arguments i.e.p<2)(:c1,:c2) = v(x1 —x2) for all z1,xz2 € R2. Furthermore SWe do not include the contribution of the transmitter at iorign the
if ¢ is motion-invariant, i.e., stationary and isotropic, thedepends only on interference. This is because the transmitter at the orgithe intended
[lz1 — x2|| [10, pg 112]. transmitter which we would be focusing on.



a=4,A=1,Rayleigh Fading with parameter p=1
T T T :

2/« th moment of the fading process. 1
Theorem 3: Let g(z) = 1/(1 + ||=||%). Then

1) If the fading has at-most an exponential tail, i.B,, <
exp(—ah) for large h, then the interference tail is
bounded by an exponential.

2) If the fading has a heavy tail with parameteri.e.,

Fy, ~ h™¢, the tail of the interferencé(I,(z) > y)
decays likey—°.
Proof: See Appendix. ]
We now show that the distribution of interference decays
exponentially fast at origin. The basic idea is that there is

: :
- = = Poisson Singular
Clustered Singular
Poisson Non Singular
— — — Clustered Non Singular

Survivor function
o
@

some contribution from some point of the process, however o1\ T
small it is. o S S S
Theorem 4: The CDF of the interference decays exponen-

tially at the origin, i,evn € N, i _ . .
Figure 1. CCDF of the interference for exponential poweirfgcand path

P(Iy(2) < y) = oy") lossa = 4, = = (3.0)

asy — 0.
Proof: Let Fj(y) < y* for somea > 0 andy small. Let
k be chosen such thatk > n. From Theorem 1, we have

P(Is(2) <y)

Observe thatly, (s) is well defined fors > —pu. Let vy, (x)
denote the pdf of interference, we then have by the final value
theoremlim, .o e"%vy, (x) = lim, o L7, (s —p1) < oo for

y all 1 < p. So the pdf is a combination of many decaying
< G(In m exponentials. In Figure 1, we plot the CCDF of Poisson
interference with Rayleigh fading. We observe the heavgdai

| Yy : distribution forg(z) = ||z||~* and the exponential decay when
= EY H Fy, (m) |¢ has at least k poin{s g(z) = (1+ Hx”a)—l_

z€d Thomas Cluster processesThomas cluster processes [10],
So we can multiply both sides by and take the limit. [11], are a class of clustered point process on the plane buil
On the RHS we can take the limit inside by dominate@n & PPP. Each point of the PPP is independently replaced by a
convergence theorem. Since there are atlégsoints almost cluster of points. This process can be used to model clugteri
surely on the plane (becausds stationary), we have that the(as the name suggests) for points stationary distributetthen
limit on the right goes to zero by our choice bf m Plane. In [8], we have derived the properties of interfessioe

this distribution of nodes. We show that (Lemma 3) that the
interference has a stable distribution #gx) = ||«||~* with
IV. EXAMPLES AND SIMULATION RESULTS parameter/«. We also provide an expression of the Laplace
transform of the interference in [8]. So using a technique
similar to the PPP case, we can show exponential decay
f tail probability wheng(z) is bounded and the fading is

In this section we give examples of interference for differe
point processes and fading distributions. We specificadhy-c
centrate on three different point process: The PPP, the Talaong onentially dominated
cluster process and the Matern Hard core (minimum distancé ard CorgproceSS'Wé consider the underlying process
process. We _alway_s consider stationary and isotropic polgt be a randomly shifted and rotated lattice. More precisely
processes of intensity on the plane. — 72610 1 4 whered ~ U(0, 2) andu ~ U([0, 1]2). This

Poisson point process:PPPs are point processes whiciii_ ’ J '

. . . stationary and isotropic point process. The Palm proises
exhibit complete sanaI_rand_omness. PPP is generally_ u?ﬁg’l randomly rotate@?. The interference results are verified
to model the node locations in a ad hoc network. The indg-

pendence of the node locations makes this process easier){fa?'mu'?uon'dm l.:tlr?uF\Ee |2,_V\;]efpldqt th?NCC%F for (jtgfetrigt

analyze. For PPRP'Y = P [10]. We also have? (z) = \? valies otz anc Wi ayleigh facing. vve observe that the

andG(f) = exp (A [(1 — f(z))dz) [10] tail properties depend heavily on When||z|| < 1, we have
D o) i izl In this case the Laplace that p(? (z) = 0 (actually the associated measucg(A) =

f f the interf . . b 0, VA C B(0,1)). So here the effective path loss model is
transform of the interterence Is given 3‘;%(3) bounded and hence the interference tail follows that of the

exp(—Ams®/* E[h?/*]l(a/2 — 1)). Observe that the Laplacefading. Whenz = (1,0), there is a positive probability that a
transform is independent of and hence the distribution isransmitting node can be arbitrarily close 4cand hence the
independent of the location. Also Ly, (s) is the Laplace jhterference follows a heavy tail distribution.

transform of a stable random variable with parametgén  approximation of the distribution of interference:

and hence heavy tailed. We can observe [13] that in thiS\ye have the following observations from Theorems 1-3.
singular case, the interference depends only on2the th . )
moment of power fading. 1) The CDFF(y) of the interference decays exponentially

2) g(z) = (1 +|jz]|*)~': We first consider the case of fast neary = 0. ~ .
sy L vexp(Cm). n his case, 2) Wheng(z) = (1-+ 2]) }.a > 2, the mean intefer
ence is finite, and the CCDF tail decays like that of the
s ) fading distribution.

_ _ 2 —1
Lr,(s) = exp ( 27 ese(2m/a)a (i + s)i—2/a 3) Wheng(z) = ||z|~* , the mean diverges and CDF has



PDF of interference , a=4, Log Normal fading 0=6dB
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CCDF of interference of Rotated Lattice, a=4, Rayleigh fading p=1
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Figure 2. CCDF of the interference for exponential poweirigcand path Figlﬂ’e ‘11 PDF of Interference and the corresponding fitsgfar) = (1 +
lossa = 4 when the point process is the lattice process. [lz[|*)~* and the fading as log-normal shadowing with= 6dB.

PDF of Interference o =4
ey [ errenee Mare-caro st In Figure 3, we have plottédthe PDF of the interfer-
02} Non-singular Exponentialfading l ence using Monte-Carlo simulation when the underlying node
1 SN = =Inverse Gaussian,v=4.9,k=20.8 . . . . . . . .
N Gamma, k=5.1, 60,96 distribution is PPP and the fading is Rayleigh with a non
A Normal singular path loss model. We observe that the Normal fit
o1st ) = lnverse Gamma 23 p 298 1 performs the worst. Both the gamma and Inverse Gaussian

give us a good fit. Also the inverse gamma pdf is a bad fit
since it has a fourth order decaying tail, while the fading is
exponentially decaying. In Figure 4, we have plotted the PDF
of the interference with log-normal shadowing £ 6dB) and
g(z) = (1+]|=[|*)~t. Since log normal has a tail which decays
polynomially, we have from Theorem 3 that the pdf should
also decay polynomially. This is indeed true and hence geer
gamma function gives the best fit. We also observe that isvers
S Gaussian also gives a good fit. This is because the variance
can be increased independently and the exponential term in
Figure 3. PDF of Interference and the corresponding fitsgfar) = (1+  the pdf becomes small. In finite networks, where the number
llz|1¥)~" and the square of fading as exponential with parambter of nodes are finite and fixed and are distributed on bounded
subset of the Euclidean plane, the interference does natydec
_ infinitely fast at the origin, but only goes to zero likg*
a heavy tail. wheren is the number of transmitters amdthe decay of the

Observation 1 eliminates the use of Gaussian distribution fading at origin.

model the interference except when the mean= E[l,]

is very large (but finite), so thatxp(—p*/20?) is small. V. CONCLUSION

We choose three probability distributions which have these . . .

properties. The gamma distribution, and the inverse Ganssh In this paper, we have sh_own that the interference in an ad
oc network depends heavily on the path loss model chosen.

Density

01f

distribution. L o1 . When the path loss model is singular, the interference has
1) Gamma d|str|b_ut|onf(:c2) =" exp(=x/0)/T(k)0". 4 heavy tail, irrespective of the fading distribution. Wee
Mean : k¢, Vanance:6-. path loss model is bounded, the interference tail follovest#il
2) Inverse Gaussian : of fading distribution. We also illustrate that using a Gsias
vo11/2 k(z —v)? distribution to model interference is a bad approximation a
flz) = {27“3} exp (_W) least at low density of nodes. Inverse gamma and inverse
Gaussian seem to approximate the interference distributio

much better than the Gaussian distribution. The choice of
distribution depends on the dominating fading distribaitio
when the path loss model is non-singular.

Mean:v, Variance:v?/x.
3) Inverse Gamma :

f(a) =Bz~ exp (=f/x) T(a)™"
Mean: 3/(a — 1), Variance:3%/((a — 1)*(a — 2)). VI. APPENDIX
Observe that in the inverse Gaussian distribution, the raedn  pyqof of Theorem 3:
variance can be chosen independently of each other. Observe pyqof: Ccase 1)F}, ~ exp(—ah). We will first show that

that the gamma distribution only hasta- 1th order of decay the | gaplace transform (5) of the interference converges for

at origin and has an exponential tail. On the other hand the
inverse Gaussian distribution has exponential decay gtnori  4ye have used a square of size x 40 for simulation and averaged over

and a slightly super exponential tail. 200000 instances.



s < o, 0 < 0 and diverges fors > o. The real part of Q(Fh( T Z))). We have for large)
o is also called the abscissa of convergence. From Lemma

1, we havel;, (.)(s) = E"[[],¢, k(s,2)] wherek(s,z) = 03 Yy
Lin(sg(. — z)). We have thatl;, .(s) is finite if and only 4 (.—2)
if n(s) = EO[ZI@, |log k(s,z)|] < oco. So now show that = GA-[1-Fyyl+]z—=2]|*))
the abscissa of convergenee®f L, (. (s) is strictly less than (a) oni—a
_ o 9 G (1-y+ e =2 )
zero. Letd(s,z, h) = exp (W) We have
(v) o2
N1 — 14 ||z — d
2 = B loghens) v [0+ o= 27 ) ()
z€P where (a) follows by continuity of G and largey (The
B *° o continuity follows from the above argument),) follows from
= / log </ 5(S’I’h)dF(h)) ‘ P2 (x)da an argument similar to Theorem 2. We also have from the
_ footnote in Theoreml, that o(y) = y *E'[I4(2)?]. Here
We have Fj, ~ exp(—ah). So let the pdf f(h) = E"[1(2)9) < oo because of the bounded naturegéf) and
aexp(—ah), h > R, for some largeR. We havek(s, z) = its fast decaying tail. So from 1, we have that
R
/ 5(s,2, h)dF(h) P(ls(2) > y)
0 —a a\]—« ! a
o 5 < Y [/ [(1+ [l = 2 *)] ™ p® (@)dw + E[15(2)"]
o [Cow(nfor N
R (1+ ||I_ZHOL) and also

So by dominated convergence theorkfs, z) is well defined

—a Ly e L (2)
for all x ands > —a. Also k(s,z) > 1 for s € (—a,0). Plo(z) > y) >y~ [(1+ o = 2] p = (2)de

Let b =€ (—a,0). We now prove thaty(b) < oo. Since So the tail decays likg . [ |
k(b,z) > 1, we havelog(k(b,z)) < k(b,z) — 1. So if we
show [ g g (k(b, 2) — 1)p) (z)dx < oo for larges, we are REFERENCES
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