L? SERRE DUALITY ON DOMAINS IN COMPLEX MANIFOLDS AND
APPLICATIONS

DEBRAJ CHAKRABARTI AND MEI-CHI SHAW

ABSTRACT. An L? version of the Serre duality on domains in complex manifolds involving duality of
Hilbert space realizations of the d-operator is established. This duality is used to study the solution of
the d-equation with prescribed support. Applications are given to d-closed extension of forms, as well to
Bochner-Hartogs type extension of CR functions.

1. INTRODUCTION

A fundamental result in the theory of complex manifolds is Serre’s duality theorem. This establishes a
duality between the cohomology of a complex manifold €2 and the cohomology of 2 with compact supports,
provided the Cauchy-Riemann operator @ has closed range in appropriate degrees.

More precisely, this can be stated as follows: let E be a holomorphic vector bundle on €, and let
H?(Q, E) denote the (p, ¢)-th Dolbeault cohomology group for E-valued forms on 2, and let HZ:2, (2, E)
denote the (p, ¢)-th Dolbeault cohomology group with compact support. Let E* denote the holomorphic
vector bundle on 2 dual to the bundle F, and let n = dim¢ §2. Then (we assume that all manifolds in this

paper are countable at infinity):

Serre Duality Theorem. Suppose that each of the two operators

pyq—l(Q’E) = szq(Q’E) —= p,q+1(Q’E) (1)
has closed range with respect to the natural Fréchet topology. Then the dual of the topological vector space
HP4(Q, E) (with the quotient Fréchet topology) can be canonically identified with the space Hiy bsm=9(€2, E*)

with the quotient topology, where we endow spaces of compactly supported forms with the natural inductive
limit topology.

In fact, condition that the two maps in (1) have closed range is also necessary for the duality theorem
to hold (see [9]; also see [26, 27, 28] for further results of this type.)

Serre’s original proof [35] is based on sheaf theory and the theory of topological vector spaces. A
different approach to this result, in the case when (2 is a compact complex manifold, was given by Kodaira
using Hodge theory (see [23] or [7].) In this note we extend Kodaira’s method to non-compact Hermitian
manifolds to obtain an L? analog of the Serre duality. Special cases of Serre-duality using L? methods have
appeared before in many contexts (see [25], or [11, Theorem 5.1.7] and [19, 20], for example.) The L?-Serre
duality between the maximal and minimal realizations of the J-operator is also used in the study of the 0-
operator on compact complex spaces (see e.g. [31, Proposition 1.3]) and more general duality results (of the
type discussed in §3.6 below) are used as well in these investigations (see [33, Chapter 5].) Our treatment
aims to streamline and systematize these results, with emphasis on non-compact manifolds, and point out
its close relation with the choice of L2-realizations of the Cauchy-Riemann operator 0, or alternatively,
choice of boundary conditions for the L2-realizations of the formal complex Laplacian 0pdg + 950E.

The L2-duality can be interpreted in many ways. At one level, it is a duality between the standard CJ-
Laplacian with 9-Neumann boundary conditions, and the [J.-Laplacian with dual ( “0-Dirichlet”) boundary
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conditions. Using another approach, results regarding solution of the d-equation in L? can be converted
to statements regarding the solution of the 0, equation. This leads to a solution of the 9-Cauchy problem,
i.e., solution of the d-equation with prescribed support. At the heart of the matter lies the existence of
a duality between Hilbert space realizations of the d-operator. This is explained in §3.6. However, for
clarity of exposition, we concentrate on the classical duality between the well-known maximal and minimal
realizations of @ in the rest of the paper.

As an application of the duality principle, we consider the problem of d-closed extension of forms. It
is well-known that solving the O-equation with a weight can be interpreted as solving d with bundle-
valued forms (see [8].) The weight function ¢ corresponds to the metric for the trivial line bundle with
a metric under which the length of the vector 1 at the point z is e=?(*). It was used by Hérmander to
study the weighted 9-Neumann operator by using weight functions which are strictly plurisubharmonic in
a neighborhood of a pseudoconvex domain. When the boundary is smooth, one can also use the smooth
weight functions to study the boundary regularity for pseudoconvex domains (see [24]) or pseudoconcave
domains (see [36, 37]) in a Stein manifold. In this paper we will use the Serre duality to study the 0
problems with singular weight functions. The use of singular weight functions allow us to obtain the
existence and regularity problem on pseudoconcave domains with Lipschitz boundary in Stein manifolds.
The use of singular weights has the advantage that it only requires the boundary to be Lipschitz. Even
when the boundary is smooth, the use of singular weight functions gives the regularity results much more
directly (cf. the proof in [37] or [2, Chapter 9]). This method is also useful when the manifold is not Stein,
as in the case of complex projective space CP™. In this case, any pseudoconconvex domain in CP" is Stein,
but CP™ is not Stein. In recent years these problems have been studied by many people (see [15, 4, 3])
which are all variants of the Serre duality results.

The plan of this paper is as follows. In §2, we recall basic definitions from complex differential geometry
and functional analysis. This material can be found in standard texts, e.g. [12, 43, 14]. Next, in §3 we
discuss several avatars of the L?-duality theorem: at the level of Laplacians, at the level of cohomology
and for the 0 and 9, problems. We discuss a general form of the duality theorem using the notion of dual
realizations of the @ operator on vector bundles. In §4, we apply the results of §3 to trivial line bundles
with singular metrics on pseudoconvex domains. This leads to results on the d-closed extension of forms
from pseudoconcave domains. In the last section, we use the L? duality results to discuss the holomorphic
extension of CR forms from the boundary of a Lipschitz domain in a complex manifold. We obtain a proof
of the Bochner-Hartogs extension theorem using duality.

2. NOTATION AND PRELIMINARIES

Throughout this article, 2 will denote a Hermitian manifold, and E a holomorphic vector bundle on €.

2.1. Differential operators on Hilbert spaces. The metrics on 2 and E induce an inner product (,)
on the space D(Q, E) of smooth compactly supported sections of E over §2. The inner product is given by

(f.9) = /Q (f.g)dV. @)

where (,) is the inner product in the metric of the bundle F, and dV denotes the volume form induced
by the metric of . This allows us to define the Hilbert space L?(), E) of square integrable sections of E
over () in the usual way as the completion of the space of smooth compactly supported sections of E over
) under the inner product (2).

Let A be a differential operator acting on sections of E, i.e. A : C*®(Q,E) — C*(Q, FE), and let A’
be the formal adjoint of A with respect to the inner product (2). Recall that this means that for smooth
sections f, g of E over €, at least one of which is compactly supported, we have

(Af,g) = (f,A'g). (3)
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The well-known facts that A’ exits, that it is also a differential operator acting on sections of F, and that
A’ has the same order as A follow from a direct computation in local coordinates using integration by
parts. It is clear that (A’) = A, i.e. the formal adjoint of A’ is A.

By an operator T from a Hilbert space H; to another Hilbert space Hy, we mean a C-linear map from a
linear subspace Dom(T") of H; into Hp. We use the notation T : Hy --+ Hj, to denote the fact that T is
defined on a subspace of Hy (rather than on all of Hy, when we write 7' : H; — Hy.) Recall that such an
operator is said to be closed if its graph is closed as a subspace of the product Hilbert space Hy; x Ho.

The differential operator A gives rise to several closed operators on the Hilbert space L?(Q, E).

1. The weak mazimal realization Amax: we say for f,g € L?(Q, E) that Af = g in the weak sense if for
all test sections ¢ € D(Q), E) we have that

(f. A'¢) = (9,9). (4)
(This can be rephrased in terms of the action of A on distributional sections of F, but we will not need
this.) The weak maximal realization Ay,.x is the densely-defined closed (cf. Lemma 1) linear operator on
L?(Q, E) with domain Dom(Aya.y) consisting of all f € L%(Q, E) such that Af € L*(Q, E), where Af is
taken in the weak sense. On Dom(Apax), we define Apaxf = Af in the weak sense.

2. The strong minimal realization Anyiy is the closure of the densely defined operator Ap on L?(Q, E),
where Ap denotes the restriction of A to the space of compactly supported sections D(2, E). More
precisely, Dom(Anin) consists of those f € L?(Q, E), for which there is a g € L?(Q2, E) and a sequence
{f,} € D(Q, E) such that f, — f and Af, — g in L?(Q, E). We set Aninf = g. The fact that Ap is
closeable is a standard result in functional analysis (see [14].)

More generally, a closed realization of the differential operator A is a closed operator A : L2 (L E)--»
L?(Q, E) which extends the operator Api,. Such an operator satisfies

Amin g A g Amax-

Note that if Q is complete in its Hermitian metric (in particular if € is compact), then the space D(Q, E)
of compactly supported smooth sections of E is dense in Dom(A,ax) in the graph norm, and it follows
that Amax = Amin, and there is a unique closed realization of A as a Hilbert-space operator. We are more
interested in the case when () is not complete, e.g., when € is a relatively compact domain in a larger
Hermitian manifold.

We now recall the following well-known fact, which follows immediately from (4) (see [14, Lemma 4.3]):

Lemma 1. As operators on L*(Q, E), the weak mazimal realization Amax of the differential operator A
and the strong minimal realization A! . of its formal adjoint A’ are Hilbert space adjoints, i.e. we have
Apmax = (A" (note that this implies that Anyay is closed) and also Al = (Amax) " -

min min

Proof. Let A%, denote the restriction of A’ to the compactly supported smooth sections D(2, E). Then A%,
is a densely defined linear operator on L?(£2, E) and its closure is E = Al ... For a fixed f € L?(Q, E),
consider the linear map on Dom(Ap) = D(Q, E) given by ¢ — (f, A’¢). The definition of Dom (A yax) shows
that this map is bounded on Dom(AY%,) if and only if f € Dom(Amax). It now follows that (A%5)* = Amax-

By taking the closure, we conclude that (A’ . )* = Apyay. Since T** = T it follows that A’ . = (Apax)™. O

min min
We note parenthetically that all the definitions and results of this section also hold in the simpler

situation when 2 is a Riemannian manifold, and E is a complex vector bundle, and are independent of the
holomorphic structure of 2 and F.

2.2. Bundle-valued forms. We recall the standard construction of forms on 2 with values in £ . Recall
that an E-valued (p, ¢)-form on 2 is a section of the bundle A?9T*(Q) ® E, where AP9T*(Q) is the bundle
of C-valued forms of bidegree (p,q) (see [43] for details.) We denote by C;%,(€2, E) the space of E-valued
(p, @)-forms of class C>, so that if {eq}%_, is a local frame of E, then locally any element ¢ of C% (€2) has
a representation

¢:Z¢a®6aa (5)
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where the ¢ are (C-valued) (p, ¢)-forms with smooth coefficients. B
It is well-known that the operator J gives rise to an operator 0 @ Ig = 0g : C;5,(Q, E) — C;5,11(Q, E),
via the prescription

Opd =Y (0¢") @ eq. (6)

See [12] for details of this construction. For each p with 0 < p < n, this gives rise to a complex
(C5.(Q, E), 0p) of E-valued forms on Q.

With the holomorphic vector bundle £ — € we can associate the dual bundle E* — §, which is a
holomorphic vector bundle over 2, such that over a point z € Q, the fiber (E*), of E* coincides with the
dual vector space (E;)* of the fiber E, of E. One then has a natural isomorphism of bundles E 2 (E*)*,
and we will always make this identification. If E is endowed with a Hermitian bundle metric, this induces a
Hermitian bundle metric on £* in a natural way, via the identification of ' and E* given by the Hermitian
product on each fiber.

We can also define a wedge product

A CE(Q,E) ©C (2, EF) — C ()

p+p’,9+4q’

of an E-valued (p, q)-form and an E*-valued (p’, ¢')-form with value an ordinary (i.e. C-valued) (p+p’,q+
¢')-form in the following way. Suppose that {e,}%_; is a local frame for the bundle E over some open set
in Q, and let {fo}E_; be a frame of E*. Given ¢ € C;%(2, E) and an ¢ € C? ,(Q, E*), we locally write

p=>,0"Req and ¢ = Zﬂ P ® f5, and define pointwise

SAP =" falea) o™ A7, (7)
a,B
This extends by bilinearity to a wedge product on CZ%, (2, E) ® C5,(Q2, E*).

If E is a holomorphic vector bundle on  define a linear operator g on C2,(Q, E) as follows: let ¢ be

a form of bidegree (p,q). Then we set ’
op¢ = (~1)P"g, (8)
and extend linearly to CZ5 (2, E). Clearly (og)? is the identity map on Cx.(Q, E). Further, if T' is any
R-linear operator from C2%, (€2, E) to CX,(2, F) (where F' is another holomorphic vector bundle on €2) of

*

degree d, i.e., if for a homogeneous form f we have deg(T'f) — deg(f) = d, then we have the relation
orT=(-1)Topg.
It is easy to see that the wedge product defined in (7) satisfies the Leibniz formula
PpNAY)=0pdp A+ opd Adg- (9)

We note here that the Hermitian metric on €2 and the bundle metric on E have not played any role in
this section.

2.3. The space L2(2, E). We now use the facts that the manifold 2 has been endowed with a Hermitian
metric which we denote by g, i.e., each tangent space T,{2 has been endowed a Hermitian inner product
9z (+,+), which depends smoothly on the base point « and also the fact the holomorphic vector bundle E
has been endowed with a Hermitian metric h, i.e. for each = € Q, h, is a Hermitian product on the fiber
E, of E over x. The dual bundle E* can be endowed with a Hermitian metric in the natural way.

The bundle AP?T*Q ® E has a natural Hermitian inner product (cf. (10) below), so we can construct
the space L2 (2, E) = L*(Q,AP9T*Q ® E) of square integrable E-valued forms using the method of §2.1.
We let L7(£2, E) be the orthogonal direct sum of the Hilbert spaces L7 (€2, E) for 0 < p,q < n.

We write down the pointwise inner product on the space of E-valued forms. Let ¢ be as in (5), and let
1 be another (p, ¢)-form with local representation

=Y 1 ®eg,
B
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with respect to the same local frame. The pointwise inner product of the E-valued (p, ¢) forms ¢ and % is
given by

<¢7 'l/)>a: = Z<¢avwﬁ>x hx(eaaeﬁ) (10)

a,B

at each point x in the open set where the frame {e,} is defined, where by (,) on right-hand side the
standard pointwise inner-product on C-valued (p, ¢)-forms is meant (see [2].) It is not difficult to see that
this definition is independent of the choice of the local frame. We extend (10) to a pointwise inner product
on C, (2, E) by declaring that forms of different bidegree are pointwise orthogonal.

*

2.4. The Hodge Star. The pointwise inner product (10) and the wedge product (7) can be related by
the Hodge-star operator, the map g : Cp%, (%, E) — Cp2, (2, E¥), defined by
where dV is the volume form on  induced by the Hermitian metric g. It is easy to check that (11) defines
xg as an R-linear and C-antilinear map i.e., for a C-valued function f and a E-valued form ¢, we have
*g(f¢) = f xg ¢. We note that
*p+x*xp = O0F, (12)
and that
Opx *p =g O0fg, (].3)
where og,0p+ are as in (8). B
Let Vg : C5.(Q, E) — C2.(Q, E) denote the formal adjoint of 0g, We recall the well-known formula for
¥g, and take this opportunity to point out that the formula for 95 given in the popular reference [12, p.
152] has a typographical error.

Lemma 2. The following formula holds:
ﬂE:_*E* EE* *E . (14)

Proof. 1t is sufficient to consider the case when the smooth forms ¢ and v are of bidegree (p,q — 1) and
(p, q) respectively and at least one of them has compact support and compute

(5E¢7¢)Q=/95E¢/\*E¢

= / (O(p A *Ev) — opd NDp- xp 1)) (using (9))
Q
= —(—1)”*’1’1/ N Op- *g 1 (using Stokes’ formula)
Q

- _/ ¢ A (1)t g g
Q

= */ (,ZS/\O'E*EE* *Ed)
Q

_ /Q &N xgp % Do 5 (using (12))

= (¢, — *p+ Op= *g ).

Corollary 1. We also have the formula
EE = kp=* ﬁE* *E (15)
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Proof. Using (14), we compute

*kpUpkps = — *g *g+0p *g *g-
= —O0fp* EE* O =
— D
The result follows on replacing E by E*. O
3. DuALITY

3.1. The basic observation. According to the conventions of multidimensional complex analysis, we
adopt the following notation: we write

G5 for (Op)max, the weak maximal realization of dx on L2(Q2, E)
e for (OF)min, the strong minimal realization of O on L2(2, E)
g for (9g)max, the weak maximal realization of Y on L2(f2, E)
5*}3 for (9g)min, the strong minimal realization of 95 on L2(Q, E).

By Lemma 1, the operators 8 and 9, are Hilbert space adjoints to each other, as are the operators 8, g
and ’L9E

The operator og defined in (8) extends from the space D, (€2, E') of compactly supported forms to give
rise to an unitary operator on L2(§2, E). Similarly the Hodge-Star operator g defined in (11) extends from
D.(Q, E) to give rise to a conjugate-linear self-isometry of L2(€2, E). We continue to denote these Hilbert
space realizations by og and xg respectively. We are now ready to prove the main observation behind the
use of the Hodge-+ operator in L? theory:

Proposition 1. Let Q) be a Hermitian manifold, and E a holomorphic vector bundle on  equipped with

a Hermitian metric. Let 5];,5:3,19];*,56,13* be the Hilbert space realizations as defined above, and let
feL?(QE):

(1) f € Dom(dy) if and only if pf € Dom(d.. g-). Also on Dom(dy) we have the relation
5}; = —xp« Oc. v *E5 - (16)
(2) f € Dom(9g) if and only if g f € Dom(9g«). On Dom(dg) we have the relation
Op = *g+= Vg *g (17)

Proof. The results are obtained by taking the minimal and maximal realizations of (14) and (15) respec-
tively.

To justify (16), we note that if f € Dom(d}), there is a sequence {f,} in D(Q, E) such that f, — f in
L2(Q,E) and ¥g f, — Opf also in L2(2, E). Note that g f, € D,(Q, E*), since f, is compactly supported.
Further, since xg extends to an isometry of L2(2, E) with L2(Q, E*), it follows that xgf, — *gf in
L%*(Q, E*). From (14) relating the formal adjoints, it also follows that Op-(xgf,) = —(xg+) YWef, —
—(*p+) 10y f. Consequently, xgf € Dom(d. g+), and (16) holds. The converse assertion, that if xgf €
Dom(d., g+) then f € Dom(dy,), is proved similarly.

For (17), suppose that f € Dom(dg). This means that f € L2(Q, E) and dg € L?(Q, E) (where Jg is
taken in the weak sense.) Since xg is an isometry of the Hilbert space L?(2, E) with the Hilbert space
L%(Q, E*), it follows that xgf € L2(Q, E*). From (15) we see that in the weak sense, we have dpf =
xp=Vp(xgf). Consequently, Vg« (xgf) = (xg=) " 10pf € L?(Q, E*). Tt follows that xg f € Dom(Jg~) and
(17) holds. The converse (if xgf € Dom(9g-), then f € Dom(dg) ) is proved the same way. O
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3.2. Duality of Laplacians. Recall that the 0-Laplacian on E-valued forms on  is the operator Og on
L?(Q, E) defined by

Op = 050g- + 0p+0E,
with domain

Dom(Og) = {f € L2(Q,E) | f € Dom(dg) NDom(dy), 05 f € Dom(dy),dpf € Dom(éE)} .
The O.-Laplacian on E-valued forms is the operator
B = 5c,EgZ,E + 5Z,Egc,E
=0.5V9p + Vg0 1
on L(Q, E) with domain
Dom(0Og) = {f cL2(OE)| fe Dom(9..g) NDom(Yg),dc.gf € Dom(Vg),Iuf € Dom(éc’E)} )

Each of O and [J4, is a non-negative self-adjoint operator on L2({2, E). Note that on the subspace D, (2, E)
of compactly supported E-valued forms both Og and [0S, coincide with the “formal Laplacian” dgdg +
Ypdp. However, in general it is not true that 0% and Og are equal. By [1, Lemma 3.1(2)], we have
Op = 04, if and only if g = d. . This happens if Q is either compact or complete.

We define the spaces of E-valued 0-Harmonic and d.-Harmonic forms H, 4(Q, E) and ‘HS (€, E) by

Hp.q(Q, E) =ker(Op) N L2 ,(Q, E)
and
HS (2 E) =ker(O%) N L, (L, E).
It is easy to see that
Hyp,q(Q E) = ker(9g) Nker(dy) N L2 (2, E)
- {f € Dom(J) N Dom(Iy) N L2 (O, E) | Ipf = Opf = o} .
and similarly
HS (2, E) = ker(De,p) Nker(dg) N L2 (Q, E)
= {f S DOHI(EQE) N DOIH(19E) N Lz%,q(Q’ E) | gc,Ef =dpf= 0} .
The following is now easy to prove

Theorem 1. Let f € L2(Q, E). Then, f € Dom(Og) if and only if xgf € Dom(0%.). Further, we have
the relation

Also, the restriction of the map *g to Hp (2, E) gives rise to an isomorphism
Hpq(, E) =H; 0y E7) (19)

Proof. On the space
{ f € LXQLE) | f € Dom(dp),dnf € Dom@;)}
we have, using (16) and (17),
5};5]5 = — xpg=* EC,E* *g *prUE«*E
= —xp+ O, prOp-Ip-*p
= % OO Vg x5 -
Similarly, we have on
{f € L2(0,E) | f € Dom(By),d5f € Dom@E)}
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the relation
0pdpy = xprOp=0p«Oc v *p -
Combining, we have on Dom(0Og):
Op = *g-0op+0% *5 .
Equation (18) follows on pre-composing with xg and using (12). O
It follows that the self-adjoint operators Og and [J%,. are isospectral: a number A € R belongs to the

spectrum of O if and only if A belongs to the spectrum of 0%.. Let {Ey}xer be a spectral family of
orthogonal projections from L2(Q, E) to itself (cf. [32, Chapters VII,VIII]) such that we have the spectral

representation
Og = / AE).
R

If {F)\}xer is defined by
F\ = og- xg Exxp-,

then F) is an orthogonal projection on L2(Q2, E*), and we have the spectral representation

0. = / MF).
R

These statements are purely formal consequences of (18).

3.3. Closed-range property. In order to apply L?-theory to solve the J-equation, we first need to show
that the d-operator has closed range. In this section we consider the consequences of this hypothesis on
the 0. operator.

Recall that the notation T : H; --+ Hy means that T is a linear operator defined on a linear subspace
Dom(T) of H; and taking values in Hy. Further, for notational simplicity, we will use g to denote the
restriction 5E| L2 () when p,q are given, rather than introduce new subscripts, and adopt the same

convention for 567 E,Yg, and E*E. We first note the following fact

Lemma 3. If any one of operators in the following list of Hilbert space operators has closed range, it
follows that all the others also have closed range:

0g: L2, (E)--» L%, ., (QE)
gt L2 ,1(QE)--> L% (QF)

5 * * (20)
8c7E* N L%—p,n—q—l (Qa E ) - L%_p7n_q(Q7 E )
Ot L2, J(Q B - L2 . (Q,E")

Proof. Thanks to the well-known fact that a closed densely-defined operator has closed range if and only
if its adjoint has closed range (see [19, Theorem 1.1.1] or [2, Lemma 4.1.1]), it follows that Jz has closed
range if and only if E*E has closed range, and that d. g~ has closed range if and only if g+ has closed
range. To complete the proof, we need to show that E*E has closed range if and only if 56’ g+ has closed

range. Now, (16) shows that for f € Dom(d}), we have Hé;f“ = chvE*(*Ef)H’ in particular, f € ker(39)
if and only if %5 f € ker(J,,g-). This means that the inequality HE} f ‘ > C||f]| holds for all f € ker(dy)"

|0c,6-9|| = C|g|| holds for all g € ker(de,z+)*. Again by [2, Lemma 4.1.1] it
follows that 5}; has closed range if and only if d.. g+ has closed range. O

if and only if the inequality
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3.4. Duality of Cohomologies. We define the L? cohomology as the quotient vector space
ker(Og) N Liq(Q, E)
img(dg) N L2 ,(Q, E) ’

HYH(QE) =

Similarly, the L2?-cohomology with the minimal realization is defined to the space

= 2
HPL (O, F) — .ker(?c,E) NnL; ,(Q,E) .
© img(0dc.g) N L%’Q(Q, E)

If Op (resp. O p) has closed range, H3(Q, E) (vesp. HY'1,(2, E)) is a Hilbert space with the quotient
norm.

Let
[] : ker(Og) N Lfm(ﬂ, E) — HVJ(Q,E)
and
[]e : ker(de.p) N L2 (L E) — HP1L(Q, E)
denote the respective natural projections onto the quotient spaces. The following result was first observed
by Kodaira:

Lemma 4. Let n (resp. n.) denote the restriction of || (resp. [-].) to the vector space of dg-harmonic
forms H, (0, E) (resp. the vector space of ., p-harmonic forms Hp (2 E).) Then

(i) n (resp. n.) is injective.

(it) If n (resp. mc) is also surjective, then img(dg : L2, (Q,E) --» L2 (L, E)) (resp. img(d.k :
(Q,E) --» L2 (2, E))) is closed.

2
Lp,qfl

Proof. We write the proof only for the operator . The proof for 7. is similar.

(i) Note that if ¢ = 0 this is obvious, since img (0p : L2 ,_1(Q, E) --» L2 (%, E)) = 0. Assuming ¢ > 1,
we note that ker(n) = ker(9g) Nker(dy) Nimg(dg), and therefore a form in ker(n) can be written as dg,
with @ (dg) = 0. Then

0= (95(0r9),9)
= 112
= l[ogl"-

(ii) Since 7 is an isomorphism, we can identify the harmonic space H, 4(£2, E') with the cohomology space
HP (L E). Since Hypq(2, E) is a closed subspace of the Hilbert space L2 (€, E), the space Hﬁ;q(ELE)
also becomes a Hilbert space. We can think of the map [-] as an operator from the Hilbert space ker(0g) N
Li,q<Q’F) to the Hilbert space H}3 (2, E). Since 7 is surjective, every element of ker(dg) can be written
as f + 0g, where f € H, 4(Q, E). According to the identification of H, (2, E) and H73'(Q2, E), we have

= . = 2 = 112 = = :
[f +Org] = f. Since Hf—l—@EgH =IfI* + H(‘)g” > || f11%, so that H[f + 8g]” < Hf —l—agH and it follows

that [] is in fact a bounded map. Therefore ker[.] = img(dg) N L2 ,(Q, E) is closed, which was to be
shown. (]

Theorem 2 (L? Serre duality on non-compact manifolds). The following are equivalent:
(1) the two operators

5E 55
L127’Q*1(Q’ E) - L;127,q(97 E) -2 LZQ),q+1(Qa E)
have closed range.
(2) the map xp : L2 (L, E) — L2, . .(Q, E*) induces a conjugate-linear isomorphism of Hilbert spaces
T=n.oxpon "t HVHQ,E) — HI P""YQ, E). (21)

Consequently, we can identify the Hilbert space dual of HY3'(Q, E) with H]' 2"~ 9(Q, E*)
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We note here that the condition (1) is in fact the necessary and sufficient condition for the existence of
the 0-Neumann operator N£ o defined as the inverse (modulo kernel) of the O operator on (p, q)-forms.

Proof. In the diagram

Hpq(QE) —=— HE

) n—p,n—q

di w|

HP(Q,B) —— H! D" (Q,EY)

(€2, E7)

the map xg is known to be an isomorphism from H,, 4 (€2, E) to Hy,_,, ,,_ (2, E) by Theorem 1 (see equation

(19).) Therefore, the map 7 will also be an isomorphism, if and only if, both 7 and 7. are isomorphisms.

Thanks to Lemma 4 this is equivalent to the two maps Op : Lf,yqfl(QE) --» Lg’q(Q,E) and O, g :
L%fp’nqul(Q,E*) --3 L%:p’nfq(Q,E*) having closed range. Since by Lemma 3, the second map has
closed range if and only if dp : L2 ,(Q, E) — L2 ., (Q, E) has closed range, the result follows. O

3.5. Duality of the O-problem and the 5C-pr9blem. We can use the duality principle to solve the
equation d.u = f, provided we know how to solve Ju = f:

Theorem 3. Suppose that for some 0 < p < n and0 < ¢ < n—1, the operator Og- - L%fp,nqul(Q, E*) --»
L%fpynfq(Q, E*) has closed range. Then the range img(d. g) N Lg,qH(Q, E) is closed. The condition that

f Ehimg(gcyE) NL2 .1 (Q E) is equivalent to the following: for every g € ker(dp-) N L2 _, . 1(Q,E*),
we have

/Qngzo. (22)

If Q0 is a relatively compact pseudoconver domain in a Stein manifold and q # n—1, it is further equivalent
to the condition 0. gpf = 0.

Proof. Since Og- has closed range on L%_pyn_q_l(Q, E*), from Hilbert space theory, it follows that there
is a bounded solution operator K from LZ . (Q,E*) to L2_, (2, E*) such that dp- K = I (the
identity map) on img(dg-), and Kdg- = I — B, on Dom(9g-) where B : L2 g1 (L E") — ker(Opg-) N
L? (Q, E*) is the generalized Bergman projection. Set

n—p,n—q—1
Kc = — kpg* K**E7

where K* denotes the bounded operator from 113171077L7(171(§27 E*) to L%, .(Q, E*) which is the Hilbert
space adjoint of the operator K defined above.
Now let f € img(d.,p) N L3 ,.1(Q, E). Note that, this means g f € img(dy.) = ker(dg-)L. It follows

that B(xgf) = 0.

We set u = K. f. This is well-defined, since xgf € L%_pm_q_l(ﬂ, E*), which is the domain of K*, and
we have ||ul| < C||f||. Also, from (16) we have d. pxp+ = — (g) ' Og.. Therefore,
Oepu=—0cpxp- K**p f
= (kg) 0 K* xp f
= (xg)"" (KgE*)* *pg f since K is bounded
=(xg) ' (I-B) *p f
= f—(xg) ' B(xsf) B is self-adjoint
= f.
We note that g € ker(dp-) N L%, . 1(Q, E*) if and only if xg-g € ker(9p) N L2 (2, E). Since

img(0.. ) = ker@:E)l = ker(9%)1, it follows that f € img(d. ) if and only if for each g € ker(9p+) we
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have (f,*g+g) =0, i.e.,
0= / f N *xE *xg* g
Q

Z/Qf/\UE*g
=1yt [ fag,

which proves (22).

Now assume 2 is in a Stein manifold. Then, we know that H}3(Q, E*) = 0, provided g # 0. By the
L? Serre duality, Hf’zjl(Q,E) = 0, unless ¢ + 1 = n. In other words, if ¢ # n — 1, if f € img(de,g) N
L2 . 1(QE), then f € ker(dop : L2 (Q,E) --» L2 . 1(Q, E)). This completes the proof. O

3.6. Duality of realizations of the 0 operator. We now discuss an abstract version of L?-duality which
generalizes the duality of 0z and 507 g+ discussed in the previous sections. The proofs of the statements
made below are parallel to the proofs of corresponding statements (for dp and 507 g+) in the previous
sections, and are omitted.

Let E be a vector bundle over  and let D : L?(Q, E) --» L2(€, E) be a realization of dg, acting
on F-valued forms. Then D satisfies 56, g € D C Jp. We define an operator DV on the Hilbert Space
L2(Q, E*) by setting

.Dv = *g D* *E,
where D* : L2(Q, E) --» L2(Q2, E) is the Hilbert space adjoint of the operator D. Then the following is
easy to prove using relations (14) and (15):

Lemma 5.
(1) DY is a realization of the operator O~ on the Hilbert space L2(), E*), and its domain is xg(Dom(D*)).
(2) (EE)V = 507]5* and (507]5)\/ = EE*.
(3) The map D +— DV is a one-to-one correspondence of the closed realizations of Op with the closed
realizations of Op- .

We can refer to DV as the realization of Op~ dual to the realization D of . From now on we will
assume that the realization D of the dg operator is closed. Note that then ker(D) is a closed subspace of
L?(Q,E).

We define the cohomology groups of the bundle E, with respect to the (closed) realization D as
ker(D) N L;‘;’q(ﬂ, E)
img(D)N L2 (L E)

This becomes a Hilbert space if img(D) is closed in L2 (€, E)
Then, we can state the following generalized version of Serre duality, with exactly the same proof:

HYJ(Q,E; D) =

Theorem 4. The following are equivalent for a closed realization D of Op:
(1) the two operators

D D
LIQ),q—l(Qv E) i ng),q(Q7E) -2 L?),q—&-l(ﬂa E)
have closed range.
(2) the map *p : L2 (Q,E) — L2_, ., (Q, E*) induces a conjugate-linear isomorphism of the cohomol-

ogy Hilbert space Hy3 (0, E; D) with H; 37"~ 9(Q, E*; DY)

We give an example of a closed realization of & which is strictly intermediate between the maximal and
minimal realizations. We consider a domain 2 in a product Hermitian manifold M; x Ms, such that €
is the product of smoothly bounded, relatively compact domains 2; € M; and Qs € Ms. We endow ()
with the product Hermitian metric derived from M; and M.
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If H; and Hy are Hilbert spaces, we denote by H,&Hy the Hilbert tensor product of Hy and Hs, i.e., the
completion of the algebraic tensor product H; ® Hy under the norm induced by the natural inner product
defined on decomposable tensors by

(z @y, z@w) = (2, 2)n, (Y, W),

and extended linearly. For details see [42, §3.4]. An example of Hilbert tensor products is the space L2(Q2)
of square integrable forms on the product Hermitian manifold 2 = Q1 x 5. In fact,

L(Q) = L2(21)®LF (),

if we make the natural identification f ® g = 7] f A w5 g, where 7; : Q — §; is the natural projection.

If Ty : Hy --» H} and T3 : Hy --» H), are closed densely-defined operators, we can define an operator
Ty ®Ts : Dom(T}) ®@Dom(T3) --+ H] ® HY, which on decomposable tensors takes the form (77 ®75)(z®y) =
Tiz ® Toy. It is well-known that provided 77 and T5 are closed, the operator 77 ® T5 is closable. The
closure, denoted by Ty T, is a closed densely defined operator from H;®&H, to H’I@QH’Q.

We let & : L%(Q;) --» L%(Q;) denote the maximal realization of the 0 operator acting of C-valued

forms on ;. Similarly, we let 7 L2 (©;) --» L%(Q;) denote the minimal realization of the d operator.
Consider the operator D on L2(§) defined by

D=0385L+080,

where I is the identity map on L?(€s) and o is the (bounded selfadjoint) operator on L2(£2;) which when
restricted to L2 ,(€1) is multiplication by (—1)P*9. Using the techniques of [5, 6] the following properties
of D can be established

e D is a closed densely-defined operator on L2((2).

e D is a realization of 0 on 2, and it is strictly intermediate between the maximal and the minimal
realization. We may think of D as being the realization which is maximal on the factor Q; and
minimal on the factor 5.

° Suppose that the maximal realization éj has closed range on L2 (Q;) for j =1 and 2. By duality,
gi has closed range in L2(;) as well. Using either of the methods of proof used in [5, Theorem 1.1]

or [6, Theorem 1.2], we can conclude that the operator D also has closed range. Further, we have
the Kiinneth formula:
Hiz (D) = Hia(150 )@ H 2 (22 0,)
— Hipa(Q)BH, 12() (23)
e The dual realization DV is the one which is minimal on €7 and maximal on 9; it can be represented
as
v Fla ~=2
DY =0, + 0100 .
Provided 0 has closed range in each of €; and €, the operator DV again has closed range, and
the Kiinneth formula holds:
=1, ~ =2
= H} 12(0)©H 2(Q2)

Suppose that dimcQ; = nj, and set n = n; + ny = dime(2). We have by Serre duality,
H"Pn=4(Q; DV) =2 HP9(Q; D) via the map . Note that this could also be deduced from

~

the knowledge of Serre duality on the factors: indeed for each (p1,q1), we have H7y* () =
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H PV (Qy), and for each (p2, g2) we have H 3 P>"™ 7% (Qy) = HP*'$*(Qs). Therefore,

Hn—pm—q(Q;DV): @ (Hzizphnzfql(Ql)(’ngZg*pz,nz*qz(Qﬂ)

P1+p2=p
q1+92=q

= P HE(Q)BHE ()

P1+p2=p
q1+92=4q

= HP (D).

4. 9-CLOSED EXTENSION OF FORMS

In this section, we assume that € is a relatively compact domain in a Hermitian manifold X. We assume
that the holomorphic vector bundle FE is defined on all of X.

Proposition 2. Let Q) be a relatively compact pseudoconvex domain with Lipschitz boundary in a Hermitian
Stein manifold X. Then a form f € Dom(d. r) if and only if both fO and O(f°) are in L2(Q, E), where
f° denotes the form obtained by extending the form f by 0 on X \ Q. We in fact have (0.f)° = 9(f°) in
the distribution sense.

Proof. By definition, given f € Dom(d. g), there is a sequence {f,} of smooth E-valued forms with
compact support in € such that f, — f and of, — 56]3 both in Lj(Q,E). Then clearly (f,)° — f©
and 9((f,)°) — Of in L2(Q). It is also easy to see that d((f,)?) — 9((f)°) in the distribution sense in
X. To see that 9((f)?) = (0f)°, we use integration-by-parts (since bQ is Lipschitz) to have that for any
¢ € CLH(X),
((acf)ov ¢)X = (5]03 ¢)Q

= Vh_)ngo(gfua ¢)Q
uh—>nolo<fy7 ﬁ(b)Q
= (f°,99)x
= (3(()"): d)x-

This proves the “only if” part of the result.

Assume now that both f° and 9(f°) are in L2(€2, E). To show that f € Dom(d, ), we need to construct
a sequence f, € D(f, E) which converges in the graph norm corresponding to d to f. By a partition of
unity, this is a local problem near each z € b{2, and we can assume that F is a trivial bundle near z. By
the assumption on the boundary, for any point z € b{2, there is a neighborhood w of z in X, and for € > 0,
a continuous one parameter family t. of biholomorphic maps from w into X such that Q Nw is compactly
contained in €, and t. converges to the identity map on w as € — 0F. In local coordinates near z, the map
t. is simply the translation by an amount € in the inward normal direction. Then we can approximate f°
locally by f(€), where

fO=a
is the pullback of f° by the inverse t=! of t.. A partition of unity argument now gives a form f(¢) € L2(X, E)
such that f(9) is supported inside Q and as € — 07,

f - f0 in L (X, E)
af© - 9f% in L2(X,E)

Since bf2 is Lipschitz, we can apply Friedrichs’ lemma (see [18] or Lemma 4.3.2 in [2]) to the form f(©) to
construct the sequence {f,} in D(Q, E). O
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4.1. Use of singular weights. Let X be any Hermitian manifold, and let ? € X be a domain in X. We
assume that €2 is pseudoconvex, and for z € €2, let § be a distance function on 2. We will assume that §
satisfies the strong Oka’s lemma:
i00(—log &) > cw. (24)

where ¢ > 0 and w is a positive (1,1)-form on X.

Such a distance function always exists on a Stein manifold. For example, if € is a pseudoconvex domain
in C", we can take 0(z) to be doe 2 where &y is the Euclidean distance from z to to bQ and ¢ > 0.
The distance function  is comparable to Jg. For each t > 0, let F; denote the trivial line bundle C x 2
on  with pointwise Hermitian inner product (u,v), = (§(z))'uv, where u,v € C are supposed to be in
the fiber over the point z € Q. On a Stein manifold, we can take § to be dpe~*? for sufficiently large t,
where dq is the distance function to the boundary with respect to the Hermitian metric on X and ¢ is a
smooth strictly plurisubharmonic function on X. In classical terminology of Hérmander, this corresponds
to the use of the weight function ¢, = —tlogd. The dual bundle (E;)* with dual metric can be naturally
identified with E_4, i.e. the weight tlogd. We will denote

Li,q(Q, o = Lf)’q(Q, Ey) (25)

in conformity with the classical notation. Note that for ¢ > 0, the function 6—¢ blows up at the boundary
of Q. If t > 1, a form in L;q(Q7 d~*) smooth up to the boundary vanishes on the boundary. We have the
following:

Proposition 3. Let Q) be a relatively compact pseudoconvex domain with Lipschitz boundary in a Hermitian

Stein manifold X of dimension n > 2. Suppose that f € L?pﬂ)(Q,(S_t) for some t > 0, where 0 < p <n

and 1 < g < n. Assuming that (in the sense of distributions) 5]12 0 in X with f = 0 outside €1, then
there exists uy € L%p q_l)(Q,J*t) with uy = 0 outside Q satisfying Ou, = f in the distribution sense in X.
For q =n, we assume that f satisfies

/Qf ANg=0 for every g € ker(9) N L%nfp’o)(ﬂ, §h), (26)

the same results holds.

Proof. Using the notation F; as in (25) it follows that for any ¢ > 0, the map EE; has closed range in
each degree following Hormander’s L? method [19] with weights since the weight function satisfies the
strong Oka’s lemma (see [16]) This equivalent to the d-problem on the pseudoconvex domain € in the
bundle E} = E_,, i.e., with plurisubharmonic weight —tlogd. The result now follows on combining the
solution of the . problem as given by Theorem 3 and the characterization of the 0. operator as given by
Proposition 2. O

For real s, denote by W#(Q) the Sobolev space of functions on  with s derivatives in L?. Let W (£2)
be the space of completion of C§°(€2) functions under W#(§2)-norm.

Lemma 6. Let Q) be a bounded domain with Lipschitz boundary in R™ and let p be a distance function. For
any s >0, if f € W5(Q) and p=*TDf € L*(Q) for every multi-integer o with |o| < s, then f € W§(Q)
and f° € W*(R") where f° is the extension of f to be zero outside S).

Proof. When the boundary is smooth and s is an integer, this is proved in [29, Chapter 1, Theorem 11,8].
We first note that when s < %, the space W* and W§ are equal (see [29, Chapter 1,Theorem 11.1], or
Grisvard [13]). When s # k + %, where £ = 0,1,2,..., the lemma follows from [29, Section 11.2 and
Theorem 11.4] for smooth domains.

To see that when s = k + % holds, we first prove for k = 0. Let f € Wz(Q) and p~zf € L%(Q). We
only need to show that f© is in W2 (R™). Notice that for 0 < s < 1, the extension operator u € W*(€2) =

1, but is not continuous from Wz(Q) to W2(R™) (see [29]).

However, if f satisfies p=2 f € L2(Q), then f € WO%O(Q)7 which is a proper subset of W2 () = WO%(Q) (for

W§(Q) — u is continuous only when s <
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definition and properties of Wo%o: see Theorem 11.7, Chapter 1 in [29]). The extension operator f — f°
is continuous from W (€2) to W*(R™) when s = 0 and s = 1. Thus from the interpolation theorem, it is
continuous from WO%O(Q) to W= (R") since WO%O(Q) is the interpolation space of W°(Q2) and W} (). The
case for k > 0 follows from induction.

The lemma holds for Lipschitz domains also since we can exhaust any Lipschitz domain 2 by smooth
subdomains €, (see Lemma 0.3 in [38]). This is clear when the domain is star-shaped and the general
case follows from using a partition of unity (see [13] for the corresponding properties for Sobolev spaces on
Lipschitz domains).

(|

Combining Proposition 3 and Lemma 6, we have the following regularity results on solving 0 with
prescribed support.

Proposition 4. Let Q2 CC X be a pseudoconver domain with Lipschitz boundary in a Stein manifold of
dimension n > 3 with a Hermitian metric. Suppose that 0 < p <n and 1< q<n and f is a (p,q)-form
with W§(Q) N L2(Q, 672%) coefficients, where s > 0. We assume that

(1) for 1 < q<mn, f satisfies f € Dom(d,.) and O.f =0,

(2) for g=mn, [ satisfies

/ fAg=0 for every g € ker(9) N L2 _, (£, 5%%). (27)
Q

n—p,0

Then there exists a (p,q—1)-form u € L2 4(92,672*) N Dom(d.) with W () coefficients satisfying deu = f
in X.
We remark that when s — % is not a non-negative integer, the assumption f € Wg(Q) implies that

f € L3(2,572%) (see [29]). The pairing in (27) is well-defined between the two spaces L?(,§%*) and
L2(Q,672%).
Theorem 5. Let X be a Stein manifold and let Q@ CC X be a relatively compact pseudoconvexr domain
with Lipschitz boundary. Let QT = X \ Q. B

Then for any f € Wziq(Qﬂf where ¢ < n — 2, with s > 1 such that 0f = 0 in QF there emists
F e W H(X) with Flo+ = f and 0f =0 on X.

For q=n — 1, we assume that

/ fAg=0 for every g € ker(0) N L7 _, (92, 52—y, (28)
b2
and the same conclusion holds.
Proof. Since Q has Lipschitz boundary, there is a bounded extension operator from W*(") to W*(X)
for all s > 0 (see e.g. [13]). Let f € W, (X) be the extension of f so that flo+ = f with [|f|lwsx) <
Cll fllws+)- We have af € WeHQ) N L2(2,6-26~1) (see Theorem 11.5 in [29]).

Obviously we have that df € W '(Q) is d-closed in Q. When ¢ = n — 1, df € WL Q) N
L2 ,(9,672671) and satisfies

Of Ng= fAg=0 for every g € ker(9) N Li_pﬁ(ﬂ, 62—y, (29)
Q bQ2

Notice that both integrals in (29) are well-defined by an approximation arguments using Friedrichs’ lemma
(see [18] or Lemma 4.3.2 in [2]).
Lett = s—1> 0. Wedefine T'f by Tf = —*(gt)éNgt(*(_gt)gf) in Q, where *; = xg,. From Proposition 3
and Proposition 4, we have that there exists u = T'f € L?(Q,872))NW{(Q) satisfying d(Tf)° = §f in X.
Define
1, T € §+,

_ MO
F=i (Tf){f—Tf, req
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Then from Lemma 6, F € W3, '(X) and F is a d-closed extension of f. O

Corollary 2. Let Qy and 2 be two pseudoconvex domains in a Stein manifold x with Q@ CC y CC x. Let
QF = Q1 \ Q be the annulus between two pseudoconvex domains Q and Q. For any f € WS (QF), where
0<p<n,1<qg<n—1ands>1, such that 0f =0 in Q, there exists u € W(Spyqfl)(Q‘*) with Ou = f

in Q. Furthermore, if f € C;fq(§+), we have u € ;fq_l(§+).

When q = n, we assume that f satisfies (28) instead, then the same result holds.

We remark that Corollary 2 allows us to solve d smoothly up to the boundary on pseudoconcave domains
with only Lipschitz boundary provided the compatibility conditions are satisfied. Results of this kind was
obtained in [36] for pseudoconcave domains with smooth boundary. For Lipschitz boundary, see [30] or [15]
using integral kernel methods. This is in sharp contrast of pseudoconvex domains, where solving 9 smoothly
up to the boundary is known only for pseudoconvex domains with smooth boundary (see [24]) or domains
with Stein neighborhood basis (see [10]). If the boundary b2 is smooth, Theorem 5 and Corollary 2 also
hold for s = 0 (see [37, 38]).

5. HOLOMORPHIC EXTENSION OF CR FORMS FROM THE BOUNDARY OF A COMPLEX MANIFOLD

In this section we study holomorphic extension of CR forms from the boundary of a domain in a
complex manifold X using our L?-duality. The use of duality in the study of holomorphic extension of CR
functions with smooth or continuous data is classical (see [34]), and has been studied by many authors (see
[35, 25, 17].)

In what follows, X is a complex manifold, and € is a relatively compact domain in X with Lipschitz
boundary (see [38] for a general discussion of partial differential equations on Lipschitz domains, and [39]
for a discussion of the tangential Cauchy-Riemann equations.) We will assume that X has been endowed
with a Hermitian metric, and the spaces L2 ,(Q) = L2 (€, C) of square integrable forms are defined with
respect to the metric of X restricted to 2. Observe that the spaces Lf,’q (©) as well as the Sobolev spaces
of forms W;,f 4(€2) are defined independently of the particular choice of metric on X. Further, it is possible
to define Sobolev spaces on the boundary b{2 in such a way that the usual results on existence of a trace
still holds, e.g. functions in Q of class W (€2) have traces on b§2 of class W2 (bQ) (see [21, 22].)

The main observation, which follows from the duality results in §3 is the following:

Proposition 5. For any p, with 0 < p < n, the map
Oc: L2 () --» L2 1 ()
has closed range.

Proof. Thanks to Lemma 3 this is equivalent to the map & : L2, (Q) --» L2_ (€2) having closed
range. But it is well-known that 0 has closed range in this top degree on smooth domains, a fact that is
equivalent to the solvability of the Dirichlet problem for the Laplace-Beltrami operator on such domains
(see [11].) For a proof of the solvability of the Dirichlet problem for domains with Lipschitz boundary, see

21, 22]. 0

Recall that a holomorphic p-form is a d-closed (p, 0)-form. We denote the space of holomorphic p-forms
on Q by 0,(92). We deduce a necessary condition for a (p,0)-form on b§) to be the boundary value of a
holomorphic p-form on Q:

1
Theorem 6. Let f € W7 ((bQ) be a (p,0) form on bQ2 with coefficients in the Sobolev space Wz2. Then

the following are equivalent:
(1) There is a holomorphic p-form F € O,(Q) N W(Q) such that f = F|pn

(2) Forallge L? () Nker(9), we have

n—p,n—1
/ fAg=0. (30)
b2
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(Note that it is easy to show that a d-closed form with L? coefficients has a trace of class W’%,
and hence the integral above is well defined.)

(3) For any extension f e Wpl,O(Q) of f to Q as a (p,0)-form with coefficients in W', the form
af e Lf)’l(Q) belongs to the range of 0. on €.

Proof. (1 = 2) Let g € L? (©2) Nker(9). By Stoke’s Theorem:

n—p,n—1

L&#Ag:lﬁ@mgﬁiéaFsza

(2 = 3) First note that such an extension f always exists, since b2 is Lipschitz. Again let g €

(©2) Nker(0). By Stoke’s Theorem

/QEng:/beAgzo.

Assertion (3) now follows from the condition (22) given in Theorem 3 for a form to be in the range of the
O operator.

(3 = 1) By Proposition 5, d. has closed range in degree (p, 1), and by hypothesis 5f is in the range
of .. By Theorem 3, we can solve the equation

d.u=0f, (31)

with L? estimates for a (p,0)-form u. Then F = f — w is holomorphic in Q. Also, by Proposition 2 we
have that

L2

n—p,n—1

A(u®) = (9u)® = (8f)°,
where the ¢ denotes the extension of the form g on Q to all of X by setting it equal to 0 on X \ Q. Since
(0)° € L2 ,(X), by elliptic regularity, u® € W, ,(X). It follows that u’ has a trace (of class Wz (bQ))

on the Lipschitz hypersurface bQ2. Since u® vanishes identically on X \ Q, it follows that this trace is 0.
Consequently, F' € W 4(Q) and satisfies Flpo = f. O

Let f be a p-forms with coefficients in L!(bQ2) which is the boundary value of a holomorphic p-form F €
0,(2), then f must be CR, i.e, it must satisfy in the homogeneous tangential Cauchy-Riemann equations
on bQ) in the weak sense, i.e., for each compactly supported smooth (n — p,n — 2)-form ¢ € D,,_, —2(X),
we have

/be/\5¢:O. (32)

(See [40] for details.)
It is easy to see that (30) implies (32). But in general, the two conditions are not equivalent. One
condition under which they are equivalent is the following:

Corollary 3. Let 2 be a domain with Lipschitz boundary in a complex manifold X of complex dimension
1

n > 2. Suppose that HZ;p’"_l(Q) =0. Then every CR form in f € W 2(bQ) has a holomorphic extension

F to Q with F € O,(Q) N WY(Q) and F = f on bQ.

Proof. Let g € ker(d) N L2, (). By the hypothesis on cohomology, there is a u € Dom(d) N
L%fpynfz(ﬂ), such that du = g. Since Q is Lipschitz, by Friedrich’s lemma, we can find a sequence

{u,} C C (Q) such that uw, — wu in L? (Q), and du, — g in L? (Q) as v — oo. Let

n—p,n—2 n—p,n—2 n—p,n—1
¢v € Dy_p n—2(X) be a smooth compactly supported extension of the form u, to X. Then we have

/ f/\g:lim/ fAOp, =0.
bQ bQ
The result now follows by Theorem 6. |

Another extension result that can be deduced from Theorem 6 :
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Corollary 4. Let Q € X be a domain with connected Lipschitz boundary in a non-compact connected
complex manifold X of complex dimension n > 2. Suppose that there exists a relatively compact domain
Q" with Lipschitz boundary such that Q@ € Q' € X and

HPmHQ) = 0. (33)

Then every CR form of degree (p,0) on bQ) of Sobolev class W%(bQ) has a holomorphic extension to Q0 (of
class W1(9).)

Proof. Let f be an extension of f to Q (of class W1(Q)) and let
_ df onQ
7% o\ Q

We claim that dg = 0 on . Indeed, let u € D, 1()') be a smooth (p,1) form of compact support in
Q. We have

(09, u) r2(0r) = (9, Pu) 2
= (0f,9u) 12 (0

:/gf/\ﬂ?u
Q
:/Q{g(fA*ﬁu)_(_1)P(fA5*z9u)}.

Since O x 1) = —0 % (¥0%) = £09x = 0, the second term vanishes, and by Stoke’s theorem, the first integral
is equal to

/be/\*ﬂu::t/be/\(*ﬂ*)(*u)

== / f A 9(xu),

bQ
(since 0 = *Ux on compactly supported forms, see (15))
= 07

(since f is CR, see (32)).

As g vanishes near bQ)’ and dg = 0, it follows that g € Dom(d.) on Q' and d.g = 0. Since 0 has
closed range in € for bidegrees (n — p,n — 1) as well as (n — p,n) it follows by duality from (33) that
HZ’le () = 0. There is then a u € Dom(d,) such that d.u = g. By Proposition 2, the extensions by 0
satisfy O(u’) = (9u)® = ¢°. Since ¢° is in L*(X) it follows that u® € W)} ((X). Further, u® is holomorphic
on X\ Qand v’ =0 on X \ €. By analytic continuation, u® = 0 on X \ 2. Therefore, the trace of u b{2
vanishes, and the form F' = f — u on {2 is holomorphic, of class W' and satisfies F' = f on b{). O

Corollary 5. Let Q be domain with Lipschitz boundary in a Stein manifold X of complex dimensionn > 2.
Suppose that bQ) is connected. Then for every CR function on bS) of class W%(bQ) has a holomorphic
extension to 2.

Proof. In the proof of Corollary 4, we let Q' be some strongly pseudoconvex domain in X and Q € Q.
Then HZ;”_I(Q’) = Hg’ig () = 0. The corollary follows. O

When X = C" and p = 0, this gives the usual Bochner-Hartogs’ extension theorem. In this case, the
extension function can be written explicitly as

F(z) = / BN, zef
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where B is the Bochner-Martinelli kernel. The function F' has boundary value f as z approaches the
boundary (see [41] for a proof when the boundary is smooth; in this case we can allow more singular
boundary values than possible in our results with Lipschitz boundaries.) This is very different from
holomorphic extension of CR functions in complex manifolds which are not Stein. We will give an example
to show that the extension results on Lipschitz domain is maximal in the sense that the results might not
hold if the Lipschitz condition is dropped.

We will analyze the holomorphic extension of functions on a non-Lipschitz domain. Let €2 be the Hartogs’
triangle in CP? defined by

Q = {[20, 21, 22] | |21] < |22},

where [20, 21, z2] denotes the homogeneous coordinates of a point in CP2. As usual we endow ) with the
restriction of the Fubini-Study metric of CP2.

Proposition 6. Let Q C CP? be the Hartogs’ triangle. Then we have the following:
(1) The Bergman space of L? holomorphic functions L*(2) N O(Q) on the domain Q separates points
in Q.
(2) There exist nonconstant functions in the space W(Q)NO(Y). However, this space does not separate
points in Q and is not dense in the Bergman space L*(2) N O(Q).
(3) Let f € W2(Q)NO(R) be a holomorphic function on Q which is in the Sobolev space W?(Q). Then
f is a constant.

Remark: Statements (1) and (3) above have already been proved in [15]. Regarding (2), we would like
to point out a misleading statement made in that paper, where it is claimed that W?(£2) N O(f2) consists
of constants only (see item 5 in Example 12.1 in [15]).

Proof. For (1), consider the two holomorphic functions % and z—g on 2, which separate points on {2 and
the first of which is bounded (and therefore square-integrable in the Fubini-Study metric) on Q. To see
that 22 is in L3(9) N O(R), we only need to verify that it is in L?(Q) near the point [1,0,0]. We choose
coordinate chart Uy = {29 # 0} N €2 for © with holomorphic coordinates (z,w), where z = £ and w = 2.
The function z—z = w™! and it suffices to show that w™! is square-integrable on Q N P where P is the

v

polydisc {]z| < 1,|w| < 1}. More generally, consider the square-integrability of w™", where v > 1 is an

integer. We have
1 1
/ T2 QdV = 47T2 // (m,) T‘Qd?“g’l“ld’l“l
QNP ‘w | 1<re<1 T?
1

r
1
= 47T2/ (/ 7’2_2V+1d7’2) ridry
0 T1

1
:4772/ —rq logridry
0

When v = 1 the integral becomes

< Q.

[2¥%2) | the double integral diverges, and

If v > 1, the inner integral evaluates to a constant times (1 — r;
consequently, w™" & L?(2N P) (cf. [15, Proposition 3].)

On the subset QN {22 # 0}, introduce the coordinates z = 2 and w = 2. In these coordinates the
set QN {z2 # 0} is represented as the bidisc with one infinite radius {(Z,@) | |z] < 1}, and any function
f € O(Q) has a power series expansion on this polydisc of the form

fzZw) = E Cp2'w”.
n=0
v>0
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In the coordinate patch QN{zy # 0}, the natural coordinates are (z,w), where z = 2 = Z

E2
w

Z0
Therefore the holomorphic function f on on € has a Laurent expansion on N {zp # 0} of the form

) = ZCW’ (E) w™Y.

n2>0
v>0

andw = 2 =
zZ0

g~

By the symmetry of the Fubini-Study metric, it follows that the terms of the series are orthogonal,
provided they are in L?(2N P), and therefore, if f € L?(Q2 N P), we have

17122 a0m = 3 1Cusl[|(2)"

H,v20

L2(QNP)

Since Z = £ is bounded the computation of [|w™"|[;. in the last paragraph shows that nonzero terms on

the right hand side are not in L? if v > 2, which means C,,, = 0 if v > 2. Thus each f € L*(Q) N O()
has a Laurent expansion of the form
Z\E
> G (=) v (34)

n=>0
0<r<1

Taking a derivative we see that

of _ _ 2\ _(v41)
%(2, w) = 2;0 (+v)Cuy (E) w .
0%531

By orthogonality of the terms again, if this is in L?(Q2 N P) the coefficients C,, 1 = 0. It follows that any
fewWHQ)n L?(Q) is of the form
o0 P v
Sy .
w=3u(; (35)

Further, it is easily verified that if f is of the above form then %]zc € L*(Q). Therefore any holomorphic

function in W*(Q) is a function of £ alone, and it follows that W' (Q2) N O(€) does not separate points in
Q. This proves (2).

By taking two derivatives in (35), we obtain

f oo

%(z,w) = Z —v(v+1)b, (%)V . %

v=1
None of the mutually orthogonal terms is in L?(2N P), thanks to the computation of [w™"| ;. above. It
follows that f reduces to a constant and we have (3).
(]
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