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1. Introduction

In the Hilbert space approach, the closed range property for an unbounded closed opera-
tor characterizes the range of the operator. Thus it is important to know whether the range
of an unbounded operator is closed. When the unbounded operator is the Cauchy-Riemann
equation, the Hilbert space approach has been established by the pioneering work of Kohn
[Kol] for strongly pseudoconvex domains and by Hérmander [Hér| for pseudoconvex do-
main in C" or a Stein manifold. The following L? existence and regularity theorems for 0
on pseudoconvex domains in C" (or a Stein manifold) are well known.

Theorem (Hoérmander [Horl]). Let Q@ CcC C™ be a pseudoconver domain. For any

f e L%p q)(Q), where 0 < p < n and 1 < ¢ < n, such that Of = 0 in Q, there exists

u € L%p,q—l)(Q) satisfying Ou = f and
ed?
[k << [
Q q Ja

This implies that the range of J is equal to the kernel of 0, which is closed since O
is a closed operator. It also follows that the harmonic forms are trivial for 1 < ¢ < n.
Furthermore, if the boundary bf2 is smooth, we also have the following global boundary
regularity results for 0.

where § is the diameter of §2.

Theorem (Kohn [Ko2]). Let 2 CC C" be a pseudoconvex domain with smooth boundary
bQ). For any | € W(an)(Q), where s >0, 0<p<nand 1 < q<mn, such that 9f =0 in Q,

there exists u € W(Sp,q)(Q) satisfying Ou = f.

In this paper we study the d-equation on domains with pseudoconcave boundary. When
the domain is the annulus between two pseudoconvex domains in C™, the closed range
property and boundary regularity for 0 were established in the author’s earlier work [Sh1]
for 0 < ¢ <n—1and n > 3. In this paper, we will study the critical case when ¢ =n — 1
on the annulus €. In this case the space of harmonic forms is infinite dimensional. We
also show that in the case when 0 < ¢ < m — 1, the space of harmonic forms is trivial.
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This improves the earlier results in [Sh1] where only finite dimensionality for the harmonic
forms has been established. We first study the closed range properrty for the case when
the annulus is between two strictly pseudoconvex domains in Section 2. This simpler case
warrants special attention since it already illuminates the difference between ¢ < n—1 and

=n — 1. Then we study the case when the annulus is between two weakly pseudoconvex
domains in Section 3. Special attention is given to the case when n = 2 and ¢ = 1. In
Section 4 we survey some known existence and regularity results for 0 on pseudoconcave
domains with Lipschitz domains in the complex projective space CP™ when n > 3. The
closed range property for 0 for (0, 1)-forms with L? coefficients on pseudoconcave domains
in CP™ is still an open problem (see Conjecture 1 and Conjecture 2 at the end of the paper).
Very little is known on the pseudoconcave domains in CP?.

The author would like to thank professor Lars Hormander who first raised this question
to the author on the closed range property for 0 on the annulus for the critical degree. This
paper is greatly inspired by his recent paper [Hor2]. She would also like to thank professor
Emil Straube for his comments on the proof of Theorem 3.2.

2. The J-equation on the annulus between
two strictly pseudoconvex domains in C"

Let Q cc C" be the annulus domain Q2 = \ﬁg between two strictly pseudoconvex
domains Qs CC ; with smooth boundary. In this section, we study the L? existence for
0 on €. We first prove the L? existence theorem of the O-Neumann operator for the easier
case when ¢ < n — 1. Let 0* be the Hilbert space adjoint of 0. As before, we formulate
the 0-Lapalacian [0 = 99* 4+ 0*0 and the harmonic space of (p, q)-forms Hp,q) is defined
as the kernel of [.

Theorem 2.1. Let Q cC C"™ be the annulus domain Q = \ﬁg between two strictly
pseudoconver domains Qo CC Q1 with smooth boundary.

The O-Neumann operator N(p,q) exists and N(p,q) : L%p,q)(Q) — W(lp,q)(ﬂ), where
0<p<mn, 1<qg<n-—2 The space of harmonic space H, ) is finite dimensional.

Proof. Recall that condition Z(q) means that the Levi form has at least n — ¢ positive
eigenvalues or ¢ + 1 negative eigenvalues. From our assumption, the Levi form for the
boundary b2 has n — 1 negative eigenvalues at each boundary point. Thus it satisfies
condition Z(q) for 0 < ¢ < n — 1. The Levi form on bQ; satisfies condition Z(q) for
0 < ¢ < n. Thus we have the estimates (see [Horl], [FK] or [CS])
IFI13 < CUDFI* + 10" FIZ + 1I£1%),  f € LE, 4)(2) N Dom(9) N Dom(9").

This gives the existence of the d-Neumann operator Npg) - L%p 9 (Q) — W(lp 9 (©) and the
harmonic space H(, 4) is finite dimensional.

Theorem 2.2. Let Q) be the same as in Theorem 2.1. For any O-closed f € L%p q)(Q) N

(Q) with Ou = f. The

1
Ker(0), where 0 < p <mn, 1 < q<n-—2, there exists u € W(2p a—1)

space of harmonic (p, q)-forms H, q) is trivial when 1 < q <n — 2.
Proof. From Theorem 2.1, for any f € L? () NKer(d) and f L H,,, there exists a

) (P:9)
u € W(Qp’q_l)(ﬂ) such that Ju = f.



To show that the harmonic forms are trivial, notice that from the regularity of the O-
Neumann operator in Theorem 2.1, the harmonic forms are smooth up to the boundary.
Also to prove Theorem 2.2, it suffices to prove the a priori estimates for smooth O-closed
forms f since they are dense.

Let N(2p7 9) denote the 0-Neumann operator on the strongly pseudoconvex domain €.

For any smooth O-closed f € C ) (Q), we first extend f from 2 smoothly to fin Q. We
have that o B
HafHW(;}qH)(QQ) < CHf”L?p,q)(Ql) < OHfHL?p?q)(Q)-

Let v = — % 5N(§}f_p n—g—1) * 5f. We have 0v = 5f in the distribution sense in {2, if

we extend v to be zero outside 5 since ¢ < n — 1 (see Theorem 9.1.2 in the book by
Chen-Shaw [CS]). Also v satisfies

olly-3 ) < IOt (o

Setting F' = f— v, we have that OF = 0in ; and F = f on . Thus we have extended
f as a O0-closed form F' in ) and

< .
HFHWﬁ)(Ql) = CHfHL?p)q)(Q)

(p,a

Thus F = dU with U € W= (Qy). Setting u = U |q, we have du = f with

u|| 1 < Cfllz2 .
3 g S OWlz, o

For general O-closed f € L?

) (p,9)
u € W(?q,l)(ﬁ) satisfying ou = f.

If f € Hpqg (), we have Of = 9*f =0 in Q. This means that f = du and

(Q), we approximate f by smooth forms to obtain a solution

1£11? = (9u, 0u) = (u, 0" f) = 0.

Thus we have H, o (2) = {0}. O
Next we discuss the case when ¢ = n — 1, where condition Z(q) is not satisfied on b{2s.

Theorem 2.3. Let Q CcC C™ be the annulus domain QQ = \52 between two strictly
pseudoconvex domains o CC 1 with smooth boundary, where n > 3. For any 0 < p < n,

the range of O : L%pmiQ)(Q) — L(2p7n71)(Q) is closed and the 9-Neumann operator N, ,_1)

exists on L? (Q). For any f € Dom(0) N Dom(d*) N (H(pn—1))", we have

(panfl)
(2.1) I£13 < CUOf N + 107 %)

Moreover, for any f € L%pm,l)(g);

IN@n-1flly < ClIf,
3



HgN(p,n—l)f”% + Hg*N(p,n—l)fH% < CHf”

Proof. We note that for any domain, one can always solve 0 for the top degree and condition
Z(n) is a void condition. When n > 3, Q satisfies both condition Z(n — 2) and Z(n), thus
from Theorem (3.1.19) in [FK], the 0-equation has closed range and 0-Neumann operator

exists for (p,n — 1)-forms. For f € L? . (Q), we have
(pyn—1)

f = 55*N(p,nfl)f =+ 5*5N(p,n71)f + H(p,nfl)f

where H(,,,_1)f is the projection onto the harmonic space H, n—1)-

We note that for any (p,n — 1)-form f € Dom(8) N Dom(9*) N (K (pn_1))", we write
f=f1+ f2 with fi L Ker(9) and fo L Ker(9*). Then df = df; and 0* f = 0* f and we
have (see Proposition 3.1.18 in [FK])

(2.2) f=0"Ngpn0f1+ 0Ny 20" fo.
Using the regularity for N, ,y and N, ,_2), we have
1£13 < 2018* Ny D13, + 10N 028" o)
(2.3) < C(I0 A7 + 107 fa?)
=C((9f,0f) + (9" f.0" ).
If we assume that, in addition, f is in Dom(OJ), then

I£I3 < C((3f,0f) + (9" f,0"f)) = C(OF, f)

(2.4)
< cTfIrIl-

Setting f = N(pn—1)¢ for some ¢ € L%p’n_l)(Q), we have from (2.3) that

(2.5) IN¢|I3 < CIIONG[[INg]| < C2[|g]|*.
Thus the operator N, ,,_1) is a bounded operator from L2 to Wz. To show that 5N(p7n_1)

and 9*N(, ,—1) is bounded from L? to Wz, we use the fact that (2.1) holds for both
g =n—2 and ¢ = n. Substituting f in (2.1) by 5N(p7n_1)f and é*N(pm_l)f, then we have

(2.6) 10" N I3 < CIO*NFI?,  f € Ly n1y(),
(2.7) IONfI3 < Cl"ONfI?,  f € L{, 1) ().

Adding (2.6) and (2.7), we get for any f € L? (Q),

(p,n—l)

(28)  ["NfI +ONFI1 < C(190"Nf||* + 0*ON f|*) < CIONfII* < C| f]*.

This proves the theorem.



Corollary 2.4. For any 0 <p <n and n > 3, the range of 0 : L%p,nd)(Q) — L(2p,n71)(Q>
is flosed. For any f € L%p7n71)(Q) with Of = 0 and f L Hipn—1)(Q2), there erists u €
W(i,n—2)(9) satisfying Ou = f.

Corollary 2.5. The space of harmonic (p,n — 1)-forms H, ,,—1 is infinite dimensional.

Proof. From Corollary 2.3 and Theorem 2.2, we have that the range of [, ,—1)(f) is
closed. The infinite dimensionality of the null space of O, ,_1)(€2) is proved in Theorem
3.1 in Héormander [Hor2]. We will give another proof in Corollary 3.4 in the next section.

Remark: (1). The case for the closed range property on the annulus domains when n = 2
and ¢ = 1 is more involved (see Theorem 3.3 in the next section).

(2). When the domain 2 is the annulus between two concentric balls or ellipsoids,
the infinite dimensional space H(,,—1) has been computed explicitly by Hérmander (see
Theorem 2.2 in [H6r2]). For integral formula when 1 < ¢ < n — 1 in this case, see Section
3.5 in the book by Range [Ra] (see also the paper by Hortmann [Hor)).

3. The O-equation on the annulus between
two weakly pseudoconvex domains in C"

We recall the following existence and estimates for 0 in the annulus between two pseu-
doconvex domains (see Shaw [Shl])

Theorem 3.1. Let Q CC C", n > 3, be the annulus domain Q = Q1 \ Qy between two
pseudoconver domains 1 and Qo with smooth boundary and Qo CC Q1. Let Let ¢ be a
smooth function which is equal to t|z|? near b8y and —t|z|* near bQo where t > 0. Then

for0<p<mnandl<q<n-—1, the 0-Neumann operator N(tp 9 with weights ¢ exists for

sufficiently larege t > 0 on L%p 9)

For any f € L%p’q)(Q), we have

(2) and the harmonic space Hp, 4)(Q) is finite dimensional.

(3.1) f= gézﬁpr,q)f+5Z5N(tp,q)f+H€p,q)f

where pr,q)f is the projection of f into Hp, q)(£2).

Furthermore, for each s > 0, there exists Ts such that N, q), 5:]\7(’517 q) 5N(tp ?

;he ;eighted Bergman projection pr,o) =1- 5Z‘N(tp71)5 are exact reqular on W(sp,q) (Q) for
> Ag.

and

The existence and regularity of N (tp "
g 5N(tp 9) and the weighted Bergman projection B; = I—5t*N(tp 1)5
are proved following the same arguments as in Theorem 6.1.4 in [CS]. We will show that

H(p.q)(Q) = {0} using the following d-closed extension of forms.

was proved in [Sh1]|. The exact regularity for the
related operators 0y NV, A

Theorem 3.2. Let ) CC C" be the same as in Theorem 3.1 with n > 3. For any

fe L%p,q)(ﬂ)’ where 0 < p < n and 0 < ¢ < n— 1, such that Of = 0 in §Q, there exists

F e W(;lq)(Ql) such that Flg = f and OF = 0 in Qy in the distribution sense.

If1 < q<n—1, there exists u € L%p q—l)(Q) satisfying Ou = f in Q.
)



Proof. From Theorem 3.1, we have that smooth d-closed forms are dense in L?p, q)(Q) N

Ker(0) (see Corollary 6.1.6 in [CS]). We may assume that f is smooth and it suffices to
prove a priori estimates. Let f be the smooth extension of f so that f|q = f. The rest
of the proof is similar to the proof of Theorem 2.2. We will only indicate the necessary

changes. Let v € W(lp a+1) (22) and ¥ be an W1(1) extension of v to 2; and ¥ has compact

support in 2;. Since f is 0-closed on 2, we have
(DF,v) | = 1(OF, )| = [(F,98) @) | < [l 98]y < Cllfll@allvllw: @a)-

It follows that df is in W~(Qy), defined as the dual of W1(£2) and

—_~ 3 < rs 2 .
Haf”W(pl +1>(Qz) — CHf”L(pyq)(QQ)

q

Let N'
(n—p,n—q—1) ] '
t on 5. Here we omit the dependence on t to avoid too many indices. It follows from

Kohn [Ko2] that N(grsz—p,n—q—l) is exact regular on W#(Qy) for each s > 0 if we choose
sufficiently large t. We define T'f by Tf = —*5N&2_p7n_q_1)(*5f) on {29, where * is
the Hodge star operator with respect to the weighted L? space. From Theorem 9.1.2 in
[CS], T'f satisfies OTf = f in € in the distribution sense if we extend T'f to be zero
outside €. Furthermore, from the exact regularity of the weighted d-Neumann operator
and ON'2 in the dual of W!(€Qs). we have that

(n—p,n—gq—1)

be the weighted 0-Neumann operator with weights ¢|z|? for some large

ITFlw-100) < CIOFlw-1 @y < CllFllez, o

Since T'f is in the dual of W (Q2), the extension of T’ f by zero to Q; is continuous from
W=(Qy) to W=1(Q4). Define

(3.2) F:{ i weh,
F-TF zeQ.

Then F € W(;lq)(Ql) and F is a O-closed extension of f.

It follows that I = OU for some U € W(;lqil)(Ql) where we can take U to be the

canonical solution 97 Ni*' F with respect to the weight ¢|z|? with large ¢ > 0. It follows that
U € L?(Q4,loc) from the interior regularity.

If 1 < ¢ <n—1, we can actually have that U € L?(;) from the boundary regularity
for O @ 0;. Let ¢ be a cut-off function which is supported in a tubular neighborhood V' of
b§2; such that ¢ =1 in a neighborhood of b§2;. We first show a priori estimates assuming
U is in L?(Q1). Then we have from the Héormander’s weighted estimates

(3-3) 1KT ey < CUDCD) o) + 1107 (€U llier)) < o0

since U = f and 9;U = 0 are in L2(2NV) and (9¢)U is in L?(Q4). The constant in (3.3)
depends only on the diameter of €2;. To pass from a priori estimates to the real estimates,

we approximate 27 from inside by strongly pseudoconvex domains with smooth boundary.
6



We refer the reader to the paper by Boas-Shaw [BS] or Michel-Shaw [MS] (see also the
proof of Theorem 4.4.1 in [CS]) for details.

When ¢ = 1, we have to modify the solution. Let Fy = d(CU) = 9(¢)U +CoU € L?(£).
We write F' = 9(CU) +0((1 —)U) = Fy + Fy. Let Uy = 0* N4 Fy. Then U, € L*(€,) and
0U, = F). Since F, is a 0-closed form with compact support in Q;, we can solve 90Uy = F
in C" by convolution with the Bochner-Martinelli kernel (or solve the d-equation on a large
ball containing Q). This gives that Uy € L?(C"). Setting u = U; + U, and restricting u
to Q, we have u € L%p,o)(Q) satisfying Ou = f in Q. Notice that the latter method can also

be applied to the case when 1 <g<n—-1. O

For ¢ = n — 1, there is an additional compatibility condition for the d-closed extension
of (p,n — 1)-forms.

Theorem 3.3. Let Q CC C" be the annulus domain = \Qg between two pseudgconvew
domains 1 and Qo with smooth boundary and Qo CC Qq, n > 2. For any 0-closed

fe L?p nil)(Q), where 0 < p < n, the following conditions are equivalent:

(1) There exists F € W(_p,lnfl)(Ql) such that Flg = f and OF = 0 in Q in the
distribution sense.
(2) The restriction of f to bSds satisfies the compatibility condition

(3.4) o, T N0=0 o€ Wy 0)(Q2) N Ker(d).

(3) There exists u € L%W%Q)(Q) satisfying Ou = f in (2.
Proof. We remark that any h in W(Q,) has a trace in Wz (b{2;) and any d-closed (p, n—1)-
form with L2(€) coefficients has a well-defined complex tangential trace in W~z (b)3) (see
e.g. [LM]). Thus the pairing between f and ¢ in (2) is well-defined.

Since the weighted 0-Neumann operator N (Qp 1) on Qs with weights t|z|? is exact regular

on W#(Qy for sufficiently large ¢, the Bergman projection is bounded from W(Sp 0)(92) to

itself for any s > 0 (see Corollary 6.1.6 in [CS]). We have that the space W0 (Q2)NKer(0)
is dense in L?p’o)(Qg) N Ker(9). In particular, W(1p70)(§22) N Ker(9) is infinite dimensional.
We first show that (3) implies (2). Since df = 0 and f is in L?(Q), the tangential part of
f has a distribution trace f; € Wz (b2) on the boundary. Let u, — u and Ju, — Ou = f
in L? where u, € C'(Q). Let 9, be the tangential Cauchy-Riemann equations induced
by restricting 0 to b§2. For any h € W(ln—p,o)(QQ) N Ker(9), the restriction of h is in

1
W(Z—p,o)(bQQ)’

Let f € L%p,nfl)(Q) be a 0-closed form with 0f = 0 in Q. Suppose that f is J-exact for

some u € L%p,n_z)(Q)- Let ¢ be a cut-off function with ¢ = 1 on €5 and ¢ = 0 on ).

Then f must satisfy the compatibility condition

f/\h:/an(Cu)/\hzlign/bQ@(Cue)/\h:lign/m(ue/\ah:O.

b

This proves that (3) implies (2). To show that (2) implies (1), we will modify the arguments
in the proof of Theorem 3.2.
7



Using the same notation as before, we first approximate f by smooth forms f, on (2
such that f, — f and df, — 0 in L?(Q). Since df, is top degree, we can always solve
99, = 0f, with smooth g, and g, — 0. Thus we may assume that f can be approximated
by smooth 9-closed forms f, in L2(Q)~ and denote the smooth extension of f, by f,. We
define T'f, by Tf, = —*5]\7&2_1),0) (x0f,) on Q. From the proof of Theorem 9.1.3 in [CS],
the space o - o

dTf, = df, — B2, 0/(*x0f,).
We claim that B&{pm(*éfl,) — B(Qanp,O) (x0f) = 0. Let ¢ € Wi,y (922) NKer(9). Then
from (2), we have

(¢, %0f,)= | dAdf,= [ SAf —
Qo Qo

SAF=0.
b Qo

b
From the regularity of the weighted d-Neumann operator, we have W(ln—p,o) (922) N Ker(9)
is dense in L%’n—p,O) (Q2) NKer(d) (see Corollary 6.1.6 in [CS]). This gives that OT'f = df
in {25 since B(Qn{pm (*éf) = 0. Furthermore, éTf = 5f in ; in the distribution sense if
we extend T'f to be zero outside €)s.

Define F' similarly as before,

{ fi z€eqQ,
F = - -
F-TF 2€Q.

Then F € W, ! (Q;) and F is a d-closed extension of f. This proves that (2) implies (1).

(p,2) _
To show that (1) implies (3), one can solve F' = QU for some U € L%p,q—1)<Ql)' Let
u="U on 2, we have u € L%%qfl)(Q) satisfying Ou = f in €. Thus (1) implies (3). O

Corollary 3.4. Let 2 be the same as in Theorem 3.3. Then 0 has closed range in
L%p,nA)(Q) and the 0-Neumann operator N, ,_1) exists on L%p,q)(Q)' The space of har-
monic (p,n — 1)-forms H, ,—1) s of infinite dimension.

Proof. That 0 has closed range follows from Condition (2) in Theorem 3.3. The Bergman
space W(ln_p 0y(€22) is infinite dimensional. Each will yield a 0-closed (p,n — 1)-form F' on
Q which is not d-exact. Since the space H(p,n—1)(€2) is isomorphic to the quotient space of
L? O-closed (p,n — 1)-forms over the closed subspace space of D-exact forms, we conclude
that H, n—1)(2) is infinite dimensional.

We summarize the closed range property and regularity for 0 on the annulus between
two pseudoconvex domains in C™ in the following theorem.

Theorem 3.5. Let Q cC C" be the annulus domain 0 = \ﬁg betwe_en two pseudoconvex
domains Q1 and Qo with smooth boundary and Qs CC Q1. Then the J-Neumann operator

Nip,q) erists on L%nq)(Q) forO<p<nandl <qg<n-—1. Forany f € L%p’q)(Q), we have

f= 55*N(p7q)f + 6*5N(p7q)f, 1<g¢g<n—-2.

= ég*N(p,n—l)f + 5*5]\[(19,71—1)]0 + H(p,n—l)fa g=n-—1
8



where H, ,_1y is the projection operator onto the harmonic space H, q)(2) which is infinite
dimenstonal. -
Suppose that f € W(‘; q)(Q), where s >0 and 1 < qg<n-—1. We assume that 0f =0 in

Q forq<n-—1andif g=n — 1, we assume furthermore that f satisfies the condition

fAG=0, ¢eWi Q)N Ker(d).
b9

Then there exists u € W3

(p,q)(Q) satisfying Ou = f.

2
(p.q
operator exists (without weights). The proof is exactly the same as the proof of Theorem

4.4.1 in [CS]. The regularity for 0 follows from Theorem 3.1 for ¢ < n — 1 and the earlier
work of [Shl]. When ¢ = n — 1, we can trace the proof of Theorem 3.3 to see that there

Proof. Since 0 has closed range in L )(Q) for all degrees, we have that the O-Neumann

exists a O-closed form F € W(‘;_ql)(Ql) which is equal to f on Q. Thus one can find a
solution u € W(Sp n72)(Q) satisfying ou = f.

Remark: All the results in this section can be extended to annulus between pseudoconvex
domains in a Stein manifold with trivial modification.

4. The O-equation on weakly pseudoconcave domains in CP"

Much of the results in Section 2 can be applied to the strongly pseudoconcave domains
or complements of finite type pseudoconvex domains in CP™ without much change. For the
D-equation on a weakly pseudococave domain in CP™, we cannot use the weight function
methods used in Section 3 since CP™ is not Stein. We have the following results obtained in
the recent papers [CSW] and [CS2] for pseudoconcave domains in CP™ Lipschitz boundary.
Related results for 9 on the pseudoconcave domains in CP™, see the paper by Henkin-Iordan
[HI].

We recall that a domain is called Lipschitz if the boundary is locally the graph of a
Lipschitz function. For some basic properties of Lipschitz domains, see the preliminaries in
[Sh4].

Theorem 4.1. Let QT be a pseudoconcave domain in CP™ with Lipschitz boundary, where

n > 3. ForannyW(ler;)(Q*), wherenggn,1§q<n—1,p7féqand0<e<%,

such that Of = 0 in Q, there exists u € W' (QF) with Ou = f in QF. If bQT is C2,

(p,g—1)
the statement is also true for e = 0.
The proof of Theorem 4.1 depends on the O-closed extension of forms, which in term
depends on the following 0-Cauchy problem.

Proposition 4.2. Let Q@ CcC CP"™ be a pseudoconver domain with Lipschitz boundary,

n > 3. Suppose that [ € L%p q)((S*t,Q) for somet >0, where 0 < p <nandl < q <n.

Assuming that Of = 0 in CP™ with f = 0 outside Q, then there exists u; € L%pyq_l)(é_t, Q)
with u; = 0 outside Q satisfying Ou, = f in the distribution sense in CP™. If bS) is C?, the
statement is also true for t = 0.

Proof. Following Takeuchi (see [Ta] or [CS1]), the weighted O-Neumann operators N; exists
for forms in L%n—p,n—q) (0%,9). Let *(¢) denote the Hodge-star operator with respect to the
9



weighted norm L?(§%,Q). Then
*(t) = 5t~k = *5t

where % is the Hodge star operator with the unweighted L? norm. Since f € L? (67 Q),

(P:9)
we have that x(_y) f € L%pﬂ)((st, Q). Let u; be defined by

(41) Ut = — *(4) gNt*(—t)f-

Then uy € L7, 1)(67",Q), since ONyx(_y)f is in Dom(9;) C L?n_pm_qﬂ)(ét,(l). Since

97 = 0798" = — x(_4) Ox(1), we have x(_y) f € Dom(0;) and 0; (_y) f = 0 in Q. This gives
(4.2) Of Ny ¢y = Ne9f *(—y [ = 0.

From (3.2), we have Ju; = f

First notice that x_s(—1)PT9ON; *(_y) f = ONy %(—y) f € Dom(d;). We also have
Of *(—ty u = (—1)PT %y f in Q. Extending u; to be zero outside €2, one can show that
Ouy = f in CP™ using that the boundary is Lipschitz.

If bQF is C2, tthe O-Neumann operator exists without weights. The above arguments
can be applied to the case when ¢ = 0. For details, see [CSW] and [CS2].

Proposition 4.3. Let 2 CC CP"™ be a pseudoconver domain with Lipschitz boundary and
let OF = CP™\Q. Forany f € W(;T;)(QJ“), where 0 <p<n,0<g<n—1and0<e< 1,
such that Of =0 in QF, there exists F € W (CP") with Flo+ = f and OF =0 in CP"
in the distribution sense.

If b is C2, the statement is also true for e = 0.

Proof. Since ) has Lipschitz boundary, there exists a bounded extension operator from
W5 (QT) to WS(CP™) for all s > 0 (see e.g. [Gr]). Let f € W(llj(;) (CP™) be the extension
of f so that f|o+ = f with ||f||W1+e(CPn) < O fllwr+e@+)- Furthermore, we can choose an
extension such that df € W¢(Q) N L*(672,Q).

We define T'f by Tf = —*(26)5N26(*(—25)5f) in Q. From Proposition 4.2, we have
that 7f € L2(672¢,Q). But for a Lipschitz domain, we have that Tf € L2(672¢,Q) is
comparable to W(Q) when 0 < e < 1. This gives that Tf € WeQ) and Tf satisfies
OTf =08f in CP™ in the distribution sense if we extend T'f to be zero outside Q.

Since 0 < € < 3, the extension by 0 outside € is a continuous operator from W¢(Q) to

W*(CP™) (see e.g. [Gr]). Thus we have T'f € W¢(CP™).

Define
r=d $~E§+’
f—=Tf, xe€qQ.

Then F € fp,q)((CP”) and F is a O-closed extension of f.

From Proposition 4.3, Theorem 4.1 follows easily.

A Lipschitz (or C1) hypersurface is said to be Levi-flat if it is locally foliated by complex
manifolds of complex dimension n — 1. A C? hypersurface M is called Levi-flat if its Levi-
form vanishes on M. Any C* Levi-flat hypersurface, k > 2 is locally foliated by complex
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manifolds of complex dimension n — 1. The foliation is of class C* if the hypersurface is
of class C*, k > 2 (see Barrett-Fornaess [BF]). The proof in [BF] also gives that if a real
C' hypersurface admits a continuous foliation by complex manifolds, then the foliation is
actually C'. One of the main applications of the d-equation on pseudoconcave domains in
CP™ is the following result (see [CS2]).

Theorem 4.4. There exist no Lipschitz Levi-flat hypersurfaces in CP™ for n > 3.

It was first proved in Lins-Neto [LNe] that there exist no real analytic Levi-flat hyper-
surfaces in CP™ with n > 3. Siu [Si] proved the nonexistence of smooth (or 2 +7) Levi-flat
hypersurfaces in CP™ with n > 3. The proof for the nonexistence of C? Levi-flat hyper-
surfaces in CP? in [CSW] is still incomplete. The main missing ingredient is the lack of
closed range property for d on pseudoconcave domains. In the case for an annulus domains
in C", notice that we have used the regularity of the weighted J-Neumann operator on
pseudoconvex domains proved by Kohn in the proof of Theorem 3.3. We end the section
with the following three open questions.

Conjecture 1. Let QT CC CP"™ be a pseudoconcave domain with C?-smooth boundary (or
Lipschitz) bQt, n > 2. Then O : L%p,q—l)(Q) — L%p,q)(Q) has closed range for 0 < p <n
and 1 < qg<n-—1.

Conjecture 2. Let Qt be a C? pseudoconcave domain in CP™, n > 2. For any0 < p <n,
the space of harmonic (p,n — 1)-forms H, n—1) is infinite dimensional and for any f €
Dom(0) N Dom(d*) N (H(p.n—1))", we have

1£17 < CUOAIP + 10 f211%).

Both Conjecture 1 and Conjecture 2 will imply the nonexistence of Levi-flat hypersur-
faces in CP?2.

Conjecture 3. Let () be a pseudoconvexr domain in CP™ with C? boundary, where n > 2.
Then the range of O : L(Qpﬂil)(bQ) — L%p,q)(bQ) is closed in the L(2p7q)(bQ) space for all
0<p<nandl <qg<n-—1.

When €2 is a smooth pseudoconvex domain in C”, Conjecture 3 is proved in Shaw [Sh2],
Boas-Shaw [BS] and Kohn [Ko3] (see also Chapter 9 in Chen-Shaw [CS| and also Harrington
[Ha] for C! pseudoconvex boundary). If Q is Lipschitz pseudoconvex in C" and we assume
that there exists a plurisubharmonic defining function in a neighborhood of €2, L? existence
for O, has been established in [Sh3].
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