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Abstract

The goal of this paper is to initiate a program aimed at exploring
the interplay between several complex variables, geometric measure the-
ory and harmonic analysis. Here, the main emphasis is the study of the
boundary behavior of the Bochner-Martinelli integral operator in uni-
formly rectifiable domains.

1 Introduction

As is well-known, there are deep, fascinating connections between Complex
Analysis (CA), Geometric Measure Theory (GMT) and Harmonic Analysis
(HA) in the complex plane (see, e.g., J. Garnett’s book [?] and the references
therein). Indeed, this is an area of mathematics which has a long and dis-
tinguished tradition, which continues to undergo tremendous transformations
thanks to spectacular advances in recent years (cf. G.David’s characterization
of the L? boundedness of the Cauchy operator in terms of Ahlfors regularity,
and X. Tolsa’s results on analytic capacity, just to name a few). However, this
very fruitful interplay between CA, GMT and HA seems to have been much
less explored in the higher dimensional setting, in which case CA is replaced
by Several Complex Variables (SCV).

The main point of the present article is to elaborate on this idea by con-
sidering the Bochner-Martinelli integral operator (thought of as the higher
dimensional version of the Cauchy operator), from the perspective of Calderén-
Zygmund theory, in a class of domains which are essentially optimal from the
point of view of Geometric Measure Theory.
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Classically, the Bochner-Martinelli integral operator acting on scalar func-
tions defined on a C'-smooth submanifold ¥ of C" is given by

Bf(z) = / FOK(0), 2eC\ 3, (11)
>
where, if d[(]; = d(; A ... A d(,, with de omitted,
K(2,0) = Z(l)jmd[dj Ad. (1.2)
j=1

However, this commonly held point of view is no longer practical if ¥ is lacking
regularity. To find an alternative formula, we note that the pull-back of the

differential form d[(]; A d¢ under the embedding ¢ : ¥ — C" is

. (d[z]j /\dC) = > (~1) (17 do, (1.3)
j=1
where, with v = (v, ...., 2,) denoting the (real) outward unit normal, v¢ :=

(Vj + iVj4n); is the so-called complex normal, and o is the surface measure
on Y. Thus, in some sense, the analysis implicit in (?7?) brings to light the
geometry of ¥ in a much more transparent fashion than (??) (admittedly, an
elegant formula but which nonetheless obscures the geometric nature of ).

The true virtue of this seemingly mundane observation is that the con-
cept of unit normal and surface measure make sense in much greater gen-
erality (than that of a smooth surface) and, hence, it allows us to consider
the Bochner-Martinelli integral operator in certain settings which are utterly
rough. We shall amply elaborate on this in § 77. For now, we wish to point out
that if O € R?" = C" is an open set of locally finite perimeter, then some con-
cept of unit normal continues to make sense, and one can take o := H2"~1| 9Q
(with H?"~! denoting the (2n — 1)-dimensional Hausdorff measure in R?") to
play the role of the surface measure on the topological boundary of 2. Thus,
already in this very general setting, some concept of Bochner-Martinelli in-
tegral operator is meaningful. By only mildly strengthening the geometric
measure theoretic hypotheses on € (concretely, by demanding that € is a uni-
formly rectifiable domain), we can then prove a large number of properties
which have long been known to hold in a smooth setting. In this paper, due
to obvious space limitations, we choose to focus on nontangential maximal
function estimates and boundary behavior theory, while deferring to a future
occasion a more in-depth analysis.

The structure of the paper is as follows. In § 77 we collect a number of re-
sults and definitions from GMT. Next, in § 7?7, we review some recent results
from [?] where, building on earlier work of many other people, the authors
have succeeded in further extending and refining the scope of the traditional
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Calderon-Zygmund theory of singular integrals in Lipschitz domains. Finally,
in § ??7 we present our main results. This includes Theorem 77?7, which summa-
rizes some of the basic properties of the Bochner-Martinelli integral operator
in uniformly rectifiable (UR) domains in C™.
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2 Review of geometric measure theory

This section is devoted to presenting a brief summary of a number of definitions
and results from Geometric Measure Theory which are relevant for the current
work.

To proceed, let 2 C R™ be a fixed domain of locally finite perimeter.
Essentially, this is the largest class of domains for which some version of the
classical Gauss-Green formula continues to hold. In particular, there exists
a suitably-defined concept of outward unit normal to 02, which we denote
by v = (v1,...,1), and the role of the surface measure on 0f) is played by
o = H" 100, Here and elsewhere, H* denotes k-dimensional Hausdorff
measure. By LP(02,do), 0 < p < 0o, we shall denote the Lebesgue scale of p-
th power, o-measurable functions on 9. There are several excellent accounts
on these topics, including the monographs by H.Federer [?], W. Ziemer [?],
and L. Evans and R. Gariepy [?].

Next, recall that the measure-theoretic boundary 0,€2 of a set  C R” is
defined by

B.(X)NQ B.(X)\Q
0, = {X € 90 : limsup 1B(X) 0 > 0, limsup |(7'")\ > 0} (2.1)

r—0 T r—0
where |F| stands for the Lebesgue measure of £ C R". As is well-known, if
has locally finite perimeter, then the outward unit normal is defined o-a.e. on
04x8). In particular, if

H 00\ 9.Q) =0, (2.2)

then v is defined o-a.e. on 0f2.

Following [?], we shall call a nonempty open set Q@ C R™ a UR (uniformly
rectifiable) domain provided 0f is uniformly rectifiable (in the sense of Defini-
tion ?7?) and (??) holds. Let us emphasize that, by definition, a UR domain
has locally finite perimeter as well as an Ahlfors regular boundary. We remind
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the reader that a closed set X C R" is called Ahifors reqular provided there
exist 0 < €7 < (9 < oo such that

Ci R <H"YB(X,R)NnX) < Co R" !, (2.3)

for each X € ¥ and R € (0,00) (if ¥ is compact, we require (??) only for
R € (0,1]). The constants C, Co intervening in (??) will be referred to as the
Ahlfors regularity constants of 0€2. For further use, let us point out that, as
is apparent from definitions,

Q) C R" is an UR domain with 9Q = 9Q
= R"\ Qis an UR domain, with the same boundary. (2.4)

Following G. David and S. Semmes [?] we make the following.

Definition 2.1 Call XX C R™ uniformly rectifiable provided it is Ahlfors requ-
lar and the following holds. There existe, M € (0,00) (called the UR constants
of ¥) such that for each x € X3, R > 0, there is a Lipschitz map ¢ : B?{l — R"
(where Byt is a ball of radius R in R ) with Lipschitz constant < M, such
that

H" 1 (SN Br(X)Np(BE ) >R (2.5)
If ¥ is compact, this is required only for R € (0, 1].

It is also relevant to recall that a two-sided NTA domain with an Ahlfors
regular boundary is a UR domain; cf. [[?], §3].

We now turn to the notion of the non-tangential maximal operator, applied
to functions on an open set ) C R™. To define this, fix k > 0 and for each
boundary point Z € 952 introduce the non-tangential approach region

[(Z) =Tu(Z) = {X € Q: |X — Z| < (1 + ) dist (X,9Q)}. (2.6)

It should be noted that, under the current hypotheses, it could happen that
I'(Z) = 0 for points Z € 9. This point will be discussed further below.

Next, for u : 2 — R, we define the non-tangential maximal function of u
by

Nu(Z) .= Neu(Z) :=sup{|u(X)|: X e Tx(2)}, Z € o6 (2.7)

Here and elsewhere in the sequel, we make the convention that Nu(Z) = 0
whenever Z € 99 is such that I'(Z) = 0.

The following result, established in [?], shows that the choice of the parame-
ter k plays a relatively minor role when measuring the size of the nontangential
maximal function in LP(9€2, do).
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Proposition 2.2 Assume Q C R" is open and has an Ahlfors regular bound-
ary. Then for every k,k" > 0 and 0 < p < oo there exist Cy,Cy > 0 such
that

Col|Nxull Lr(90,d0) < IINw ull o (90,d0) < C1lING|| Lr(902,d0) 5 (2.8)
for each function wu.

We conclude this section by recording the following version of Green'’s
theorem from [?].

Theorem 2.3 Let Q C R™ be an open set which is either bounded or has an
unbounded boundary. Assume that O is Ahlfors regular and satisfies (77)
(thus, in particular, Q is of locally finite perimeter). As before, set o :=
H" 109 and denote by v the measure theoretic outward unit normal to OS).
Then Green’s formula

/div vdX = /<y, V]yq) do (2.9)
o0

Q
holds for each vector field v € C°(Q) that satisfies

dive € LY(Q), Nwve LY (99,do) N LY (89Q,do) for some p € (1, oo),(
2.10)
and the pointwise nontangential trace v|yq ezists o-a.e. on 0.

An explanation is in order here. Generally speaking, given a domain €2 C
R™ a number x > 0 and a function u : 2 — R, we set
(Z) = lim u(X), Z €09, (2.11)

u
0N X—2Z
Xelw(2)

whenever the limit exists. For this definition to be pointwise o-a.e. meaningful,
it is necessary that

Z el (Z) for o-ae. Z € 0N (2.12)

We shall call a domain 2 satisfying (??) above weakly accessible and it has
been proved in [?] that any domain as in the statement of Theorem ?7? is
weakly accessible.

3 Calderon-Zygmund theory in uniformly rectifi-
able domains

The purpose of this section is to review results pertaining to the Calderon-
Zygmund theory in uniformly rectifiable domains, from [?]. To get started,
consider a function satisfying

ke CN(R™\ {0}) and for each X € R™\ {0},

_ (3.1)
k(—X) = —k(X), k(AX) = A""k(X) VA >0,
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and define the singular integral operator

TF(X) = /@ KX =V de(V). X e (3.2)
as well as
T.f(X) := it;%) IT-f(X)], X € 09, where (3.3)
T.f(X) := / E(X -Y)f(Y)do(Y), X € 09. (3.4)
|XYEX??>E

The following result was established in Proposition 4 bis of [?].

Proposition 3.1 Assume Q C R™ is a UR domain. Take p € (1,00). There
exist N € Zy and C € (0,00), each depending only on p along with the Ahlfors
reqularity and UR constants of XY, with the following property. If k satisfies
(7?), then

| Tsf e a0,doy < Cllklgn—1llen[|f |l Lr00,d0) (3.5)
for each f € LP(0), do).

Next, we let L1*°(0Q,do) denote the weak-L! space on 99, i.e. the col-
lection of all o-measurable functions f on 92 for which

£l 000 1= 510 [Ao (X €005 /(X0 > AP] <00 (36)
>
Corresponding to the case p =1 in (?7), the following result has been proved
in [?].
Proposition 3.2 In the context of Proposition 77, there also holds
1T f | Lroe (902,d0) < CO R fll 21 (002,d0) (3.7)
for each f € LY(0Q,do).

Proposition 7?7 can be further complemented with the following nontan-
gential maximal function estimate from [?].

Proposition 3.3 In the setting of Proposition 7?7, for each k > 0 there ex-
ists a finite constant C' > 0, depending only on p, k, as well as the Ahlfors
reqularity and UR constants of OQ such that, with N' = N, one has

IN(T )l zr 9,0y < Cllklgn—1llon || £l 2r09,do)- (3.8)

Moreover, corresponding to p =1,

IN(T )l L1 002,d0) < C(Q ks B)I fll 1 (902,d0) - (3.9)
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To state the main result of this section, we let “hat” denote the Fourier
transform in R™.

Theorem 3.4 Let Q be a UR domain, and let k be as in (??7). Also, recall
the operators T and T associated with this kernel as in (?7), (7). Then, for
each p € [1,00), f € LP(09Q,do), the limit

Tf(X):= lim T.f(X) (3.10)

e—07t
exists for a.e. X € 0. Also, the induced operators
T :LP(0Q,do) — LP(0Q,do), p e (1,00), (3.11)
T : LY(0Q,do) — LY (0Q,do), (3.12)

are bounded. Finally, the jump-formula

lim Tf(Z) = 5=5k((X))f(X) + TF(X) (3.13)
Zel(X)

is valid at a.e. X € 082, whenever f € LP(9Q,do), 1 < p < co.

A proof of this theorem can be found in [?].

4 The Bochner-Martinelli integral operator

This section contains the main results of this paper. We begin by discussing
a number of standard conventions and by reviewing notation used throughout
the section. For more on background and related issues, the reader is referred
to the monographs [?], [?], and [?].

For starters, the relationship between the complex variables z; € C", and
the real ones, (zj,y;) € R x R, 1 < j < n, under the natural identification
C'=RxR)®---® (R x R) = R?" can be described by

zj =z +1yj, dzj =dx;+idy;, dz; =dz; —idy;,
doj = 27N (dz +dz;),  dy; = (—1)27 (dz — d7)),
0y, =270y, —i0y,), 0z, =271(0, +10y,),

Oy, = 0, + 0=, Oy, =i, —05), 1<j<m.

J

Consequently, the exterior derivative operator in R?” can be written as

d = Y Opdr; A+ Y 0y dy; A
j=1 j=1

= Y Oudzy A+ Y O5dz5 A =040, (4.2)
=1 i=1
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where, as customary, we have set
n n
0:= Zagjdéj A- and 0:= Z@Zjdzj A - (4.3)
j=1 j=1
for the standard d-bar operator and its complex conjugate, respectively. Thus,
Dod=0, 90d=0, dod+00d=0. (4.4)

For any two ordered arrays I, J, the generalized Kronecker symbol 5§ is
given by

(4.5)

I { det ((6i7j)iel,jEJ)v if ‘I’ - ’J|7
EJ =

0, otherwise,

where d;, := 1 if j = k, and zero if j # k. We shall employ an inner product
on forms defined by the requirement that

(dz' A dz? dzA N dzB) = IHVIhel w1 g A B. (4.6)

The power of 2 is an artifact of dz; = dx; + idy; having length 21/2 (rather
than being of unit length). Thus, in particular, if 0 < «, 8 < n, then

(f,9) = 9ot Z fr.Jagr,7, whenever
H|=av|J|=8

f= > fryddndZ andg= > grsdz’ ndZ’.
|=or J|=p |T=as|J|=5

(4.7)

The volume element in C"* = R?" is given by
dV = dxy ANdy1 A ... Ndxy Adyy
= (=i2)"dzi AdZL A ... ANdzy AdZ,
= (i2)7(=D)"V2az AL ANz Ado AL AN dz,. (4.8)

For further reference, let us recall that if u = Z|I|:o¢7\J|:ﬁ uy jdz! A dz7 then
the complex conjugate of u is

i= Yy aryd# Ad = (-1 > aryde adE'. (4.9)

Hence, uAv = 4 AU, & = u, and @ € APC" if w € A*PC". Here and
elsewhere, we denote by A?®C" the space of complex coefficient differential
forms of type («, ).

Going further, let * be the Hodge star operator in R??, which can be
characterized as the unique isomorphism * : A‘R?" — A2"‘R2" such that

u A (xa) = |ul? dV. (4.10)
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In particular, x1 = dV. In fact, it can be checked that

I, J, K increasing, mutually disjoint subsets of {1,...,n} —
% (dzI Adz A (dz A dz)K> = {ngM—n(_1)M(M-1)/2 (4.11)

dzT A dET A (dz A dz)LenNEDIUE)
where M := |I| + |J| + 2|K|. Above, we have set
(dz A dz)™ := (dzg, Adzp) A--- A (dzg, A dzg,) (4.12)

if K = (ki,...,k¢).
Using the Hodge-star operator, we define the interior product between a
1-form 6 and an /-form u by setting

OV u:=x(0Ax*u). (4.13)

For further reference as well as for the convenience of the reader, some basic,
elementary properties of these objects are summarized in the following lemma.

Lemma 4.1 For arbitrary one-forms 0, n, and any ¢-form u, (-form w, (£+1)-
form w, and (2n — £)-form v, the following are true:

(1) *xu=(—1)"u, (u,xv) = (=1) (xu,v) and (xu, xv) = (u,v);
(2) ON(O@Au)=0and OV (0Vu)=0;
(3) 0NV u)+nV(OAu)=(0,7)u and (0 Au,w) = (u,0 Vw);
(4) (O Au) = (=)0 V (xu) and (O V u) = (=1) 710 A (xu).
(5) *u =%u and u A xw = (u,w) dV.
Moreover, if 0 is normalized such that (0,0) =1, then also:
(6) u=0NOVu)+0V(OAu) and [u> = |0 Aul®+ 10V ul?;
(7) 10N OV ) =10Vul and |0V (0 Au)| =10 Aul.
Finally, « : A“BC" — A"=Pn=aC™ gnd, if § € AVOC", n € AOIC", then
oA : ABCH — AHLACT, oV : A¥BC? — AB-1C,
A : ABCr — AOWBH(C”7 nv : ABCr — A-LBCn, (4.14)

For later, technical purposes, it will be important to point out that, as seen
from definitions,

n
w = Z deEJandn:andijz
T|=p+1 j=1

avw=2 Y > > ljw,de (4.15)

|JI=B+1|I|=5j=1
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This can be proved based on (??), (??) and a straightforward calculation.
Next, if we set
9= — * O%, = — % Ox, (4.16)
then ¢ maps («, §)-forms into (o,  — 1)-forms, and
Yo¥=0, Yvod=0, dod+9o0¥=0. (4.17)

Suppose now that €2 is an open set of locally finite perimeter in R?" with
outward unit normal v = (v, va, ..., Van—1, Vo). We further identify this vector
with the 1-form

v=uwdry +vodys + - Von_1dx, + Voy dyn. (4.18)

The complex unit normal is defined as

V€= (Vl + v, ., Vo1 + iVQn) € Cn, (4.19)
and we set
n n
b0 = Z (Uc)j de S Al’o(cn, Ol = Z(I/C)j dfj S A%Cm, (4.20)
Jj=1 Jj=1
It follows that
10 = W, 10 401 =92y,
(4.21)
<1/1’0,l/0’1> — 0’ \1/1’0| — |VO,1| — 21/2.

Below, we discuss a basic integration by parts formula in a very general
setting. This is particularly well-suited for extending a great many integration
representation formulas from classical complex analysis, a point on which we
shall elaborate later.

Theorem 4.2 Let Q C R?" be a bounded open set, and define o := H>"~1 9.
Assume that 0S) is Ahlfors regular and satisfies

H L0\ 0,Q) = 0. (4.22)

Thus, in particular, ) is of locally finite perimeter and, if v denotes the mea-
sure theoretic outward unit normal to OS2, then v is defined o-a.e. on Of).
In this setting, the following integration by parts formula holds

/<8u,v> dV—/(u,z?v) dv = / <1/0’1/\u|3g, U]ag>da
Q Q o0

= / <u|3Q, 1/1’0\/U|ag>d0', (4.23)
o0
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for any differential forms u € CO(Q, A%P), and v € CO(Q, A¥P+1) satisfying

(Ou,v), (u,Iv) € LY(Q), Nu e LP(0Q,do), Nve LI(0Q,do) (424
4.24
the nontangential traces u|yq, v|yq evist o-a.e. on 0,

for some 1 < p,q < oo with 1/p+1/q < 1.

Proof. This is proved much as the standard version of (??), corresponding to
a smooth domain and differential forms which are smooth up to the boundary,
with Theorem 77 playing the role of the classical Green’s formula. a

For each 8 = 0,1, ..,n, consider now the double form

B
' (n —2)! 1 tL
Lo(G2) = BI2B+ian | — z2n2 Y dG®dz
j=1
= 270E,((2) ) dlf @d, (4.25)
[|=p
where we have set
1
—2—log I — 2%, for n=1,
™
En(¢,2) = o1 (4.26)
(n=2)! € —2|>72", for n>2.
2

Hence, I'g(z,¢) = I's(¢,z). Since the surface area of the unit ball in R*" is
given by wo,—1 = 27"/(n — 1)!, it follows that E,, is —2 times the standard
fundamental solution for the real Laplacian

A=) (02 +02) in R™ (4.27)
7j=1
Next, with

denoting the complex Laplacian in C", and 6,(¢) the Dirac Distribution in R"
with mass at z, we have

OcLp(¢2) =2776.(¢) Y dl’ @ d2’, (4.29)
11=5
Vcs(¢, 2) = 0:.I'3-1(¢, 2), (4.30)

8CP5(C7 Z) = §2F5+1(C72)' (431)
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Then the Bochner-Martinelli kernel for (0, 3)-forms in C*, 0 < 8 < n, is
defined as the double differential form

Kng(g, Z) = — %k 8<Fﬁ(<, Z). (4.32)
If 09 is a C'-smooth submanifold of R?” = C”, then the Bochner-Martinelli
integral operator is defined on a (0, 3)-form f on 02 as

Bsf(z) = /m Lg(f(g) A Ks(C, z)), 2 eC"\ 0, (4.33)
where ¢ : 92 — C" is the canonical inclusion. Since, generally speaking,
C(u A xw) = (VA u,w) ’39 do, (4.34)

where do is the surface measure on 02, and v is the outward unit normal to
), an equivalent way of defining the Bochner-Martinelli integral operator on
a (0, 8)-form f on the boundary of a C''-smooth domain (2 is

Bof(z) = — /m<u<c>Af<<>,6<rﬂ<c,z>>dm ceCm\ 00 (4.35)

As explained before, it is this expression which we find most suitable for ex-
tending the Bochner-Martinelli integral operator to situations when (2 is lack-
ing smoothness in a traditional sense.

We are going to be particularly interested in the scenario when the topo-
logical boundary of 2 is not necessarily a submanifold of C™. Specifically, we
make the following definition.

Definition 4.3 Let Q C R?" be a bounded open set of locally finite perimeter.
Set o := H*~1| 90 and denote by v the measure theoretic outward unit normal
to 0S). In this setting, introduce the Bochner-Martinelli integral operator Bg
as in (??7) and also consider

Bgf(z) :== — lim (V(C) A F(€),0:T5(¢, 2)) do, z €09, (4.36)

e—0t
cean
|z—(|>e

and

By f(2) i=sup / WO A FQ).OT5(C, ) do|,  zecon. (437)
cean
|z—(|>e

At this point, we are well-positioned to state and prove the theorem below,
which constitutes the main result of this paper. To state it, we introduce

LP(00, A%P) .= LP(0Q, do) @ A“PC", (4.38)

i.e., the space of differential forms of type («, 3) with coefficients from LP(0€2, do).
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Theorem 4.4 Let Q C R?™ = C" be a UR domain, and fix 8 € {0,....,n}.
Also, recall the operators (??7), (?7), (??). Then, for each p € [1,00), f €
LP(09, AOP), the limit in (??) exists for o-a.e. z € Q. Also,
Bg, Bg. : LP(0Q,A%P) — LP(00,A%F), pe (1,00), (4.39)
Bgs, Bs.. : L'(0Q,A%F) — L1000, A%P), (4.40)

are bounded. Also, for every p € (1,00), there exists a finite constant C =
C(Q) > 0 with the property that for every f € LP(0Q, A*P),

IN(Bs )l ra0.d0) < Cll fll 90,005 (4.41)

Moreover, if 0y :=Q and Q_ = R?*\ Q, then the jump-formulas

Bﬁf‘ = £180y WO A f) + Baf (4.42)

o004

is valid at o-a.e. point z € 0N, whenever f € LP(0Q,AP), 1 < p < 0.
Furthermore, if f is complex tangential (i.e., V'OV f =0 o-a.e. on 9) then
in fact

Bﬁf( (£11+ By)f, (4.43)
where I is the identity operator.

Proof. The claims in the first part of the theorem, up to and including (77?),
can be proved by invoking the results from § ?7; we leave the details to the
interested reader. What we shall be focusing on is establishing the jump-
formulas (?77?). To set the stage, we note that

oTs(¢C2) = (Z 9, d¢j A ->275En(f,z) Z d¢! @ dz!
j=1

[11=8

= 2 /32 D 0 [EnlC, )G A dC ) @dz". (4.44)

j=L|1|=8

Moreover, if f(¢) = Zlfliﬁ f1(¢)d¢?, then

vAf = 278 A F4 270Ny (4.45)
= 27t (°1Ade<J+2—1ZZ )ifrd¢; ndct,
|J|=6+1 |I|=8j=1

which gives a decomposition of v A f as a sum of two differential forms of type
(0,8 +1) and (1, 3), respectively. Given that 0:I'g((, 2) is a double form of
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type ((0,8+1),(3,0)), we may therefore write

—(W(C) A F(€);0cT5(¢,2)) (4.46)

== > ZZe (W A £)5(Q) [EnlC, 2)] 2"

|J|=B+1|I|=8j=1
== > > Za WA )00, [En(C, 2)] dz"
|J|=B+1|I|=8j=1

Also, for every j € {1,...,n}, Theorem ?? gives that, at o-a.e. boundary
points z,

the jump induced by the kernel — J;[E,((,2)] is

L o o : (4.47)
+ 5 (°);(2) times the corresponding integral density.
Thanks to (?7) we may therefore conclude that at o-a.e. z € 99,
DY Ze WA ()9 (2) d2’
|J|=B+11]=p j=1
— 100 v (0 (2) A (), (1.48)

which finishes the proof of the jump-formulas in (?7?).
As for (77?), it suffices to observe that if f is complex tangential, then

POV WO A ) = PP A OV )+ 0000 F = 04 2f = 2f. (4.49)

by Lemma ?? and (77). O
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