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1 Introduction

The rest of the paper is organized as follows. In Section 2 we first present the binary
choice dynamic panel data model with general interaction, lagged dependent variables and
arbitrarily correlated unobservables. We then consider the identification for the model with
two periods. We also study the identification for the model with periods greater than two.
In Section 3 we present two semiparametric efficient estimation procedures for binary choice
dynamic panel data model with two periods. In Section 4 we study semiparametric efficient
estimation for models with three (or higher) periods. Here to resolve the problem of curve of
dimensionality, we impose some parametric dependence structure among the unobservables.

Section 5 contains a small monte carlo study and Section 6 concludes.

2 Binary Choice Dynamic Panel Data Model

Binary-choice panel data model:

Y1 =1[Xo1 + X116, — Uy > 0]

Yy = 1[Xo2 + X128y + Y1(X202 +73) — Uy > 0

T-1 T-1 T-1
Yr = 1UXogz + XirBr + 3 YVi(Xrh +95) + Y > ViV (Xpd} +43F) — Up > 0]
j=1 j=1 k=j+1

where X; = (Xo, Xi,) with X, a scalar random variable and X;; a 1 x d; row random

vector. We will also partition &; = (Joz, 87;) where dg; is a scalar.
Maintained Assumptions:
(A]') (Uh e UT) AL (Xb e XT)

(A2) Distribution of (Uy, ..., Ur) has continuous and strictly positive density w.r.t. Lebesgue

measure on R7.

(A3) Fort =1,....T, X; € R**1 X, does not contain an intercept, and X; does not lie in

a proper linear subspace of R%*! with probability one.

(A4) For t =1,....T, X, has a density with respect to Lebesgue measure on R%*1,



We will also require an exclusion restrictions: A continuous variable enters each index
that does not appear in any other index. We will state this restriction formally for each
special case of the model. Without loss of generality, let this regressor be X, the first
element of X;.

The model is written imposing that the coefficient on X, is one in each period. This
normalization is an innocuous scale normalization given our assumption that X,,; has a
nonzero coefficient. Assumption (A3) includes the restriction that X; does not contain an
intercept, which provides us with an innocuous location normalization. Assumption (A4)
is not strictly required for our approach and can be considerably relaxed, but is imposed
in order to simplify the analysis. We will require one continuous regressor in each period
that does not enter the index for other periods, but the assumption that all regressors are
continuous is only imposed for ease of exposition.

(ADD: emphasize comparison to Honore and Kyriazidou — (Al) is stronger, need in-
dependence, but do not require permanent-transitory structure but can instead allow very
general forms of dependence in the U, structure, can allow marginal distribution of U; to
vary with ¢, can allow (3, to vary with ¢, can allow for interactions . . . etc.. Also, add
comparison to Cameron and Heckman, cannot allow single spell duration model but will not

require identification at infinity).

2.1 Identification for Two Period Case

2.1.1 Simplest case: two period, no interactions

For ease of exposition, first consider the special case:

e 2 Period Model
e All Regressors Continuous

e No interactions between Y; and X, in the Y5 equation.

We consider this case first in order to show the central identification argument in a
simple context. We will then show how our analysis extends to more complicated models.
The assumption of no interactions between Y; and X5 in the Y5 equation is the assumption
that the effect of the lagged dependent variable on the current choice does not depend on
regressors. For example (include example) This assumption is frequently imposed both in

practice and in econometric theory. Thus, consider:

Vi = 1[Xo1+ X116, — U >0 (1)
Yo = 1[Xo2+ X126y + Y1y, — Uz > 0]



First consider identification of 3, and (3,. Identification of these parameters will follow
by exploiting standard analysis for average derivatives. From (A1) and (A2) we have E(Y] |
Xi) = Fy,(Xo1 + X116,) is continuously differentiable in X; with derivative given by

0
X0,
0
0X11

EY1 1 X1) = fu,(Xoq + X1106))

EMWi | X1) = fu,(Xoq1+ X116,)8;.

Given assumption (A3) and (A4), we can then identify 3, by

B, = [E ( 8;?071150/1 | Xﬂ)}_lE ( a)?l’lE(Yl | X1>) .

Given identification of /3, consider E(Ys | Y1 = 0, Xo1 + X116, X2). From (Al) and (A2),
we have that E(Yé ’ Yi = O, X()71 +X171ﬂ1,X2) = PI’[UQ < X072—|—X17262 ‘ Ul > XO,l —|—X17151]

is differentiable in X, with derivative given by

0 1
87E(Y2 | Y1 =0, X014+ X118, X2) = 9(Xo2 + X126, | Xog + X118;) [ 3 }
2 2

where g(- | ) denotes the density of Us conditional on U; > ¢. Thus, we can identify 5, by

0
8X1,2

a _1
By = {E ( E(Yz | Y1=0,Xo,1 +X1,151,X2))} E ( E(Ys | Y1 =0,X01+ X118, X

aXO’Q

Given identification of 3, and (,, now consider identification of ,.

Using (A1) and (A2), we have that E(Y1Y2|Xo1 + X118 = t1, X0z + X128, = t2),
E(Yl | Xo1+ X118, = t1)7 E((1 — Yl)Y2|X0,1 + X118; = t1, Xop + X128, = t2), and
E((l Y1) | Xop+ X116, = tl) are differentiable functions of ¢, t5. Define:

%E(}/l}/Z‘Xo,l + X116; = 1, Xog + X126, = 752)

hi(t1,t2) =
1(t1, t2) B%E(Yl | Xoq + X116, = t)

%E((l —Y1)Y2|Xo1 + X111 = t1, Xog + X128, = 1)

(%E((l — Y1) | Xog 4+ X118, =t1)
Given identification of 3, and (3,, we have identification of the relevant conditional expec-
tations a.e. with respect to the joint distribution of (X1 + X116, Xo2 + X1208,). Given

our assumption that X; itself has a density with respect to Lebesgue measure, we have that

ho(ti1,t2)

identification of the conditional expectations a.e. implies identification of the derivatives
of the conditional expectations a.e., and thus implies identification of h; and hy a.e. with
respect to the joint distribution of (X1 + X115, Xo2 + X12085).



Using (A1) and (A2), one can easily show that h; and hg are given by

h1<t1,t2) = PI‘[UQ S tz +’72 | U1 = tl]

ho(tl,tz) = PI’[UQ S tg | U1 = tl].

(include graph suggested by Honore to provide intuition for result?) From assumption (A2),

we have Pr[U,; € B | Uy = t1] > 0 for any open interval B, and thus
hl(tl, tg) — ho(tl, t;) =0

if and only if
bty — 7y =15

In other words, v, is the unique solution to
hl(tl,tQ — ’)/2) — ho(tl,tg) =0.

(include graph? show to cdfs shifted, similar to graph in Klein and Sherman? include
footnote comparing to Klein and Sherman?) Since we identify h; and hy a.e. with respect
to the joint distribution of (X1 + X1.15;, Xo2 + X1.205), we have that 7, is identified if the

following support condition holds:
(A5.1) Supp(Xo + X118, Xo2 + X1285 +72) 1 Supp(Xo1 + Xi1,161, Xog + Xi1.28,) # 0.

(Will add discussion of condition).
Given identification (3, 85,72), consider identification of the distribution of (Uy, Us).

From

EMY1Ys | X1,X0) = Fu,u,(Xo1 + X118, Xo2 + X128, + 7).

we identify Fy, ¢, a.e. with respect to the distribution of (Xo 1 + X115, Xo2 + X120, +74)-
From

E((1 =YYz | X1, Xo) = Fly 0, (—Xo1 — X1181, Xoz + Xi128,),
we identify F_;, y, a.e. with respect to the distribution of (—Xo1—X1 1067, Xo2+X12085). We
thus identify fu, v, (t1,t2) for (t1,t2) €Supp(Xo1+ X1181, Xoa+ X1285 +72) U Supp(Xo1 +

X118, Xog + X120,).
We now state this result formally.

Theorem 1 Assume the model given by equation (1). Assume (A1)-(A4) and (A5.1). Then:



1. (B4, By, 79) is identified,
2. Fy, v, (t1,t2) is identified for (¢1,t2) € Supp(Xo1 + X116, Xo2 + X1.205 + 72)s
3. FW_Ul’U2 (tl,tg) iS identiﬁed fOI‘ (t17t2> c Supp(—X(),l — X1,1517X0,2 + legﬁQ),

4. fu,v,(t1,t2) is identified for (1, t2) €Supp(Xo1+X1,10581, Xo24+X1,20854+72) U Supp(Xo 1+
X1181, Xoz + Xi128,).

2.1.2 Two periods, allowing interactions

We now relax that assumption of no X5, Y7 interactions in the Y5 equation. For ease of
exposition, we maintain the assumption of a two period model and that all regressors are

continuous:

e 2 Period Model

e All Regressors Continuous

Thus, consider:

i = 1[Xo1+ X116, — U > 0] 2)
Yo = 1[Xo2+ X120, + Y1(Xab2 +7,) — Uz > 0.

First consider identification of 3; and 3,. We identify /3, exactly as before for the case of
no interactions. Recall that we partition 3 by dy = [dg2, 075" Where dgy is the first element
of d;. Now consider identification of 5, and of 3, + d12 up to scale given identification
of 5,. From (Al) and (A2) we have that E(Y> | Y1 = 0,Xo1 + X116, Xs) = Pr[Us <
Xoa + X128y | Up > Xo1 + Xq106) and E(Ys | Vi1 = 1, X071 + X116, Xe) = Pr[U; <
Xoa(1l 4 002) + X12(8y + 012) + 75 | Ur < Xo1 + X1104] are differentiable in X, with

derivatives given by

0
X EYo|Y1=0,X01+ X110, X2) = go(Xo2+ X120y | Xoa + X1151)
0,2
0
X EYy|Y1=0,X01+ X110, X2) = go(Xo2+ X120y | Xoa + X1151)5,
1,2
and
O B(Ys | Yi =1, Xo1 + X115y, X2)
oX, 2| Y1 =1, %01 1,101, X2

= g1 (Xo2(1 + do2) + X12(8y +012) +vo | Xoa + X1151)(1 + bo2)



9]
—E(Y2 | Y1 =1, X1+ X118, X2)

0X5
= g1 (Xo2(1 + do2) + X12(8y + 012) + 75 | Xoa + X1.151)(By + 12)

where go(- | t) denotes the density of Us conditional on U; > ¢ and ¢;(- | t) denotes the

density of U; conditional on U; < t. Thus, we can identify

) ! )
By = |E E(Ys|Y1=0,X01+ X116, X2) E E(Y2 | Y1 =0,X01+ X116, Xo
8X0,2 (9X1,2
and
(1/(1 + do2)(Bg + 612)
) -1 )
= |E EY, | Yi=1,X01+ X116, X2) E EY, | Y1=1, X014+ X116, X2)
0Xo2 0X12

Let 35 = (1/(1+ 802) (B + 012).

Given identification of 8;, 35, and By = (1/(1 + 892)(8y + 012), consider identification of
do and 7,. Note that identification of 5, and of (1/(1 4+ dg2)(85 + 012) does not immediately
imply identification of ;5 is one has not identified the scale term (1 + dgg). If we could
identify dg2, we could use knowledge of 3, and Bz = (1/(1 + 002)(B5 + 012) to identify d1s.
We now turn to identification of dpe and ,.

Redefine: )
8_t1E(}/1}/2}X0,1 + lelﬁl - tl,XQ = tg)

hl(tl,tg) =
a%E(K | Xo1+ X118, =t1)

%E((l — Y1)Ya| X0y + X118, = t1, Xo = t3)

hO(tla t?)
s B((1= Y1) [ Xou + X115, = 1)

One can easily show:

hi(ti,t2) = Pr[Us <toa(1 4 do2) + t12(By + 012) + 7o | Ur = ]

ho(t1,t2) = Pr[Us <too+t12f, | Ur = t4].

where we are partitioning ¢y as to = [tog, t],]" with fp2 a scalar. From assumption (A2), we
have Pr[U; € B | Uy = t1] > 0 for any open interval B, and thus

hl(tl, tg) - ho(tl, t;) - O
if and only if

oo + 11289 = Vo + toa(1 + d02) + t12(By + 012).

6



Substituting in our identified quantity 3, = (1/(1 + d02))(By + 012), we have
hi(ti,ta) — ho(t1,t5) =0

if and only if

tho + 11289 = Yo + (1 4 d02)(to2 + tuBz)-

This last equality gives us the identified function tj, + tj,3, as a linear function of the
identified function tgo + t1232 with slope the unknown coefficient (1 + dg2) and intercept the
unknown coefficient ~,. Thus, if we can find points (t1,%s,t3), (f1,%2,15), such that t, # t5
and hy(t1,ta) — ho(t1,t5) = 0 and hy(f1,%2) — ho(t1,15) = 0, than we can solve the resulting
two linear equations for the intercept 7, and the slope (1 + dg2). (include graph?) Thus, we
identify 7, and gz if the following support condition holds:

(A5.2)

#{Supp(Xo1 + X115, Xo2(1 4+ do2) + Xi12(8y + d12) + 72)
() Supp(Xo1 + X111, Xoz + X126,)} > 2

where recall that for any set A we have defined # A to denote the cardinality of the set A.
(Will add discussion of condition) Given identification of v, and dgy and having previously
identified 3, 55 and (1/(1 + do2)) (55 + d12), we now have identification of (5, B4, 02, V)

Now consider identification of the joint distribution of (Uy, Us). From
EMWYs | X1, Xo) = Fyu,(Xoa + X118y, Xo2(1 + do2) + X12(82 + d12) +72),

we identify Fyj, y, a.e. with respect to the distribution of (Xo1 + X111, Xo2(1 + do2) +
Xi12(8y + 012) + 75). From

E(1-Y)Y2 | X1,Xs) = F_p, v,(—Xo1 — X116, Xo2 + X120,),

we identify F_;, y, a.e. with respect to the distribution of (—Xo1—X1 1067, Xo2+X12085). We
thus identify fi, v, (t1,t2) for (t1,t2) €Supp(Xo1 + X118, Xo2(1+002) + X12(85 +012) +75)
U Supp(Xo1 + X118, Xo2 + X1205).

We now state this result formally.

Theorem 2.1 Assume the model given by equation (2). Assume (A1)-(A4) and (A5.2),

and impose scale normalization (N). Than:

1. (517 527 527 72) is Zdentzﬁed,



2. Fu, v, (1, 12) is identified for (t1,t2) € Supp(Xoq + X1,181, Xo2(1 + do2) + Xi2(8; +
012) +72),

3. F—U17U2 (tla t2) is zdentzﬁed fOT‘ (tla t2) € Supp(_XO,l - X17161a XO,Z + X1,262)7
4. fonvs(t1, t2) is identified for (t1,t2) €Supp(Xo1+ X115, Xo2(1+002) + X1 2(8y+d12) +
vs) U Supp(Xoa + X118, Xo2 + X1,28,).
2.2 Identification with three period case
Now consider the 3 period version of the model, Allowing Interactions, Allowing Multiple
Lags:
e 3 Period Model

e All Regressors Continuous

e V1, Y, Y1Y5 allowed to enter equation for Yj.

Thus, consider:

Yi = 1[Xo1+ X116, —Us > 0]
Yy = 1[Xo2+ X120, + Y1(X205 +75) — Uz > 0]
Yo = 1[Xog+ X5+ Va(Xs05 +93) + Vi(Xad3 + 73) + V1Va(Xsdy” +73%) — Us = 0]
(3)
Assume (A1)-(A4) and (A5.2) so that (8, B, 63,73) is identified. We will now consider
identification of the remaining parameters. Partition 63, 6% and 6:% by 64 = [6)4, (07,)']" where
&) is the first element of &% and j = 1,2,12. From (A1) and (A2) we have that

E(Ys|Y1=0,Y2=0,X01+ X115, Xo2 + X120, X3)

= Pr[Us < Xo3+ X1 303 | U > Xo1 + X118, Uz > Xo o + X123]

E(Y;|Y1=0,Y2=1 X071+ X115, Xo2 + X120, X3)
= Pr[Us < Xos(1+ 653) + X13(83 +613) +73 | Ur > Xog + X1,181, Us < Xop + X128,

E(Y; |Y1=1,Y=0,X01+ X115, Xo2(1 + 5(1)2> + X12(8y + 5%2),X3)
= Pr[Us < Xo3(1+003)+X1,3(85+015)+73 | Ur < Xo1+X11581, Us > Xo2(1+05,)+X12(Bo+075)+



E(Ys Y1 =1,Ya=1,Xo1 + X118, Xoa2(1 + 0gp) + X12(85 + 015), X3)
= Pr[U3 < XU,3(1 + 5[1)3 + 5(2)3 + 5(113) + X1,3(53 + 5%3 + 5%3 + ﬁ%g) + ('Y:l') + ”712)) + 7%2)
| Ur < Xoq + X116, Uz > Xo2(1+ 5(1)2) + X12(8y + 512) + 5]

are differentiable in X3 with derivatives given by

0
87E(Y3 | Y1 =0,Y2 =0, X1 + X115, Xo2 + X120, X3)
3
1
= goo(Xo3 + X130 | Xo1 + X118, Xo2 + X1205) [ 3 ]
3
0
87E(Y3 | Y1 =0,Ys =1, Xo1 + X116, Xo2 + X128, X3)
3
2 2\, 2 1+ 8
= go1(Xos(1 + dg3) + X1,3(83 + 913) + 73 | Xog + X1.181, Xog + X1285) B, + 62
3 1T 073
0
aTE(YS | Vi =1,Y2=0,Xo1 + X1,181, Xo2(1 + 8g5) + X12(8, + 615), X3)
3

1+ 64
= 910(Xo,3(1+003)+X1,3(B5+01) +73) | Xoa+X1181, Xoo(14+002)+X1,2(By+012)+72) [ bt
3 13

0
87E<Y3 | Vi=1,Y2 =1, Xo1 4+ X11581, Xo2(1 + 0gp) + X12(85 + 015), X3)
3
= g11(Xo3(1 + 83 + 053 + 053) + X1.3(B3 + 015 + 073 + 613) + (V3 + 73 +75°)
1+ 045 + 025 + 6 }

Xo1 + X118y, Xoo(1 +04,) + X + 61,) +
| 0,1 1,151 0,2( 02) 1,2(52 12) 72) 63—{—5%3—1—5%3—%(53

where goo(- | t1,%2) denotes the density of Us conditional on Uy > t1, Us > to; go1(- | t1,12)
denotes the density of Us conditional on U; > t1, Uy < ta; g10(- | t1,t2) denotes the density
of Uz conditional on Uy < t1, Uy > to; and gq1(- | t1,t2) denotes the density of Us conditional
on U; < ty1, Uy < ty. Thus, we can identify

5 1
B3 = {E <8X E(Ys|Y1=0,Y,=0,X01+ X116, Xo2 + X1,2527X3))}
0,3

0
x K (8X E(Y;|Y1=0,Y2=0,X01+ X110, Xo2 +X1,252,X3)>
13

9 -1
(B340%3)/ (14+055) = {E <3X03E(Y3 | Y1=0,Y2 =1, Xo1 + X115, Xo2 + X1,252>X3>)}

0
X E (8)( E(Ys|Y1=0,Y,=1,X01 + X116, Xo2 +X1,252,X3))
1,3



(B3 + 613)/ (1 + dg3)

a _1
— [ B0 1 ¥i = L¥a = 0. X0+ 18y, Xl )+ X100, + 81), )
0,3

0
8 (G B0 Yi = 1Y =0, o + Xuafh, Xoall +0b) + Xialf + 01). X))
1,3

(B3 + 013 + 675 + 613) /(1 + 0gs + s + I53)

a _1
= {&X E(Ys | Y1=1,Y2 =1, X014 X115, Xo2(1 + 0gy) + X1.2(85 + 5%2)7)(3)}
0,3

0
X K (6’X E(Ys|Yi=1,Ys =1, X1 + X118, Xo2(1 + 85) + X12(85 + 6%2)7X3))
1,3

Let
53 (Bs + 013) /(1 + dg3),
53 (B3 + 6%3)/ (1 + 855),
and let
By = (Ba+ 0Ly + 0% + 013)/ (1 + by + 0% + 033).
Given identification of f35, B;, Bﬁ, and B;Q, we now turn to identification of the (5(1)3, (5(2,3, and
Soa.

Define:

- 3t13t2E(Y1Y2Y3|X0 1+ X118 =1, Xoao(1 + 5 o) + X1.2(8y + 5%2) =ty — 73, X3 = ts)
hii(ty, ta, t3) =

sz E(V1Ya | Xox + X115, = t1, Xoa(1 4 65) + X12(8s + 612) = 1)

hlo(thtz,tg)
Ot 0ty 8t 9= E(Y1(1 — Y2)Y3| Xoq + X1,18; = t1, Xoa(1 4 8py) + X12(By + 015) =to — 73, X3 = t3)
— Ot10ty
%E(Yl“ = Ya) | Xoa + X181 = 1, Xoo(1 + 8p2) + X12(8y + 01y) = tz)
ho1(t1,ta,t3) = BtlaatzE((l — ) Y2Y3|X01 + X110 = b1, Xo2 + X128, = b2, X3 = t3)
o Bt18t E(Y1Y2‘X01+X1151—t17X02+X1252—t2)
ot 8t E(Y1Y2 | Xo +X1151 =11, Xo2 +X1252 =t5)

One can easily show:
hui(ti,ta,ts) = Pr[Us < tog(1 + 8g3 + 05 + dg3) + tia(B5 + 015 + 03 + 013)
+ (13 93+ | U = 11, Uz = 1]
hot(ti,ta,ts) = Pr{Us < tos(1+4 0pg) + tis(By + 033) +73 | Ur = t1, Uz = to)]
hio(ty, ta,ts) = Pr[Us < tos(1+ 0s) + tia(B5 + 01y) + 74 | Ur = 1, Uz = o]
hoo(t1,ta,t3) = Pr[Us < tog + t1305 | Ur = t1, Us = ts].

10



From assumption (A2), we have Pr[Us € B | Uy = t1,Us = t5] > 0 for any open interval B,
and thus
ha1(t1,ta,t3) — hoo(t1, t2,t5) = 0 if and only if
ths + t130s = (73 + 75 +75°) + tos(1 + gz + 05 + 0o3) + tas(Bs + d15 + 015 + 13)
hoi(t1, ta, t3) — hoo(t1, ta, t5) = 0 if and only if 5, + t1385 = v + tos(1 + 633) + t13(B3 + 613)
hio(ty, ta, ts) — hoo(ty, ta, t5) = 0 if and only if 5, + 5385 = 73 + tos(1 + 0g3) + t13(Bs + 015)

Plugging in for the identified quantities B;, Bi, B;Q, we obtain

ha1(t1,ta, t3) — hoo(t1, t2,t5) = 0 if and only if

tog + tiaBs = (V3 + 73 +782) + (1 + 08 + 82 + 002) (tos + 11353 )
hot(t1, ta, ts) — hoo(ty, ta, £5) = 0 if and only if 15 + £5385 = 12 + (1 + 62)(tos + t1353)
hao(tr, ta, ts) — hoo(t1, ta, £5) = 0 if and only if 5 + t5385 = 42 + (1 + 6%) (tos + t135s)

These equalities define a system of three linear equations. Thus, if we can find points
(t1,ta,t3,15), (f1,%2,13,13), that both satisfy the equalities hiy(t1,ta,t3) — hoo(ti,ta,t5) = 0
and hyy (t1, ta, t3) — hoo(t1, T2, 15) = 0, than we can solve the resulting linear equation for the
intercept (73 4 72 +vi2) and the slope (1 + g5 + 055 + 6p3). Likewise, given the appropriate
pairs of points, we can solve the the second and third linear equations to obtain 73, 73,
(14 d53) and (1+ dp,). If we can solve each linear equation for the slopes and intercepts, we

can then solve for each of the original coefficients. Define assumption (A5.4a)-(A5.4c) by:

(A5.4a) #{SUPP(XO,l + Xl,lﬁp XO,2(1 + 5(1)2) + Xlz(ﬂz + (5%2) + 7;7
Xos(1+ 80 + 0gg + 603) + X13(B3 + 013 + 615 + B13) + (V5 + 73 +757))

ﬂ Supp (Xo1 + X181, Xo2 + X185, Xos + Xi1305) } > 2,

(A5.4b) #{SUPP(X0,1 + X115, Xo2 + X126, Xos(1 + So3) + X13(B3 + 633) + 7%)

ﬂ Supp(Xo,1 + X1.161, Xo2 + X1202, Xo3 + X1305) } > 2,

(A5.4c) #{Supp(Xo,ﬁXl,lBhXo,z(1+662>+X1,2<ﬂ2+512)+75,Xo,3(1+653)+X1,3(ﬁﬁéh)ﬂé)

ﬂ Supp(Xo,1 + X1.161, Xo2 + X1282, Xo3 + X1305) } > 2.
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(discuss: is stronger than we need, do not need to compare each outcome to (0,0) outcome).

We now state this result formally.

Theorem 2.2 Assume the model given by equation (3). Assume (A1)-(A4), (A5.2), and
(A5.4a)-(A5.4c). Then:

L. (/817 62a (ga ’7%7 637 6%7 5§> 5{?7 ’7%7 ’Y§> 7%,2) iS identiﬁeda
2. FU1,U2,U3 (tl, tz, tg) is identified for (t17 tg, tg) €

3. fU17U27U3 (tl, tg, tg) is identified for (tl, tg, t3> S

3 Semiparametric Efficient Estimation in Two Period
Case

We first consider the semiparametric efficient estimation when 7" = 2. Let {Z; = (X14, Xo;, Y14, Yoi) g
denote an i.i.d. drawn from the same distribution of Z = (X3, X5, Y7,Y5)’, which satisfies
the specification in the previous section. Due to scale normalization for the slope coeffi-
cients in each period, we assume X; = (Xg,, X1;) € R! x R%, 5, € R for t = 1,2, while
5y € R2*L and v, € RL. To simplify notation, we let 8 = (3}, 85,74, 05)" € O, a compact
set in N with dyp = dy + 2dy + 2. Let f(u1,usz) be a candidate joint density function of
(U1, Us), fi(ur) = [ f(u1,v)dv be the corresponding candidate marginal density function
and Fj(uq) the cdf of Uy, similarly fo(us) the candidate marginal density and Fi(us) the cdf
of Up; Fop(ur,u2) = Pr{ly < ug|Uy = ui} = f_u; f(ug,v)dv/ fi(uy) be the corresponding
candidate conditional cdf of U, given Uy = uq, and fopr (u1, u2) = f(uq,u2)/ f1(u1) be the cor-
responding candidate conditional density of Us given U; = u;. Throughout this section we
also denote a, = (6, fo) = (8.1, Bh2s Vo2 Ongs Jo) as the true unknown parameters of interests
and « = (6, f) as any candidate parameter values in the parameter space © x F, where F
denote the space of probability density functions f : R — [0, 00) that are Holder continuous
with exponent r > 1. Let F,, denote a sieve space for F.

In this section we shall present two estimation procedures: optimally weighted sieve MD
and sieve ML. By applying the general theory of Ai and Chen (2003), the optimally weighted
sieve MD estimator of #, will be root-n consistent and semiparametrically efficient. By ap-
plying the general theory of Shen (1997), the sieve ML procedure will lead to semiparametric
efficient estimation of any smooth functionals of the «,, in particular the sieve ML estimators

of 0, is efficient.

12



3.1 Optimally weighted sieve MD estimation

We note that the model with 7' = 2 is equivalent to the following set of conditional moment

restrictions:

Xo0,1+X1,1851 X0,24+X1,2B802F Vo2 +X2002 7

E{m@— / { / folun, u)dus}dur | X1, X| = 0,
() Xo0,24+X1,2802 i

E <1—Y1)Y2—/ {/ foun,us)dusyduy | X0, Xs| = 0,
Xo0,1+X1,18,1 J —00 i
X0,1+X1,180,1 00 i

E 1/1(1—y2)—/ {/ £ un)dus}uy | Xo, Xa| = 0(4)

—o00 Xo,2+X1,2B802H702+X2802 J

We note that the following forth conditional moment restriction is redundant given the above
three:

E

(1 — Yl)(l — }/2) — /OO {/oo fo(ul,U,Q)dUQ}dul | Xl,XQ = 0.

Xo0,1+X1,1801 v Xo,24+X1,28,2

Let p(Z,a) = (p1(Z, @), po(Z, ), p3(Z, ) be a 3 x 1—vector valued function with

Xo0,1+X1,161 Xo0,24+X1,2085+72,+ X202
pi(Z,0) = Y1Y2—/ {/ fur, uz)dus pdun,

—00 —00

0o Xo,2+X1,28,
m(Z.a) = (1—-Yi)Ys— / { / £, w)dugYduy,

Xo0,1+X1,16, [
Xo,1+X1,181 0

piZ.a) = Yi-v) - [ ( (s, us)dus .
—o0 X0,2+X1,285+72+ X262

Since p(Z,a) — p(Z,a,) does not depend on the endogenous variables Y;,Ys, we can
apply the three-step optimally weighted sieve generalized least squares (GLS) or the one-
step continuously updated sieve GLS to estimate 6, efficiently. In the following we let
Y(X1, X0,0, f) =Var{p(Z,0, )| X1, Xa} and

ZO<X].) XQ) = E{p(Z7 907 fo)p(27 907 fO)/|X17 Xg}

E{IOI(Za ao)Z‘X} E{pl(Z7 ao)p2(Za O‘o)‘X} E{IOI(Z7 ao)p3(Z7 ao)’X}
= | E{n(Z ao)py(Z, )| X } E{py(Z, c0)*| X } E{py(Z, 000)p3(Z, )| X }
E{p1<Za ao>p3(Z’ ao)|X} E{p2(Z’ ao)p3(27 ao)|X} E{p3(Z7 ao)2|X}

where

E{p)(Z,0,)’|X} = E{MY,|X} x [l - E{V1Y,|X}],
E{py(Z,0,)?| X} = E{(1-Y1)Ya|X} x [l — E{(1-Y)Y2|X}],
E{ps(Z,c,)’|X} = EBE{Yi(1-Ya)|X} x [1 - E{Y1(1 - Ya)| X},

13
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and

E{pi(Z,c0)pa(Z, )| X} = —E{V1Ys|X} x E{(1 - Y1)Ya| X},
E{pl<Za aO)p3(Zv O-/o)|X} = _E{}/l}/ﬂX} X E{}/l(l - Y2)|X}v
E{py(Z.a0)ps(Z, )| X} = —E{(1 - Y1)YaX} x E{¥i(1 - Ya)|X}.

~

The three-step optimally weighted sieve GLS estimator Qlpgs = (Qogzs,ﬁ)gzs) can be ob-
tained as follows:

Step 1: (b\gls,j/;ls) = argmingeo, jer, = >iq P(Zi, 0, ) p(Zi, 0, f), where F, is a sieve
space for F;

Step 2: compute a consistent estimator iO(Xl, Xy) for ¥,(X7, X3). We could either get
a nonparametric sieve LS regression estimator of 3,(X7, X5), or we could obtain a plug-in
consistent estimator by using the X (X 1, X2) expression, the conditional moment restrictions
(4) and the Step 1 estimates ( gls» fgls)

Step 3: compute the optimally weighted sieve GLS estimator dogs = (fogis J/c:)gls) as

o~

Oogis; fogls) = ar min Z:,0, F){S0(X1i, Xos 7,0, 5
O o) =g in Zp P00, X} p(Z06.7). (5)
Let f](Xl, Xs,0, f) be a consistent nonparametric estimator of (X3, Xs,6, f). Then the

one-step continuously updated sieve GLS estimator Qg = (Ecgls, J?cgls) is given by:

~

( cglsafcgls) = arg min Zp Zzae f) {E<XlZaX2u9 f)} p(Zzae f)

0€O,feFn N

By applying the general theory of Ai and Chen (2003), we can show that both 50ng
and @Cgls are y/n—consistent, asymptotically normal and semiparametrically efficient for 6.
However since the one-step continuously updated sieve GLS is computationally intensive, in
this paper we only present sufficient conditions to ensure the semiparametric efficiency of

~

Qogls .

3.1.1 Fisher-like norm

For any direction v = (vg, vy) With vg = (vj , v, v4,,v5,)" being a dy x 1-vector, vg, a dy X 1-
vector, vg, a dy x l-vector, v,, a scalar, vs, a (d2 + 1) x 1-vector, and v; a scalar valued

function in F — {f,}, we define the Fisher-like norm of v as

ol = & ({222e) g 2Eediy ), gy {2 ey Doty L)

14



where

op(Z,a0), Op(Z, ) 0p(Z, ) op(Z, a,) op(Z, a,)
o0 [Ua] - 85/1 vg, + 85/2 Ug, T 7, Uy, 86/2 Usy

is a 3 X 1—vector, and

Z Z Z Z '
M = (apl( ;040)’ O ;&O), Ops( ;ao)) is 3 X d;-matrix,
B 95 95, 95,
0 Z, Oy Xo0,21tX1,2B802702tX2602
% = _Xl,l/ fo(Xo1 + X118, u2)dus,
1 —00
o Z’ a, Xo0,24+X1,28,2
% = X1 / fo(Xo1 + X118, uz)dus,
1 —0o0
ops(Z, a, o0
% = —Xi; / fo(Xo1 + X118, uz)dus,
61 X0,24X1,2800+ 702 +X2002
8p(Z> CKO) <8p1(Z7 Oéo) ap2<Za CKO) 8p3(Z7 040))1 . :
—_— = , , is 3 X dy-matrix,
03, 0, 03, 0, ’
op,(Z, a, X0,1+X1,18,1 op,(Z,
pl( — ) — —X1,2/ fo(ul, XO’Q + X1,2B02 + Vo2 + X2502)du1 = X1’2L)7
aﬁ2 —00 8,72
0py(Z, v, o0
% = —X1,2/ folur, Xoo + X1,28,9)du,
52 X0,1+X1,18,1
Ips(Z, o) _ Ipy(Z; a) — X, 28p3(Z, o)
@ﬁlz 85/2 7 0 7
!
ap(Z7 ao) — (apl(Za aO), apZ(Za Oéo)’ ap3(Z, O‘O)) is 3 x 1—matrix,
074 vy 074 074
o Z, a, Xo0,1+X1,1801
% = —/ folur, Xoa + X12800 + Voo + X2602)dus,
2 —00
ap2(27 Oéo) — O
074 ’
Ips(Z, o) _ _8p1(Z, o)
07, V9 ’
Ip(Z, a,) <8p1(Z, a,) Opy(Z,a,) Ops(Z, ao))’ : :
— = ; , is 3 x (dy + 1)-matrix,
a6 do a5 I 2
p,(Z, X0,1+X1,1851 Ip,(Z,
% = —X2/ folur, Xo2 + X128,9 + Voo + X2ds2)dus = Xz%,
2 —00 Y2
a102(Z7 O{O) O
D0y ’
ap?)(Z? Oéo) — _apl(Z7 aO) — X 6p3(Zv Ozo)
a6, a8, 2 Oy,
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ap(az}%) o] = (apl(azf’ o) [vy], apQ(aZf’ %) [vf], apg(aZf, @) [vf]>/ is 3 x l-matrix,
9p, (aZf; Oéo) [Uf] o /_Xo,1+X1,1501{/_X0,2+X1,2ﬁ02+%2+X2502 y (ul’ u2)du2}du1’
%f’ao)[w] - _ /XOO s {/X072+X1,2602 vy (ug, ug)dus tduy,
0,1+X1,1Po; v/ =0
8P3(0Zf, ) o] = - /X0,1+X1,1601{/°° v (uy, ug)duy yduy.
—00 X0,24+X1,2800F V02 +X2802

3.1.2 Convergence rate

Theorem 2 Assume all the conditions for identification in the case T = 2 are satisfies.
Suppose further that the joint density of (U, Us) is Holder continuous with exponent greater

than one. Then |[Q,s — || = 0,(n"1/%).

3.1.3 Root-n normality and efficiency

For any v = (vg, vs), let vy = —w X vy with w = (w!,...,w%) being a 1 X dy -vector valued

function. Then

ol = oy ((22500) - P 0e) i oy, gy 2T 0e) - HlZ el ),

of of
Let 6, denote the j — th element of the dy x 1—vector §. We denote w, = (w}, ..., w%) be

0

the solution to

. ap(Z,Oéo) ap(Z,Oéo) VIRU 810<Z Oéo) ap<Z7a0> J
mt i ({2250 - W} {0 X)) - o)

of
Denote 22Z:00) _ 9p(Zao) [y, 1 a5 the 3 x dy—matrix with the j — th column given by

a0’ of
%}’f’“’)[wg] for j = 1,...,dy. Finally we denote

V- [T OE Y (o, gy () O, ),

Ap( Zao) N

Then we can apply the general theory of Ai and Chen (2003) to establish

Theorem 3 Assume all the conditions for identification in the case T = 2 are satisfies.
Suppose further that the joint density of (Uy, Us) is holder continuous with exponent greater
than one. Then the optimally weighted sieve GLS estimator gogzs given in (5) is root-n

consistent, asymptotically normal and semiparametrically efficient, with asymptotic variance
Vol
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3.2 Sieve ML Estimation
The log-likelihood evalued at ¢ — th observation is:

E(Zla 67 f)
Xo,1i+X1,1:81 Xo0,2i+X1,2iBa+72+X2:02
= lezYVZZ log {/ {/ f(ul, u2)du2}du1}

—00 —00

00 Xo0,2i+X1,2i82
+(1 — Y14)Yai log / {/ f (w1, ug)dug }duy

Xo0,1i+X1,1i81 J —o0

Xo,1i+X1,1:61 00
+Y1;(1 — Y2;) log / {/ f(ur, ug)dug fduy

—o0 Xo,2i+X1,2iBa+72+ X202

+(1 = Ya)(1 — Yai) log {/Oo {/m Flu, u2)du2}du1} |

Xo,15+X1,1:81 Y Xo,2i+X1,2:82
Then the sieve ML estimator &,,; = (6,1, frmi) is the solution to:

Ot Fo) = arg_max_ =5 0(Z,,0, f),

0€O,feFn N “
=1

where F,, is a sieve space for F.

3.2.1 Fisher norm

For any direction v = (vg, vy) with vg = (vs,, vs,,V,,,Vs,), we define the Fisher norm as

WW:E<YM$%MM+“§f”m§>,

where
o Z, ). . 0UZ, ay) ol(Z, a,) ol(Z, a,) o(Z, a,)
o0 [UG] = 86/1 Vg, + 86/2 Vg, + 8’}/2 Uny,y + 85/2

Vsq

and
0UZ, o)
0B,
Y1Y, ¥ X0,24+X1,2800F Y02 +X2002
E[Y1Y3| X, X 1 /oo
(1-Y))Y;

Xo0,2+X1,28,2
B X J(Xoq + X L ug)d
E[(1 = Y1)Y3| X1, Xo] 11 /Oo fo(Xo1 + X1,1801, u2)dus

fo(X0,1 + X118, ug)dus

Yi(1—Y3) /°°
X1 fo(Xo1 + X118,1, uz)dus
E[}/l(l - YQ) |X17 Xz] Xo0,2+X1,2B802 702t X2002 '

(1-¥)d - Y

B X / OX + X ols U du,
BT — V(L —Va) X0 Kol iy, o0 a0 )
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(Z, a)

0y
Y Y X0,1+X1,1601
- E[Y1Y21|)§1 XQ]XLQ / folur, Xoa + X128 + Voo + Xa002)duy
(1-Y)Ys /00
T X o(u1, Xoo + X1280)du
E[(1 — Y1) X1, Xa) 1,2 N folu1, Xop 1,2802)dus
Yi(1l-Y5 X0,14+X1,1801
_E[Y1<11(_ y2)|;31 XQ]XI’Q/ Jo(ur, Xog + X12805 + Voo + X2002)duy
(1-Y1)(1—Y3) /°°
o X o u 7X + X o du ;
B V)~ V) X0 X i, 00 02 )
o(Z, )
97,
Y Y- X0,14+X1,1801
- E[Y1Y21|)§1 Xo] / Jo(ur, Xoo + X128,9 + Vo2 + X2002)dus
Y 1 — Y X0,1+X1,1Bo1
_Emul(— Ym;gl ol ol Xoz + X128 + 10z + Xaba)dun,
o(Z, )
oL
Y1Y; Xo0,1+X1,1801
- E[Ylel\)?l X2]X2/ folur, Xoo + X128,0 + Voo + X2002)dus
Y:(1 = Y- Xo0,1+X1,18,1
S Enravaid] o, Xoz + X128 + 70 + Xadio)
and
oN(Z, a,)
— sl
af

V1Y, X0,1+X1,1801 X0,2+X1,2802 Y02+ X2002
- dus}d
EViYal X1, Xo) /_Oo { /_ . 0 (ur, us)dus by

(1 — Yl)YQ /oo /X0,2+X172502
N { v(uy, ug)dug fduy
E[(l — Y'1)Y'2IX1? X2] Xo0,1+X1,18,1 J—00 !

Yi(l - }/2) /XOYl_‘—Xl’lﬁol oo
{/ v(ug, ug)dug pduy
EI:}/:[(]‘ - }/2)|X17 X2] —00 X0,2+X1,2502+’702+X2502 f
(1-Y)(1-Y3) /°° ( >
El(1=Y1)(1 = Y2)| X1, Xo| Jxi 43118, JXos+X128,,

+ vy (ug, ug)dus pduy .
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3.2.2 Convergence rate

Theorem 4 Assume all the conditions for identification in the case T = 2 are satisfies.
Suppose further that the joint density of (Uy,Us) is Holder continuous with exponent greater

than one. Then ||Gm — ,|| = 0,(n~4).

3.2.3 Root-n normality and efficiency

For any v = (vg,vy), let vy = —w X vy with w = (w!,...,w?%) being a 1 x dy -vector valued

function. Let 6; denote the j—th element of the dyx 1—vector §. We denote w, = (w}, ..., w)

, 00(Z,00)  OUZ,0), )7
libe<{ 20,  of M})'

[w,] as the 1 x dg—matrix with the j — th column given by

be the solution to

0 Z,0)  OUZ,0)
00’ of

[wi] for j =1, ...,dy. Finally we denote

1 p[{2)_ 2z M}’ () _oZoay, )

Denote % —
J
U Z,a0)

of

Then we can apply the general theory on sieve MLE in Shen (1997) to establish

Theorem 5 Assume all the conditions for identification in the case T = 2 are satisfies.
Suppose further that the joint density of (U, Us) is holder continuous with exponent greater
than one. Then the sieve ML estimator /H\ml 18 root-n consistent, asymptotically normal and

semiparametrically efficient, with asymptotic variance I_1.

Remark: we can verify that actually V, = I, hence the optimally weighted sieve GLS is

as efficient as the sieve ML estimator.

3.3 Efficiency Gain by Imposing Parametric Copula

Denote f,; as the true unknown marginal density and Fj; as the true unknown marginal
cdf of U; for j = 1,2. By Sklar’s (1959) theorem, there is a unique copula density function
cole1, e2) such that f,(uy,uz) = co(Fpr(ur), Foa(uz)) X for(u1)fea(uz). In this subsection we
impose a parametric structure on the copula function, which is equivalently to specify the

joint density of (Uy, U,) semiparametrically as

f0<u17u2) = C(Fol(ul),F()Q(Uz); )\0) X fol(ul)fo2<u2)

where the copula density ¢() is of known functional form up to an unknown finite-dimensional

parameter \,, but the marginal densities f,; of U; is unspecified for j =1, 2.
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We note that the model with 7" = 2 is now equivalent to the following set of conditional

moment restrictions:

Fo1(Xo0,1+X1,18,1) Fo2(X0,2+X1,2802 702+ X2002)
E |Y\Y, —/ {/ c(e1, e2; Ao)des}dey | X1, X5 = 0.
0 0
1 Fo2(Xo0,2+X1,28,2) 1
FE (1 — Yi)ifg —/ {/ 0(61,62;)\0)d€2}d€1 ‘ Xl,XQ = 0,
Fo1(Xo0,1+X1,18,1) J0O i
Fo1(Xo0,1+X1,1801) 1 | |
E |Yi(1-Y3) —/ {/ c(er, e2; Ao)deatder | X1, Xo| = (6
0 Fo2(Xo0,24+X1,2800F V02 +X2802) i

In this subsection we let a = (0, f) with 6 = (37, 55,74,05)" € O as before except that
now f € F¢ with

e _ { f(ur,uz) = c(Fy(ua), Fo(uz); A) X fi(ur) fa(uz) - A € A, } '

f1, fo are univariate densities that are Lip. continuous

Let p(Z,a) = (p1(Z, @), po(Z, ), p3(Z,c)) be a 3 x 1—vector valued function with

Fi1(Xo,1+X1,1871) F>(Xo,2+X1,285+72,+X282)
p(Z.a) = ViYs— / { / e, e2; N)des}der,
0 0

1 F2(Xo,2+X1,282)
po(Z,a) = (1-Y)Y, —/ {/ c(eq, ea; N)deg bdey,
F1(Xo,1+X1,18:) J0
F1(Xo0,1+X1,181) 1
ps(Z,a) = Yi(1—Ya) —/ {/ c(eq, ea; N)deg bdey.
0 F2(Xo,2+X1,285+72+X262)

~

The three-step optimally weighted sieve GLS estimator Qpgis = (fogis, f/;gls) can be ob-
tained as follows:

Step 1: (59157,?;15) = argmingee, rere = > iy p(Zi, 0, f)'p(Z:, 0, f), where F¢ is a sieve
space for F°¢;

Step 2: compute a consistent estimator iO(X 1, Xo) for ¥,(X7, X3); We could again obtain
a plug-in consistent estimator by using the 3,(X;, X3) expression, the conditional moment
restrictions (6) and the Step 1 estimates (@le, fgls);

~

Step 3: compute the optimally weighted sieve GLS estimator dogs = (fogis j‘"Aong) as

Dt Fogs) = min LN (20, 1Y (Xais Xa)} (200, ). (7)

0€0, feF s |la—aol[=o(n=1/4) T <=

For any direction v = (vp, vy) with vy = (vgl,v’62,v%,vg2)’ being a dy x 1-vector, vg, a
d; x 1-vector, vg, a dy X 1-vector, v,, a scalar, vs, a (dy+1) x 1-vector, and v a scalar valued

function in F¢ — {f,}, we define the Fisher-like norm of v as

ol = 5 ({ 2245) ) 4 20} g, gyt { 2T o) S0y 1)
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where

p(Z, a,) _ 9p(Z, ) Ip(Z, a,) p(Z, a,) Ip(Z, a,)
T[U@] = 6—B’1vﬂl + 86/2 1)52 + 872 U% + 0—6,21}52

is a 3 X 1—vector, and
8p(Z> a0> — <8p1(Z7 CYo) ap2<Z7 aO) ap?)(Zv Qo
e ogy 0By T 0B

0 Z7 a, Fo2(X0,2+X1,28,0+702+X2602)
—p1< 7 ) = —Xi1fou(Xo1 + X1,16,) /
9B 0

/
)) is 3 X di-matrix,

c(Fo1(Xoa + X1168,1), €25 o)

0ps(Z, ay Fo2(Xo,2+X1,2852)
% Xi1for(Xoa + X1,1501)/ c(Fo1(Xoa + X1,1001), €25 Ao)des,
1 0
0pa(Z, !
% = —Xi1for(Xoa + X1106,) / c(Fo1(Xoa + X1108,1), €25 Ao)a
ﬁl Fo2(X0,2+X1,28,0+702+X2602)
op(Z, a Opy(Z,00) Opo(Z,00) Dps(Z, )’
p( ?Ia) — < pl( ;@)7 pQ( ,a), p3( ,a)) isgxdg—matrix,
03, oo oo Iy
apl(Za Oéo) — X128p1(z7 O_/O)
85’2 7 074 7
0py(Z, !
% —Xi2f02(Xo2 + X1206,2) / cler, Foa(Xoo + X1,28,2))der,
ﬁz Fo1(Xo0,1+X1,18,1)
8p3(Z, Oéo) — X128p3(27 Oéo) — _8p1(Z7 Oéo)
35/2 7 074 aﬁé ’

Ip(Z, av) (0/)1(Z, ) Opy(Z, ) Opy(Z, v

))' : .
) , is 3 X l-matrix,
97, 97, 97, 97,

op,(Z, a,
% — _fo2<X0,2 + Xl,2ﬁo2 + Vo2 + X2502) X
2
Fo1(Xo0,1+X1,18,1)
/ c(er, Foa(Xog2 + X12800 + Voo + X2602); Ao)dey,
0

ap2(Z7 CYO) — 0

074 ’
Ips(Z; a,) _ (%, )

872 672 7
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ap(Z7 ao) (8,01(2, Oéo) 8p2(Z, Oéo) 8P3<Z, Oéo)>, is 3 x (d2 + 1)—matrix

D0 Doy 1 Doy T Doy
Ip1(Z, o) — X, Ip1(Z, o)
D Oyy
apZ(Z7 aO) . 0
/ - )
ap?)(Z? Oéo) — Xg ap?)(Z? Oéo) - 8p1(Z, Oéo)
D04 07, oy
op(Z, a,) op1(Z, a,) 0ps(Z, ) Ops(Z, ) " _
a—f[vf] = : o7 [v7], = o7 [v7], = of [vg] | is 3 X 1-matrix,
) Z, a, Xo0,1+X1,18,1 X0,24+X1,2B8450F702+X2002
pl(@f ) [Uf] — / {/ Uf<u17 UQ)dUQ}dUh
0py(Z, o, o0 Xo,2+X1,2802
L | ( o (s ua)dus Y,
f Xo0,1+X1,18,1 J —00
o Z, a, X0,1+X1,1801 oo
pS(a ) ['Uf] _ / {/ Uf(ub UQ)dUQ}dU/l-
f —o0 X0,24X1,2800+7V02+X2002
For any v = (vg, vy), let vy = —w X vy with w = (w?, ..., w?) being a 1 X dy -vector valued

function. Then

ol = v ({2220e) OB 0)y g, 3, gy 2T ) Do)y,

Let 6, denote the j — th element of the dy x 1—vector §. We denote w, = (w},...,w%) be

o’ o

the solution to

. ap(Za ao) ap(Z: ao) j ap(Z ao) 8IO<Z7 Cko) j
wt £ ({ - 15,51, X)) - wl}).
wJ 89] 0f af
Denote 22 (E)Zf o) _ % (82]1%) [w,] as the 3 x dg—matrix with the j —th column given by Mj) —
%ﬁo)[wg] for j = 1,...,dy. Finally we denote
op(Z, ) 0p(Z, ' 1 [0p(Z,cy)  Op(Z, '
‘/;)C = E [{ (891 ) - (af >[w0]} {ZO<X1’X2)} ! { (89/ ) - (8f )[wo]

Then we can apply the general theory of Ai and Chen (2003) to establish

Theorem 6 Assume all the conditions for identification in the casel’ = 2 are satisfies. Sup-
pose further that the joint density of (U, Us) satisfies fo(u1,us) = c(Fp1(ur), Foa(ua); Ao) for (1) foa
and the marginal densities f,1(u1), fo2(us) are holder continuous with exponent greater than
1/2. Then the optimally weighted sieve GLS estimator 50913 given in (7) is root-n consistent,

asymptotically normal and semiparametrically efficient, with asymptotic variance V,; .
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Remark: Notice that F¢ C F, we have V. > V,. Hence V! < V7! that is, by
imposing parametric copula dependence structure among (Uy, Us) will lead to a more efficient

estimation Of 60 - (5/017 6/027 Yo2> ,02),'
4 Semiparametric Efficient Estimation for Greater than
Two Periods

When T > 3, although we could still identify the joint density fy, .y, of (Ui,...,Ur), due

to the well-known “curse of dimensionality”, we shall impose some parametric dependence

-----

structure among Uy, ..., Up while still leave the marginal densities fy,,t = 1,...,T unspecified.
By Sklar’s (1959) theorem, we have

where ¢(Fy, (Uy), ..., Fy,(Ur)) is the copula function associated with (Ui,...,Ur). In the
following we denote F,; as the true unknown marginal cdf of U; for j = 1,...,T. To avoid
the curse of dimensionality, we impose a parametric structure on the copula function, which

is equivalently to specify the joint density of (Uy, ..., Ur) semiparametrically as

fornerg (a, s tr) = e(For (U1), ., Fo(Ur); Xo) [ | for () (8)

where the copula density ¢() is of known functional form up to the finite-dimensional unknown
parameter A\, and the marginal densities f,; of U; is unspecified for t =1, ..., T.

In this paper, c(Fy(Uy), ..., Fyr(Ur); Ao) can be any parametric copula density function?
such as the Normal (or Gaussian) copula, the Student’s t-copula, the Frank copula, the
Gumble copula, and the Clayton copula, see Joe (1997) and Nelsen (1999) for examples and
properties of copulas. Here we present three copula examples:

Example 1 (Normal copula): Let ® denote the scalar standard normal distribution,
and ®y 1 the T'—dimensional normal distribution with correlation matrix . Then the

T'—dimensional normal copula with correlation matrix A = X is
C (evz) = CI)E,T(CI)_l(el)v ] CI)_l(eT))a

whose copula density is

B S {_ (@' (er), s @M er)) (71 = L) (BT (e), ooy <1>—1(eT))}
Vdet(T) 2 '

4See Chen and Fan (2003) for model selection among multiple possibly misspecified parametric copula
models.

c(eX) =
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Normal copula with > # 0 generates joint symmetric dependence, but there is no tail
dependence (i.e., there is no joint extreme events).
Example 2 (Student’s t-copula): Let 7, be the scalar standard Student’s t distribution
with v > 2 degrees of freedom, and 7y, be the T'—dimensional Student’s t distribution with
v > 2 degrees of freedom and a shape matrix .. Then the T'—dimensional Student’s t-copula
with parameters A\ = (X, v) is
C(eX,v) =Ts, (T, (wr), ..., T, (ur)).

v

The Student’s ¢ copula density is:

o - S ) T 119)”

where x = (21,..,27), ;=T (u).

The Student’s t copula with ¥ # 0 can generate joint symmetric tail dependence, hence
allow for joint fat tails (i.e., an increased probability of joint extreme events).
Example 3 (Clayton copula): the T'—dimensional Clayton copula with parameter A > 0
is:
ClesA) =le;* +...+ex* =T +1]7Y*  where A > 0. 9)

The copula density of the Clayton copula is given by

T

cle; N) = {IT_, [1 + (j — DAHI_u; YD " up* =7+ 1747+ where A > 0.

j=1

Unlike the Gaussian and Student’s ¢ copulas, the Clayton copula can generate asymmetric
dependence. In particular, the Clayton copula has lower tail dependence, but no upper tail
dependence.

In the following we only consider the estimation of the model when 7" = 3, since the
general case T > 3 is notationally very tidious. (Recall that we have 27 — 1 number of
conditional moment restrictions for a model with 7" periods.) Let X = (X7, X}, X})’, then
we have the following 7 conditional moment restrictions implied by the model with T = 3

and imposing the parametric copula structure (8).

E[Y1Y;Y3]X]

Fo1(X0,1+X1,1801) [Fo2(X0,24X1,2800+702+X2002)
- / .
0 0
Fo3(X0,3+X1,3B03+723+X3625+7 3+ X363 +712+X3513)
/ c(eq, ea, e3; \p)degdesdey
0
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E[(1 - Y1)Y,Y3]X]

1 Fo2(Xo0,2+X1,2802) [ Fo3(Xo0,3+X1,3803+723+X3623)
= / / / c(eq, e, e3; \,)desdesdey
Fo1(Xo0,1+X1,1801) Y0

0

EY1(1 - Y3)Y3|X]

Fol(X0,1+X1,1601) 1 F03(X0,3+X1,3/803+’7¢1)3+X35<1)3)
— / / / c(eq, e, e3; \o)desdesc
0 Fo2(Xo0,24+X1,2802+702+X2d02) /O

E[(1 - Yi)(1 = Ya)¥3[X]
1 1 Fo3(Xo0,3+X1,38,3)
- / / / c(eq, ea, e3; \p)desdesdey

Fo1(X0,1+X1,18,1) ¥ Fo2(Xo,2+X1,28,2) /0

EY1Y5(1 - Y3)| X]
/Fo1(X0,1+X1,1501)/Fo2(X0,2+X1,2502+702+X25o2)

X
0 0

1
/ c(eq, e, e3; \p)desdesdey

Fo3(X0,3+X1,3803 725+ X3023+7Es X303 +7 3+ X35.3)

E[(1—=Y1)Ya(1 — Y3)| X]
1 Foa(Xo,24+X1,28,0) 1
_ / / / cleq, e, e3; Ap)desdesdey

Fo1(X0,1+X1,18,1) Y0 Fo3(Xo0,3+X1,3803+725+X3623)

EMi(1-Y3)(1 = Y3)|X]

Fo1(Xo0,1+X1,18,1) rl 1
0 Fo2(Xo0,24X1,2802+702+X2002) F03(X073+X1,3603+’Y(1)3+X35é3)

In the following we denote @ = (6, f) with 6’ = (8}, 85, Vs, 0, 35,13, 02,74, 05, 742, 037 €
@ and f = (F17F27F37)\) S fc’
o fur, ug, us) = c(Fi(ur), Fa(ug), F5(us); A) fi(u1) f2(ug) fa(us) = A € A,
f1, f2, f3 are univariate densities that are Lip. continuous. '

Also denote o, = (0,, fo). Let p(Z,a) = (p;(Z, ), ..., pz(Z, )" be a 7 x 1—vector valued

function with

F1(Xo0,1+X1,181) F5(Xo0,2+X1,285+72,+X262)
pZa) = vivvi— | / x
0 0

F3(Xo,3+X1,383+73+ X365 +73+ X385 +752+X3837)
/ c(eq, ea, e3; N)degdesdey
0
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1 F(Xo0,2+X1,285)
pZ,0) = (1= Y)VaYs - / / x
Fi1(Xo0,1+X1,181) Y0

F5(Xo0,3+X1,383+72+X362)
/ c(eq, e, e3; N)degdeadey
0

F1(Xo,1+X1,18,) p1
pZ.a) = V=Y~ [ / x
0

F2(Xo,2+X1,285+72+X202)

F5(Xo0,3+X1,383+75+X363)
/ c(eq, ea, e3; N)degdesde;

0

wiZa) = (=W -wi- [ / 9

F1(Xo0,1+X1,181) v F2(Xo,2+X1,282)

F3(Xo0,3+X1,383)
/ c(er, eq, e3; N)desdesde;
0

X

F1(X0,1+X1,181) pFa(Xo,24+X1,285+72+X202)
pZ.a) = Yva-v) - [ /
0

0

1
/ c(eq, e, e3; N)degdesdey

F3(Xo,3+X1,383 73+ X303 +7A+ X305 +7v32+X361?)

1 Fy(Xo,2+X1,285)
pZa) = (1-Vn-¥)- [ / .
(Xo,1+X1,181) /0O

Py

1
/ c(eq, e, e3; N)degdesdey

F5(Xo0,3+X1,383+72+X363)

Fi(Xo01+X1,181) r1
plZ.0) = M-¥)a-) - / ><
0

F5(Xo0,2+X1,285+72+X202)
1
/ c(e1, e, e3; X)desdeadey
Fs5(Xo0,3+X1,383+75+X363)

-~

The three-step optimally weighted sieve GLS estimator Qogs = (fogiss fogls) can be ob-
tained as follows:

Step 1: (/Q\gls,f;zs) = argmingee fere %22;1 p(Z:,0, ) p(Z;,0, f), where F¢ is a sieve
space for F°¢;

Step 2: compute a consistent estimator i‘o(X) for X,(X) = Var{p(Z;,0,, f,)|X}; We
could again obtain a plug-in consistent estimator by using the 3,(X7) expression, the above

7 conditional moment restrictions and the Step 1 estimates <§glsa fgls);
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Step 3: compute the optimally weighted sieve GLS estimator aiogs = (fogiss onng) as

(Bogis: fogis) = arg min LS (200, £ (S0 Xa0)} (20,6, 1),

0€0O, fEFS:||a—ao||=o(n=1/4) T —1

Finally we denote

- [ {0,0(59,/61(;) B ap(g}ao) [wo]}/ {(Z,(X)} {8” (029’,%) % (5}%) [wo]}/} :

Then we can apply the general theory of Ai and Chen (2003) to establish

Theorem 7 Assume all the conditions for identification in the case T = 3 are satisfies.
Suppose further that the joint density of (U, Us, Us) satisfies

fo(ub Ug, U3) = C(Fol(ul)a Fo2(u2)7 Fo3(U3); )\o)fol (ul)fo2<u2)f03(u3):

and the marginal densities fo;(u;), j = 1,2,3 are holder continuous with exponent greater
than 1/2. Then the optimally weighted sieve GLS estimator gogls 18 root-n consistent, as-

ymptotically normal and semiparametrically efficient, with asymptotic variance V,!.
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