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Abstract
This paper provides a method for determining the exact finite sample properties of the
bootstrap. Previously, information about bootstrap performance has been primarily limited to
asymptotic properties and Monte Carlo experiments. The exact small sample properties of most
bootstrap procedures have not been determined. We show how to transform the empirical process
into an analytical process and separate the bootstrap-induced randomness from the randomness of
the underlying random variable. We derive the variances of some selected bootstrap estimators.
Other exact properties such as bias, skewness, kurtosis, and mean squared error could be readily
derived using this approach. Bootstrap estimators that are nonlinear functions of the bootstrap
sample values (including ratios and matrix inverses) can be represented by Taylor series as
polynomials in their bootstrap-induced frequencies. Consequently, their finite sample distributions

can be analyzed up to any desired degree of accuracy.
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1. INTRODUCTION

The purpose of this paper is to propose an analytical approach to understanding the exact
finite sample distribution induced by particular bootstrap procedures. We define the class of
bootstrap estimators whose finite sample distributions are “directly analyzable” with this
approach.”> A Taylor series expansion can be used to transform nonlinear bootstrap structures into
polynomials which are easily analyzed using this method. Examples are provided that give an
analytical derivation of the variances of some selected bootstrap estimators. Our analytical
approach enables one to exactly determine mean squared error, skewness, kurtosis and a host of
other properties of the finite sample distribution. We leave hypothesis testing and confidence
interval issues for another paper.

From the beginning the bootstrap literature has recognized that bootstrap-induced
randomness generally follows the multinomial distribution.” Efron (1979) used the analytical
approach in some simple examples, but little has been done to develop this approach or the
Taylor series approximation to it as a general analytical strategy for deriving the finite sample
distributions of bootstrap estimators under the many alternative bootstrap procedures. Neither
the traditional bootstrap literature nor the internet bootstrap literature has made much use of the
multinomial distribution. In order to reach more general conclusions for the broader class of
estimators including nonparametric estimators, the bootstrap literature has been almost
exclusively focused on asymptotic theory and Monte Carlo results. With the increasing
popularity of the bootstrap, more and more research is being performed using bootstrap

simulations in situations where an analytical approach could provide more precise solutions.

? The term “directly analyzable” will be defined in section 2 of this paper.

3 An exception is the balanced bootstrap of Davison, Hinkley and Schechtman (1986) which is based on the
hypergeometric distribution. Our approach is just as easy to use under the hypergeometric distribution as it is under
the multinomial distribution. Other examples include the wild bootstrap which uses the multinomial and binomial
distributions and the stationary bootstrap which uses the multinomial, binomial and geometric distributions.



In addition to the standard bootstrap, the examples offered herein of using the analytical
approach include the wild bootstrap of Liu (1988) and Davidson and Flachaire (2001), the wild
bootstrap of Mammen (1993), the non-overlapping, fixed-block bootstrap of Hall (1985) and
Carlstein (1986), and the overlapping fixed-block bootstrap of Hall (1985), Kiinsch (1989), and
Politis and Romano (1993). Bootstrap estimators that are nonlinear functions of the bootstrap
sample values can be transformed by a Taylor series expansion into directly analyzable bootstrap
estimators. We provide an example of this approach based on Horowitz (2001). Finally, the
analytical solution for the covariance matrix of the bootstrap estimator of the coefficients of a
linear regression model with nonstochastic regressors is derived. This paper was motivated by the
Horowitz (2003) survey paper calling for work on the bootstrap’s finite sample distribution.

In practice the bootstrap procedure might involve approximating the standard error or
variance of a sample statistic. As an example, we will derive the finite sample variance of the
bootstrap estimator under various bootstrap procedures. Since the bootstrap simulations treat the
sample values of the underlying random variables as if they were the fixed set of population
values, we will first follow this approach and calculate the variance of the statistic with these
values as given. This produces a formula for precisely determining the exact analytical (and
numerical) value of the variance of the statistic of interest implied by the bootstrap procedure
without actually having to generate the simulated bootstrap samples. This provides a simpler,
faster and more precise determination of the variance, and, therefore, the corresponding standard
error, than approximating this quantity by computer simulations.

However, while this formula for the variance tells us the formula that is implied by the
repeated bootstrap simulations, it does not tell us the variance under the joint distribution of both

the bootstrap-induced randomness and the randomness of the underlying random variables



associated with the original sample (as drawn from the true overall population). Consequently,
we will also derive this quantity as well. The first formula tells the applied econometrician how
to obtain the exact number needed for an application, while the second expression tells the
econometric theorist what that first number represents in terms of the variances, covariances and
other moments of the underlying, unknown distribution.

The plan of the paper is as follows. In section 2 we define the directly analyzable class
of bootstrap estimators and, as an example of deriving moments, we derive the variance for the
standard bootstrap estimator. Section 3 provides the variance for Liu-Davidson-Flachaire wild
bootstrap estimator based on the Rademacher distribution as well as the variance for Mammen’s
version of the wild bootstrap. Section 4 derives the variances of both Hall-Carlestein (non-
overlapping) and Hall-Kiinsch (overlapping) versions of the fixed block bootstrap. Section 5
extends the analysis to bootstrap procedures for statistics that are nonlinear functions of the
bootstrap sample values. Section 6 derives the covariance matrix of the bootstrap estimator of
the coefficients of a linear regression model with nonstochastic regressors. Finally, section 7

concludes. The proofs for the lemmas and theorems are provided in the Appendix.



2. THE STANDARD BOOTSTRAP PROCEDURE

Consider a set of n real numbers {X;:i=1,...,n} where each X; may be scalar or vector
valued and where n is a finite, positive integer. Typically bootstrap applications involve drawing
(with replacement) a sample of size n. However, a more general bootstrap procedure involves
randomly drawing a bootstrap sample of size m from the set {X;:i=1,...,n} where m is a finite,
positive integer, which may be smaller than, greater than, or equal to n. Without loss of
generality we will treat X; as a scalar for notational convenience.

Each bootstrap sample consists of the set of real numbers {Xj*: j=1,...,m}. Since the
sampling is done with replacement, the elements of the original sample may occur in the
bootstrap sample once, more than once, or not at all. Consequently, the set {M;:i=1,...,n}
records the frequency with which each of the corresponding elements of the original set

{Xi:i=1,...,n} occur in the bootstrap sample where the random variables M; draw the

n
corresponding realized values m; from the set of non-negative integers such that Z m,=m.
i=1

Denote the set of any function, f, of each of the original sample values as
{f(X): i=1,...,n}. Denote the set of that same function of each of the individual bootstrapped
values as {f(Xj*): j=1,...m}. An expected value under the bootstrap-induced distribution will be
denoted by the subscript M, as in E,, [ ] Any expected value under the joint distribution of the
bootstrap-induced randomness and the randomness that generated the original sample,

{Xi:i=1,...,n}, will be denoted by the subscripts M and X, as in EM,X [ ] Conditional
expectations will be denoted E,, [-]and Exm [-]. Variances and covariances will be denoted

with corresponding subscripts such as Var,, [ -], Var, 4 [-], var,[-] and Cov,][-,-].



Definition:  Any bootstrap statistic, 8, , that is a function of the elements of the set

{f(Xj*): j=1,...,m} and satisfies the separability condition

0 ({f(x):i=1mf) =3 g(M)h(F(X,)

i=1
where g(M;) and h( f(X;)) are independent functions and where the expected value Ey [g(Mi)]

exists, is a “directly analyzable bootstrap statistic.

This definition is given simply as a way to define the class of statistics addressed by this
paper. Other bootstrap statistics might be directly analyzable after a suitable approximation.
Consequently, we will restrict our examples to estimators that are either directly analyzable or
that can be made analyzable by a Taylor series expansion.

We begin with the standard bootstrap, which will provide a benchmark or starting point
for the use of this analytical approach for deriving any of the moments (in this example the
variance) of the exact finite sample distribution of various bootstrap estimators under a variety of
bootstrap procedures. We will do this with the original sample values treated as population
values, and then under the joint distribution of the bootstrap-induced randomness and the
randomness that generated the original sample. To produce results that are as general as possible
the latter will be expressed in terms of the moments of the original underlying distribution.

We provide Assumption 1 because each bootstrap procedure is different in the way in
which the bootstrap sample is drawn or transformed upon being drawn. Later sections of this
paper will define other assumptions that define other bootstrap procedures. This assumption is

the simplest assumption and holds only for the standard bootstrap as analyzed in this section.

Assumption 1: For the standard bootstrap, each of the m bootstrapped values for the set

{X; :j=1,...,m} is drawn with replacement with equal probability from the original set of n

sample values {X;:i=1,...,n} having corresponding random frequencies {M;: i=1,...,n}.

Under Assumption 1 and any function, f, the empirical bootstrap process can be

transformed into the corresponding analytical process using the following equality.
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For the standard bootstrap the M;’s are distributed according to a multinomial distribution
with m draws with replacement from an original sample of size n and with all of the underlying
probabilities equal to 1/n. The probability of observing a particular realization of the set
{Mj=m;j:i=1,...,n} may be expressed as

n"m! .
(22) P( Ml_ m,, Mz— m,,..., Mn_ mn) = m where m —izlmi .

We will now produce a lemma for any bootstrap sample moment defined by the function,

f, and a second lemma for its square to produce the theorem for the variance of that moment.

Lemma 1: Under Assumption 1,

E,, szm; f(Xf)}: %éf(xi).

This result is already well understood and accepted from simulations in the bootstrap literature.

Lemma 2: Under Assumption 1,

n?-
2

; n ")
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mn i1 mn i<k

For any moment of the bootstrap-induced distribution represented by the function, f, these two

lemmas provide the results needed to produce the corresponding variance of that moment.

Theorem 1:  Under Assumption 1,

Var, [%sz; £(x; )} =

Y () -

m i1 mn-



The role of the original sample size n is kept separate from that of the bootstrap sample size m.
This analytical formula equals the empirical average over an infinite number of bootstrap
samples, each of size m. The usual empirical bootstrap simulations are attempting to
approximate this analytical quantity. Often, in common practice, m is set equal to Nn.

For the standard bootstrap this completes our analysis under the bootstrap-induced
distribution when the original sample is treated as the population. Next we will look at the
broader problem of carrying out exact finite sample analysis when also taking into consideration
the inherent randomness implied by the original sample as drawn from some unknown overall
population. In other words, we will now look at the joint distribution between the bootstrap-
induced randomness and the randomness of the underlying random variable. To keep our results
general, we will do this in terms of the unknown moments of the underlying random variable
using our expectation notation, Ex[.], Varx[.], and Covy[. , .]. This will reveal the minimum
information about the underlying distribution that would be needed to precisely determine the
variance under this joint distribution. A corresponding analysis could be carried out using this
approach to reveal the characteristics of any of the other moments of the finite sample

distribution.

Theorem 2:  Under Assumption 1,

van, | 151406)| = - Svanlrx ]+ S e o]

mn® =

n’-n [nz—n

-2 Scon ). 1] - 23
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i<k

In addition to the variance of the sum being the sum of the variances plus two times the
covariances, the standard bootstrap adds on some extra terms. These extra terms in Theorem 2
go away when drawing an infinite number of times with replacement in creating each bootstrap
sample (mM—). Alternative bootstrap methods that don’t generate these extra terms include

using the wild bootstrap, which will be discussed in the next section.



An example of using these results might be an analysis of the function
f (X j*) = (X j* -X )2 where X is the mean of the original sample data. This function, when

averaged over the m bootstrap draws in (2.1), is the bootstrap estimator of the variance under the

bootstrap’s empirical distribution function (EDF).
By Lemma 1 we have
I Gy o\ - -\2
Eu| > (X -X)" | =X (X, -X)
m 5 N5

which is just the usual maximum likelihood estimator of the variance.

By Theorem 1 we have

var LS |-, ) -

2
m 4= mn* = mn® T

which gives the formula for the variance of the bootstrap variance estimator under the EDF.

By Theorem 2 we have

n

Vam,{%g(xf—i)ﬂ = niziZ:;Varx[(Xi —)7)2] + nrl_ZIZ;EX[(Xi _)?)4]

) i[ZJ

>
1

Cov, [(X, ~X ). (x, - X )] -

which tells us what object the formula in Theorem 1 is actually delivering under the joint
distribution. One interesting aspect of this result is that the bootstrap is adding positive values to
the variances and subtracting positive values from the covariances and apparently influencing the
stability of the corresponding variance-covariance matrix. This ridge-regression type effect is
greatest when m is small and goes away as m approaches infinity. Similar insights might be

available for skewness, kurtosis and other features of the finite sample distribution.



3. THE ANALYTICAL SOLUTION FOR THE VARIANCE OF THE WILD BOOTSTRAP

In the context of bootstrapping regression residuals, one difficulty with using the
standard bootstrap is that it fails to enforce some elementary requirements, such as mean-zero
errors. To rectify this shortcoming, Wu (1986) proposed and Liu (1988) formulated a weighted
bootstrap known as the wild bootstrap.

The wild bootstrap draws randomly from the least squares residuals with equal
probability to produce the standard multinomial distribution for the frequencies, but, in addition,
multiplies the chosen residual by a special factor. In the simplest case as proposed by Davidson
and Flachaire (2001), the factor, as determined from random draws from the Rademacher
distribution, is plus one with a probability of one-half and minus one with a probability of one-
half. This was earlier referred to by Liu (1988) as a special lattice distribution called the two

points distribution. A more widely used version proposed by Mammen (1993) specifies the

factor as — (\/g — 1)/ 2 with probability p = (ﬁ + 1)/ (2«/5 ) and (\/g + 1)/ 2 with probability
(1-p) = (\/g - 1)/ (2\/5 ] We will analyze the Rademacher version, but a similar analysis of the

Mammen version follows easily by analogy.
To clearly differentiate the Liu-Davidson-Flachaire wild bootstrap from the standard
bootstrap, we provide Assumption 2 in contrast to Assumption 1 which served as the basis for the

standard bootstrap.

Assumption 2:  For the Liu-Davidson-Flachaire wild bootstrap, draw a sample of size m with
replacement from a set of n real numbers {X;:i=1,...,n} with equal probability, and, by doing
so, produce a corresponding set of random frequencies {M;: i=1,...,n} that follow the
multinomial distribution. Next multiply each value in the bootstrap sample by a value of plus
one with a probability of one-half and a value of minus one with a probability of one-half.

These values then constitute the set of bootstrap sample values {Xj*: j=1,...m} .

10



We continue with the expected value notation of section 2, but add the following. Any
expected value under the joint distribution of the multinomial randomness and the binomial

randomness will be denoted by the subscripts M and W (for wild), as in E, ,, [] with variance
var, [-] and conditional expectation Ewm [-]. Any expected value under the joint distribution

of the bootstrap-induced randomness and the randomness that generated the original sample will

be denoted by the subscripts W, M and X, as in E,, , « [-] and variance var, v [-] and with a
corresponding conditional expectation E, , [-].

We now introduce Lemma 3 and its proof to demonstrate the analytical procedure for

setting up the problem for analysis.

Lemma 3: Under Assumption 2, E, ,, [%i f( ))
i=1

Proof of Lemma 3:

Here there is a joint bootstrap-induced distribution that can be expressed as a multinomial

distribution multiplied times a binomial distribution conditional on that multinomial.

Let W; be the number of positive one values randomly drawn for each multinomial frequency,

Mi. Conditional on M; then W; is a random variable with a binomial distribution having a

probability of 0.5, a mean of 0.5 M; and a variance of 0.25 M;. Since W; is the number of

positive ones assigned to the bootstrap draws, then ( M; —W; ) is the number of zeros (which

generate negative ones in this setup). Consequently, we have the following expectation under

Assumption 2.

B [%Z f(X,-*)} -E, EWM[
EW(%Zf( ] : EWW[

> (X, )]=EMEW|M[%E f(xi)j.

1
m j=1 i=l1

1 n
EZ 2W, - M, ] j

3 SHRVEYAL x.)j
M, - M]f(X)j =

3 |- 3|~

=
o

i=1
Q.E.D.

Lemma 3 shows that the Rademacher distribution centers the bootstrap statistic around zero.

11



We will now look to see what it does to the bootstrap statistic’s variance.

Theorem 3:  Under Assumption 2, Var, H%
j=1

Thus, once again, the analytical process replaces the empirical process in producing a formula
that is equivalent to averaging over an infinite number of bootstrap samples, each of size m.

This wild bootstrap has eliminated the cross-product term that was part of the standard bootstrap.
The variance of the bootstrap estimator under the joint distribution of the bootstrap-induced
randomness and the randomness of the underlying distribution has also dropped the covariances
that were present in the corresponding formula for the standard bootstrap as well as the two extra

terms (see Theorem 3) as shown in Theorem 4.

Theorem 4: Under Assumption 2,

[ 3105 e S0

~ mn 5

1
i-1 mi5

Note that if mLiEX[ f(X;)] = 0, then VarW,M,XH

S (% )ﬂ L Svan ()]

This provides us with a much clearer picture of what the formula in Theorem 3 is delivering.
The Liu-Davidson-Flachaire wild bootstrap not only eliminates the “extra” terms in Theorem 2,
but also eliminates all the covariances as well. Also, now the variance goes to zero for infinite m.

Analogously, under the Mammen (1993) wild bootstrap, the probability of W; successes is

and the needed expected values are

12



\5-1 , 2 3-4/5
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M} and EWW, = [

3w/_J
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and the variance of W; is easily shown to be VarW, = 2 M, .

<5

Consequently, by analogy with Theorem 3, for the Mammen wild boostrap we get

var | 155 10) - L0 S o]

and by analogy with Theorem 4 we get

Vet 13106 -

j=1

el

Note that if ﬁiZ::Ex[f(Xi)] = 0 , then VarW,M,XH%if(Xj*)ﬂ mn\/_zn:Var

i1

In the case of regression analysis under the i.i.d. assumption the population errors have

zero means while the sample residuals average to zero by construction (as long as there is an

intercept term). Since the Mammem (1993) wild bootstrap and the Liu (1988) and Davidson and

Flachaire (2001) wild bootstrap both have expected values of zero, and the former has a larger

variance than the latter, then it implies that, in the context of regression analysis with zero-mean

errors, the population finite sample mean squared error of the Mammen wild boostrap will be

larger than the mean squared error of the Liu-Davidson-Flachaire wild bootstrap.

13



4. ANALYTIC SOLUTION FOR THE VARIANCE OF FIXED BLOCK BOOTSTRAPS

Initial attempts to use bootstrap methods to capture consecutive time sequences involved
randomly selecting non-overlapping fixed blocks of time series data. See Hall (1985) and
Carlstein (1986) for the presentation, discussion and analysis of these methods. Alternatively,
Hall (1985), Kiinsch (1989), and Politis and Romano (1993) have presented analyses of the
overlapping block bootstrap. A very helpful overview and useful discussion of the research on
block bootstrapping can be found in Hérdle, Horowitz and Kreiss (2003).

Let Y, refer to a matrix of endogenous variables and X; refer to a matrix of predetermined
variables, which are all observed at time t. For example, for panel/longitudinal data these Y
and X; matrices could represent the data for a simultaneous equations model of cross-sectional
units all observed at time t , where the X; matrix could include lagged values of some or all of
the variables in the Y, matrix. Using a total of T consecutive observations from this set of time-
specific matrices {Y;, X;: t=1,...,T}, form K matrix blocks, {Bg: g=1.....k} , each with |
consecutive time-specific matrix observations.

For the non-overlapping block bootstrap, for some given |, choose k so that k1 = T
and order the blocks such that the first block, B, covers observations from 1 through I, the
second block, B,, covers observations from | +1 through 2 |, and so forth until the last block, By,
which covers observations from T—1 +1 through T.

For the overlapping block bootstrap the first block, B;, covers observations from 1
through |, the second block, B,, covers observations from 2 through | +1, and so forth until the
last block, By, which covers observations from T—1 +1 through T. The overlapping block
bootstrap has k = T— | +1 blocks available for sampling.

The size of these blocks, I, is a key issue. Hall, Horowitz and Jing (1995) have shown
that an optimal block size for the non-overlapping block bootstrap for variance estimation is
| = T', which would imply k = T*?, and for the overlapping block bootstrap, k=T - T"*+ 1.

In addition to the expected value notation used in the preceding sections, we add the
following. Any expected value under the joint distribution of the bootstrap-induced randomness
and the randomness that generated the data in the blocks will be denoted by the subscripts M and

B,asin E,, ,B[- ]. Variances and covariances will be denoted with corresponding subscripts such

as Var, [-], Var, [, Varg[-],Cov, [-,-] and Cov,[-,-].

14



We provide Assumption 3 to specify the random sampling procedure for the fixed block
bootstrap.

Assumption 3: For the fixed block bootstrap, randomly select with replacement b blocks from
the k blocks, {By: g=1.....k}, with corresponding random frequencies {My: g = 1,....k} to obtain the
bootstrap resampled blocks: {B;": j=1.....b}.

Note that under the bootstrap procedure defined under Assumption 3, the integer b may be
smaller than, equal to, or greater than the integer k. Under this fixed block bootstrap procedure,

we average some known function, 6, of each of these randomly selected blocks.

b

4.1) %Ze(s;‘) - %;Mga(sg) .

j=1
The probability of obtaining a particular realization of the set {Mg: g=1,....k} is given by the
multinomial distribution as:

-b | Kk
(4.2) p(M,=m,, ..., M,=m,) = Kb where b=>"m,.
m,!..m,! =

The expected values of the gth block for g =1,...,k for the first and second moments around zero
and the second moment around the mean (the variance) are given by:

b b(b—1)+kb b(k—1
D ()2 1

0 and VarM(Mg)=
The expected cross products and covariances between frequencies Mg for g = 1,...,k and My for

(4.3) Ey (M, )=

h=1,... k are given by:

(4.4) e, (v, m,)= 201

k2

and Cov,, (Mg,Mh)=;—?.

The following theorem provides the variance of the block bootstrap estimator in this context.

15



Theorem 5:  Under Assumption 3,
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Note that a special case of Theorem 5 could be H(B )

_|_

i f( g,) which just produces the

i=1

grand mean over all the blocks such that

ar, { gﬁ( )} {{ﬁing f(xgi)ﬂ{EM {ﬁ; i; M, f(Xgi)} }2 .

g=
For example, this could then be used to evaluate the small sample properties of any bootstrap

CT|>—

sample moment estimator or some function of residuals from a regression.
From the point of view of econometric theory the next theorem reveals what the formula

in Theorem 5 is providing.

Theorem 6: Under Assumption 3,
b k
var, 5 [129(8;‘)} = L Svar[oB,)] + X 21 S E, |08, )]
bj:l k 9=l b k 1
k? -k
, 7 , ()
v 2 S con o, )o,)]- 2 YE[ofe,)ofe,)

2
g<h b k g<h

This result is similar to that of Theorem 2 except here the data from the blocks are being
combined using some known function #(.) that is specified by the user of the block bootstrap.

Note that as b goes to infinity, once again the extra terms disappear.

16



5. ANALYTICAL APPROACH TO NONLINEAR BOOTSTRAP FUNCTIONS

Since polynomials in the elements of the set {M;:i=1,...,n}, are directly analyzable
functions, then nonlinear bootstrap functions become directly analyzable when expressed as
Taylor series expansions.

For example, given a random sample {Xi =1, n} of a random p x 1 vector X with a

— n T * 1 m *
sample vector of means X = %Z X, ,wedefine X = —z X as a vector of bootstrap sample
i=1 =1

means of a bootstrap sample {XJ j=1..., m} whose m values were drawn randomly with
replacement from the original sample {X =1, ,n}. Horowitz (2001) approximates the bias

of §, = g()? ) as an estimator of 6, = ¢ ,u) where u = E(X) for a smooth nonlinear function g as

(5.1) B - %EM[(X*—%)'GZ(X)(T—X) + o(n?)

almost surely, where G, ()T ) is the matrix of second partial derivatives of g.

The primary part of this bias can be evaluated analytically as follows.
EM[(T—Y)'GZ(X)(Y*—Y)] -
E.[X"'G,(X)X"]- E, [X"'G,(X)X]- E,[X 'G,(X)X"]+ E, [X G,(X)X]
where the third term is equal to

e, [K'G,(X)X] - E[ G,(X )%ix} [ G,(X )%i }

j=

- KGR E M = X'G,(X)

1
i=1 msis n

By analogy, EM[)?*'Gz()?))T] = X G( )X as well.

Consequently, the primary bias term simplifies to
Ew [()T* - >T)'Gz(i)()?* - >T)] = Ey [)T* 'Gz(i))?*] - )T'GZ()?))?

Now evaluate the first term on the right-hand side of this expression as

17



>

E,[X G, (X)X"] = #EM {[Z Xi'Mi}Gz()T){ZMiXi }}
1 )

= —E, Zn:xi'lvli'Gz(X)lvlixi +2 3 XM/G,(X)M,X,
i=1

m2

i<k

)

R ‘- (7 :
= F ;Xi EM[MiGz(X)Mi}Xi + 2 Z

i<k

X, EM[Mi'Gz()T)Mk}Xk

where, when I is a p X 1 column vector of all zeros except for a one in the s™ row and Ctisalx

p row vector of all zeros except for a one in its " column (rq ,cgand ry ,cn by analogy), we have

e, [wiem.] - e Seilobnn)| $Eka)ee 0] Sheiem,)|

'

The analysis of EM[ M, G, ()T )Mi} is similar except that M, =M, for all s and t so we have

Ea| M/G,(M, | = 3 (nc)o(E, [m: ]e.(X),)

Substituting these expressions into

e, [x'G,(x)x7] = Liyx, EM[Mi'GZ()T)Mi}Xi + 2(g]x{ EM[Mi'GZ(Y)Mk}Xk

2
m- |5 i<k

18



yields the following expression.

£, [xG,(x)x] = MU y6 (x)x, 2(m;1)[j X, G,(X)X, .

2
mn i=1 mn i<k

Finally, substituting this all back into (5.1) yields an analytical expression for the bias.

2

1 Em-)&y ~ (o 2 (m-1) : 'V~ (o I~ (o 5
Bl = —| — 3 X' G, (X)X, + 2 ¥ X/ G,(X)X, - X'G,(X)X | + ofn?).
2 mn i1 mn i<k

In general, start with an n x 1 vector of original sample values X and randomly draw
rows from X to form an m x 1 vector of bootstrapped values X ". Define an m x n matrix H such
that X '=HX where the rows of H are all zeros except for a one in the position corresponding to
the element of X that was randomly drawn. If the elements of X were drawn with equal
probability then the expected value of H will be Ex[H] = (1/n) 1n1,> where Ipisanmx 1
column vector of ones and 1, is an n x 1 column vector of ones. Consider some bootstrap
statistic G, = g(X") = g(HX). If the first and second derivatives of g(.) with respect to X " exist,
then a Taylor series expanded around some m x 1 vector X, can be written as
(5.2) O = g% )+ [GI(X )] (X =X ) + (1/2) (X=X, )’[Ga(X,)](X =X, ) + R”
where Gj(.) is the m x 1 vector of first derivatives, Ga(.) is the m x m matrix of second
derivatives and R " is the remainder term. A natural quantity X, = H,X to expand around under
the bootstrap-induced distribution would be the mean value of X =HX under that distribution
which is E4[X '] = E4[H] X = (1/n) Il X. Substituting this value for X, into (5.2) yields
(53) G = g(UM1al’X) + [Gi((1/N)Inly X)) (H=(1/n)1n1,7) X

+ (1/2) X (H=(1/M)110°) [Go((1/M) 110X )] (H-(1/M)11) X + R
As a polynomial in H, the finite sample properties of this bootstrap statistic can now be

determined analytically and compared with those of alternative bootstrap statistics.
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6. ANALYTICAL SOLUTION FOR BOOTSTRAP REGRESSION COEFFICIENT COVARIANCE MATRIX

Begin with the traditional regression model with an n x 1 dependent variable vector, Y,
an n x K regressor matrix, X, a k x 1 regression coefficient vector, £, and an n x 1 error term, &,
in standard linear form Y = Xf+ €.

There are two alternative approaches to bootstrapping the estimator, ,5’ , of the regression
coefficient vector. One approach treats the X matrix as nonstochastic so that the standard error
of /} can be derived from estimates of the conditional variance of the dependent variable, Y.
Another approach is to view the X matrix as random with the random matched pairs of (X;,Yr)
values bootstrapped together as (X{,Y; ). The first approach essentially involves bootstrapping
the regression residuals or an equivalent procedure. The second approach is more challenging in
that it complicates the problem by producing randomness in the bootstrapped X’X inverse matrix
as well as in the XY vector. We present the nonstochastic-X case here. We present the
stochastic-X case (the paired bootstrap) in a separate paper since it requires a much more
extensive analysis.

When appropriate, the analytical bootstrap solutions presented in the preceding sections
can be applied to the bootstrapping of residuals from a regression to calculate the standard errors
of the regression coefficient estimators. Some of those methods are more useful for models with
independent and identically distributed (i.i.d.) random errors while others (e.g. block bootstrap)
are more appropriate for dependent error patterns. This subsection will provide a simple matrix
version of bootstrapping which can be altered to represent many different variations of

bootstrapping methods.
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Bootstrapping residuals can be interpreted as inducing a bootstrap distribution on the

dependent variable, Y, while maintaining the nonstochastic nature of the regressor matrix, X.

The least squares estimator, ,5’ = (X 'X )71 X'Y , will generate a corresponding set of least squares

residuals, e = Y — X,é . Freedman (1981) has pointed out that bootstrap procedures can fail

unless the residuals are centered at zero. A constant term in the regression will automatically
center the residuals at zero, but when no constant term is present, the residuals will need to be

centered as part of the bootstrap procedure.
Since e =(1,-X (X’X)_lX’) € and X is considered to be a nonrandom matrix, to provide

a set of bootstrapped residuals € = {e/,€,, .. .,e, }' that are centered around zero we introduce

the n x n matrix A =(I,—(1/n)1,1," ) and replace e* with Ae* to ensure that the bootstrap
residuals are centered at zero. Alternatively, one could redefine e to be Ae to center the original
set of least squares residuals. By inserting A in the equations we can simultaneously derive the
results for the uncentered case, A = |, and the centered case, A = (I, —(1/n)1,1,").

To simplify and expedite the exposition in this section we provide Assumption 4 as a set
of procedural assumptions and definitions that characterize this least squares regression

bootstrap.

Assumption 4:

Take n draws with replacement from the set of least squares residuals e = {e, ,e,, .. .,e, }’to
obtain a corresponding set of bootstrapped residuals e = {e ,e;,....e }% For Y = X3+ Ae’

define the bootstrap regression estimator as %= (X'X )" X'Y*.
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Define an n x n matrix, H, with elements, {Hj : ij=1,...n}, such that ¢ = He, where the
element in the i™ row and j™ column of H is equal to one if the | element of e is randomly
drawn (with replacement) on the i™ draw and is equal to zero otherwise. For notation, I, is an n x
n identity matrix, 1, is an n X 1 column vector of all ones, 1,2 is an n? x 1 column vector of all
ones, “vec” is the standard vectorization operator, “®”” means Kronecker product, and the n x n
matrix A is A = I, , the identity matrix, if the residuals are not centered and is A = ( I, —
(1/n)1,1,”), if the residuals are centered, in which case A 1,1, =0 = 1,1, A and the last term
drops out.

Any expected value under the randomness that generated the original sample,
g :i=1,.,n} , will be denoted by the subscript €, as in E€[~] and covariance, COVE[-,-].
Any expected value under the joint distribution of the randomness that generated the original
sample and the bootstrap-induced randomness will be denoted by the subscripts € and H, as in

EE’H[-] and covariance, CoveﬂH[-,]. Conditional expectations will be denoted EH‘G[-] and
covariance, COVH\E['»' ].

Under Assumption 4, since each of the n draws will take place for sure, the relevant

distribution is the conditional distribution of drawing j on the i draw. Analytically this yields

. 2 . .
the expectations E;i(H;) = 1/n and E;i(H;; ) = 1/n, and, therefore, the variance is Varji(H;;) =
(n —1)/n>. Given an n x 1 column vector r; whose elements are all zeros except for a one in its it

“row” position, and a 1 x n row vector c¢; also made up of all zeros except for a one in its jim
n n n

“column” position, we have H = Z ne Hi, EH‘E(H) = ZZriCj Ej“’e(Hij) and
1

i=1 j= i=1 j=1

=}
=}

1 1 ' .
E”ie(Hij) = ! so that EH‘E(H) =— rrc.=— 1,1, where 15is an n x 1 column vector of
' n

i nn
n i=1 j=1 n

n-n

all ones. Since e*=He, it follows that EHle(e *) = ! 1.1 e. Since A= (l,-(1/n)1,1,"), we
n

have Al,l," = 0 and, therefore, EH‘G(Ae *) =0. Also, we have 1,1,’A = 0 and, therefore,
EH‘E(HAe) =0 so centering the original residuals is just as effective as centering the

bootstrapped residuals.
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Theorem 7:

Under Assumption 4,

Cov,,. () = (X "X )X 'A{%[In ®(e‘e)]+%[(ln1; _, )@(l'nzvec(ee'))]}AX (X'X)"
1

)

. (X'X)'X"ALL ee' 1,1 AX (XX

Note that this theorem allows for the situation where the residuals do not necessarily sum to
zero. However, the last term will be zero if the residuals sum to zero. This specifically addresses
the problem of uncentered residuals raised by Friedman (1981) by allowing for this possibility

and revealing its effect in finite samples on the covariance matrix of the bootstrap estimator.

Theorem 8:
Under Assumption 4,

Cov_,(8") = cov.(p) + (x'x)“x'Ac:ovE(e)(|n—x(x'x)“x')(%m'nij(x'x)‘1

+(X'X)'X 'AGLJ;J(ln “X (X'X)'X') Cov_(e) AX (X 'X )

+ (X'X)'X 'A{ %[In ®tr(®)] + %[(m; - |n)®(1;2vec(q>))]}Ax (x'x)"
_ (X'X)_IX'A(%IHILJ(IH—X(X'X)_IX')EE(G)EG(E')(IH—X(X'X)_IX')(%IHILJAX(X'X)_l
where & = (1, - X (X'X)'X")E.(e€) (1, - X (X'X)'X") .

If the bootstrapped residuals are not centered, this provides a general result for the linear

model for any variance-covariance matrix, Cov_ (e), for the population errors. However, with

A= (l,=(1/n)1,1,") the bootstrapped residuals sum to zero, and this reduces down to

Cov_,(8) = cov.(B) + (X X)X {(I —%IHI:]]@[ltr(q)) - nl—zl;z vec(CD)J } X (X'X)™".

n
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7. CONCLUSION

The objective of this paper has been to demonstrate an analytical approach to understanding
the finite sample distribution of bootstrap estimators. In each example we showed how to replace
the empirical process with the corresponding analytical process. Since not all bootstrap
estimators are readily analyzed using this approach, a definition of a “directly analyzable”
bootstrap estimator was given as a guide and as a way of characterizing the class of bootstrap
estimators that can be most easily analyzed using this method. Often bootstrap estimators that
are not directly analyzable can be made analyzable by use of an appropriate approximation such
as a Taylor series expansion.

In this paper we provided examples of determining the variance of the standard bootstrap,
two wild bootstraps and two fixed-block bootstraps. In addition, an example was provided of
using this analytical approach to estimate the bias of a nonlinear bootstrap estimator. Also, we
provided a general formula for expressing the Taylor series expansion of any nonlinear bootstrap
statistic which would include bootstrap statistics in the form of ratios (e.g. likelihood ratio or t-
statistics) or matrix inverses (e.g. Wald statistics, J-statistics, Lagrange multiplier statistics) of
the bootstrap sample values. Finally, the analytical solution for the covariance matrix of the
bootstrap estimator of the coefficients of a linear regression model with nonstochastic regressors
was derived. The finite sample distributions of many of the most frequently used bootstrap
statistics can be analyzed in this manner to determine their bias, variance, mean squared error,

skewness, kurtosis and many other finite sample properties and characteristics.
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APPENDIX

Proof of Lemma 1:
Substitute from (2.1) and note that a frequency, M;, resulting from m random draws with
replacement from a multinomial distribution with equal probabilities of 1/n has a mean,

Em(M;) = m/n, to obtain the result

M=
R
—_
_><
L—
Il
™M

E
7\
S|=
M=
R
—_
X
—

oD

om 13 n""m!
(M,1..M_1) _Ml+.§ﬂn_m [m;M‘ f(xi)j(Ml!...Mn!)

23w g =S 00 - 23] rx) = 15 000)

=1

Proof of Lemma 2:

Substitute from (2.1) and note that the multinomial distribution with equal probabilities has

2

EM(Mi):%, EM(Mf):W and E,(M;M,)=_™ forisKkto obtain
1 m 2 1 m 2 n—mm'
E =Y (x)] | = Sy £ (xS i
M“m; ( ')] MZI\:/I . (m,z; ( ’)J (M,1..M, 1)
1 & 2 n""m!
- S M, F(X :
MZM me ( ')J (M,l.M 1)
= 2 Li'\"z(f(x-))%i[ 2 I]\/I.Ivl F(X,)F(X, )|
M +.+M,=m m2 i=1 I I m2 i<k F I X (Ml'Mn')
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1 & 5 n—mm! 5 2 [T_] n—mm!
) _ZZ{ M (Ml!...Mn!)}(f(xi)) rgp3 {MZ MMy | T

- Ly mlmetenm ey %EJW S rx)re)

- 2D (1(x,)F + Z(r;“rﬁl)(ijf(x,)f(xk) . QED.

B —_
—_
X

L~

Il
I

W'M:
—
—~
>
:_/

=3
o
=
—
@D
3
3
[e})
=
o
=
o,

into Var,, K%i f(xf)ﬂ —E, “%; £(X, )ﬂ —lZEM &,Z' £(x; )H 2
o get Var, H% j’”l f(x,.*)ﬂ= . i(f(xi))z - m2n2 [ij:]f(xi)f(xk). QE.D.



Proof of Theorem 2:

Apply the definition of variance in this context as

Vamﬂ%if(xj)ﬂ [(%,Zm:‘f( )ﬂ { (%szl"f( )Hz

We start by evaluating the first term on the right-hand side.

gl g

This completes the evaluation of the first term on the right-hand side.

Next evaluate the second term on the right-hand side. Using the work of Lemma 1 we obtain

o {0 =[] - [ gedoe]

LS e [ +—[zg [1(x e (%)

n i=1 i<k

Now substitute in to the formula for the variance.
| & | & ’ | & ’
L3100 |-e. [(a;w M e 1300 -
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m-+n- IZE[ X.))Z]—LG

mn® n- =

to obtain  Var,, x{

n%iZi;Varx[f(X )] + n

Proof of Theorem 3:

W*“J
- ZE [f(X,)EL[f(X,
("“"J
( i<k
QED

We have established by Lemma 3 that the mean is zero so the second term below for the variance

(the negative term) will be zero.

> (AWW, —2WM,

—2MW, + MM )f (X)) (X,)

Var, |, K%i f(xj*)ﬂ _E, %JZ":‘
PN (1 :
- EMEWMHEZ]C(XJ' )]] = EMEW|M H;M'_(M'_Wi)]f(xl)]}
_EME\N\M #an‘,(zwi_Mi)z[f(xu)]z"'_z :k
_1 n [nzz_"]
= Ey Ewa| 52 (4w + M7 —4MW, [ (X =

Now consider the binomial distribution for W; conditional on M;.

successes (positive ones) is:

(A1)

P(W, | M;) = (\')/Ivi‘Jo.swi (1-0.5""
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The following expected values follow immediately:

(A2) EwuW; =0.5M;, E,uW>=025M;(M;+1), and E,p,WW, =0.25M;M, .

v (5500 5] o) - ) |

i=1

+Ey {2{ _2 24EWM (W'Wk)_zEW|M (Wi )Mk —2MEy (Wk )+ M;M, )f (Xi )f (Xk)

T [EE) B T m——

m i=1
2 [”2‘”]
+Eu|l—= Z(MiMk_MiMk_MiMk+MiMk)f(xi)f(xk)

S

v 25 )| - [ Sl ]
S (((E) = M SR QED.

Proof of Theorem 4:
We have established by Lemma 3 that the mean is zero, and this does not change if we first take
the expected value with respect to X (the randomness from the original sample data), so the last

term below for the variance will be zero.

[ 51060 |- (58165 e

S|~
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= EMEWMEXM,W[(%if(XJ*)]] = EM EW\M XMWli[%i )]f(xi)Jz}
| 30 =M, O b2 3o, o, [0, )
=EuwEym {#i@wf +M? —4MW, )EX [(f (xi))z]}

ey

+ EyEy ts Z4WiWk—2WiMk—2MiWk+MiMk)EX[f(Xi)f(Xk)] -
<k

Now consider the binomial distribution for W; conditional on M;.

The probability of W; successes (positive ones) is:
— M i W, M i _WI

(A3) P(W,|M,) = w103 (1-0.5)

The following expected values follow immediately:

(A4) Ew W, =0.5M;, E,,W>=0.25M,(M;+1), and E,,WW, =0.25MM,

+ Byl —= Z(4EW\M(WW) 2EW|M(Wi)Mk_2MiEvvuv|(Wk)"‘MiMk)Ex[f(Xi)f(Xk)]

[ 15106 >ﬂ [ ew e o]

m i=1
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i)Ex[(f(Xi))z] = LiEX[(f(Xi))Z] Q.E.D.

Proof of Theorem 5:

Start with a common representation for the variance:

- et - 215004

which, in turn, reduces to:

VarM{%iﬁ(Bj*)} - ';;21 i[(e(sg))z] - s > 0(8,)0(8, ) . QE.D.
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Proof of Theorem 6:

Start with a standard formula for variance.

s[5l v [ St
_ EM,B{[%gmge(Bg)ﬂ{EM,B Egmge(%)} }

where Ey g is the expected value under the joint distribution of the bootstrap-induced
randomness and the randomness implied by the underlying blocks of data values.
Follow a series of steps analogous to those in the proof of Theorem 2 to obtain the

following interim result.

S e LR b%[:b<i£>ag[e<eg>e<sh>]
k 2 [L;k]
- 2 lelele D] - 3 3 (2] 3 Jeulete, Tealote, )
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= % gzk_;VarB [Q(Bg )] + k-l Zk:EB[(e(Bg ))2]

b k?
[kzz—k]
N k2_2 3" Cov,|o(B, )} 6(B,)] -

g<h

2 SE e, e,].  QED
g<h
Proof of Theorem 7:

By substituting in Y* = X3+ Ae” we get f" = S + (X'X)'X'Ae" so that the mean of

the bootstrapped regression coefficient estimator with respect to the distribution of H conditional

on € becomes

EH\eIé* = EH\eﬁ + EH\E(X 'X )_1 X 'Ae*

= f + E, (X'X)'X'AHe
= f + (X'X)'X'AE, . (H)e
- B+ %(X'X)IX'Alnl'n e

Consequently, we have

COVH‘E(,‘G*) = EH‘E{(/}* - EH|EIB*)(B* - EH\E'[}*)'}

- EHE{(X X)X 'A(H —%m'ﬂj ee'[H '—%m'ﬂij (X 'x)“} :

This expression expands to become
COVHle(ﬁ*) = (X'X)"'X'AE, (Hee'H")AX (X 'X)" - % (X'X)"'X'AE,(H )ee'1,1; AX (x'x)l]
- %[(x'x)1x'A1n1'nee'EHe(H')Ax (x'x)l] + %[(x'x)‘x'Alnl'n ee'l 1) AX (x'x)l].

Substituting in EH|E(H ) = 1 1,1 and collecting terms this reduces to
n
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Cov, (') = (X'X)" X 'AE,,(Hee'H")AX (X 'X)" - niz [(x X)X ALL ee'l 1! AX (x'x)l]

As already noted, the last term is needed in case the original set of residuals do not sum up to
zero (e.g. a regression that has no intercept term).
We now need to examine Hee’H’ and determine its expected value under the distribution

of H conditional on €. The Hee’H’ matrix can be decomposed as follows:

wen = [$3)0(m,e )| [$5 ()l

=1 j-1 k=1 1=1
where v; and vy are n x 1 column vectors whose elements are all zeros except for a one in their i"

and k™ positions, respectively.

We can now separate the diagonal elements from the off-diagonal elements of Hee’H’ and take

the expected value.

e (o) = £ S5l )|« g T3S wi)elenr,n)

i=l j=1 izk j=1 I=1

with the diagonal elements in the first term and the off-diagonal in the second term.

Since EH|E(Hij) = % ’ EHle(HiJ;) = % and EH\e(Hinkl) = EH|E(Hij) EH|e(Hk|) = Lz’ we have
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where |, is an n X n identity matrix, 1, is an n x 1 column vector of all ones, 1,2 is an n’x 1
column vector of all ones, and “vec” is the standard vectorization operator.

Now substitute this in for Eyj(Hee’H’ ) in the covariance matrix to get

Cov,,,. ) = (X'X)‘lx'A{%[ln ®(e‘e)]+%[(ln1; —1, )@(l'nzvec(ee'))]}AX (X'x)"
- iz(x'x)*lx'Alnl'n ee' 1,1, AX (X'X)™. Q.ED.
n

Proof of Theorem 8:
Starting with ,@ = (X 'X )71 XY™ and then substituting in Y = X,é + Ae’
weget B = + (X'X)'X'Ae" where e*=He and e = (I, X (X’X)"'X")e
sothat 4 = B+ (XX X'AH(I,-X(X'X)'X') .
Then the mean of the bootstrapped regression coefficient estimator with respect to the joint
distribution of € and H becomes

Ee,Hﬁ* = EE,HIé + Ee,H (X'X)_IX'A e*

= E_,f + E_,(X'X)'X'AHe

EB + EqEy (XX X AH (1, = X(X'X)'X") €

= BB+ (X'X)'X'AE, (H)(1, = X (X'X)' X )E_() .
We can substitute in E,, (H ) = % 1,1, but do not wish to restrict the expected errors to be zero

in order to make our results apply even when the zero-mean condition does not hold.
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1

Enf = B+ —(XX)'X'A L1 (1, =X (X)X )EL(e) -

Therefore, given & = £ + (X'X)'X'AH (I, = X(X'X)"'X") e, it follows that
(B -E.B) = (B-EB) + (XX)'X'AH(Il,-X(X'X)"X")e
C (XX XA Glnl;j(ln—x(x'x)‘lx')EE(e)
s0 we have
b -Enh |p )
= (B-EBNB-EB) + (=) (1, - X(X'X) X H A X(X'X)'
~(B-E)EL()1, —x(x'x)“x')(%1n1'n]Ax(x'x)‘1
o (XX XAH (L -x (X)X elp-EB)
~(X'X) XA Glnl'n)(ln ~X(x'X)" X ")E.(e)B-EB)
(XX XAH(L, = X(XX) X )ee(l, =X (XXX HIA X (XX
— (XX XCAH(, =X (X)X e E@@)(1, - X (X X)X ')Glnl'nij (X'X )"

~(X'X)'X'A (llnl'n)(ln X (XX XEL(e)e (1, = X (X X)X HIAX (X X))

£ (XX) XA (-m,’J(h X (XX )X (. ()1, - X (X X)X ')(%LJ;JAX (X'X)'

This provides the basis for an expression for the covariance matrix for this bootstrap regression

estimator.
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>

Cov_y, (

*) = Ee,H {(A* - Ee,Hlé*)(ﬁ* - Ee,HIB*)'}

Cov_,(8') = Cov_(B) + (X'X)'X'AE,(HDH") AX (X'X)

t (x'x)‘lx'ACovE(e)(ln—x(x'x)“x')(%lnl'nij(x'x)“
n (x'x)‘lx'A[%lnl'nj(ln—x(x'x)‘lx')Cove(e)Ax(x'x)‘l

~(X'X)'x 'A[%lnl'n)(ln X (X X)X )E(E()1, - X (X'X)" X ')Glnfnij (X'X )"
where @ = (1, - X(X'X)"X')E(e€) 1, - X(X"'X)"'X").

Now we need to determine E,(H ®H') in order to complete our derivation of the

variance-covariance matrix of the bootstrap estimator without imposing the zero-means
assumption.
Given an n x 1 column vector r; whose elements are all zeros except for a one in its it

“row” position, and a 1 x n Fow vector c; also made up of all zeros except for a one in its i

“column” position, we have H = Zn:zn:ricj Hi EH‘E ZZVC E”.e( u) and

i=l j=1 i=1 j=1

1 N 1
E”ie(Hij) = — so that EH‘E(H Z ne =— 1, 1 where 1, 1s an n X 1 column vector of
’ n " n

3|»—‘

all ones. In order to determine E,,(H ®H"'), we need to decompose the H, the ® and the H’

matrices as follows:

VY. Zi(ﬁ‘% NS Ct'rs')®(Hij o Hst) :
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Hee'H' = 3

.M:

Il
1l
12

j=t

( C rCC )®<I>k,HH)
(

(rc [C C )@ ®,, H, H,)

M- 7
M

+

+

M= 1= IDM-
M-
M

i=s j#t

I
I
_—

(rc r.C C )®(cpk,

Il
*
12}

—

Il

-

(rc [C C )@(cple H,).

+
T
M-

—_-

i#

»

j¢
The first two of these four terms strictly refer to the diagonal elements which are

C‘ 2

generated whenever i=s since the dot product of row “i”” of the H matrix is formed with column

“s” of the H” matrix with the corresponding elements of the @ matrix serving as weights.

The second term is always zero, because on the i" draw only one element of € is drawn
so the corresponding element of H is a one while all the other elements of H for the i draw are
zeros. Therefore, any product of two elements of H for the same draw (i.e. the i draw) will be

either a one times a zero, a zero times a one, or a zero times a zero.

The last two terms then refer to the off-diagonal elements of the H@H’ matrix since for

“ 2 (3 ”

these last two terms “i” is not equal to
By defining c¢i=r1;’ and ¢;=r1y’, and then combining the last two terms while recognizing

that c;rx equals one when j=k and is zero otherwise, and , ¢; ¢’ is one when [=t and is zero

otherwise, then H@H’ may be re-expressed as

Hee'H' ZZ( ) ( ) ZZZ( )(q)thinst)

i=1 j=1 i#s j=1 t=I
where the first term of this new expression represents the diagonal elements of H@H’ and the

second term represents the off-diagonal elements.

38



: 1
> r¢;=— 1,1, and since Hj is either

Recall that E,, _(H, ) = % and E,_(H) = :
j=1

S| =

n
-1

zero or one, then EH,G(HU?) = % and EH,e(Hij Hst) = EHVE(HU- )EH,E(Hst) = % for i#s.

Therefore,

., (HoH') = L1 otr(@)] « L[ -1, o vee()
n n
where “tr”” means trace, “vec” is the usual vectorization operator, and

® = (1, - X(X'X)'X")E(e)1, - X(X X)X ).

-
Therefore, substituting into our expression for the bootstrap variance-covariance matrix, we have

cov_,(8") = cov(p) + (X'X)IX'ACOVE(E)(In—X(X'X)IX')(%lnl'n]AX(X'X)I

n (x'x)‘lx'A(%1n1'nJ(|n SX (XX )X} Cov_(e) AX (X 'X )
%[ |, @tr(®)] + n—lz[(lnl;] - In)®(1'n2vec(q)))]} AX(X'X)"

C(X'X)'X 'A(%lnl'n)(ln SX(XX) X EL(EL()(1, - X (X X)X ')(%lnl'n)AX (XX

+ (X'X)“X'A{

where @ = (1, - X (X'X)'X")E(e€) (1, - X (X'X)'X") . QE.D.
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