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Abstract

In this paper we extend the setting analysed in Hahn and Hausman (2002a)
by allowing for conditionally heteroscedastic disturbances. We start by consid-
ering the type of conditional variance-covariance matrices proposed by Engle
and Kroner (1995) and we show that, when we impose a GARCH specifica-
tion in the structural model, some conditions are needed to have a GARCH
process of the same order in the reduced form equations. Later, we propose
a modified-2SLS and a modified-3SLS procedures where the conditional het-
eroscedasticity is taken into account, that are more asymptotically efficient
than the traditional 2SIL.S and 35LS estimators. We recommend to use these
modified-2SLS and 3SLS procedures in practice instead of alternative estima-
tors like LIML/FIML, where the non-existence of moments leads to extreme
values (in case we are interested in the structural form). We show theoreti-
cally and with simulation that in some occasions 25LS, 3SLS and our proposed
2SLS and 3SLS procedures can have very severe biases (including the weak
instruments case), and we present the bias correction mechanisms to apply in
practice.

1 Introduction

Following the seminal work of Engle (1982), a large number of papers have dealt with
conditionally heteroscedastic disturbances in many different settings. Most of the
theory has been developed in a univariate framework, although more recently mul-
tivariate models have been explored. In relation to simultaneous equations, Baba,

Engle, Kraft and Kroner (1991), Harmon (1988), and Fngle and Kroner (1995) have
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introduced the theoretical framework of simultaneous equation models with condi-
tional heteroscedastic disturbances, although the theoretical approach is still not well
developed. In this paper we provide a theoretical and simulation study of the be-
haviour of 2SLS, LIML and 3SLS estimators in the context of simultaneous equations
with ARCH disturbances in the framework of Hausman (1983), Phillips (2003) and
Hahn and Hausman (2002a, 2002b, 2003). We will compare the behaviour of 2ST.S
and 3SLS with alternative 2SLS and 3SLS estimators that take account of the ARCH
structure and which have better asymptotic and finite sample properties. We show as
well that LIML can have problems because of the non-existence of moments, whereby
the modified-25LS and 3SLS estimation procedures proposed in this paper are pre-
ferred for practical application. As stated in Hahn and Hausman (2002a) in relation
to LIML, "these results should be a caution about using LIML estimates...without
further investigation or specification tests in a given empirical problem”. This is a
problem that especially has been reported in the presence of weak instruments in the
literature (see Hahn, Hausman and Kuersteiner (2002)). The same type of conclu-
sion 1s found in this paper in the context of conditional heteroscedastic disturbances,
although we find the same problem even already without weak instruments.

The structure of the paper is as follows. Section 2 examines how, in a very simple
framework, it is possible to allow for conditional heteroscedasticity within the con-
text of a 2SLS estimation procedure following which we develop a modified procedure
which is asymptotically more efficient. The improved efficiency of the modified pro-
cedure is then confirmed in a set of Monte Carlo simulations. The simulations show
that the small sample biases in both 2SS and in the modified-25LS estimator that we
propose can be very severe in some circumnstances, and we consider a bias-correction
mechanism for practical application. In Section 3 we present the results of LIML
estimation. We find simulation evidence of the problem of non-existence of moments
in LIML, and recommend in practice the use of our modified-2SLS procedure. Sec-
tion 4 examines a more general simultaneous system with conditional heteroscedastic
disturbances, where we extend our approach to 3SLS and again find that a modi-
fied version is more asymptotically efficient. Section 5 explores the context of weak
instruments in this setting, and finally, Section 6 concludes.

2 Efficient 2SLS estimation of a simultaneous equa-
tion system with the presence of conditional het-
eroscedastic disturbances

Engle and Kroner (1995) noted that a simultancous equation system can be consis-
tently estimated with 2SS or 3SLS while ignoring the conditionally heteroscedastic
structure, although they do not analyse the theoretical properties of the estimators.
We proceed now to analyse 2SLS in a simple framework. We will consider first 2SS
where we do not take into account the ARCH structure and then a modified 2SS



(2STSys) which makes use of the conditional heteroscedastic characteristics of the
disturbances to estimate the system more efficiently. We shall, initially, follow the

set up employed by Hausman (1983), Hahn and Hausman (2002a, 2002b, 2003) and
Phillips (2003) which analysed a very simple model

yie = Byxu+en
Yor = BoYu + iy + o

Yy = Ximy+ vy (1)

where the third equation corresponds to the reduced form, w9 is Kx1 with K> 2
and T is the sample size. In this case, only the first of the equations is identified;
in fact 1t is overidentified of order at least 2. The variables in x; are assumed to be
strongly exogenous and bounded. The main novelty of this paper is that we are going
to allow for conditional heteroscedasticity in the structural disturbances according to
the following

i = E<5%t’]t71)7 hoor = E(&‘%tlftfl), hior = E<51t52t’]t71) (2>

Before proceeding with our analysis we examined the characteristics of the reduced
form disturbances when the structural disturbances are conditionally heteroscedas-
tic. For this simple case we find in the next Proposition that when the structural
distrubances follow a multivariate-ARCH process, the reduced form disturbances may
also be a multivariate-ARCH process of the same order but only under quite strict
conditions. In particular, the variance parameters in the ARCH processes must be
the same. Thus Proposition 3.1 in Engle and Kroner (1995) which asserts that the
result holds generally for multivariate-GARCH processes does not carry over to the
multivariate-ARCH case.

Proposition 2.1. If &, = (g44,£9)  is a multivariate conditional heteroscedastic
process in (1), and v; = B~ lg; is the reduced form disturbance vector where B =

1 - . " .

< 3 f ! > then, under appropriate conditions, v; may follow a multivariate
— P2

conditional heteroscedastic process of the same order as ¢, but the result is not true

generally.

Proof. Given in Appendix 1. =

We return now to the analysis of the system given in (1). While we generally
give proofs of our theoretical results in the appendices, it will be appropriate here to
motivate our approach by considering how efficiency can be gained by taking account
of the conditional heteroscedasticity in the context of 25 LS estimation.

Consider the first equation of (1), and to take account of the conditional het-
eroscedasticity in this equation we transform it to

Y1t — 3 Yot E1t (3)

_I_
Vhie | 'Vhie o Vha
3



where now the disturbances have mean zero and variance unity and they continue
to be serially uncorrelated. In the usual 25LS procedure the endogenous regressor
is replaced by its predicted value obtained from regressing the endogenous regres-
sor on all the predetermined variables. In this case the endogenous regressor has
been standardised by v/hi1¢ and so the corresponding predicted value comes from the
regression

/

y?t _ a”.t Ty —I— Vot (4>
V hllt V hllt V hllt

- ! ! -~
Y2t ): Ty Yy2r . _ Ty Py

Writing the predicted value as ( N m?@, where T = m?@ + 7= and
the residuals are orthogonal to the predicted values, we find that a modified-2S LS

estimator is given by

rasiy = 2 () ) Sy 5)

Ak B!

. a:t7T251t a:t7T2
_ﬂl Z hllt /Z \/hllt

where it is easy to show that this estimator is consistent and its asymptotic variance

18

avarﬁ(ﬂLQSLsM — B = ﬁ lim(z TN rhyxaimy)) ! (6)
1 / T -1
- E(ﬁ) <7T2 me 2))

using the result that lim Z Tz, =3, afinite positive definite matrix.

The usual 25 LS which we write as 3] has asymptotic variance given by

avarVT(3; — ) = ou(my S m) ! )

so that the asymptotic relative efficiency of the modified 2SS estimator is given

. . . 1 . 1 1
by the ratio of the asymptotic variances 7E(h111t)/011. Noting that E( ) > Barn

m /o113 < 1, thus demonstrating the advantage, in terms of
h11¢

asymptotic efficiency, of accounting for the conditional heteroscedasticity. In practice
the modified estimator discussed here is infeasible since the conditional variances are

= %, it follows that
11

unknown and must be estimated. However with appropriate assumptions the above
asymptotics will still hold. In the context of the model in (1) and the multivari-
ate GARCH process in (2), the operational 25LS), estimator is then given by the
following procedure



STEP 1: Obtain the residuals by running a first round of the traditional 2ST.S
without taking into account the ARCH effects.

STEP_2: Regress these residuals in a multivariate ARCH system to get the esti-
mates of hq;.

STEP 3: Regress —¢ to find 2= = 2%z which is orthogonal to

\/7111t on \/7111t vV hie \/7111t

Yot

V }Alllt ‘

STEP 4: Put 2=

Yot Ty _ = 0, and

V ki1t Rt

it 2t where
\/ \/ hllt vV hllt vV hllt
Yi¢ yQt

regress —2= on —Z= to obtain
V hi1e V ki1t

t=1

-1
T ~ ? T j y
2t 2t 1t
ﬂ1,2SLsM = E E \F A
h

plim ﬂl,QSLSM =0+

where the numerator goes to zero and the denominator remains finite as T' — oo .
While the asymptotic relative efficiency of the 2S1.S,; procedure has been demon-

strated in the simplest case, the result extends directly to cases where the equation

has more endogenous and exogenous variables. This is discussed again in Section 4.

2.1 Small sample properties of 2SLS and modified-2SLS: ev-
idence from simulations in a simple model

In relation to the finite sample biases, the modified-2SLS procedure proposed in this
paper and the standard 2SLS procedure, are both biased. We give below simulation
evidence of how both procedures, can yield estimators with very severe biases in some
circumstances, and bias-correction is often necessary. It is already well known in the
literature that the 2SLS is biased. In relation to the traditional 2SL.S, the Nagar
(1959) bias approximation for 2SLS in the simple model where only the first equation



is identified, and where the disturbances are normally, independently and identically
distributed, specialises to

1 01189 + 012

E(p1 = 1) = tr[(Px — Pw — 1)] +o(T). (8
where 3, and 3, are given in (1), and Py is the projection matrix based on the matrix
X and Py is the projection matrix based on W, the non-stochastic part of y,. Its
trace is equal to the number of variables in X, i.e. the number of exogenous variables
including the constant. In this case what is called W is just a vector so trace(Py) is
just equal to one and tr [(Px — Py — 1)] is just equal to the order of overidentification
minus one.

The above bias approximation results as a corollary of the analysis given in Phillips
(2003), where it was shown that it is sufficient for the structural disturbances to have
Gauss Markov properties unconditionally for the bias approximation to be valid.
Since the ARCH disturbances are unconditionally Gauss Markov, we can assert that
the above bias approximation is valid for the model here also.

While it is straightforward to bias correct the usual 25 LS estimator based upon
an estimate of the Nagar bias, we do not have a bias approximation for the modified
estimator, 25LS,;,and so an alternative approach is necessary. Bias correction by
the bootstrap is possible and here we set out how the method might be used. A later
version of this paper will explore this this further and, in particular, present some
Monte Carlo evidence of the value of the approach.

Returning to the simple model (1) of section 2, the estimation error for 2S5 LSy,
is given by

T 72 7 T -
2 1t
ﬂ1,2SLsM — B = [ ﬁ—t] Z
t=1 =1 \/ iy \/ Ty

so that the bias is the expected value of this expression.

To apply the bootstrap, we first estimate the structural equation by the usual
2S5 LS method and retain the reduced form and structural equation residuals. Resam-
pling with replacement from these residuals and making use of the original parameter
estimates to construct the pseudo data will provide a bootstrapped bias correction for
2S LS. To find a bootstrap bias correction for the modified estimator proceeds along

exactly similar lines except that in each sample of pseudo data the 3 54 LSy, estimate
is obtained and the average of these subtracted from the original estimate provides
the bias correction. This approach will be explored in more detail in the next version
of the paper.

We proceed now to present some simulation results which confirm that the modified-
2SLS procedure is more efficient than the traditional 2SS procedure, but which also
show that both methods can be severely biased in some circumnstances and that
bias-correction in both cases may be necessary. Table 1 provides simulations for a

6



sample of size 100 based on 5000 replications, and the structure we consider is of the
form

YB+XI'+£=0

~1  0.267 0 0 0 ),
where B = < 0222 —1 > and I = < 440 074 013 )

The matrix X contains a first column of ones, while the other two exogenous
variables correspond to normal random variables that have been generated with a
mean of zero and variance 10. The model has been estimated by 2SL.S and 2SLS;,.

To represent the behaviour of the disturbances in the structural system we have
selected, for reasons of operational simplicity, the model of Wong and Li (1997) that
follows the structure

E (e} /1) = ap+ aif, 4 + asshy 4

E <5§t/]t*1> = Yo T+ 715%1&71 + ’725%71

In our simulations we also provide the bias-corrected results of the formula given
in Phillips (2003) for the traditional 2SLS procedure. In the Wong and Ti model,
in which the disturbances are contemporaneously and serially uncorrelated and ho-
moscedastic, the bias approximation will imply 015 = 0 in the formula given in (8).
Thus the bias will then depend directly on 3, and ;. Results are given in Table 1
below.

Table 1: Simulation results for 2SLS and 2SLSj,

2SLS ignoring ARCH  25LS;; without ignoring ARCH
bias (/) s.e.(0,) bias(0,) s.e.(0,)

ap = 0.81,a; = 0.25,a5 = 049 0.002 0.03% 0.000 0.029
Yo = 0.64,7, = 7, = 0.49 (0.001)  (0.038)
ap=9,01 = 0.25, ap = 0.49 0.014 0.101 0.012 0.095
Yo = 0.64, v, = v, = 0.49 (0.009)  (0.102)
ap = 0.81,a; = 0.49,a, = 049 0.005 0.053 0.002 0.048
Yo = 0.64,7, = 7, = 0.49 (0.001)  (0.053)
ao = 144, 0y = 0.25, a0 = 049 0.130 0.300 20.099 0.292
Yo = 0.64, v, = v, = 0.49 (0.077)  (0.309)

In brackets we provide the results of the bias-corrected 25LS using the Phillips
(2003) formula. The first interesting result to note, is that indeed the modified-2SLS
procedure is more efficient than the traditional 2SI.S procedure. In addition, the
2SSy estimator has a smaller absolute bias while both procedures can have very
severe biases especially when the unconditional variance of the disturbance of the

7



first equation is large. Then, bias correction will be necessary. If the researcher uses
2SLS without taking account the ARCH system, then the Nagar bias approximation
should be helpful although it does not account for more than about half of the bias
in some scenarios. The bias-corrected estimator performs very well, since apart from
correcting the bias, the variance hardly changes. In case the researcher follows our
suggested procedure, Table 1 shows that, although the 251.S;; estimator has less bias
than the traditional 2SLS, bias correction is still necessary and we recommend to
apply it through the bootstrap.

Table 1* shows the results when the Engle-Kroner (1995) diagonal representation
is used in the variance covariance matrix:

where var (g¢/1; 1) = Hy, = < M s > and:

hote  hage
h 0 0 2
11t Q10 an €11
Do = Qo + 0 ap 0 €1,4-182,t—1
2
Noay Q30 0 0 oass €241

Then, it follows that:

E (eue0s/li-1) = qoo + o9c1— 18951, t =8

0 otherwise

B (1,/Ii1) = a0 + ety

E (5§t/]t,1) = Q30 + Q3355 |

Table 1* also shows the results of the Engle and Kroner (1995) model where we
have used for step 2 of our modified procedure the maximum likelihood estimates of
the conditional variance of the first disturbance (in the Wong and Li (1997) model, the
results are the same regardless of whether we get the estimates from a single equation
estimation of the conditional variance of the first disturbance, or if we estimate jointly
the variance covariance matrix).

Table 1*: Simulation results for 2ST.S
2SLS 2SLSr

bias(ﬁl) S-e-@l) bias(ﬁl) S-e-@l)
Q19 = 081, Qo — 025, Q11 = 0.49 0.002 0.019 0.001 0.019

iz = 0.64, aigg = uz3 = 0.49 (0.001)  (0.019)
o =9,a70 =0.25 ay = 0.49 0.008 0.058 -0.007 0.054
Qg0 = 0.64, gy — crgy = 0.49 (0.005)  (0.058)
aqg = 0.81, 99 = 0.25, 97 = 0.98  0.002 0.020 0.000 0.018
iz = 0.64, aigg = uz3 = 0.49 (-0.001) (0.019)
o = 144, g9 = 0.25, ;= 049 0.077 0221 -0.076 _ 0.217
(g0 = 0.64, gy = crgg = 0.49 (0.054)  (0.222)




3 LIML estimation of a simultaneous equation sys-
tem with conditional heteroscedasticity

In the setting that we have been analysing so far, where only the first of the equa-
tions is identified, 2ST.S and 3SLS provide the same result. Engle and Kroner (1995)
propose to estimate the system more efficiently as well through full information max-
imum likelihood or an instrumental variable estimator. In this case, because in our
context the second of the equations is not identified, FIML will be equal to LIML. In
this section we proceed now to consider this estimation method.

Table 2 provides results based on 5000 replications and a sample size of 100, for
LIML for the case where we do not take account of the ARCH effects

Table 2: Simulation results for LIMIL
LIML
bias(f,) s.e.(0,)
ap = 0.81, 1 =0.25, 9 = 0.49  -0.001 0.035
Yo = 0.64, v, = v, = 0.49
Qo = 9, a1 = 025, Qg = 0.49 -0.010 0.091
Yo = 0.64, v, = v, = 0.49
ap = 0.81, 1 =049, a9 = 0.49  -0.005 0.053
Yo = 0.64, v, = v, = 0.49
Qo = 144, ) = 025, Q9 = 0.49 -2.812 0.355
Yo = 0.64, v, = v, = 0.49

Care is needed in interpreting these results since it is unclear that estimator mo-
ments exist. It is well known that in the classical simultaneous model with normal
disturbances, finite sample LIML estimators do not have moments of any order and
a similar non-existence of moments problem may exist here. Indeed extreme values
were present in the simulations especially for the fourth structure examined. If we
were to consider LIML estimation taking account of the presence of ARCH effects
explicitly in the LIML procedure, this seems likely to produce a Quasi-LIML estima-
tor where the moments would not exist either (considering ARCH effects imply even
fatter tails for the disturbances than under normality). That is why in this paper,
when conditional heteroscedasticity is present and we are interested in the structural
parameters, we recommend to use in practice of a 2SLS procedure that takes into
account the ARCH effects rather than LIML. Because this type of 2SLS uses the dis-
turbance standardised, it should have moments even when the disturbance presents
ARCH effects. In Table 2, it is seen that sometimes estimates obtained through LIML
can be heavily affected by the non-existence of moments mainly when the variance of
the first disturbance is quite large (a problem which is also documented in Hahn and
Hausman (2002a) for the case of unconditional correlation when they do not allow
for conditional heteroscedasticity).



Table 2* shows the same results for the Engle and Kroner model with the same
type of results.

Table 2*: Simulation results for LIMIL
LIML

bias(8;) s.e.(8;)

Q19 = 081, Qog = 025, a1 = 0.49 -0.001 0.019
agp = 0.64, a9y = g3 = 0.49

Q19 = 9, Qlog = 025, a1 = 0.49 -0.004 0.056
agp = 0.64, a9y = g3 = 0.49

Q19 = 081, Qog = 025, a1 = 0.98 -0.002 0.020
agp = 0.64, a9y = g3 = 0.49

g = 144, agg = 0.25, g7 = 0.49 -0.030 0.222
agp = 0.64, a9y = g3 = 0.49

4 Modified 2SLS and 3SLS estimation of a general
simultaneous equation system

So far, we have carried out the analysis in the context of (1) to facilitate the interpre-
tation of the analysis. In this section we develop the theoretical approach in a more
general setting such as

Yie = By + j17/1{71 + &1t
Yor = DBolir + ToyYo + 2o (9)

In this context, the structural form can be alternatively written

Y1ir = 2301+ E1e

Yor = Z’QtOéQ + £9¢ (10>
where
Z’lt = (120 : 1) ,Z’Qt = (Y1t : x9) .

We shall assume that each equation omits at least two exogenous variables and
so is overidentified at least of order 2. As before, we assume that

i = E<5%t’]t71)7 hoor = E(&‘%tlftfl), hior = E<51t52t’]t71) (11>
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and that the structural disturbances are unconditionally Gauss Markov. Although
this is again a simple two-equation model it proves to be completely appropriate for
our purposes since all our results can be extended directly to a general simultaneous
equation model containing G equations.

Before we proceed to examine the modified -2SL.S estimator, we first consider the
estimation of the reduced form parameters. The reduced form equations will be

/
Yir = X1+ Ve

Y = Ty + Uy (12)

In obtaining the 2SLS estimator for the parameters of the first structural equation
we require to estimate the reduced form equation for 5. To find a modified estimator
of the vector of reduced form pararmeters 79, we rewrite the equation as

Yot _ x' o X Vot F—=19
Vs /hy ks B

where the variables have been standardised by the conditional standard deviation of
the disturbance v9; and not by v/hqy¢ as is required in the modified 2S5 LS procedure.
The modified-OLS estimator here is more asymptotically efficient than OLS which is

T, (13)

summed up in the following

Theorem 4.1. The modified-OLS estimator of the reduced form parameter vector
7 in (13), is asymptotically more efficient than the OLS estimator which ignores the
presence of conditional heteroscedasticity.
Proof. Given in Appendix 2. =

We now consider the modified-2ST.S procedure in the context of the model (9)
and (11) for which the first stage regression is conducted in (12). This estimator is
referred to as 25L.S,,.The fact that estimation is improved by taking the conditional
heteroscedasticity into account is summed up in the following

Theorem 4.2. Under the simultaneous equation system defined in (9) and (11),
2SS 1s more asymptotically efficient than 2SL.S.
Proof. Given in Appendix 3. =

Note that when using the modified-2S5 LS estimator the first round regression is
not based on equation (13) but on

/
Yot T Vgt
1.2

= + , t=1,2/...,
Vi  Vhie  Vha

where, in order to have orthogonality between the residuals and the predicted value

T

of \/% which enters the second stage regression, the variables are standardised by

11



the conditional standard deviation of the structural disturbance and not the reduced
form disturbance. Although the resulting estimator of 7y is not explicitly used, it is
of interest to compare its asymptotic efficiency with that which results in Theorem

4.2. We do this in the following

Theorem 4.3. If the alternative modified-OLS estimator of 79 which results from
the regression in (13) is used to construct an alternative modified 25 LS estimator, the
resulting estimator may be more or less asymptotically efficient than the estimator

in Theorem 4.2.
Proof. Given in Appendix 4. =

We know from the standard literature that 3SLS is always more efficient than
2SS when the equations are overidentified and the disturbances are contemporane-
ously correlated. Thus, in the model of this section, 3SLS is more asymptotically
efficient than 2SLS and so might be preferred. However, we shall see that it too is
less asymptotically efficient than a modified-3SLS (3SLS;;) procedure. This 3SLS,,
procedure will imply in practical applications following a similar procedure than the
traditional 3SLS, but where again we standardise by the conditional variances of the
structural disturbances.

First consider again the structural equations

Yyie = By + j17/1{71 + 1t
Yor = Boyie + Thve + 9, t=1,2,...... T (14)

We shall write the system as

(1 (40 ar ), (e
Y2 0 Z Qi €2
where Z; = (y; - X;), s = ( 3, %), i=1,2.

Premultiplying by X’ the matrix which contains all the exogenous variables, yields

X/yl _ X/Zl 0 Qq + X/€1
X/yQ 0 X/ZQ (87 X/52

where the covariance matrix of the transformed disturbances is
E X’&l X’&l / . UllX/X 0'12X/X
X/€2 X’&Q - UQlX/X UQQX/X

=Y (X'X)

the system

12



011 012
where Y =
021 029

Applying GLS to this system yields the 3SLS-GLS estimator

< o I Px 7%y o027 Px 7y >1 < o 2 Pxyr + 01221 Pxys >

UQIZQPle 0_22Z2’PXZ2 O'QQZQ,PXyQ + 0_21Z2’PXy1 (15>

where Px = X(X'X)"1X".
To obtain the modified 3SLS estimator we first define two diagonal matrices given

by

1 1
h111 (1) 0 ho21 ? 0
Ao Y m 8 A= ¥ U= 8
" "
0 0 vhiir 0 0 vhaor

These matrices are used to standardise the variables in the system so that the
system becomes

1 1 1
Afyl Af Zl 0 < Qq > Afgl
1 = 1 + 1
A22 Y2 0 A22 Z2 R A22 £9
1
Premultiplying through the first set of equations by X’A7and the second by
1
X'Ajyields

X/Alyl . X’AlZl 0 (07] + X’A1€1
X’AQyQ N 0 X/AQZQ Qo X’AQ&Q

where the covariance matrix of the transformed disturbances is

B X/A1€1 X/A1€1 /: B X/A1€1€/1A1X X/A1€1€/2A2X
X/A2€2 X’AQ&Q X/A2€2€/1A1X X/A2€2€/2A2X

which in large samples is approximately equal to
=Yy @ (X'X)

where

B(i) - [PEDEGE) | o1
wi = —.
P12 o 11/Tos
(16)
Applying GLS to this transformed system will yield the modified-3SLS-GLS esti-
mator

13



< 6&1 > . ( )ZIAIP A1Z1 _p12\/E Z1A1P A2Z2

dQ —p12\/E hL ZQAQP A1Z1 %)ZQAQP A2Z2
E<h11 )ZiM PoNys — pay E(ﬁ)E(L)Zﬂhpﬂbw
X
—plQ\/E(ﬁ)E( ) ZyAa Polayy + B(72) Z5As PoAays

We may now state the following

Theorem 4.4. Under the simultaneous equation system defined in (9) and (11),
3S LSy is more asymptotically efficient than 3SLS.
Proof. Given in Appendix 5. =

The results in Theorems 4.2 and 4.4 are given in the context of the estimators
2S LSy and 3S LSy, both of which are non-operational since the standardising con-
ditional standard deviations are unknown. However, the conditional standard de-
viations can be consistently estimated from the residuals obtained following first
round estimation so that operational versions are readily found. These operational
estimators will have the same asymptotic distribution as the 25LSy; and 3SLSy,
counterparts. This matter will be considered further in the next version of the paper.

5 Simultaneous equations and weak instruments
under conditional heteroscedasticity

It is quite well known (see for example Stock, Wright and Yogo (2002)) that there
exists a concentration parameter (p) such that, if we consider a single endogenous
regressor with no included exogenous variables such as

Y1 = Bys +u

=Xnr+wv

then
p? =1 XXr/o?

is a unitless measure of the strengh of the instruments.

So far in this paper, we have shown that increasing conditional heteroscedasticity
increases the unconditional variance and hence, the denominator in p. In this section
of the paper we are going to simulate again the same model as before, but reducing
the values of the 7 coeflicients.
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The structure we consider now is of the form:

YB+XI'+£=0

1 0.267 0 0 0 ).
where B = < 0.229 —1 > and I' = < 1.47 0.246 0.043 > ’

Table 3: Simulation results for 2SLS and 2SLS;,
2SLS 2SLSn,
bias(d,) s.e.(8,) bias(8,) s.e.(5)
ag = 0.81,a1 = 0.25, 9 = 0.49  0.017 0.107 0.002 0.099

Yo = 0.64,7, = 7, = 0.49 (0.013)  (0.108)
ao =9, = 0.25, a3 = 0.49 0.080 0248  -0.078  0.233
Yo = 0.64,7, = 7, = 0.49 (0.051)  (0.248)
ao =08l 01 =049, a, =049  0.037  0.149  0.004  0.125
Yo = 0.64,7, = 7, = 0.49 (-0.002)  (0.150)
ao = 144,01 = 025,00 = 049 0.270  0.420  -0.236  0.416
Yo = 0.64,7, = 7, = 0.49 (0.173)  (0.421)

Table 3*: Simulation results for 2SL.S

AQSLS R AQSLSM R
bias(f3;) s.e.(f;) Dbias(F;) s.e.(f;)

19 = 081, Q99 = 025, a1 = 0.49 0.018 0.058 -0.017 0.056

Q30 = 064, (99 — (N33 = 0.49 (0014> (0056>
19 = 9, Qo9 = 025, 11 = 0.49 0.074 0.165 -0.065 0.160
Q30 = 064, (99 — (N33 = 0.49 (0054> (0166>
Qg = 081, Qo — 025, Q11 = 0.98 0.021 0.056 -0.013 0.054
Q30 = 064, (99 — (N33 = 0.49 (—0017> (0060>
19 = 144, Qo9 = 025, a1 = 0.49 0.639 0.454 -0.638 0.416
Q30 = 064, (99 — (N33 = 0.49 (0427> (0533>

Table 4: Simulation results for LIMIL

LIML

bias(f,) s.e.(0,)
op =0.81,0; =0.25, 00 =049  0.022 0.096
Yo = 0.64,v, = v, =049
o9 =9,07 =0.25, a9 =049 0.422 0.243
Yo = 0.64,v, = v, =049
Qo = 081, ) = 049, Qo9 = 0.49 0.035 0.120
Yo = 0.64,v, = v, =049
Qo = 144, ) = 025, Q9 = 0.49 -2.416 0.888
Yo = 0.64,v, = v, =049

15



Table 4*: Simulation results for LIML
LIML
bias(d,) s.e.(0;)
Q19 = 081, Qo = 025, 11 = 0.49 -0.002 0.057
Q39 = 064, Qg9 = (g3 = 0.49
Q19 = 9, Qiop = 025, 11 = 0.49 -0.022 0.160
Q39 = 064, Qg9 = (g3 = 0.49
Q19 = 081, Qo = 025, 11 = 0.98 -0.003 0.057
Q39 = 064, Qg9 = (g3 = 0.49
19 = 144,0[20 = 0.25,0&11 = (0.49 -0.200 0.607

Q39 = 064, Qg9 = (g3 = 0.49

We observe that, indeed, the biases increase a lot in this new situation, and the
formula given in Phillips (2003) provides again a good bias-corrected 2STS estimator.
2SSy, 1s again more effiicient than 2S1.S and the bias in absolute terms is smaller
as well. In relation to LIML, we experience many problems with outliers and careful
analysis must be followed in relation to Table 4. Again, we advise the use of 2SLSy,
in case any bias-corrected mechanism is applied. Again tables 3* and 4* correspond
to the Engle and Kroner (1995) diagonal representation.

6 Conclusions

In this paper we have studied simultaneous equation systems and how 2SLS and
3SLS behave in this framework. First we have shown, that if structural disturbances
follow ARCH processes the reduced form disturbances do not unless some strong
conditions are imposed. We have also proposed modified 251.S and 3SLS procedures
that are more asymptotically efficient than their traditional counterparts. When the
researcher is interested in estimating the structural parameters, we recommend to use
our modified procedures instead of LIML (or FIML) where the existence of extreme
values can produce misleading results in practice. This is due to the non-existence of
moments, which is even more evident in the context of conditional heteroscedasticy
where the tails are fatter than in the regular case. We have also showed through
Monte Carlo simulations how all the procedures can produce important biases, mainly
when the disturbances are very volatile, and we provide bias mechanisms to apply in
practice. When we analyse the weak instruments case, the conclusions of this paper
are even more emphasized.
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7 Appendices

Appendix 1
Proof. of Proposition 2.1.

In this appendix we show that if the structural disturbances follow a multivariate-
ARCH(1) process, the reduced form disturbances may also follow a multivariate-
ARCH(1) process but only under strict conditions. To show this we suppose that the
disturbances in (1) follow, for example, a diagonal representation (for simplicity, but
without loss of generality)

hiye = B(e3, 1) = ap + onely_y, hooe = B, 1) = 00 + 0125, 4,

hige = Eenear|le1) = M+ Aoc14-18941

Note that vg:, the reduced form disturbance in the second equation, is defined by

(ﬂ2€1t + £9¢)

1— .5, 010y # 1.

Vot =

Also E(v3,) = 5 301(1141 2512221)2;”22, while the conditional variance is given by
B
(1= p18,)

N
(1= p18,)

8 2B
SUopmrtaoame

B33, 4285814 162,0-1+€3, 4
Next we have v2, | = L . . L
2t—1 (1-8182)?

is not possible to write E(v2,|I, 1) = ¢ + ¢yv3, | for some ¢y, ¢, unless restrictions
are placed on the original ARCH (1) processes. In particular, for vy to follow an
ARCH (1) process of the usual kind the component ARCH processes will have to
have the same variance parameter. Clearly this is a severe restriction to impose, and
this proves the proposition.

20,

Ewy|L) = (1= B106,)?

(oo + ozlétit,l) + (A1 + Xogr182,0-1)

(80 + 815%,#1)

1
)™

, from which it is apparent that it

V1t

Similarly we may show that the 2 x 1 vector v = l "
2t

] has a conditional covari-

ance matrix given by

E(Ul}”lt,l) — [ hlt h12t

woone | where
21t ot

3] ﬂ% 2ﬂ1 1

hY, = Doy hiyy + ————=hy;

T B T U aB T U B
17




h11)2t = hglt = ﬂtht + (1 + ﬁ1ﬂ2)h12t + ﬂlh%

v ﬂ; 2ﬂ2 1
hs, = hit hige
O N Ch R CI O

(1= 5,8

Appendix 2
Proof. of Theorem 4.1.
Yot

We shall write rewrite the equation in (12) by putting NG = Y5, Lﬁ— = x; and
2t 2t

% = v3,.With T" observations we may write the regression as
2t

Yy = X" 'To + v5.
Then the GLS (because we have standardised) estimator for mois given by
o = (0 X)) (X
= (X)X (K

from which /T (719 — o) has an asymptotic covariance matrix given by

lim (T 1(X*YX*) ' = lim (7' X'X) ! 17
dim (177 (X7)'X7) E(éﬂggo( ) (17)

The asymptotic covariance matrix for the OLS estimator is

jllm O’QQ(TﬁlX/X)il

(being 099 the unconditional variance). Hence the relative efficiency is E‘(Ti) (or
h3,
E—(h%“—)) We know from Jensen’s inequality that F (%) > =+~ = —— so that —Z4— >
o ) dnatty ny,) 7 Emy) T on B()

1, and so the result is proved. A similar result will hold for 7 .

If in addition, the disturbances are jointly symmetric, it is possible to prove
straightforwardly that the modfiied-OLS reduced form parameter estimator is un-
biased. =

Appendix 3
Proof. of Theorem 4.2.

In the structural system defined by (9) and (11), let’s define o* = (o, ) to be
the 2SL.S estimator. Then

of = (X (XX) ' X7) 20X (XX) T X
ap = (75X (XX) 7 X%) " 24X (XX) 7! X,

18



Analysing the distrubution of VT (af — ), the asymptotic covariance matrices
are given by

1

avar (ﬁ(oﬁ — ozl)) =onplimT (Z{X (X’X)f1 X'Zl)7

avar (ﬁ(og — a2)) = 09oplim T’ <Z2X (X’X)f1 X’ZQ>71

where 011 and 099 are the two unconditional variances of the structural disturbances.
In the case of our modified-2SLS procedure, let’s define & = (&4, @) to be the
modified-2SLS estimator. Then, put

1 1
1 S 1 —
AE = \/h112 AE — \/hQQQ
! 0 2 0
1 1
0 0 “coe \/m 0 0 “oe ‘\/E

We may show that
& = (HMX(X'AX) XA Z) T Z/A X (XA X)X Ay

Gy = (ZAs X (XA X) ' XAy Z5) " ZyAs X (X A X) ' X Mgy
The asymptotic covariance matrix of &y is
\/7 e i ’ / —1 7yt -1 1 . 1, . -
avar ( T(6n — ozl)) = plim T (Z/A X (XA X) XA 2Z) ' = (71p11m AP
£ ()

hi1t

Using Jensen’s inequality

1 1
F >
<h11t> ') (hllt)

1 1
E<h11t>20'11:>E< >>—

Pt 011

Thus we have proved that this non-operational 2SSy, is more asymptotically
efficient than 2SLS. The same would hold for a,. =

Appendix 4

Proof. of Theorem 4.3.
Suppose we use the modified OLS estimator of T3 to construct the modified 25 LS

estimator. We now have the equation:
W= B+ o)

19



The usual situation does not apply here: ¢5* = X**7y is not orthogonal to the
second component of the error term 3,79. However, the implied 2SLS estimator will
still be

By = [(7r2) (XY X a} () (X™) "

= By + [(7) (X)) X700} (700) (XY (277 + B1037) =
By [(Fr) (X)X o} () (X7) 7™ 4 () (X)X 0} () (X7) By057)
Then as T" — oo

VT( B = By)~ [(7@)/?(X**)/X**M]*l(7T2)’T71/2(X**)/(€T* + B1v3")
which has asymptotic covariance matrix given by
avar(NT( B, — B,)) = wvar(sif + 8,05 = lim [(7 )/l<X/X)7T ]!

1 1 1t 1%2t (E(h%)) TS 00 2 T 2
which may be more or less asymptotically efficient than the usual 25LS); depending
on whether or not var(ef; + fv) < 1. =

Appendix 5
Proof. of Theorem 4.4.

In the structural system defined by (9) and (11), let o**

= (a3*,a3*) " to be the
3SLS estimator. Then, the asymptotic covariance matrix will be given by

*ok 117~ 127 - -1

Q" — Qg . . g Z1PXZ1 g Z1PXZ2

avar <ﬁ < 0 — ay >> =plim7T < 0N 2P 7y 0P Ly Py 2
1 1 - o 1

— plim T ( AT

__ 012 1

—1
P Z
0111022 1-p3, 14 z22

011022 1*P%2 ZQPSCZl

e
L 2P P
_ 2 . o11 14 x4/1 711092 14 x 442
(1= pia) phmT<—%ZQ'PmZ1 >

L 7P 7y

g22
a result that makes use of the fact that the unconditional variance/covariance matrix
can be written as

1 512 1 12
nl= < 021 022 > = 1 5 < 711 711022 >
—_9v12 -
v v 1—- P12 011092 0922
Here we have defined the unconditional correlation coeflicient as pq,.

On the
other hand, if we define the modified-3SLS estimator by a = (51,52) , then, the
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asymptotic covariance matrix is given by

avar (ﬁ(%lizl ))

_ 2 :
= (1 pu)phmT —P1o AN A

JEGEEGL)

-1
1) L lele —P124 /E —1 1) —1 lesz

—p1o\ EGr ) EGL ) 25 Px 24 ( 1 )Z2PXZ2

Z1A1P A1Z1 Jr‘)—ZIAIP A2Z2 -

\/E(hu) (th)

E(hlm)ZQAQP A2Z2

An improvement in asymptotic efficiency over 3SLS depends upon the relationship
between Eiland the covariance matrix

(Z )71 1 E(ﬁ) plQ\/E
M L=ty _/)12\/E ) Gy

h22t

;“
S E

t

For (3,,) '— Eilpositive semi-definite, an improvement in asymptotic efficiency
will result. With appropriate use of Jensen’s inequality this can be shown to hold

leading to avar (\/T (a** — a)) — avar ( T (5 — a)) being positive semi-definite.
Hence 3SLS); is asymptotically more efficient than 3SLS. =

References

[1] Baba, Y., R. F. Engle, D. F. Kraft and K. F. Kroner (1991), Multivariate Simul-
taneous Generalised ARCH, University of California, San Diego: Department of
Fconomics, Discussion Paper No. 89-57.

[2] Engle, R. I. (1982), Autoregressive Conditional Heteroscedasticity with Esti-
mates of the Variance of United Kingdom Inflation. Econometrica 50, 987-1007.

[3] Engle, R. F. and K. F. Kroner (1995), Multivariate Simultaneous Generalised
ARCH, Econometric Theory 11, 122-150.

[4] J. Hahn and J. A. Hausman (2002a), "A New Specification Test for the Validity
of Instrumental Variables", EFconometrica 70, 163-189.

[5] J. Hahn and J. A. Hausman (2002b), "Notes on Bias in Estimators for Simulta-
neous Equation Models", Fconomics Letters 75, 2, 237-41.

21



[6]

[7]

[13]

J. Hahn and J. A. Hausman (2003), "Weak Instruments: Diagnosis and Cures
in Empirical Econometrics", American Economic Review, 93, 2, 118-125.

J. Hahn, J. A. Hausman and G. Kuersteiner (2002), "Estimation with Weak
Instruments: Accuracy of Higher Order Bias and MSE Approximations", MIT
Working Paper.

Harmon, R. (1988), The simultaneous Equations Model with Generalised Autore-
gressive Conditional Heteroscedasticity: the SEM-GARCH Model, Washington
D. C.: Board of Governors of the Federal Reserve System, International Finance
Discussion Papers, No. 322.

Hausman, J. A. (1983), "Specification and Estimation of Simultaneous Fquation
Models" in Griliches, Zvi and Intriligator, Michael, eds., Handbook of Economet-
rics, Volume 1, Amsterdam : North Holland.

Nagar, A. L. (1959), The Bias and Moment Matrix of the General k-class Fsti-

mators of the Parameters in Simultaneous Fquations. Fconometrica 27, 575-95.

Phillips, G. D. A. (2003), ”Nagar-type moment approximations in simultane-
ous equation models: some further results. Paper presented at Contributions
to Fconometric Theory: Conference in Memory of Michael Magdalinos, Athens

November 2003.

Stock, J. H., J. I. Wright and M. Yogo (2002), A Survey of Weak Instruments
and Weak Identification in Generalized Method of Moments, Journal of Business
and FEconomic Statistics 20, 4, 518-529.

Wong, H. and W. K. Li (1997), On a Multivariate Conditional Heteroscedastic
Model, Biometrika 84, 1, 111-123.

22




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /Description <<
    /FRA <>
    /ENU (Use these settings to create PDF documents with higher image resolution for improved printing quality. The PDF documents can be opened with Acrobat and Reader 5.0 and later.)
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308000200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e30593002537052376642306e753b8cea3092670059279650306b4fdd306430533068304c3067304d307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


