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1 Introduction

This paper presents a set of rate of uniform consistency results for kernel estimators of density functions
and regressions functions. We generalize the existing literature by allowing for stationary strong mixing
multivariate data with infinite support and kernels with unbounded support.

The kernel estimators that we examine were first introduced by Rosenblatt (1956) for density esti-
mation, by Nadaraya (1964) and Watson (1964) for regression estimation. The local linear estimator
was introduced by Stone (1977) and came into prominence through the work of Fan (1992, 1993).

Andrews (1995) provides a comprehensive set of results concerning the uniform consistency of ker-
nel estimators, but his rates are not sharp. Masry (1996) derived sharp rates for uniform almost sure
convergence, but confined attention to the case of bounded regression support, and placed overly re-
strictive conditions on the regression functions. Fan and Yao (2003) also have a set of results, but are
quite restrictive in application.

In this paper we attempt to provide a general set of results with broad applicability. Our main result
is the uniform convergence of a sample average functional, which can be easily used for application to
density and regression estimation. The conditions imposed on the functional are quite general, allowing
for kernels with unbounded support (such as the standard normal), so long as they satisfy a Lipschitz
condition. The data are allowed to be generated either from a random sample or from a stationary
strong mixing time series. The support for the data is allowed to be infinite, and our convergence
results include the entire sample space rather than being restricted to a compact subset. The rate of
decay for the bandwidth is allowed considerable flexibility.

Our proof method is a generalization of that in Fan and Yao (2003), and like theirs is based on an
exponential inequality from Bosq (1998). We also borrow the trimming argument of Andrews (1995) to
allow for unbounded regression support.

Section 2 of the paper presents the main results: a variance bounded and the rate of convergence
for the sample average functional. Section 3 provides an application to density estimation, and Section

4 to regression estimation. The proofs are in the Appendix.



2 Basic Results

Let {X;,Y;} € RY x R be a sequence of random vectors. We are interested in averages of the form

A 1 & r—X;
Gh(z) = - ;YZG (T) (1)
where G(z) : R? — R and
h=cn™" (2)

is a bandwidth, where 0 < ¢ < oo and 0 < v < 1/d. For typical applications, the function G is either a

kernel or the product of a kernel with a polynomial.

Assumption 1 For all z,2’' € R%, some A < 0o and 1 > 1/ then

A , x| <1
G < { N ®)
‘G(:U)—G(:U'){ SA}:B—:E", (4)

Equation (3) imposes boundedness and a tail condition related to the bandwidth h. Equation (4) is
a Lipschitz condition.

We require the following moment and smoothness conditions on the observations. Let fyx(y | x)
and fx(x) denote the conditional density of Y; given X;, and the marginal density of X;, respectively,
and for any j > 1 let fj(xo,z;) denote the joint density of (Xo, X;).

Assumption 2 {X;,Y;} is strictly stationary and ergodic, with strong mizing coefficients o, < am =P

for some a < oo and
25 — 2

s—2
for some s > 2. Furthermore, E|Y;1;|* < 0o, and for all j >0 and all t <'s

B> (5)

sup B (|Y¢+j|t | X; = x) fx(z) < ¥ < o0, (6)
forj>d+1,
sup fj (71, 2) < Wa < o0, (7)
T1,T2

and for |z| large and some 1 < p < oo
E(Yi| | X; =) fx(z) < sz (8)

Note that equations (6) and (8) involve the product of the conditional mean and the marginal

density, and thus are not very restrictive. For independent data, f;(zo,z;) = fx(xo)fx(z;), so (7)



holds when the density fx(x) is bounded. If the support of X; is bounded, then we can take y = oo in

(8)

We first describe a uniform bound on the variance of Gy, (z).

Theorem 1 Under Assumptions 1 and 2, there is J < oo such that

Var (Gh(:v)> < J—hd

n

We now present our main result concerning the rate of convergence for Gy, (z).

Theorem 2 Under Assumptions 1 and 2, if in addition

3 0 3+ 7vd s
7> 2y (4t 00+ 25 (=gt "
then
sup |Gp(x) — Eéh(:n)‘ =0, (hdrn> (11)
rER4
where

logn 1/2
™=\ G .
The rate for the bandwidth is controlled by (10) which is satisfied for sufficiently large 8. In partic-
ular, in the case of independent data or exponential decay for the mixing coefficients, we have § = oo
and (10) is automatically satisfied.

The right side of equation (10) is increasing in 7, so the inequality is least restrictive by selecting 7

close to zero (so the bandwidth h declines to zero slowly). The limiting case (y = 0) is

3 I 3 s
B>s—2+<d,u—1+§> <5—2>

Furthermore, if Y; has all moments finite and the support of X; is bounded, then s = o0 and p = oo,

and this simplies to

3
d+ —=.
8> +2

In particular, for d = 1, then the inequality is 8 > 5/2, the restriction used by Fan and Yao (2003),
Lemma 6.1. Thus Theorem 2 generalizes their result to the case of mutlivariate data with unbounded

support.



3 Density Estimation

Consider the estimation of fx(x), the density of X;. Let k(u) : R — R denote a kernel function and let
d
K(x) =[] k()

J=1

be a product kernel. Let h be a bandwidth. The kernel density estimator of fx(z) is

=1

It is asymptotically optimal to set h = en™7 with v =1/ (d + 4), which we now assume.

Assumption 3 (a) [, k(u)du = 1; (b) k(—u) = k(u); k(u) satisfies (3) and (4) for some n > d + 4.
The bandwidth satisfies h = en~ /(@44

We can use Theorem 2 to obtain the uniform rate of convergence for fx(z).

Theorem 3 If Assumption 2 holds with Y; =1 and s = oo, Assumption 8 holds, and

1 L
6>Z<dﬁ(2d+4)+6+5d> (12)
then
sup | fx (@) = fx(2)| = O (1)
rER4
where
Ty = n 2/ (d+4) logl/2 n

Alternative results for the uniform rate of convergence for kernel density estimates have been pro-
vided by Andrews (1995, Theorem 1) and Fan and Yao (2003, Theorem 5.3). Andrews’ result is more
general in allowing for near-epoch-dependent arrays but obtains a slower rate of convergence. Fan and
Yao obtained the same rate of convergence, but their result is restricted to univariate data, compact

support for X;, and kernels with compact support.



4 Nadaraya-Watson Estimator
Consider the estimation of the conditional mean
m(z)=E(Y;| X;=x).

Let the multivariate kernel K and bandwidth A be defined as in the previous section.

The Nadaraya-Watson estimator of m(z) is

| TLVK (559)
S K ()

A~

The local linear (LL) estimator of m(x) is obtained from a weighted regression of ¥; on z — Xj.

Letting
1
Fi = z—X;
h

then the LL estimator is
z—X;

i(z) = > i1 YiK (wthi> — 3K (%) (Z?:l iz K <$7hxi>>fl s ziYiK( : )
i 1 (57%) - Sk (55) (St (55)) Sk (58

(3

We introduce the following smoothness condition.

Assumption 4 For some § > 0,

sup  |Vm(z1)'V fx(z2)| < oo

|x1—22|<0

sup }V2m(w1)fx(w2)‘ < 00

|z1—22|<8

Observe that Assumption 4 does not require the regression function and its derivatives to be bounded.
Rather, Vm(z) and V?m(z) are required to not diverge faster than V fx(z) and fx(z) decline to zero

in the tails.
For any positive sequence 9,, define

An:{xGRd:f(x)Zén}.

Theorem 4 Under Assumptions 2, 3, 4, and (10),

sup |m(z) —m(z)| = Op (57727“7,,) .
T€EA,



Alternative results for the uniform rate of convergence for the Nadaraya-Watson estimator have
been provided by Andrews (1995, Theorem 1) . His results allow for near-epoch-dependent arrays but

obtains a slower rate of convergence.

Theorem 5 Under [conditions]

sup |m(z) —m(x)| = O, (5;27'”) .
Z‘eAn

The conditions and proof are incomplete.
This result complements that of Masry (1996). Masry obtains almost sure convergence over compact

sets, but imposed stronger conditions on the regression function.
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5 Appendix

Proof of Theorem 1. WLOG assume that A > 1 and ¥ > 1. From (3) we observe that

A
/ Ga)de<A [ det A Ja| " de < 2V
R ] <1 |z|>1 n-—

where V is the volumn of the unit sphere in R%. Since |G (x)| < A It follows that for any 1 <t < s

AVan _ A*Van
n—1—"n-1

/ G (@) do < A
Rd

Let Upi(z) = Y;G (thX’> . By a change of variables, for any 1 < ¢ < s, using (13) and (6),

ol < [ [ule (S5
= [l6wl ( ol frix o= ) dy) Fx (& — hus) d
< U A’

t
Ty|x (y | u) fx (u) dudy

We now develop several alternative bounds on the covariances |Cov (Upo(x), Upj(z))|.
First, by the Cauchy-Schwarz inequality and (14) with ¢ = 2,

|Cov (Uno(), Unj())|

IN

Var (Upo(z))
< 2EUpo(z)?
< 200, h.

N

Second, take 7 > d + 1 and observe that

[Cov (Uno(z), Unj(x))| < E[YoY; — EYoEY)|

o()e(=5)

+ v B |6 (252 ) 6 (L5 + (B vt

We examine the terms on the right-hand-side of (16). By change of variables, (13), and (7),

#lo(52)o (559 - f fo(52) o (52 s
= h2d//G(u0)G(uj)fj (z — hug, © — hu;) dugdu,

< h%0? sup f; (v1,22)

Z1,22

< h2O2W,.

(13)

(14)



Let g (yo,y; | ) denote the conditional density of (Yp,Y;) given Xo = x. Using (3), a change of

variables, conditioning, (13), Davydov’s Lemma, (6), and the assumption «; < aj~?, we find

“(5) e (7))

B (1%, - vy

< AE (!Yon ~ EY,EY;| |G (x _hX°> ')
r — U
= A//M%—E%mﬂ/ﬁ< h)QﬂmwM@hwmwwm
— A / / lyoy; — EYoEY;| / G (w)) g; (50,5 | = — hu) fx (& — hu)dudyody;
< hAOsup E (|YoY; — EYQEY| | Xo = z) fx(x)
X
< 1A sup (B ([Yol* | Xo = o) fx(@)* (B (1Y;]* | Xo = @) fx (2))/*
X
< hlan©W, - P=2/8] (18)

Equations (16)-(18) combine to show that for j > d + 1
|Cov (Uno (), Upj(x))| < ah@W,j~PA=2/slpd ((EYO)2 Uy + \1@) 02p%, (19)
Third, using Davydov’s Lemma, (14) with ¢ = s, and the assumption «o; < aj=?,

|Cov (Uno(2), Upj(2))|

IN

160}/ (B [Uni(x)|*)**
< 16aj_5(1_2/8)@\111h2d/8
< 16aj-PO-2/)Qy, pd2-B0-2/s) (20)

where the final inequality holds since 2/s > 2 — 5 (1 — 2/s) under (5).
The bounds (15), (19) and (20) show that

nVar (é’h(x)> = %E (Zj: Uni(x) — EUm(ZL‘))

d
Var (Uno(2)) +2 Y |Cov (Uno(a), Un (@))]

Jj=1

IN

h—d
+2 Z |Cov (Uno(), Upj(x))]|
j=d+1

+2 Z |Cov (Uno(z), Unj(z))]
j=h-a



IA

200, h? (1 + 2d)
h*d
12 3 [aA@szl A=) pd | ((EY0)2 Uy + \11%) @Qhﬂ
j=d+1

+2 Y 16a0F, j 02/ pd2=A0=2/3)
j=h—d

20V (1 + 2d) h?

+ 2aA®\I!1
-3

N 32a@2\1'1 d
p1-3) -1

Jh?

IA

hd 42 <(EY0)2 Uy + xp%) 62hd

IN

which is (9) with

2aAOV, 3200V,
-3 -1 B1-3)-1

This is (9). For the final inequality we have used the fact that for § > 0 and & > 1

o 00 1
E c—5—1 —0—1 —

j=k+1

J =200, (1+2d) + +2 ((EYO)2 Uy + xp%) o2 4

This completes the proof. |

Proof of Theorem 2. We start by introducing some notation. First, define

oy —2/s

and

Vpi(x) has been truncated so that |V, (x) — EVp(z)] < /.
Second, for ;1 defined in Assumption 2 let 7,, = 27} (hdrn)fl/(ufl) and set A = {x: |z| < 7,}. The

region A can be covered with

d —d(1+dp/2(p—1)) dp/2(p—1)
h1+drn 2d logn
hyperspheres of the form A; = {x: |z — x| < h1+drn}, which are centered at z; and have radius

Ry, Let A° = {z: |z| > .} .

10



We show below that

sup |Gp(z) — EGyp(z)| = sup
T xT

:Sclelg Val@) = EVu(@)| = 1<G<N

Vi () — Evh(x)) + 0, (hiry). (23)

max (Vh(xj) - Evh(xj)( + 0, (hry) (24)

sup |Vi(z) — EVi(z)| = Op(hir,) (25)
rEA°
IISI;E%}%V Vi(zj) — EVi(z;)| = Op(hry). (26)
Together, these establish that
sup |Gh(z) — EGy(z)| = Op(htr,)
x
as desired.
It remains to show (23)-(26), which we take sequentially.
Proof of (23): First,
— —2/s
P (ntr,)" Cnla) ~Ta(@)| >0) < P v >
rn)  sup|Gh(@) ~ Vi(e < max |Y; 5
< nP|(Yi]° > L
= (2 25’,"%
S S S 1
— 0
using Markov’s inequality since r,, — 0 as n — oco. Hence
sup |G (z) — Vh(:c)‘ = op(hry,). (27)
x
Second, by a change of variables and using (13)
. . T —u
s 2 |Gnto) = Gi@)| < s [ [ 16 (S| bl i (o0 () o
@ v J S22 h
< s [ [ GO e (2 =) (o — )
x y|>rn
< [i6@ldiswp | [ ol frix ] 2 dux (2)
z |y|27"n2/s/2
7“_2/8 1-s
< 1o ( - ) sup ([ 1 x| )y ()
< 2°0W;hir,, (28)

11



the final inequality using (6) and the fact that for s > 2 and n large

2(s—1)
rn < rp.

Equation (23) follows from (27) and (28).
Proof of (24): The Lipschitz condition (4) and the radius of A; imply that for all x € A;

(552 - (55

and thus for all x € A;

~ ~ 1 " r— X; r; — Xi
o) - Vi) = 2 Yomlle (S -6 (2]
i=1
< i, Ahdr,
where
I
jin = 3" ¥l = 0,(0).
i=1
Similarly
|EVi(@) = BVa(2;)| < B |Va(@) = Va(a,)| < BVl Abr,.
Therefore
sup Vh(x) — EVh(x)‘ = max sup Vh(l‘) - Evh(ﬂf)‘
T€EA 1§J§Nx€Aj
= max Vi(z;) —EVh(%‘)‘
+ 1%%%\/52}1)] <‘Vh(:n) — Vh(xj)‘ + ’EV}L(:BJ‘) — EVh(J})D
< max [Vi(a) — BVi(x))| + (o, + EI¥i) Abr,

which implies (24).
Proof of (25): For 7 defined in Assumption 1, let §,, = (hdrn)_l/n. Observe that since n > 1/~
then (14 ~d) /2n < 7 and

n V2 +(14vd) /2
< - vd)/2n )
héy, =h <hdlogn> 0 (n ) o(1) (29)
If | X;| <7p—hd, and z € A°={z :|z| > 7,,}, then —“7;(1' > 6, and

‘G (m _hXZ>‘ < |G (6n)| < A8, = b7y,

12



by (3). Hence

E (’Yi’ sup
rEAC

G <‘”” _hX> ‘ 1(|Xi| <7 — hén)> < AR, E Y] .

Furthermore using (8),

E (!Yi! sup 7

TEAC

6 (55 ) |10 > ra=18)) < BAVIL0X > 70— 15,)

_ / E(Yi|| X = 2) fx(x)dz
|z|>Tn—hdn

< 204 /00 |z| " dx
Tn—hon

< o((Tn—han)lfﬂ)

< O(r ")

< O(h'r,)

the second-to-last inequality using (29) and the final inequality by the definition of 7,,. Thus

G (m _hX> D = O(h'ry,).

E sup |Vi,(z) — EVh(x)‘ <2F <|}ﬁ| sup
TEAC TEAC

(25) follows by application of Markov’s inequality.
Proof of (26): Define

m 2
ol (x)=E (Z (Vni(z) — EVm(x))> .

i=1
By Theorem 1 and n sufficiently large,
o2 (x) < mJh?

(observe that (5) holds under (10)). Since |V,,; — EVy;| < 7“772/8, by Theorem 1.3 of Bosq (1998), for all

z,q € (0,1] and € > 0

62TZ

1/2
~ ~ 4
P (‘Vh(x) — EVh(a:)‘ > 8) < 4exp — /s + 117‘an[1/q] 1+ —2/5
32qo[21/q] (x) + 8¢ lery, "

IN

e’n 1 1/2,—1
dexp | — ~7 + 12ang*Pe / T /s
32Jhd + 8q~lery,

where the second inequality holds for n sufficiently large and the assumption on the mixing coefficients.

13



Set g = r}b_2/8 and € = Mrph® for M > J. This gives the bound

P (‘Vh(x) - Ef/h(x)‘ > Mrnhd>

M27“2h2dn
< 4 . n 12aM Y25,y (A+8)(1-2/5)=1/2—1/sp, —d/2
= sexp < 327h0 + 8Mhd> el

— 4nfM/40 + 12aM71/2h7d(3/2+5(172/s)73/s)/2n(3/275(172/s)+3/s)/2 (logn))‘

where A = (5 (1 —2/s) +1/2 —3/s) /2. Hence

IN

P ( max ‘Vh(xj) - EVh(xj)‘ > Mhdrn> NP (‘Vh(xj) - EVh(:L‘j)‘ > Mhdrn>

1<j<N

Nn(3/2-B0-2/)3/9)/2 (19g )
—M/40 s
< 4Nn +12a M1/2pd(3/2+8(1-2/5)—3/5)/2

(30)

We now show that the right-hand-side of (30) is o(1) for M sufficiently large, which implies (26). Indeed,
using definition (22)

Np—M/40 n—M/40

h—d(+dp/2(p—1)) n O\ /2(u-1)
- 2d (log n)
< pdtdp/2(p—1))+dp/2(p—1)—M/40

which is = o(1) when M > 40vd (1 + du/2 (i — 1)) +20du/ (n — 1). Furthermore,

1/2
N (3/2-B(1=2/5)+3/5)/2 (log n)’\ _ ndun/(p—=1)+3/2—5(1-2/s)+3/s / (lo n)k—duﬂ(u—l)
G ZEB—2]5)—3/5) 2 AT 2R G ) FB(=2/5)=3]5) g
_ (md(7/2+d#/(ufl)+5(172/S)73/S)+du/(u71)+3/2fﬁ(172/8)+3/8> Y2 (log )/
= o(1)
since 7 2\ 3 3 2\ 3
vd(s+dt—gp(1-2)-2)+at-+-p(1-2)+Z<0
2 pw—1 s s u—1 2 s s

under (10). Thus (30) is o(1) which establishes (26) as desired.
We have shown (23)-(26), which completes the proof. |

Proof of Theorem 3. In the notation of Theorem 2, fx(z) = h™%Gy(z) with G(z) = K(x).
Since k(z) satisfies Assumption 1, so does the product K (z). Equation (12) is (10) substituting s = co
and v = 1/(d+4). Then by Theorem 2

A~

sup |fx(z) — Efx(z)| = h~¢ sup |Gp(x) — EGL(x)| = O (1)
zER? zERM

14



where

- logn 1/2 B logl/2 n
'n =\ L=d/@+Dy, ~ 2/

It is well known that under these assumptions
Efx(x) = fx(@) = 0 () = O (n™ @) <0 ().

Together we obtain

fx(@) = fx(@)] = 0y (o).

sup
rCR4

[ |
Proof of Theorem 4. Let ¢; = Y; — m(X;). Then
i K (%)
S K (57)

= fx() (#EK (557) + 73 §;<m<xi> ~mio) £ (- ‘hXi)> .

Now consider the terms on the right hand side.

m(x) —m(z) =

First, by a Taylor expansion, Theorem 3, and the definition of A,

N

sup | fx(@) ™! = fx(@) ] < sup fx(@) 7 sup |fx(@) = fx(@)] < 5,20, (ra)
€A, €A, €A,

Second, by Theorem 2 and the fact that E (e; | X;) =0

Third, by Theorem 2

sup
xeAn

#g (00 = e & (252 = B nx) - ma) 5 (£ ‘hX))' — 0, ().

15



Now, letting * denote a point intermediate between = and = — hu,

o () (o)) & (2525)
_ % (m(u) —m(z)) K <$ - “) fx(w)du

_ / (mlz — hu) — m(z)) K (u) fx(z — hu)du
2
= hQVm(x)'/uu'K(u) Vix(x®)du + %tr </ Vim(z*)uu' K (u) fx(z — hu)du) .

Thus for A sufficiently small

1
X

B m(x) - m) & (25|

//uu'K(u) du

= O (h?) < Op(ry)

h2

IN

|z1—z2|<d |z1—22|<8

( sup | Vm(z1)'Vfx(x2)| + sup W2m($1)fX($2)\>

Together, these complete the proof.
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