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Abstract

We propose a nonparametric estimator of the conditional volatility function in
a time series model with serial correlated innovations. We establish the asymptotic
properties of the nonparametric estimator, as well as the estimator of the parame-
terized innovation process. The main advantage of our approach is that it does not
require any knowledge of the specific form of the conditional volatility function. As
pointed out by Pagan and Hong (in Nonparametric and Semiparametric Methods
in Economic Theory and Econometrics, Cambridge University Press, 1991), Pagan
and Ullah (JAE, 1988) and Pagan and Schwert (JoE, 1990) most parametric mod-
els, including ARCH and GARCH models, do not adequately capture the functional
relationship between volatility and underlying economic factors. By applying our
more flexible approach/estimator these shortcomings may be avoided. Finally, some

simulations are provided.

1 Introduction

In this paper we consider estimation of a zero mean stationary time series process with
an unknown and possibly time varying conditional volatility function and serial corre-
lated innovations. A novel nonparametric estimator of the conditional volatility function
is proposed and its asymptotic properties are established. Secondly, we characterize
the estimated parameters of the serially correlated innovation process as a solution to
a weighted least squares (WLS) problem, where the weights are given by the infinite
dimensional nonparametric estimator of the conditional volatility function. This (semi-)

parametric estimator belongs to the class of so-called MINPIN estimators and by using

*This is a very preliminary version. Please do not quote. Notation follows Abadir and Magnus (2002).
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the framework of Andrews (1994) the asymptotic properties of the estimated parameters
in the innovation process are readily established.

The main advantage of our approach is that it does not require any knowledge of
the specific form of the conditional volatility function. As pointed out by Pagan and
Hong (1991), Pagan and Ullah (JAE, 1988) and Pagan and Schwert (JoE, 1990) most
parametric models, including ARCH and GARCH models, do not adequately capture the
functional relationship between volatility and underlying economic factors. By applying
our more flexible approach/estimator these shortcomings may be avoided.

Nonparametric estimation of volatility models in economics and finance has up until
recently attracted far less attention relative to parametric estimation of the well estab-
lished (G)ARCH family of models. An important recent contribution has been made by
Fan and Yao (1998), see also Ziegelmann (2002), who derive a fully adaptive local linear
nonparametric estimator of the conditional volatility function. The approach allows for
the inclusion of strong mixing random variables in the conditional volatility function (as
well as in the conditional mean function) and consequently the model can encompass a
variety of non-linear ARCH specifications. To our knowledge, however , this nonpara-
metric approach has not been widely applied outside the original paper by Fan and Yao
(1994), which seems somewhat surprising in the light of the above mentioned critique of
the parametric approach.

A common feature shared by the (G)ARCH family of models as well as the very gen-
eral non-parametric volatility model of Fan and Yao (199) is that the innovation process
of the time series of interest is assumed to be i.i.d. In our view this is a very critical
assumption when the volatility function is allowed to be time dependent since it will -
as we will demonstrate by a simple example - imply that the ”parameters” entering the
conditional mean function will be time varying and proportional to the increase in the
conditional volatility over the most recent time period. The implication is that if the
conditional mean function is estimated assuming time invariant parameters it will be
inconsistent and the effect of this misspecification will carry over into the volatility esti-
mation. In addition, as pointed out by Halunga and Orme (2004), misspecification test
in (G)ARCH type volatility models will be asymptotically sensitive to misspecification
of the conditional mean. Based on the MINPIN estimator classical statistical inference
regarding the presence of serial correlation in the innovation process - and a potential
misspecification of the fixed parameter conditional mean function - is easily performed.

Instead of relying on the estimated mean function as in the above mentioned papers
when computing the conditional volatility function, we introduce a nonparametric esti-
mator of the conditional volatility function based on the squared differences of the time
series of interest. The history of this approach goes back to Hall, Kay and Titterington
(1990) and Miiller and Stadtmiiller (1993) among others, but have mainly been restricted



to the fixed design case with independent and identical distributed innovations®. We gen-
eralize this approach for nonparametric estimation of the conditional volatility function
allowing for the possibility of serial correlated innovations.

The paper is organized as follows: In Section 2 the model is defined and the nonpara-
metric estimator of the conditional volatility function is introduces and it asymptotic
properties are established. In Section 3 the estimated parameters driving the innovation
process are defined and the asymptotic properties are characterized. Section 4 contains

simulation results and finally Section 5 concludes.

2 The Model

Consider the following process for the time series of interest denoted y, € R, ¢t =1,2,...,T

yr = flxe)er, (1)
€ = ¢e1+ v, (2)
where vy ~ i.i.d. N(0,1), ¢ € © = (—1;1), f(z¢) € C"]|0,1] and x; € [0, 1] in particular
v < a9 <...<zpand z; = % ,i=1,...,T. We will refer to the function f(z) as the

volatility function although it does not fully describe the variance-covariance structure
of the model (1)-(2). As it is common in nonparametric function estimation, we assume
that x; as well as f(xz;) has support on the unit interval and that there exist r continuous
derivatives of f(x). The assumption that the time series v, is Gaussian is not restrictive
and has been introduced mainly for the sake of technical convenience.

Nonparametric regression with correlated errors has been considered fairly extensively
by S. Marron and some of his students, but the main purpose of their study was the
influence correlation between observations has on the performance of model-selection
methods such as cross-validation, see, e.g., Chu and Marron (1991). Conditional volatility
function estimation in case of correlated data case was first seriously approached by Fan
and Yao (1998) assuming a random design; specifically, they consider the data (y:, ¢) to
be generated by a two-dimensional strictly stationary process with g(z) = E(y¢|x = )
and f(z) = var(y;|z; = x). They proposed an estimation procedure that relies on first
estimating the conditional mean function g(x) and then constructing the estimator of
the conditional variance function f(x) based on the estimated squared residuals. Their
estimator is asymptotically fully adaptive to the choice of the conditional mean. A
slightly modified estimator was proposed in Ziegelmann (2002). A paper by Lu (1999)
introduces a nonparametric regression model with martingale difference sequence errors

but is concerned only with estimating the mean function.

LObservations are assumed to have been ordered while the errors are independently generated from
a distribution that satisfies some regularity conditions such as the existence of the fourth moment, see,
e.g., Hall et al (1990).



Notice that the model (1)-(2) can be re-written as

Yt = g(xt, Te—1, Y115 0) + \/ f@t)vs, (3)
where
9(Te, 1, y1-1) = %Qﬁyt—y (4)

Since the innovation term in (3) is now i.i.d. the model very closely resembles the model of
Fan and Yao (1998). However, there are two important differences; Firstly, (3) potentially
involves 4 variables namely (y, y¢—1,*t, Tt—1), whereas the Fan and Yao (1998) model
is bivariate. Secondly, the conditional mean function given by (4) is parametric. Only
in the case where ¢ = 0, the model given by (1)-(2) simplifies to the model in Fan and
Yao (1998). It is also important to notice that if ¢ # 0 one would be likely to obtain
an inconsistent estimate of var(y;|z;, z;—1,y:—1) based on residuals from a least squares
regression of y; on y;—1 as one would assume that the parameter in this regression was
constant when it actually is given as %qﬁ. Remarkably, this is exactly the standard
procedure when estimating (G)ARCH models, as a result of the i.i.d. assumption on the
innovation process. We recommend to test the hypothesis that ¢ = 0 before undertaking
such procedure and a test statistic will be provided in Section 4.

Our main interest is concerning the estimation of the variance-covariance structure of
the model (1)-(2) and the unknown population parameter ¢. We approach the estimation
problem by constructing a two stage procedure that first gives us the estimator of f(x)
- denoted f () - based on the differences of observations y; and then construct the
estimator of ¢ - denoted q? - that utilizes the estimated variance function f (x). Tt turns
out that qAﬁ will be a MINPIN estimator as defined by Andrews (1994) which will be very
convenient when characterizing its asymptotic properties as Andrews (1994) provides all

the tools necessary.

3 The estimator of f(z;)

We follow the so-called difference sequence-based approach by Hall et al.(1990). The
underlying idea is as follows in a regression model context similar to a non-dynamic
version of (3): First obtain the crude estimate of the variance function f(z) at a point
by using squared differences of raw observations, i.e., A;, = Y. d;y;j4; where {d;} is
a sequence of real numbers such that i) Y/ d; = 0 and ii) >_|_,d? = 1.The sequence

d; is usually called the difference sequence of order 7.2 Secondly, apply a local smoother

2Conditions i) and ii) are not the only possible constraints one may want to impose on the difference
sequence {d;}. For example, it is possible to consider difference sequences such that not only () is true,
but, more generally, also iii) >, d; = 0)_,4d; = 0,...,5>,4""1d; = 0 while iv) ), iPd; # 0 for some



(for example, the Nadaraya-Watson local average smoother) to all A, , and produce the

estimator

r ZZ‘:}T A%,TK (%)

flay = == Dn LT
-1 K (55

where K(-) denotes the kernel function. Hall et al. (1990) show that, asymptotically,

the bias becomes negligible in comparison with variance for the fixed order r and, as

(5)

r — o0, these estimators achieve the optimal rate of convergence 7~! when the fixed
variance f(z) = o? is estimated. These results were further extended by ? (2003)
showing that in the general case of the non-constant variance function f(z) a similar
picture emerges. In particular, if f(z) € C?[0,1] and E (y|z) = g(z) € CP710,1] the
bias takes a role subordinate to that of the variance asymptotically if r is fixed; as
r — 00, the variance slowly decreases as % and, asymptotically, the optimal rate of
convergence T=2% is achieved. Asymptotically, the estimator is fully adaptive w.r.t
the mean function.® Taking this approach the following nonparametric estimator of the

conditional volatility function is proposed:

1. Define the pseudoresiduals n; as

_ Y42 — Yt

Nt = \/§ ,tzl,...,T—2. (6)

2. Based on (6), define the variance estimator f(x) as

_ SR ()

K (552)

f@)

(7)

It may seem to be somewhat surprising that the differences of the data are taken with
respect to the second lag instead of the more "mundane” first lag as done, for example, in
Levine (2003). The main reason is to ensure that the resulting estimator of the variance

function f(x;) is consistent. Indeed, it is easy to check that if the pseudoresiduals are

f(z)
1+¢

asymptotically. An important property of the AR(1) time series is that the difference

based on A;; instead of A7, the resulting estimator of f(x;) will converge to the

between its variance, vo = var(y;), and covariance, y2 = cov(ys, y:—2), equals unity which

integer p > 0. Conditions iii) and iv) are particularly useful when there is a nonzero mean function.
In this case, differences based on a sequence that satisfies them can remove the influence of the mean
function up to the pth term of its Taylor expansion while estimating the variance function f(z).

3Dette, Munk and Wagner(1998) show that in small samples the MSE of the estimator 5 (more
specifically, its bias component) depends heavily on f[g/ (2)]? dz and f[g” (2)]2 dz as the order of the
sequence r increases. The choice of the proper order r therefore becomes a fairly delicate affair. It
is quite sensitive to the degree of smoothness of the mean function g(z) and the sample size T’; the
smoother of the mean function g(x), the larger » may be chosen and vice versa. In other words, it plays
the role of the smoothing parameter. For details, see Dette, Munk and Wagner(1998).



becomes very handy and ensures the consistency of the estimator given in (7).* Notice
that the estimator (7) looks very similar to the Nadaraya-Watson estimator; it is different,
however, because the transformed data 7; that is used to construct this estimator is not
independent which is usually the case with the standard Nadaraya-Watson estimator.
For definitions, see for example, Fan and Gijbels (1995).

We next turn to describing the most important asymptotic properties of the estimator
(7). We first establish consistency and find the asymptotic rate of convergence. Secondly

asymptotic normality will be established.

Theorem 1 Let data be generated according to the model (1)-(2). Assume that the
conditional volatility function f(z) is an element of C?[0,1] and K (u) is a second order
non-negative kernel function such that K (u) > 0 for any u € [~1,1], g = [ K(u)du =0
and 0% = p2 = [u?K(u)du # 0. Then the estimator given by (7) is consistent and its
mean squared convergence rate is O(T_4/ °) with asymptotic integrated mean squared

error at the optimal bandwidth value given as

AIMSE, = T-%/54 % {C(fb)/ol (f(t)? dtr/E) Vol {DQf(t)Wr dt]

1/5

L GOy (f(1)” dt Bic
4

)

where R = [ K?(u)du and C(¢) is a constant that depends on ¢ only. The optimal
bandwidth is of the order 7-1/5 and equals

1/5

Sy C(9) Jy (f(1))” at

2
1 2[D2 f(1)]2
40%5 fo [DQf(t) — [f({)(t)] }

ho =

Proof of Theorem 1 See the Mathematical Appendix. O

Notice that when the innovations are independently distributed we have v = 0,
C'(0) = 12 and the bias is given as Bias f(x)) = % +o0(h?) as in Levins (2003). The
AIMSE in this case is also identical to Levins (2003). Levins’ (2003) estimator is based
on defining the pseudoresiduals as (y; — y;—1)? but not surprisingly this now turns out

not to matter asymptotically given the assumptions of Theorem 1, whenever ¢ = 0.

4Clearly, any positive definite quadratic form in the observations y; can be used to estimate the
variance function. The purpose of using (6) and not, say, n: = y: is that we hope to reduce the influence
of the unknown mean g(z¢) on the bias of the variance function estimator f(z); indeed, by using (6)
the constant term in a Taylor series expansion of the function g(z:) cancels. Levins (2003) shows that in
the case of i.i.d. innovations and g(z¢) # 0 the bias term of the estimator f(xt) that is due to the mean
g(x¢) is proportional to f[gl(z)}2 dz if pseudoresiduals defined by (6) are used. For more discussion on
this topic, see Levins (2003).



Since the estimator f(z) given by (6) and (7) converges in Ly-sense, it also converges

in probability at the rate O, (ﬁ) In particular,

VTh (f(z) = f(2) - Bias (f(@))) >0, (8)

where 2 2 2 2
Bias ( f(x)) - h% [DQ flz) - %] +o(h?). 9)
In the following Theorem 2 we establish that f (z) is asymptotically normally distributed
with mean
E (f(m)) = f(z) + Bias (f(x)) . (10)
and variance )
var (f(:c)) - wm. (11)

Notice that the expression in (10) and (11) are derived and used in the proof of Theorem

1 in the Mathematical Appendix.

Theorem 2 Let the Assumptions of Theorem 1 hold. Then,
~ d ~ ~
@) 5N (B (f@), var (f(@))) - (12)

as T — oo, h — 0 and Th — oo , where E (f(z)) and var (f(x)) are defined in (10)
and (11) respectively.

Proof of Theorem 2 See the Mathematical Appendix. O

4 The estimator of ¢

Following Andrews (1994) we use a GMM approach to estimate ¢ by defining the follow-

ing loss function dy

dy (Ut, Ot—1,Yt, Yt—1; ¢) = (mt (Ut, Ot—1,Yt, Yt—1; ¢))2 ) (13)

where m; (denoting a moment condition) is gives as

my (o, 001,y 0-1:¢) = (07 'y — o o) (o7 1] (14)
= o; oy — o, dyr o

=  Ut€t—1.



For notational simplicity we define oy = /f(2¢). The so-called MINPIN estimator (E,

see Andrews (1994) for a definition, is then given as

= — ) di(
ng QQSQTZ t (0t 0t-1,Yt, Yt-1;9) -

or equivalently as a solution to

T

1 L N

T th (Ut, Ot—1,Yt, Yt—1; ¢T) =0. (15)
=1

Consequently, by solving (15), we can write
N - 1 E
or = < Zat_Qlyt 1) <f 3t_15t_11ytyt1> : (16)
t=1

Immediately the following result can be established.

Theorem 3 Let the Assumptions of Theorem 1 hold. Then, the MINPIN estimator

given by (16) is consistent with respect to the true population parameter ¢, i.e., qAﬁT £, Q.
Proof of Theorem 3 See the Mathematical Appendix. O

Theorem 4 Let the Assumptions of Theorem 1 hold and assume in addition that
DFK(1) = DFK(—1) = 0 and D*f(z) € C?[0,1]. Then,

VT (61— 0) ~H N (0,1 %) (17)

as T — oo, h — 0 and Th — oo.

Proof of Theorem 4 See the Mathematical Appendix. O

Consequently, the estimator ggT does not depend on the first stage estimation of the
function f(x) and is asymptotically equivalent to the maximum likelihood estimator of
¢ given that we could actually observe ;.

5 Simulations

In this section the small sample properties of the estimators of j?(x) and ggT are studied
using simulations. We consider the observational data being generated by (1)—(2) for
6 alternative choices of volatility functions, assuming that the true population value
of ¢ (denoted ¢g) equals 0.6. The volatility functions are specified is Table 1. The

specifications of f(z) applied in Model 1 - 3 are included as they are fundamental in



Table 1: Alternative data generating processes

Specifications

Model 1y = xr€t

Model 2 y; = \/JEQ
Model 3y, = \/exp(zs)er,
Model 4 Met,

Model 5 y; = /0.4 exp(—2z7) + 0.2¢;
Model 6 v = /(1 + 1.2) + L5p(x — 1.2)e

econometrics/statistics and are typically included in graduate econometric textbook-
chapters on heteroskedasticity in regression models, see, for example Ruud (2000) and
Greene (2003). The specification of f(z) in Model 4 is adapted from Example 1 in
Fan and Yao (1998). They suggest this volatility function specification in modelling the
yields of the US Treasury Bill from secondary markets. Model 5 is also inspired by Fan
and Yao (1998), in particular, the choice of f(x) is identical to the volatility function in
their Example 2. Finally, the volatility function in Model 6 is taken from Haerdle and
Tsybakov (1997). We consider first the precision of the nonparametric estimator given

by (7) based on the simulated mean squared error computed as

MSE (f(re)) = Mz( Z(fsm f(zt))2> (18)

where M denotes the number of Monte Carlo replications, T' equals the sample size.
The results for the specifications of f(z) given in Table 1 and T' = 100, 1000, 2000 are
summarized in Table 2. From the results in Table 2 we see that the precision of the non-
parametric estimators improves substantial when the sample size increases from 7' = 100
to T = 1000 as expected. Overall the results are very encouraging. Only in terms of
Model 3 the estimator seem to be performing less satisfying with very moderate improve-
ments in precision as the sample size increases.

Next, lets turn to the properties of the MINPIN estimator given by (16). To first

analyze the precision of the estimator in small samples we define

R 1 XL
. 1 Mo, 2
var <¢mc) = M—1 ; <¢s - ¢mc) (20)



Table 2: Simulated MSE of f(z;) (as described by (18)) under alternative volatility
function specifications and sample sizes. The number of Monte Carlo replications equals
1000.

T =100 T = 1000 T = 2000

MSE(f(x¢)) MSE(f(z;)) MSE(f(z))

Model 1 0.0736 0.0443 0.0407
Model 2 0.0443 0.0143 0.0098
Model 3 1.9330 1.8977 1.9062
Model 4 0.0002 0.0001 0.0001
Model 5 0.0126 0.0023 0.0014
Model 6 0.0315 0.0049 0.0029

where

t=2 t=2
~ Yst
€t = —F——

fs(xt)

and fs(xt) denotes the estimator of fq(x;) for s = 1,2,..., M. Again data is generated
according to the six models in Table 1 and for each replication qgs is computed according

to (21). Based on each sequence {QZA)S}:V; we compute the summary statistics given by
(19) and (20). According to Theorem 3, we would expect to see Gy, getting closer to
¢o = 0.6 and var qgmc approaching zero as the sample size increases. The results are
reported in Table 3. These results clearly indicate that the sample properties of the
MINPIN estimator qAﬁt are good across all the models considered and that the estimator
works well even for small samples, i.e., for T" = 100. Finally, we consider the sample

density of ET =T (gZT — qbo) /v/1 — ¢3 which according to Theorem 4 should converge

to a standard normal density. In Figure 1 the density of JT for each of the six model
of Table 1 based on T" = 100, 1000, 2000 is depicted together with the standard normal
density. From the figure we see clearly that the simulation results confirms the prediction
of Theorem 4. No severe small sample biases seems to be present in any of the pictures
and the small sample approximation to the standard normal in general seems to be very
good.

The simulation results presented in this section all seem to indicate the small sample
properties of the nonparametric estimator and the MINPIN estimator are very satisfac-

tory.

10



Density

Figure 1: Small sample (simulated) densities and the asymptotic density of
VT (qAﬁT — qﬁo) /v/1 — ¢% under alternative volatility function specifications. The number
of Monte Carlo replications equals 1000.
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Table 3: Simulated precision of ¢ (as described by ()) under alternative volatility function

specifications and sample sizes. The number of Monte Carlo replications equals 1000.

T =100 T = 1000 T = 2000

) (s.e.) ) (s.e.) ) (s.e.)
Model I 0.5888 (0.0854) 0.5990 (0.0264) 0.5983 (0.0173)
Model 2 0.5891 (0.0948) 0.5990 (0.0300) 0.5986 (0.0200)
Model 3 0.5871 (0.0806) 0.5986 (0.0244) 0.5979 (0.0173)
Model 4 0.5715 (0.1235)  0.6025 (0.0390) 0.6033 (0.0258)
Model 5 0.5835 (0.0817) 0.5983 (0.0258) 0.5976 (0.0184)
Model 6 0.5846 (0.0807) 0.5982 (0.0249) 0.5978 (0.0183)

6 Conclusion

In this paper we consider estimation of a zero mean stationary time series process with an
unknown and possibly time varying conditional volatility function and serial correlated
innovations. A novel nonparametric estimator of the conditional volatility function is
proposed and its asymptotic properties are established. The main advantage of this
approach is that it does not require any knowledge of the specific form of the conditional
volatility function. Secondly, we characterize the estimated parameters of the serially
correlated innovation process as a solution to a weighted least squares (WLS) problem,
where the weights are given by the infinite dimensional nonparametric estimator of the
conditional volatility function. This (semi-) parametric estimator belongs to the class
of so-called MINPIN estimators and by using the framework of Andrews (1994) the
asymptotic properties of the estimated parameters in the innovation process are readily
established. Based on simulation studies the finite sample properties of the proposed

estimators are investigated and the findings are very encouraging.
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7 Mathematical Appendix

Proof of Theorem 1 We begin by find the expected value of n? given by (6). Since
the function f(z) is twice continuously differentiable on [0, 1], we can make the following

Taylor series expansion

D?f(@)(x — 2¢)*

Ry
5 + o(xy — )7,

f(@e) = f(z) = Df(@)(x —2¢) +

where the remainder term in the Peano form o((x; — x)?) is, in fact, independent of z,
see Levins (2003). Thus, the second order Taylor series expansion of the function f(x)

is effectively

D2 f(z)(z — ¢)°

5 + o(h)?.

f(xe) = f(x) =Df(@)(x — ) +

Note that we can write 77 = 3 (f(xt)ef + f(wi—2)€?_o — f(act)f(xt_g)etet_l). Using
the Taylor expansion for f(z;) and f(x¢—2) we have

f@)f(e2) = ((f(w))2 +Df(@)f(@)[(x — @¢) + (2 = 2-2)] + [Df(2)]* (2 — @) (2 — 21-2)

f(z)D*f(x)
2

2

n (@ — 2 + (2 — 2e0)?] + o<h2>)

AsV1i4+zxz=1+ %x + o(x) for small 2 we obtain the following asymptotic expansion
2
Fafra) = £+ 5o (@ =)+ (o= o) + 5 H (o =)o~ a0-a)
FID @)~ 20?4 (2 = 2] 4 0(h?).

Using that E (¢;) = 0, var (e;) = v = # and cov(e, e;—;) = 7 yields

Df(x)
f(=)

[(z — 2¢)(z — 74-2)]

E(m) = (v —")f(@)+7%Df(2)[(z —2¢) + (x — 24-2)] — 72 [(z — 2¢) + (2 — 2:(33)

[Df()]*

+170D2f(x) [(z —2)* + (x — 24-2)%] — WQW

2

_%’YQDQJC(.’L') [(z — x¢)? + (x — xt_g)ﬂ .

Since the expectation is linear

TR () K (55%)

B(f) = ==t (23)

= K (557)
Next, let us introduce the new variable u; = *5* and notice that ZiT:_f K (&52) =
Th* 7 tT:_12 K (2%) ~ Th [ K(u) du = Th asymptotically. As (yo — y2) = 1, the
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first term in (22) is equal to f(x) and consequently the bias can be expressed as

e (7 D@
Bias (f(:c)) = 27D f (z Z 2u K (uy) Z 2u K (uy)
t=1

oTh @)
- 2 T2
T 'yODQf(:E)hQ Z ufK(ut) — 2 D;((x)) Z thK(ut 'ygD2
t=1 t=1

The first group in (24) consists of the first-order terms that are asymptotically equal to
zero because our kernel K (u) is the first-order kernel; indeed, the first one of these terms
is equivalent to 4o f(x f uK (u)du = 0, while the second one asymptotically equals
7272 Df(z) f K(u)du=0. As a result, the bias only depend on the second order terms.

After takmg the hmit as T — oo, h — 0 and Th — oo the Riemann sums on the

right-hand side of (24) become integrals. In particular,

Bias (f(x)) = h% |:'70D2f($) - % - 72D2f($)] +o(h?)
_ h% [DQf(z) - %} + o(h?), (25)
as o — 72 = 1.

Now let us proceed with computation of the asymptotic variance of f (x). First, recall
that the denominator (7) is a constant and so we need only to compute the variance of
the numerator. By definition of pseudoresiduals n?, it is clear that they form a dependent
data sequence, i.e., n? is correlated with 13 and 73 is correlated with n? etc., while 73 is

correlated with n? and 77 is correlated with n2 etc. Keeping this in mind we find that

(TZnK<”” )) - TZ(M(K(””}””)) (26)
+ Y C’ov(nf,nﬁ)K<xhzt>K<xhz“>.(27)

[t—u|=2

With respect to the first term in (26), notice that var(n2) = (f(z))* var ((er — €1—2)?)
asymptotically, that is, only the first term of Taylor expansion of f(z) is preserved, while
it can be shown by straightforward calculations that

3(1-¢*)(1+2¢%)  (1-—¢°)?

var ((et — Gt—2)2) =246¢°+3(1+6%)*+ P + T = C1(9), (28)

where C1(¢) is a function that depends only on ¢. Therefore, up to the second order

Taylor series expansion,

var(}) = (f(x))* Cu(9),

16



asymptotically and the first term divided by the denominator can be represented (recall
that ZiT;lQ K (%5%) = Th asymptotically ) as

U () .

t=1

and treating (29) as

In the same way as before, introducing the new variable u; = *5*

a Riemann sum we obtain the asymptotic expression for the first term in (26) as

C1(6) ()

ATz (30)

where Rx = [ (K(u))? du. Now, let us consider the second term in (26). In this
case, again, up to the second order Taylor series expansion we have cov(n?,n?_,) =
(f(x))? cov ((er — €1—2)%, (-2 — €4—1)?). Covariance calculations are fairly long and te-

dious but can be done in straightforward manner; the result is

cov (€ — €1-2)%, (€12 — €1-4)%) = Ca(e) (31)

_ 6gt—202 -3
= D0 (32)

Thus, cov(nZ,n2_,) ~ Ca(¢) (f(2))* and the second term after division by the denomi-

and, in the limit, it becomes

nator is

Rx. (34)

= 5 T — Xt C z))?
var (ZntK< . >> (1521(1];()2)) Ry, (35)

where C(¢) = Ci(¢) + C2(¢p). Then, the asymptotic integrated mean squared error
(AIMSE) becomes

Wok 1T, WD C@) [, (ft)° dt
1 /0 [D ft) — 0 ]dtJr 04Th Rrk.

Differentiating this expression w.r.t. A and putting the result equal to zero we find the

AIMSE = (36)

optimal (minimizing) bandwidth
1/5
1
C(9) fy (F(1)” dt

2
1 D2 £(4)]2
404[1( fO [DQf(t) o2 f({)( )] dt

h=T"1°

17



Thus, we confirm that h = O(T~'/°). If we plug the above expression back into (36) we
find that the optimal AIMSE is

AIMSE, = T4 4f§j5 {C(qﬁ)/o1 (f(£)? dt} " [/01 [DQf(f) - W]Q dt]

1/5

i Jo (F(1))* dt Ry
4

Hence the optimal AIMSE is of the order O (T~%/%). O

Proof of Theorem 2 As a first step, we note that the estimator in (7) can be repre-
sented as a (normalized) quadratic form, i.e.,

;. yD(x)y

flz) = (D))’ (38)

where y = (y1,...,yr) is an (T, 1) vector of data generated by the model (1)-(2) while
D(z) is the quadratic form matrix

K(ar—harl) 0 72K(m7hm1) 0 0
1 0 K(ar—harg) 0 72K(m*hm2) 0 0
D(a) = 5 | 2KCTH 0 KEFHRET 0 “2K(EE) 0 0
0 0 —2K(Z=2) 0 KT

(39)
Using the representation (38) and an elementary result about the quadratic form dis-
tribution (see Moser(1985)), we find that (38) is the linear combination of independent
X3 variables. More precisely, let us denote X the variance-covariance matrix of y and
p =1k (D(2)X). Then we have

P
YD)y = Mxis (40)

t=1
with \;’s being nonzero eigenvalues of the matrix D(z)X and x3, are independent

(centered) x? random variables. Applying a Taylor series expansion of the function f(x)

we find that up to the multiplicative factor f(z) the variance-covariance matrix X is

1 o ¢2 "
¢ 1 ¢ ¢* o !
(b-n (bnfl ¢n*2 . - 1

which is a To6plitz matrix of a specific kind, namely the so-called Kac-Murdock-Szego

matrix. It is known that the determinant of this matrix is (1 — ¢?)7~! and therefore

18



not equal to zero unless ¢ = 1, see, e.g., Dow (2003). Thus, the matrix X is strictly
positive-definite for any ¢ € © and as a consequence rk (D(z)X) = rk (D(z)). Recall,
that in order to derive asymptotic results we require 7' — 0o, h — 0 and Th — oco. The
last requirement ensures that the number of points in the local neighborhood Ty (z) =
(x — h,z 4+ h) about the point z remains infinite as the neighborhood shrinks, when
h — co. Assuming the bandwidth used is the optimal, i.e., h = O(T~'/%), we find that
each local neighborhood of x contains O(T4/ %) points. Since the design is equispaced,
we have for t = 1,...,T that

K(zhxt) = K(or),
~ K(0),

which is a constant term. This means that as T — oo, the rank of D(z) tends to the

rank of

1 0 =10 - - 0
001 0 -10 - 0
D_ —1010—1?»0, (41)
I I R
and consequently limp_, o, rk (D(z)) = T — 2. Thus,
1 T-2
1 ——— ) g, 42
Tgnoof( ) tI‘(D(Z’)) Z tXl,t ( )

t=1

To handle (42) we use the CLT version for non-identically distributed random variables
as described by Jacod and Protter (1998). To check that the conditions of the theorem
we need to verify that i) sup m < oo and ii) limy_, Zt 1 Wé‘w = oco. Both

of the conditions are satisfied immediately as we note that

A2 2tr (D(z) %) o yD@y _ 1
tr (D(gc))2§ tr (D(z))? =V (tr (D(:c))>Th’

which completes the proof. O

Proposition A1 Let data be generated according to the model (1)-(2) and let 5, % —
0,2 =0,(1) , 01 € F and Pr(6; € C[0,1]) — 1 uniformly for all t = 1,2,...7T. Then

1 N _
(TZ% 2r 1) - < Zat 2 ur 1) 0. (43)
t

Proof of Proposition A1 Rewrite the left hand side of (43) as
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and by the Holder inequality (see, e.g., B.5.14 in Davidson (1994)) we have that

1 T
=12 @7 =0 i

t=2

(min (32) min (07)) (44)

IN

Consequently, in order to complete the proof it suffices to show that % Zthz yiq, =
O,(1). This proof can be completed in the following two steps: (1) show that E(y} ;) < oo
and (2) show that & 31,y | — E(yl;) -~ 0. First, notice that

E(y;_,) = o/ ,E (Z ¢ vy -1 Z G2 v—iy—1 Z G Vy—iy—1 Z ¢i4vt—i4—1§46)

i1=0 i2=0 i3=0 i4=0

oo oo oo oo
_ 4 i1 i s i
= o0, E E E E E PP P P VL) 1Vt 1Vt —iy— 1Vt —ig—1

11 =012=013=0144=0

o0 o0 o0 oo
. o
= 041 Z Z Z Z P P2 P " B (V—iy —1V4—iny—1Vt—ig—1Vt—is—1)

i1 =012=0143=014=0

oo oo oo o0
< o Z Z Z Z |9 "¢ ¢ | B (ve—iy 101 i, 10t —ig 101 —iy—1)]
11 =012=013=014=0
Since T T $5 S 6160568 = Ty |68 | T 10 S5 68| S0 6] <
oo and |E (vi—i —10t—iy—1Vt—is—1Vt—iy—1)| < E (vf) = 14 by strict stationarity of v, we
have

oo o0

0o oo
E(ygfl) < 0'?,1 Z Z Z Z |¢i1¢i2¢i3¢i4|’u4
i1=014i2=0143=0i,=0
< o0

as of_, is a bounded function. Secondly, define
Zia = i1 —E(yy)

ol DD D e

i1 =012=0143=014=0

X (Ut—il—1Ut—i2—1vt—i3—1vt—i4—1 -E ('Ut—il—1'Ut—i2—1'Ut—i3—1'Ut—i4—1))
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Let Xt pm—1 = {Vt—m—1,Vt—m—2, ...} for m > 1. Consider a forecast of Z;_; conditional

on Xi_m—1 :

E(Zt71|2t7m71) _ 0_21 Z Z Z Z ¢i1¢i2¢i3¢i4

11 =M t2=m t3=M t4=m

X ('Utfil71Ut7izflvt7igflvt7i4fl —E (’Utfil7lvt7i27lvt7igflvt7i4fl)) .
Then

EE(Zia[Sem1)l = Blofy > Y Y Y ¢heeten

11=Mm ia=m i3=m ig4=m

X (Ut—i1—1'Ut—i2—1'Ut—i3—1Ut—i4—1 -E ('Ut—il—1Ut—i2—lvt—ig—lvt—u—l)) |

ol Y DL D D oottt

<
- i1 =M i2=M 13=m t4=m
X E (|v1—i, —1Vt—ig—1Vt—i5—1Vt—is—1 — E (Vp—iy —1V1—ip—1Vt—ig—10t—iy —1)])
o0 o oo oo
SEED DD D R

11=mMm i2=Mm i3=m tg4=m

= &mC—1
for some M < oo, where

En = DD D> [t e|

11=MmM i2=m i3=m iga=m

S S 1 S 6] S [0

ilzm i2:m ig:m i4:m
and
ci1 =0 M. (47)
Because {(bil}zo:o is absolutely summable, lim,,_ fo:m !(bil’ = 0 implying that

lim,,, o0 &m = 0. Consequently, according to Andrews (1987), {Z;_1} is an L!-mixingale.
To apply Andrews (1987) LLN for L'-mixingales we first need to show that y} ; is uni-
formly integrable, i.e., that E (’yfﬁlf) < oo (using r = 2). This can most easily be
shown by noticing that since y} ; = |y§£1| the condition simplifies to showing that
E (yf) < oo. Taking a similar approach to showing the existence of E (yfﬁl) as in (46)
the existence of E (yf_;) will follow immediately due to the absolute summability of
{¢i1 };O:O and the existence of E (vf_l) (due to the assumption of normality). Finally,
in order to apply the result of Andrews (1987) LLN we need to verify the condition

1 1o
. TN 4
Jm g 2 cien = i 7 2 ot M <
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which will hold as o} ; is bounded. We can therefore according to Andrews (1987) LLN

conclude that
1 I
T Zyil - E(yil) 50
t=2

where E(y!_;) = O,(1) and from (44) this implies that

as T'— oo, h — 0 and Th — oo, which completes the proof. O
Proposition A2 Let the Assumptions of Proposition Al hold. Then
1 1 &
(? Z 6—\;18;11ytyt1> - <? Z O—t_lo—t_llytytl> L} 0 (48)
t=1 t=1
as T — oo, h — 0 and Th — oo.
Proof of Proposition A2 Rewrite the left hand side of (48) as
1 Z
T ; ((8t718t)71 - (O'tflgt)il) Yt—1Yt,

and notice that (similar to the proof of Proposition Al) as T — oo, h — 0 and Th — o0

T
1 JO - in (6,_15,) mi -
T Z((Ut—lat) = (01-100) 1) Ye-1Ye| S (mtm(at_lat)mtm(at_lat))
=2
1 & I v
T Z (6\‘,5_18',5 - 0'15—10'15)2 T Zyg—(f@g
t=2 t=2
1< 1o
SEAONE DI =N DM (50)
t=2 t=2
= op(1), (51)

since (from the proof of Proposition A1) £ Zthz yi_1 = Op(1) and % Zthz vt = 0,(1)
which completes the proof. O

Proof of Theorem 3 Write (16) as
1 A
¢r = <T 23;—219152—1> (T 28;131:_—11%%—1)
t=1 t=1
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such that asymptotically

-1
phmngf (phm Zot 1yt 1) <pli

and by Proposition Al and A2 we have

’ﬂ |

T
Z 54 ytyt1>
-1

<phm Zat Y 1) (th Ut LYy 1)

e
i) i)

plim qBT

= ¢

asT — oo, h — 0 and Th — oo. The results of the last equation follows from the fact that
the random variable €;—1v; is a martingale difference sequence with mean E(e;—qv;) = 0,
variance E ((e;—10¢)?) = E (€7) and with fourth moment E (ef) < oo. Hence, from
applying a LLN for martingale difference sequences, see, e.g., White (1984), it follows
that plim% Zthz er—10 = E(e—1v¢) and plim% Zthz (et_lvt)Q = E((et_lvt)Q). This

completes the proof of consistency. O

Theorem A.DCT (Dominated Convergence Theorem) Suppose Xr L, X as
T — oo and there exists a random variable Y7 such that E|Yr| < co and | Xrp| < Y for
all T > 0. Then

TlijrlmE (X7)=E(X). (52)

Proof of Theorem A.DCT See, e.g., Casella and Berger (2001)

Proof of Theorem 4 As qu is a MINPIN estimator we will establish it asymptotic
distribution by verifying, that given the assumptions of Theorem 1, all the conditions of
Assumption N in Andrews (1994) is meet. According to Theorem 1 in Andrews (1994)
this will be sufficient to provide the desired result. In what follows we will verify each of

the conditions of Andrews (1994) Assumption N one by one:
Assumption N.a) Follows directly from Theorem 3.

Assumption N.b) In order to prove that Tlim P (f(x) e Clo, 1]) — 1 it suffices
to show that i) f(z) - f(z) and ii) D¥ f(2) -2 D*f(x) for k = 1,2.Condition i) has

already been established. In order to prove ii), consider differentiating the estimator in
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(7) w.r.t. x obtaining the following estimator

T—2
D¥f(a) = h™" Y " i DFWi(x)
t=1
where ( )
K T—XT¢
Wt(x) T—92 y Z—1x; (53)
t=1 K( h )
Taking expectations,
R T—2
E (D" @) = h7 3 B (n) Wilx) (54)
t=1

Define u; = 5% such that z; = = — hu,. Recall that S K (ug) ~ [ K(u) du =1 such

that asymptotically, as h — 0, T — oo and Th — oo we have
E (Dkf(:c)) e /f(z — hu)DFK (u) du (55)
= /Dkf(z — hu) K (u) du (56)

Using the Taylor series expansion of f(x), we immediately find that E (Dkf(z)) =
D*f(z) + o(1) and from Chebyshev’s inequality we have

lim E (’Dka(z) - Dkf(:c)D

T—o00

IN

lim P (}Dkf(x) - Dkf(:c)} > 5)
T—o0 S
=0
for any € > 0. This completes the verification of condition ii) and completes the verifi-
cation of the assumption.
Assumption N.c) Let ¢y denote the true value in the population of the parameter
¢. Verifying this condition simplifies to showing that
\/Tm;“ (ataat—laytayt—la(bo) L’ 0 (57)

where

ﬁm;" (8t;8t71;yt7yt717¢0) = E(mt (8t;8t71;yt7yt717¢0))

1M+

S~ 3~
M=

E (0¢€1-1)

~~
Il
-

First notice that E (U4€;—1) will be a non-stochastic sequence (since the expectation is
wrt the probability measure P,), so only if E (9;6;_1) = 0 or E (046;_1) = O(T~?) for
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§ > 1 condition (57) will be satisfied. Consequently, we can also write condition (57)

simply as
lim VT =0
T—o0
Next, define
Uy = € — Po€i—1
& = 8;1%
€1 = 3;113/15*1
Consider,
1 & 1
Wr = — V1) — — Vt€t—1
77 2 ) = 752
T
= — (i)\tagfl — 'Utftfl)
= ILit — Iy
where
T
1 S DUl 1 —
hr = JT Z (@G 'os —or o) yyi
t=1
T
1 ~_2 —2 2
Ly = T Z (@25 —0:21) via
t=1
Consequently,

T
Z (31:315—1 - UtUt—l) YtYt—1

-1 1
I < in (G,0+_ i _ —_—
| 1T| > (Itrél%l (UtUt 1)1;%1%1(01501: 1)) Ttﬂ

IN

t=1 t=1

-1
. ~ o~ . 1 ~ ~ 2 1 2 92
(rtrélg (otat_1)1;ré1%1 (UtUt—l)) $—T > (6151-1 — 01041) T > vRyi

- <min (6:61-1) min (Ut0t1)) - Op(T‘%)\/Op(l)

teT
= op(1)
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since (6,0¢—1 — Jtot,l) = O0,(T~ ) (yt Yi_ 1) satisfies a CLT and (min¢er (0¢0¢—1) minger (oro¢— 1))71

is bounded by the assumptions of Theorem 1. Similarly,

-1
|[lor| < (1;%1%1(07:2 1)“%1%1(01:2 1))

-1
. 1 ~ 2 | 1
< (wpGEompr)) o= > (5t oty g e
= op(1)
Consequently,
plimWr =0
T—o0

Secondly, notice that since E(vie;—1) = 0 we have that

E(Wr) = \/_ZE Vy€r-1)

which is the expression we are interested in. Since, it is easy to verify that the ran-
dom variable Wr is dominated (as required by Theorem A.DCT) we have according to
Theorem A.DCT

lim E(Wrp) = E (plimWT>
T—o0 T—o0

= E(0)

= 0

which completes the verification of Assumption N.c.

Assumption N.d) Let m; be given by (14) and define

vr

Il
3
—
N[ -
M=
3
|
N[~
]
=
3
~

Notice that vie;—; is a martingale difference sequence. From straightforward application
of CLT for martingale sequences, see, e.g., White (1984), we have that

vr —5 N (0, S)

1
T—¢2°

where S =
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Assumption N.e) Define

YtYt—1
W, =
[ PYi1 1

07107_1

_ t Ot—1

T = 9 .
011

and since (W, — E(W,)) - as just defined - can easily be shown to (depending on the
independent stochastic components vse;—1 and €7_; only) satisfy CLT’s, Condition (e) is
satisfied according to equation (2.4) page 46 in Andrews (1994).

Assumption N.f) Trivially satisfied.

Assumption N.g) Let m; be given by (14). First we verify that m; and 9m./d¢
satisfy the UWLLN over © x C|0, 1] using Andrews (1987). We begin by looking at m; :
Assumption Al in Andrews (1987) is trivially satisfied. As

mes = Ut€t—1

o
i
Ut E P'vi_1-4
i=0

and m; —= 0 uniformly on the interior of © x C[0,1] (not only locally in a closed
ball around ¢) Assumption A2 in Andrews (1987) is satisfied. Next define m; =
my (J;‘, OF 1Yty Ye—1; (b*) and consider

o0 o0
*7 7
Ut E P V1 — vt E PV—1—4
i=0 i=0

Imy —ma| =

IA
NgE
Y
©
[~
o
),
=
N
7N
<
X
<
<
N——
[\V)

Defining

bt('Uta'Ut—la ¢)

I
hASS
B
B4
1
‘Tl\?
—
L
1
S

d(¢", )

Il

[~
7 N

<

¥

|

<
N———
[\v}
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and noticing that

1< 1<
sup Z E bt (vtv Vt—1, ¢) sup Z

IN

and d(¢*,¢) | 0 as ¢* — ¢ we see that Assumption 4 in Andrews (1987) holds and
according to Corollary 2 in Andrews (1987) we can conclude that m; satisfy the UWLLN
over © x F. Next, we turn to dm;/9¢. Notice that

aom =
8—¢t = Ut ; ¢1Ut—2—i

and using similar steps as above it follows straightforwardly that also for dm:/0¢ As-
sumptions A1,A2 and A4 in Andrews (1987) applies hence it satisfies the UWLLN uni-
formly on © x f. As m; and dm;/0¢ does not depend on oy, Corollary 2 in Andrews

(1987) also establishes uniform continuity of m; given as

and M given by

<
Il
f:
\E
S|
esl
e
SE
N———
=
&

1—¢?
Finally notice that m; is twice differentiable in ¢ uniformly on © which completes the

verification of Assumption N.g).

Assumption N.h) Trivially satisfied on the interior of ©.
Consequently, we have verified that all the conditions of Assumption N in Andrews
(1994) holds which completes the proof.
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