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Generalized Method of Moments. It is shown that the empirical likelihood defined for this
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1. INTRODUCTION

Generalized Method of Moments (GMM) introduced by Hansen (1982) is an important
inferential framework in econometric studies. GMM is based on, upon given a model, some
known functions g(X, #) of a random observation X € R? and an unknown parameter § € RP,
where g : R — R" such that E{g(X,0)} = 0 which constitutes moment restrictions on
the relationship between X and 6. The power of GMM is in its allowing r > p, namely the
number of moment restrictions (instruments) can be larger than the number of parameter,
which leads to a full exploration of inference opportunities provided by the given model.
There is a vast pool of literatures on GMM. Here we only cite the latest reviews of Andrews

(2002), Brown and Newey (2002), Imbens (2002) and Hansen and West (2002).

Empirical likelihood (EL) introduced by Owen (1988) is a computer-intensive statistical
method that facilitates a likelihood-type inference in a nonparametric or semiparametric set-
ting. It is closely connected to the bootstrap as the EL effectively carries out the resampling
implicitly. On certain aspects of inference, EL is more attractive than the bootstrap, for
instance its ability of internal studentizing so as to avoid explicit variance estimation and
producing confidence regions with natural shape and orientation; see Owen (2001) for an
overview of EL. A key property of EL is that the log EL ratio is asymptotically chi-squared
distributed, which resembles the Wilks’ theorem in parametric likelihood. The Wilks’ theo-
rem was established in the original proposal of Owen (1988) for the means, in Hall and La
Scala (1990) for smoothed function of means, Qin and Lawless (1994) for parameters defined

by moment restrictions and Kitamura (1997) for weakly dependence observations.

There have been comprehensive studies of EL in the context of GMM in econometrics.
Imbens (1997) shows that the maximum EL estimator of # is a one-step variation of the two-
stage GMM estimator in the over-identified case of r > p, and achieves the same asymptotic
efficiency as the two-stage estimator. Testing is considered in Kitamura (2001) for moments
restrictions, and Tripathi and Kitamura (2002) for conditional moment restrictions. Es-

timation and testing with conditional moment restrictions are studied in Donald, Imbens



and Newey (2003) and Kitamura, Tripathi and Ahn (2002). They found that EL posses
the attractive features of avoiding estimating optimal instruments and achieving asymptotic
pivotalness. Tilted EL and other variations are studied in Kitamura and Stutzer (1997),
Smith (1997) and Newey and Smith (2004). In particular, Newey and Smith (2004) find
that the EL estimator is favorable in terms of the bias and the second order variance in

comparison with the GMM estimator.

Another key property of the EL is Bartlett correction, which is a delicate second order
property implying that a simple mean adjustment to the likelihood ratio can improve the
approximation to the limiting chi-square distribution by one order of magnitude and hence
can be used to enhance the coverage accuracy of likelihood-based confidence regions. In the
context of testing hypotheses, the Bartlett correction reduces the errors between the nominal
and actual significant levels of an EL test. Bartlett correction has been established for EL
by DiCiccio, Hall and Romano (1991) for smoothed functions of means and Chen (1993,
1994) for linear regression. Baggerly (1998) shows that EL is the only member within the
Cressie-Read power divergence family that is Bartlett correctable. Jing and Wood (1996)
reveal that the exponentially tilted EL for the means is not Bartlett correction as the tilting

alters the delicate second order mechanism of EL.

In this paper we show that the EL with moment restrictions is Bartlett correctable. The
finding represents a substantial extension of all the established cases of Bartlett correction,
which all assume r = p corresponding to the just-identified case in GMM. The establishment
of the Bartlett correction for the just-identified case is a lot easier as the log maximum
EL takes a constant value —nlog(n) (n is the sample size). However, in the over-identified
case the maximum EL is no longer a constant, rather it introduces many extra terms into
the log EL ratio and makes the study of Bartlett correction far more challenging as can be
seen from the analysis carried out in this paper. The establishment of Bartlett correction
in this general case indicates that EL inherits the delicate second order mechanism of the

parametric likelihood in a much wider situation. This together with the findings of Imbens



(1997), Kitamura (2001) and Newey and Smith (2004) and others suggests that the EL is
an attractive inferential tool in the context of moment restrictions. The establishment of
the Bartlett correction leads to a practical Bartlett correction, which is confirmed to work
effectively for coverage restoration in our simulation studies reported in Section 4.

The paper is organized as follows. Section 2 provides an expansion for the log EL ra-
tio for parameters defined by moment restrictions. Bartlett correction and coverage errors
assessment of EL confidence regions are investigated in Section 3. Simulation results are
reported in Section 4, followed by a general discussion in Section 5. All technical details are

left in the appendix.

2. EL FOR GENERALIZED MOMENT RESTRICTIONS

Let X1, X5,---, X, be d—dimensional independent and identically distributed random
sample whose distribution depends on a p—dimensional parameter # which takes values in
a compact parameter space © C RP. The information about 6 is summarized in the form of
r > p unbiased moment restrictions ¢’(x,0), j = 1,2,---,r, such that E[¢g?(X7,6p)] = 0 for

a unique 6y, which is the true value of 6. Let
g(Xu‘g) - (gl(Xue)ugz(Xue)u"'7gr(X70))T and V:VQT{Q(XLGO)}'
We assume the following regularity conditions:

(2.1) (i) Visar x r positive definite matrix and the rank of E[0g(X1,60y)/00] is p;
(ii) For any j, 1 < j < p, all the partial derivatives of ¢’(x,6) up to the third order
with respect to # are continuous in a neighborhood of 6y and are bounded by some

integrable functions respectively in the neighborhood;

(iii) limsupyy o, [Elexp{it"g(X1,600)}]| < 1 and E|g(X1,60)[/"> < oc.

Conditions (i) and (ii) are standard requirements for establishing the Wilks’ theorem and

higher order Taylor expansions of the EL ratio. The first part of the condition (iii) is just



the Cramér’s condition on the characteristic function of ¢g(X,6y). It and the requirement
that E||g(X, 0)||'® < oo are required for establishing the Edgeworth expansion.
To facilitate simpler expressions, we transform g(X;, 0) to w;(8) = TV ~2¢(X;, §) where

T is a r X r orthogonal matrix such that

_ 99(Xi, bo) 7
2.2 TV PE(Z 02U = ( )
(2.2) VIB(= )V = (A0 <
Here U = (ukl) y is an orthogonal matrix and A = diag(A1, -+, Ap) is non-singular.
pXp

Let pi,ps2,--+,pn be non-negative weights allocated to the observations. The EL for
0 as proposed in Qin and Lawless (1994) is L(#) = [I, p; subject to > p; = 1 and
S piwi(0) =0. Let £(0) = —2log{L(#)/n™}. Standard derivations in EL show

0) =2 Zn:log{l + M (0)w; (0)}

i=1

where A = A(f) is the solution of n=! 3" w; (6)

i=1 T = O- According to Qin and Lawless

(1994), the maximum EL estimator 6 and its corresponding A, denoted as 5\, are solutions of

(2.3) Qin(N0) = _121+)\Tw )*0 and
(Ow; (0 /86)T)\

=1

= 0.

Then the log EL ratio is r(6) = £(6) — (().
In the following we are to develop expansions to £(6,) and £(f) respectively. To expand

((6y), define
AR L E{wj1 (0o)... jk(@o)} and
Ajl---jk — —1 Zw 00 ]k 00) _ Ozjl ]k
Here we use a’ to denote the j-th component of a vector a. Then, it may be shown that

nTU(B) = ATAT — ATATAT 4 205 AT AT AR 1 AT AR AT AR 4 2 Adih A AT AR
(2.5) — 209 AINAT AT AT 4 o9 oS AT AT AP AT — Lo AT A AP A9 + O, ().



We use here a convention where if a superscript is repeated a summation over that superscript
is understood. This expansion has the same form as DiCiccio, Hall and Romano (1991) for
the mean parameter when r = p and Chen (1993) for linear regression.

It is quite challenging to expand ﬁ(é) in the general case of r > p. Two new systems of no-
tations are introduced to facilitate the expansion. Let n = (), 0), Q(n) = (Q7,(n), Q:.(n)7,
So1 = U(A,0) and S12 = S7;. Due to the early transformation in (2.2),

-1 S
g E{@Q(O,@g)} _ 12
n S 0
Put I'(n) = S7'Q(n). Now we can introduce the notations involving I'(n) and their deriva-
tives
kT n  akmj
B — E(a FJ(0,90)> and  Bv-dk — lz 0"17(0,60) _ (3o
8nj1...8njk na3 anjl”'anjk

and the notations involving w;(#) and their derivatives

7JJl Jukiki.kms.pprpn (alwg(é’o) amwf(é’o) 8”wf(6’o) ) and
0071...000 9fF1 .. .00km " O0r1.. . OfPn
CIardik ks ipprepn Z 0w ] (fo) O0™w k(@o) 9"wg (bo) Gt ---diik R KPP P

R I T N

Since 1 = (5\, é) is the solution of I'(7) = 0, by inverting this equation, derivations given
in Appendix 2 show that for 7, k,I,m € {1,2,--- .7 + p},
W —nl = —BI4 BWBF_ 1gikl BBl — Bik BRI Bl 4. 1gkim Bik Bigm | gikl ghm pm Bl
(26)  — ipikigkmepmpnpl _ 1RiMBEBL 4 LpikimBERIR™ 4 O, (n72).

Note that (2.6) contains expansions for A when j < r and for #7 when j > r respectively.

Note that

~ A~

@7) 0) = 23 (K w) ~ IO+ TP — AT + Oyl ).

From now on, we fix the ranges of the superscripts a,b,c,d € {1,2,---,r —p}, f,9,h,i,j €
{1,2,---,r}, k,l,m,n,0 € {1,2,---,p} and ¢q,s,t,u € {1,2,---,r + p}. It is shown in
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Appendix 2 by substituting (2.6) into (2.7) that

n~'1(6)

(2.8)

+ o+ o+ o+

—2B7 A7 — BIBI + 2C"F B' BB 4 L gimagrekstyik gupa ps pt
6j,ququBr+k,sB57j,k _ 6r+k,ququCZ’,kBi _ BB AV — %ajithBiBh

207 {BIB"tF — BIPBPB™F(2 j r + k] + $ 37 B*BIB"*(2, j,r + k}

AR _pIBTTR Tl 4 RIpTtRBrthapa[3 o 4 ke 4 ]

Lpiwa Brk BrlBupe(3, jor + k,r + [} — C#MBIBr+kpr+l — 2 Asih pi piph
BI*B"BBI — ipivipist BUBIBs B! 4 (3941 B B1BI* B* 4 2iiiihk Bi B ph Brok
B/BYBIAV(2, j,i] — 137 B BIB A2, j,i] + Lnikim Bi prok gret grem
27j;i,l{BjBiBr+l _ Bipiprthape + %6r+l,qujBiBqu _ BrJrle‘Bj,qBQ[QJ'7 Z]
%6j,ququBiBr+l 2,7,4]} + 2B BiBr+iCdsil (,yj;i,lk + 7j,l;i,k)BjBiBrJrlBrJrk
207" B/ B'B"1B1 — o/ 371 B*BIB'B" — 109 BIB'B"BI + O, (n~%/?)

where [2, j, 1] indicates there are two terms by exchanging the super-scripts i and j, and the

A~

same is understood for [3,1, j, k]. Expansion (2.8) for £(#) is much more complicated than the

just-identified case of r = p. In that case, all the B/ = 0 from a result established in (A.1),

A~

which means ¢(0) = 0 and r(6y) = ¢(6p). This is the situations of all the existing studies

A~

on Bartlett corretability of the EL. When r > p, the expansion of /() contains more terms

than that of ¢(6y), which increases substantially the difficulty of the second order study.

Combining (2.5) and (2.8), and carrying out further simplifications,

n1r(6)

+

+

ALAL — ARLAR AL 9 Al pra gpta gl 4 % aklm Ak Am AL 4 9kl Ciptask gpta Al

(208 e — qpramiy, ) AP ARAL 4 AT(AM AT AT — BHBIBI[2, i, 5))

9 (ozl pt+a p+b 7p+a;p+b,kwkl) APta Aptb Al + BiUBIMBURY 4 9k giagrtk ga
7j,klBrJrkBrJrlBj,qu _ 27j,kl BIiprtiprtkape _ 9,4ih gigi gha ga
27j;i,l(BjBiBr+l,qu + Br+lBiBj,qu[27j7 i) + (,yj;i,lk + 7j,l;i,k>BjBiBrJrlBrJrk
(%6j,uq6j,st _ %6j,uq6r+k,st7j,k>BquBth + (afth ghwwa — gl gr+lug) Bi Bi pu B



+ (Vj,klﬂﬂrl,uq _ 7i;j,kﬂi,uq _ 7j;i,kﬂi,uq)BuBtzBJ'B1“+k 4 %Wj,klﬂj,ququBrHBrJrk
o %,yj,klmBjBr-l-kBr-i-lBr-l-m _ 2,yj;i;h,kBjBiBhBr+k + %OzjithjBiBth
+ CIMBIBTTFBT — 207 BIB'B T 2ATh(BIBIB" + AT ATAM)

(2.9) = 2a7PATAIAAT 4 o9 @M ATATAR A9 — 10dihe AT AT AP A9 1 O, (nP/?).

This expansion leads to the following signed root decomposition
n~'r(0y) = RIRI 4+ O, (n%/?)

where R = Ry + Ry + Rz and R; = O,(n~"?) for i = 1,2 and 3. Clearly, the terms appeared
in the first two lines of (2.9) fully determine R; and R», namely

(2.10) R = A,
Rl2 — —%AklAk . Al pta gApta %OzklmAkAm + wlep-i—a,kAp-i—a
(211> + [Oékl pt+a %,yp-i—a,mnwmkwnl]Ap-i-aAk + [Oél pta,p+b _ ,yp-l-a;p-l-b,kwkl]Ap-i-aAp—i-b

and R = R, =0 for j € {p+1,---,7r}. An expression for R} is given in Appendix 2.
From (2.9), 7(6y) = nA'A' + 0,(1) which means that r(6y) -% X, and leads to an EL
confidence region for # with nominal confidence level 1 — a:: I, = {0|r(0) < ¢o} where ¢, is

the upper a-quantile of Xf; distribution.

3. THE SECOND ORDER PROPERTIES

The coverage accuracy of the EL confidence region I, is evaluated in the following theo-

rem.

Theorem 1. Under conditions (2.1),
P{r(0y) < ca} = a—n"'p ' Becafp(ca) + O(n™?)

where f,(-) is the density of x2 distribution, B, = p~'(X_; A" + fa**a!™™) and A" is
defined in (A.15).



Theorem 1 indicates that the coverage error of the EL confidence region I,, is O(n™'),
which is the same order as a standard two sided confidence region based on the asymptotic
normality of 6. The attractions of the EL confidence region are (i) there is no need to carry
out any secondary estimation procedure in formulating the confidence region whereas the
covariance matrix has to be estimated for the confidence region based on the asymptotic
normality; and (ii) the shape and the orientation of the region are naturally determined by

the likelihood surface, free of any subjective intervention.

Theorem 2. Under conditions (2.1),
P{r(6p) < ca(l+n'B)} = a +0(n?).

The theorem shows that the Bartlett correction is maintained by the EL for the situation
of general moment restrictions, despite that r» may be larger than p and E(é) has a rather
complex expression. This indicates that the EL is resilient in sharing this delicate second
order property with a parametric likelihood and the existence of certain internal mechanism

in the EL that resembles that of the parametric likelihood.

It can be seen from Appendix A.4. that the Bartlett factor B. has a rather involved
expression for a general over-identified case of r > p due to the lengthy expressions of A¥.
However, it admits simpler expression in two special situations. One is in the situation of

just-identified moment restrictions with » = p. It may be easily checked from (A.15) that

B, = p—l (%allkk . %alkmalkm) :

which is the Bartlett factor obtained in DiCiccio, Hall and Romano (1991) for smooth
function of means and Chen (1993) for linear regression. The other situation is when r > p,
but (i) Cov{g’(X,0), g?T*(X,6p)} = 0 for any j < p and a <r —p and (ii) ¢/ (z,0) = ¢’(z)
does not depend on @ for j = p+ 1,---,r. The assumption (i) means that the first p
estimating equations are uncorrelated with the last r — p estimating equations at 6y and (ii)

means that the last r — p estimating equations are free of parameters. In this case,

B, = p—l ( % Qllkk 4 ol pta pta _ % alkmalkm _ ok (kpta pra _ LUf praylf p+a) '
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To practically implement the Bartlett correction in a general situation, B,=:1+Bmn!
has to be estimated. It is noted that the direct plug-in estimator of B. can be obtained by
substituting all the populations moments involved by their corresponding sample moments.
However, considering the rather lengthy forms of B,, we propose using the bootstrap to

estimate B., which is based on the fact that
(3.1) E{r(6))} =p(1+ Bn™) +0(n?) = pB. + O(n™?)

by combining the expressions of F (RﬁRé) given in Appendix 3. The bootstrap procedure is

Step 1: generate a bootstrap resample { X}, by sampling with replacement from the
original sample {X;}"_, and compute r*() = £*(0) — £*(6*), where ¢* and 6* are respectively
the Log EL ratio and the maximum EL estimate based on the resample;

Step 2: for a large integer N, repeat Step 1 N times and obtain r*1(4), - -, 7*N(6).
As N7L SN r#b(0) estimates E{r(6y)}, a bootstrap estimate of B is
2 N ~
Be= (Np)™' 3" r(0).
b=1

Let Xy = {Xj, -+, X} be the original sample. It may be shown by standard bootstrap

arguments, for instance those given in Hall (1992), that
(3.2) B{B.|Xy} = (14 Bn " ){1+0,(n""/?)}

which means that the bootstrap estimate of B, is /n-consistent. Now a practical Bartlett
corrected confidence region is I, p. = {0]7(f) < caB.}. It can be shown from Theorem 2 and

(3.2) that the coverage error of I, . is O(n~%/?), which improves that of I,,.

The above use of the bootstrap to estimate the Bartlett factor B, or BC naturally leads
ones to think of using the bootstrap to calibrate directly on the distribution of the EL ratio
r(6). Let us rank {r* ()}, such that () < r*2(6) < --- < r*N(f). Then a direct boot-
strap confidence interval with a nominal level 1 — v is Iy = (r*@N/2H41(G) pA-0)N/2+1(§))

where [-] is the integer truncation operator.

10



The cumulants and expansions which are quite expensively derived for the purpose of
establishing Bartlett correction are needed in assessing the coverage accuracy of the direct

Bootstrap confidence interval I, 4. It may be shown that under conditions (2.1),
(3.3) P (0o € Iop) = o+ O(n™>/?)

which indicates that the coverage error of the bootstrap confidence interval I, and the
Bartlett corrected interval I, ;. is at the same order. This is indeed confirmed by our simu-
lation studies reported in the next section, although we observe that the performance of the

Bartlett corrected interval is more robust.

4. SIMULATION RESULTS

We report in this section results of two simulation studies designed to confirm the the-
oretical finding of Bartlett correction of the EL by implementing the proposed empirical
Bartlett correction. For comparison purposes, the bootstrap confidence intervals 1, i is also

evaluated.

In the first simulation study, X,---, X, are independent and identically N (6,62 + 1)
distributed, as considered in an example of Qin and Lawless (1994). The relationship between
the mean and variance leads to moment restrictions: ¢1(X;,0) = X; — 0 and ¢2(X3,0) =
X? — 20 — 1. This is an over-identified case as there are two moment restrictions and one
parameter of interest, i.e. r = 2 and p = 1. Like Qin and Lawless, the value of 6 is chosen
to be 0 and 1 respectively. The sample size used in the simulation study is n = 20, 30, 40
and 50 respectively.

In the second simulation study, we consider the following autoregressive panel data model,

which is an example considered in Brown and Newey (2002)

Q;

(41) Xit = QXit_l + (67 + €it, XiO = 1 + €;,

'We would not provide the proof here due to a limited space. It can be carried out by taking a similar

route as in Hall (1992) and utilizing the Edgeworth expansion established in the proof of Theorem 1.

11



fort =1,---,4and i = 1,---,n, where |0] < 1, {€;}{, and «; are mutually independent
standard normal random variables, v; ~ N(0, (1 — 6#?)~!) and independent of {;}{_; and
a;. Let X; = (Xj1,...,Xis). The moment restrictions after taking time differencing are
91(X;,0) = Xi1(AXi3 —0AX0), 92(X;,0) = Xin (AXiy — 0AX3) and g3(X;,0) = X (AXi3 —
OAX;2) where AX;; = X;p—Xie—1. It is easy to check from model (4.1) that E{g;(X;,0)} = 0.
Hence, there are three constraints and one parameter, i.e. r = 3 and p = 1, another over-
identified case. The parameter 6, which is the autoregressive coefficient is assigned values
of 0.5 and 0.9 to obtain different levels of correlations. The sample size is chosen at n = 50

and 100 respectively.

In both simulation studies, the empirical coverage and length of the EL, Bartlett corrected
EL and the direct bootstrap calibrated intervals are evaluated with nominal coverage levels
of 90% and 95% respectively. The bootstrap resample size N used in the Bartlett correction

is 250 and the number of simulation is 1000.

Tables 1 and 2 contain the empirical coverage and the averaged length of the three
types of confidence intervals, which can be summarized as follows. First of all, the need for
carrying out the second order correction to the EL confidence interval I, is quite obvious
as the original EL interval has quite severe under coverage for all the cases considered even
for a sample size of 100 for the panel data model. The under coverage is particularly severe
when the sample size is small for the normal mean model N(1,2) and for the panel data
model, These are the situations where the Bartlett correction is needed. It is observed
that in all the cases considered the Bartlett correction improves significantly the coverage
of I,. The restoration of coverage by the Bartlett correction is very impressive. We also
observed that, as anticipated in (3.3), the direct bootstrap confidence interval has similar
performance with the Bartlett corrected intervals in most of the cases. However, in the
normal mean models with 90% nominal coverage level, the coverage of the direct bootstrap
interval I, 4 is not as good as the Bartlett corrected interval I, p.. The robust performance

of the Bartlett corrected interval is due to the fact that the estimation of the Bartlett factor

12



BC, which involves simple bootstrap averaging, is more robust than the bootstrap estimation
of the extreme quantiles of the distribution of r(6). We also observed in passing that as the
sample size increases the EL interval I, improves both in its coverage and length whereas
the improvement on the Bartlett intervals and the bootstrap interval is more in reducing the

length of the intervals.

5. CONCLUSIONS

The main finding of the paper is that the EL with general moment restrictions are Bartlett
correctable. This is a substantial extension of the previously established cases of Bartlett
correction of EL, including the case of smoothed functions of means by DiCiccio, Hall and
Romano (1991) more than one decade ago. It shows that the dedicate Bartlett property
of the EL is still preserved even in the case of over-identification. Although the Bartlett
factor admits a very involved expression with over-identified moment restrictions, proving
that the EL is Bartlett correctable in the general case provides the theoretical foundation to

the proposed easily implementable empirical Bartlett correction.

The use of the bootstrap to carry out the Bartlett correction empirically is due to a rather
involved expression for the Bartlett factor. Although it may be expected that the direct
bootstrap calibration would give the same effect as the Bartlett correction, the justification of
the direct bootstrap method inevitably needs those cumulants and the Edgeworth expansions

established in this paper.

The results established in Theorems 1 and 2 can be extended to independent but not
identically distributed samples, for instance those arisen in a regression study. We need to

modify «, 0 and v as follows:

J1edk g1 J1 Jk JsJ1-Jk — g1 Z - A\
a n 'S Elw? (6)..wi (6,)], B n ;zl:E( T

i=1

) and

13 0wl (By) O™wh(6)  O"wh(6)
n 2B (aeh...aeﬂ O0Fk1... 0k '“aem...aepn)'

i=1
We need also to re-define V,, as n™' 30, Var{g(X;,6p)}. These forms of a and V, were

,yj,jl---jl;k,kl---km;---;P,Pl---pn _

employed in Chen (1993) to establish Bartlett correction for linear regression where r =

13



p. The conditions (2.1) should be modified to reflect the independent but not identically
distributed nature of data. Similar conditions as those given in Theorem 20.6 of Bhattacharya
and Rao (1976) are required, as in Chen (1993, 1994). Then, it may be shown that Theorem 1
is true by employing Skovgaard (1981) on transformation of Edgeworth expansions. Theorem
2 is then a consequence of Theorem 1 as the calculation of the cumulants follows the same

spirits given in the Appendix for independent and identically distributed samples.

APPENDIX

We provide some technical details on the log EL ratio () in A.2, the sign root decom-
position in A.3., and the proofs of the two theorems in A.4. More details on these derivations
can be found in Chen and Cui (2003).

A.1. BASIC FORMULAE.
We first present some basic formulae which will be used throughout the derivations.

Let us define Q = (w*),y, =@ UA™! where w* = w*)\;'. Please note here that no

summation over the subscript [ is carried out due to A being a diagonal matrix. Since

[(n) = S7'Q(n) where

= 0 —1I,_ 0 ,
(5%,515) 1 5%, (5%,515) ! '

0 0 Qr
o ( —1 + S12(SHS12) G, Sia(SThSh2) )
Q 0 oo

it can be checked that

| B! ) 0
) J )
/ijk — E(M) ot 6-7k and B = o« = S_]' ( ) = _A2

o 0
B" QA

Here AT = (AL, .- A" =: (AT, ADYT where A; = (AL, AP)T and Ay = (APTL ... ANT

constitute a partition of A. Therefore for positive integers k and a,

(A1) B*=0for k< p;BP™ = —AP™ for a <7 —p, and B"™* = WM A for k < p.
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Let By = (B',---,B")" and By = (B"*! ... B"™")7. Since SB = (A7,07,,)” which means
that —Bj + S19By = A. As Si3 = (79%),4, and from (A.1) we have

(A.2) yj’kBrJrk = Ajl(j <p)

where [ is the indicator function. Since

_ Aij Ci,l
(A?)) (Bp’q)(r-i-p)x(r—i-p) =5 ( ) ( ) )
(Cz,l)T 0

we have Sy1(B3),y, = (C*™)" and  So1 (B#+),., = 0. As Sy = (77F)7, these mean

pXT

(A.4) R BIt = CUF for | <7 and k < p and A?F BT = (.

Furthermore, (A.3) also implies the following which links the B%! system with the A7™-
and the C7™- systems
(BR)  (BRH) (B
(A.5) (Bp+a,l) (Bp+a,p+b) (Bp+a,r+l)
(BrHkl) (Brekptd) (prikr)

(wmkcl,m) (wmkcp-i-b,m) 0
— (Ap-i—a l) (Ap-i—a p+b) _(Cp-l—a,l)

(wkm[wnmcl,n_Aml]) (wkm[wnme-l—b,n_Am p+b]) (wkmCm,l)

In a similar fashion, we can establish the following links between 3%t and (a’%, 47%) systems

where ¢t and i contains either single or double superscripts:

(A6) 6l,p+a ptc  _ _wol [,yp-i-c;p-‘ra,o + ,yp-i—a;p-‘rc,o], 6l,p+m ptc _ wol,yp-‘rc;om,
6p+a,p+b ptc _2ap+a p+b p—l—c7 6p+a,p+m ptc _ ,yp—l-c;p-‘ra,m + ,yp-i—a;p-‘rc,m,
6l,p+a ptn wol,yp-i-a;on, 6l,p+m ptn _ 07
6p+a,p+b ptn ,yp-i—a,n;p-l—b + ,yp-i—a;p-i-b,n, 6p+a,p+m ptn _ _,}/p-i—a,mn7
6r+k,p+a ptc  _ 2wkoaop+a pt+c wkowno [,yp-i—c;p-‘ra,n + ,yp-i—a;p-‘rc,n],
6r+k,p+a ptn wkowmo,yp-i-a,mn . wko[,yo,n;p-l—a + ,}/o;p—i-a,n]7
6r+k,p+m ptc wkowno,yp-‘rc,nm o wko [,yp-i-c;o,m + ,}/o,p-i—c;m]7 6r+k,p+m ptn wko,yo,mn'
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See Chen and Cui (2003) for details.

A.2. DERIVATIONS OF (2.8) AND (2.9)

We shall expand each term on the right of (2.7). By ignoring terms of O,(n~%/2), the

first term
~ _ n A [ n - aw‘z 0 w 0 w
A 1;%(0) = Nn 1;[w5(90)+ ae(k Vg 4 1200 gy 1 OO i

~ . . ',kA'Ak Rk ',k 3 ALAL A ALAr A 3 3 mA.AAAm
= NA +4PENOF + WO CPE - Lyd NI gFQh 4 LN GRGICTH 4 Ly kim A ghglgm.
Similarly, the second term
At sz(é)w )"
i=1
A nooo ow! (0o) ~ .
= WS oyt (80) + ! (80) 22 )+ S () )

00!
_ j\jj\i(Aji + 6ji) + j\jj\iél{(cj;i,l +7j;i,l)[27j7 i} + %j\jj\iélék{(cj;i,lk +7j;i,lk)[27j7 il}

+ j\jj\iélék{(cj,l;i,k _’_,yj,l;i,k}
RN 4 NNAT 4 2 NG 4 0N (5 4 RN+ O (52
where [2, j,i] indicates there are two terms by swamping the super-scripts ¢ and j, and the

same is understood for similar notations. For the third term

2y V() =

; SISAR (AT 1 i) 4 23NN 1 O, (n12).

Wi

Finally, n=2 S0 [N w;(0)]* = MA N A90dhs + O, (n=5/2).
We then have for a,b,c,d € {1,2,---,r —p}, f,9,h,i,5 € {1,2,---,r}, k,l,m,n,0 €
{1,2,---,p} and ¢, s,t,u € {1,2,---,r + p} that
n'(0) = —2B'AI — BIB/ +2BMBIY(A’ + BY) — 37“4B“BI(A’ + BY)
— 2BIUB“IBI(A} + BY) + 39 BIBIB (A’ + BY) — fHa3ust B1BS BY( AT + BY)
— BMIB“BY(A’ + B’) 4 19 B*B1B*(AJ + BY) 4 237"4B“*B*B1( Al + B)
+ oyPk{_plapiprtk 4 Eﬂj,ququBH—k 4+ BiupBua B grtk
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. %6u,quj,quBsBr+k o 6j,quu,quBsBr+k + %ﬂj,uqﬂu,sthBthBr-i—k

1 piuaguagr+k _ 1 giwgs pupaps pr+k _ 1 giua pupagr+kes Ba)[2, j 4 |
Bj,uBuBr-‘rk,qu 4 iﬁj,uqﬂr-ﬁ-k,stBquBth}

2CH{BIBTF — BIBIBH2, iy 4 k] + LBIMBUBIB(, jr + K]}

+ 4+ o+ +

7j,]gl{_B]'BH-kBH-l + BH-kBH-lBj,qu[37 gyr+k,r+1]

%BjBr+k6r+l’ququ[3, j, r k?, r 4 l]} o Cj,lejBr+kBr+l
%,yj,klmBjBr-l-kBr-‘rlBr-l-m _ Bj,uBqu,qu _ %6j,uq6j,stBquBth
FBYBIB* B — B'B'A" + B'B"BYA”(2, j,i] — 137 B"B1BA7'[2, j, 1]
207" B/B'B"™ — BIB'B"BY + 13"t Bi B BYBY — B B BIMBY[2, j i)

+ o+ o+ o+

%6j,ququBiBr+l [27 j; Z]} + szBiBr-‘rle;i,l _ (,yj;i,lk + ,yj,l;i,k>BjBiBr+lBr+k
— 2JhBiBiBh 4 207 Bi B BB — qiih giui BuB1 Bi Bh — 2 Ajih Bi Bi Bh
+ 2*}/j;i;h’kBjBiBhBr+k . %ajithjBiBth 4 Op(n—5/2>'

Applying (A.1) and (A.4), it may be shown that the 3rd to the 18th terms on the right hand
side cancel each other and the application of (A.4) simplifies the 20th term. Keep all the

other terms, we have (2.8).

Now bring in the expansion for ¢(6y) in (2.5) we have

n~lr(fo) = (A + BI) (A + BY) — AT(AJA' — BIBY) — 200 BI B+t — 93t Bl pipr!
+ 207 AI AP A + BiBiBY) 4 43K Bi Brk BrHL 4 AJi( AN AT AR — BHBIBI[2,4, j])
_ 6j7UQ[Cj7kBT+k _ Br-i-k,sBS,ijk + BB — AJZBZ]Bqu — 207" BI B Bha B4
+ BiBMBUBI4 207k BiBrih e — yiki prik pril pia pa
— 2K pIprH prikape oy s (BIBIBrHa e + B BIBI B2, j i)
(%6j’uq6j’5t - %6j,uq6r+k,st7j,k>BquBth 4 %,Yj,klﬁj,UQBuBQBT'HBH‘k
(’}/j’klﬁr+l’uq _ /Yi;j,kﬁi,uq i ,yj;i,kﬁi,uq)BuBQBjBr-i-k . 2’}/j;i;h’kBjBiBhBr+k

(,yj;i,lk + ,yj,l;i,k>BjBiBr+lBr+k o %,yj,klmBjBr-i-kBr-HBr-i-m
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%OzjithjBiBth 4 (ajihﬂhv“q . ,yj;i,lﬁr—‘rl,uq)BjBiBqu
CIMBIBF B — 20T BIB'B™ 4 2A7M(BIB'B" + AT ATAM)
(A7) — 207" AT AT ATA9 4 0997 o™ AT ATAR A9 — Ladtha AT AT AP A9 4 O, (n”5/2).

As shown in Chen and Cui (2003), the terms appeared on the 3rd line of the above
equation cancel each other. Applying again (A.5), we can express the terms appeared in the

first two lines of (A.7) by

AlAl i AklAkAl . 2Al p+aAp+aAl =+ gaklmAkAmAl + 2wklcp+a,kAp+aAl

+ [QOzkl pta ,yp-l-a mn mk nl]Ap-l-aAkAl + 2[ I pta p+b ,yp-l-a;p-l-b,kwkl]Ap-l-aAp-l-bAl
which leads us to (2.9).

A.3. EXPANSION FOR Rj3

We subtract R, R from all the terms appeared in line 4 and below in (2.9). Fortunately
all the terms which do not have A! appeared cancel out with those appeared in R,YR..
Otherwise, a signed root decomposition of the EL ratio r(fy) would not be possible. Hence

the remaining terms can be written as 2R! RY.

By repeatedly employing the formulae (A.5) and (A.6) as well as (A.1), (A.2) and (A.4),

it is shown in Chen and Cui (2003) after some quite involved algebra that Ry = 3% | RL,
where
Rél — %AlmAkmAk 1AlkmAkAm o lkmAnmAkAn

— SakmmAm gk An 4 4alknaomnAmAkAo — Lafknm gm Ak An,

Rég _ Alk p+aAp+aAk + Al p+a p+bAp+aAp+b . %wknwmlcpﬁ-a,kmAp-l-aAn
. wklcp-ﬁ-a;p-ﬁ-b,kAp-l-aAp-‘rb + %wkmcp-i-a,kAlmAp-l-a + %AlkAk p+aAp+a
+ Alp-l—aAp-i-a p+bAp+b 1Alp+aAp+akAk 1wkmwnl Cp-‘ra ncp-i-a kAm

wklwmncn,kcp-‘ra,mAp-l-a . wlep-l-a,kAp-i-a p+bAp+b7

Rég — %[,ym Uowvnwolwkm . %anmlwkm]cp-‘ra,kAp-i-aAn 4 %,yp-i—b,kowknwolwmvCp-‘,—b,mAnAU
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4 [%,yp-i—b,kowknwol . alnp-i—b]Ap-l-b pta gpta gn + ka [wnl (,yk;p-i-a,n + ,yp-i-a;k,n)
. alkp+b . %,yp-i-b,mnwmlwnk]Cp-i—a,vAp-i—aAp-i—b + ,yp-i-a,kowonwmlwkvCU,mAp-i-aAn
4 [%’}/p+b’mku)mlu)kn _ alnp-l—b]An ;u—l—aAp-i-aA;u—l—b7

Ré4 — ,yp-i-a;p-i-b,nwnowml Co,mAp-i-aAp-i-b . ap+a p+b p+cAl p+cAp+aAp+b

[(,}/p—l—c;p-l—a,n + ,yp—l—a;p-i—c,n)wnl . 20él p+a p+c]Ap+c p+bAp+aAp+b

+

+ (,yp-i-c;p-l-a,o 4 ,yp-l-a;p-i-c,o)wonwklCp-l—c,kAp-l-aAn o alk p+aAm p+aAkAm

4 ap-i—a p+b p+cwmlcp+c,mAp+aAp+b . %alkmAm p+aAp+aAk

o [%ako p+a 4 %,yp-i-a,mnwmkwno]AloAp-i-aAk _ 20ék pta p+bAlp+bAp+aAk

_ [am p+a p+b + ,yp-l-a;p-l-b,kwkm]AlmAp-i—aAp-i-b,

Rl _ [%alk ptapomn pta _ %wl’lwm’mwn’nwk’k,yp+a,l’m’,yp-i-a,n’k’]AmAnAk
4 [2ap+a kfalmf o alkm pta %almn<akn pta %,yp-i—a,m’n’wm’kwn’n)
. %wm’mwk’kwl’l(wl’v,yp-i-a,m’l’,yv,l’k’ _ %,yp-i-a,m’k’l’)]Ap-i-aAkAm

[3alk p+a p+b 4 %aklv (av p+a p+b %,yp-i-a;p-i-b,nwm))

N[

+ (akvp+a o %,yp—l—a,mnwmkwm))(alvp-l—b _ %’}/p+b’mlnlwmllu)nlv>]Ap+aAp+bAk

+ [ozl pta foptbpte f L pta ptb pte (alk p+c _ %7p+c,mnwmlwnk)

% (ozk pt+a p+b _ 7p+a;p+b,v>ka]Ap+aAp+bAp+c and

! !
Rl _ {20/ p+a famp-‘rbf + almfap-l-a p+b f _|_wm mwnl[_wo

1, ok, wkAp+a,om’ . p+buon’

1 (~pteptam/ p+a;pte,m’\ (A p+c;ptbn’ p+b;pte,n’
2 (7 + 7 )(y + 7 )

ko p+bn'k(_om';p+a o;pt+a,m’ 1 _p+a p+b pt+c.pte,m/n’
- Wy (v + ) — 3 ot

1, ko~om'n' A p+a;p+bk 1. pt+a;p+bm'n’ 1. p+a,n;p+bm’ +a Ap+b Am

A.4. PROOF OF THEOREMS 1 AND 2.

The proof of Theorem 1 is divided into two parts. In the first part, we derive the

cumulants of /nR. In the second part, we establish an Edgeworth expansion for the signed
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root which then leads to an Edgeworth expansion for the EL ratio r(6p).

Cumulants of the signed root R. Since the cumulants of order higher than four are of
O(n™?) or smaller, we only need to derive the first four cumulants. As the first and the third
cumulants are easier to derive than the second and the fourth, we present them first. From

(2.10) and (2.11), and the fact that R} is the product of four zero-mean averages, we have

E(Ry) =0, E(Ry) =n"'y' and E(R}) = O(n~?)

where p! = —%n‘lalkk. Therefore, the first order cumulant is

(A.8) cum(RY = n~ 'yt + O(n7?2).
The joint third-order cumulants
cum(R',R°,R") = E(R'R°R") — E(R")E(R°R")[3] + 2E(R")E(R°)E(R")[3]
= E(RRR)) + E(RyRYRY)[3] — E(Ry) E(RIRY)[3] + O(n ™).

We note that

E(R\R}) = n7'6" and

E(RLR) = n—2[_%(alokk — §lo) — glo praptay %alkmaokm + whlypraioptak

4 (alk pta _ lwmkwnl,yp+a,mn)aok pta (ozl pta p+b _ wkl,yp-l-a;p—i-b,k)ao pta p—i—b]'

2

Write R}, = R, + Rb, where RY, = —1 AMAF 4 1o#m AR A™ and R), contains the rest of
the terms appeared in (2.11). We have
E(Rlzl) = —%n_lalkk,
E(RyRIR)) = E(Ry)6” +0(n*)=0(n"*) and
E(RyR{R)) = n7?(—ia**6 — 1a!v) + O(n~?).
Thus,
(A.9) E(RyR{R}) = E(Ry) E(RIRY) — 3 E(RR{RY) + O(n™),
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which means that

(A.10) cum(R', R°, R") = O(n™?).

To compute the second cumulants, we have to derive the expectation R, R, which contains
21 terms. After deriving the expectation of each term and combine them as in Chen and
Cui (2003), we have
(A.11) E(RLYRS) = n~2J" + O(n™?)

where

Jlo _ %(alokk 6lo> alkkaomm o 36 lkm okm + alo p+a pta

al p+a p+bao p+a p+b alk p+aaok pta + %wkl,ym;P+a,kaom p+a[2]
,yp-i-a;p-‘rb,kao p+a p+bwkl [2] 4 %,yp—i-a,mnwmkwnlaok p+a[2]

! / / .
%,yp-i-a,mn,yp-l—a,m n wmkwnlwm kwn o __ %,yp-i—a,mn,yk,p-i-a,vwmkwnlwvo[2]

(A.12) — wklyo?p*‘“?wﬂlvk[z] + hpﬁ-a,k;pﬁ—a,v _ 7p+a;p+b,k7p+a;p+b,v]wklwuo'

We also need to compute E(R,RS) + E(RLRS). Tt may be shown that, with remainder
terms of O(n™!),

alokk 36lo . lkmaokm . %alok akmm7

an[RélRﬂ = %
an(RézR?) = 3

alo p+a pta + alk p+aaok pta + %OlekOék p+a pta + Oél p+a p+bao p+a p+b

lo p+a kk p+a __ 2 ko ml,yp-‘ra Jkmipta wkl,yp-‘ra,p-l—a ko

l\')l—l

1, km(Ap+a,k;olm pta p+a,k;pta lom\ 1, nl, ko~ptan;ptak
SW T (y o + a'm) — Swmwhoy

km, ,nl +a,n;m A pta,k;o +a,n;o~p+a,k;m lo pta . p+ta p+b p+b
kl, mn/_nk;p+a_pta,m;o n,k;o
— W™ (y gl + %y

Wkt <7p+a,k;p+bao p+a p+b + 7qura,k;oOéqura p+b p+b>

p+a,m;p+a>

Y

(Rl3R0> — —Oélk p+aaok pta alop+bap+a p+a p+b =+ %wvownlwkm,ym Un,yp—l—a,k;p-‘ra

%wkm,yp+a,k;p+aaoml + %wko nl,yp-i-b Imap-i-a p+a p+b

kn, vl p+b,kv A p+bm;n 1, ko, nl p+b,kn . p+bm;v
+ 2w w WMoy ¥ + 5w W™y ¥
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kaalk p+a,yp+a,v;o + kawnl (,yk;p-‘ra,n + ,yp-i—a;k,n),yp-l—a,v;o

+ lwmlwkn,yp+a,mkaon p+a _|_Wnowmlwlw,yp-‘,-a,kn,}/vnn;p-l—a7

2
n2E(RQ4R‘f) — 4l praptbyo pta ptb galomam pta pta gozlk pta ok pta
_ alo p+aakk pta alo p+aap+a p+b p+b + wmlwnk/yk,m;o/yp—i-a;p-}-a’n
nl (., p+bipt+an pt+a;p+bny o pta p+b
w™ (v + 7 )or

wnowkl (,yp—l—b;p-l—a,n =+ ,yp—l—a;p-i—b,n),yp-‘rb,k;p-‘ra =+ wml,yp-i—b,m;oap-‘ra p+a p+b

o %wmownk,}/p-‘ra,mnalk pt+a wkm,yp—l-a;p-l—a,kalom

Y

TL2E(R§>’5R(1)> _ %alo p+aakk pta + alk p+aaok pt+a _ galo p+a pt+a __ %OlekOék p+a pta
+ lwnvalov,yp+a;p+a,n o %alk p+aaok p+a + %wmownvalvp-l—a,yp-l—a,mn[z]

wl'lwm’own’kwk'k,yp+a,l’m’,yp-‘,-a,n’k’

1
8
3, mo, mv, m'l, n'v.ptamn.ptam'n’
SWMOWM W™ W™y ~ ,

n2E(Ré6R(1)> — 20élk p+aaok pta + 20/ pta p+bao p+a p+b + OélOkOék p+a p+b

+ alo pt+a,pta p+b p+b + %wm’own’lwmkka,yp+a,mm’,yp+a,vn’
1, .m'o, n'l +b;p+a,m’ +a;p+b,m’ +b;pt+a,n’ “+a;p+b,n’

o wm’own’lwkm< m,m’;p-i—a_'_,ym;p-‘ra,m’) p+a,n'k

v v

1, .m'o, ,n'l p+a pta p+b,yp+b,m’n’_1 m'o, ,n'l, km m,m'n’

—  Lmo niy, Twmeyniykmey pta;ptak

Y

N

1, .m'o, n'l +a;p+a,m'n’ “+a,n;p+a,m’
+ Wy + pranmprem),

n2E(Rl2RtlJ> — _%(alokk _ 6lo> _ alo p+a pta 4 %alkmaokm 4 al pta p+bao p+a p+b

+ Oélk p+aaok p+a + wkl,yp—l—a;o;p-‘ra,k . %wmkwnl,yp+a,mnaok p+a

_ wkl7p+a;p+b,ka0 pt+a p+b.

In summary,

(A.13) E(RLRS) + E(RLRY) = n 2K + O(n™®)
where
Klo — %(alokk 4 6lo> - %alkmaokm . %alokakmm _ %alokak p+a p+a
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1 .kmAp+a,kolm pta _ 2, kmaptak;pt+a,lom 1, ml, ,nk, ok pt+an.ptamn
—  JwimaPTemeqim P FW A PTOEPTAQIT - 2RO PTAAP

1 nl, km +a,k;o~p+a,n;m +a,n;o. p+a,k;m
+ qwtwt (ypeteyp ypramonprakim)
+ 1 kn, ol mo( p+a,mv.ptakn A ptakv p+a,m;n>

QW wrw Y 8 B Y

mo, vl kn/_ptakm _ptanv p+a,kv  ptan,m
+ WM (y gl — 7Ty )
+

1, m/l, mo, n'k, nk(.pt+amnapt+am'n’ p+a,mm’ ~ p+a,nn’
s WM wn W (y gl — gl ).

In light of (A.11) and (A.13), we have

(A.14) cum(R', R°) = n~ 16" + n 2 A" 4+ O(n™®)
where
(A.15) Al = K'°[2] + J'° — plpe.

The joint fourth-order cumulants of R is

cum(R', R*, R™, R") = E(R'RFR™R") — E(R'R")E(R™R"™)[3]
— E(R"YE(RFR™R™)[4] + 2E(R")E(R")E(R™R")[6]
— 6E(R"YE(R"E(R™E(R")
(A.16) = E(R\RFRT™R?Y) + E(RLRFR™RM)[4] + E(RLRFR™RY)[4]
+ E(RyR5RY'RY)[6] — E(R R E(RTRY)[3]
RyRY)E(R'RY)[12] — E(RyRy) E(RY" RY)[12]
— B(RyR3)E(RT"R})[6] — B(Ry)E(Ry Ry RY)[4]

(

(
— E(R,

( !
— E(RY)E(RSRY'RY)[12] 4+ 2E(R,) E(RS)E(RP'RY)[6] + O(n™*).
From (A.9), we immediately have

E(Ry){E(R{ R RY)[4] + E(R3RY" RY)[12] — 2B (R3) E(RY" RY)[6]} = O(n™")

which means the sum of the last three terms in (A.16) is negligible.
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To facilitate easy expressions, let us define

tl — alkmn7t2 — 6lk6mn + 6lm6kn + (Sln(skm7

ty = alkmanoo =+ alknamoo =+ almnakoo 4 akmnal007

t, = alkoamno =+ almoakno =+ alnoakm07

t5 — akmnal p+a pta + almnak p+a pta + alknam p+a pta + alkman p+a p—l—a7
t6 _ Ozlk p+aamn p+a + almo p+aakn pta + aln p+aakm p+a'

It is relatively easy to show that
(A.17) E(R\RYRY'R}) — E(R\RY) E(RT'RY)[3] = 0> (t1 — t2) + O(n™").
Derivations in Chen and Cui (2003) show that

E(RyR{ R RY)[4] — E(RyRY)E(RY'RY)[12]

_ TL_S{CUOl (,yp-i—a,o;kamn p+a 4 ,yp—l-a,o;makn p+a 4 ,yp—l-a,o;nakm p+a)] [4]

(A.18) — 6ty + 20y — Lty 2ty — [l Eyprem gme a6} 1 O(nt),

B(RSRSRY RY)[6] — E(RLRE) B(RY R})[6
= 0Bl — g by — Bty + [ Lypran's gl )

_ 11 Jol(~p+a,o;m . kn pta p+a,on - km p+a
2w (v a + et )

+ wok(,yp-i—a,o;maln p+a + ,yp—l—a,o;nalm p+a>][6]

+ [wk’lwm’k(,yp—l—a,m’;n,yp-i—a,k’;m+,yp+a,k’;n,7p+a,m’;m>][6]

,yp-i-a,m’n’[(wolwn’k 4 wokwn’l>(wm’n,yp+a,o;m 4 wm’m,yp-i-a,o;n)] [6]

N[

(Alg) 4 %[wl’lwm’m<wn’kwk’n 4 wn’nwk’k),yp—l—a,l’m’,yp-i-a,n’k’] [6]} 4 O(n—4>
and
E(RyRYR{'R})[4] — E(RyRY) E(RY" RY)[12]
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_ n_3{2t1 i ét4 + [wn’lwk’k(,yp—l—a,k’;n,yp-‘ra,n’;m + ,yp—l—a,n';n,yp-‘ra,k';m)] [6]
+ %[,yp-l-a,m’n’ (wolwn’k + wokwn’l)(wm’n,yp+a,o;m + wm’m,yp-‘ra,o;n)] [6]
(A.20) _ i[u)lllwmlm(w”lkwk/” + wn'nwk'k),yp-l-a,l’m',yp-l-a,n'k'] [6]} + O(n_4).
Combining (A.17), (A.18), (A.19) and (A.20) it may be shown that
(A.21) cum(R', RF R™, R") = O(n™).

Edgeworth Expansion for r(6y). We first derive an Edgeworth expansion for the distri-
bution of n'/2R. Let «; be the j-th order joint cumulant of nz R. From (A.8), (A.14), (A.10)
and (A.21),

ki = n Y240 (n_3/2) , ke =L, +n'A+0(n?),
Ky = O(n_?’/g), Ky = O(n_z),

where I, is the p X p identity matrix, = (u',- -+, 4#)7 with p! = —1a'** and A = (Alo)

po'
Let

7 1 r 11 T 111 rrr\ 7

UA - (AJ"'aAJA 7"'7A JA 7"'7A ) )

7 _ 1,1 1,p r,1 r,p 1;1,1 TP T

Uo = (C’ oL R e N o N oL N, )

and U = (U3}, UZ)7 is a vector of centralized means. From (2.10), (2.11) and the expansion
for R3 given in Appendix A.3, the signed square root n'/2R can be expressed as a smooth
function of U, namely there exists a smooth function h such that n'/?R = h(U). We can
then use the results given in Bhattacharya and Ghosh (1978) to formally establish Edgeworth
expansion for the distribution of n!'/2R under conditions (2.1). In particular, let B be a class

of Boreal sets in RP satisfying

sup /(8 )egzﬁ(v)dv =0(e), €0,

BeB
where 0B and (0B)¢ are the boundary of B and e-neighborhood of 9B respectively. A formal

Edgeworth expansion for the distribution function of nR is

sup |P(n'/?R € B) — /B 7 (0)6(v)dv] = O(n~3/2),

BeB

25



where 7(v) = 1+n =2 v+in " {oT (/mT + A) v—tr (/mT + A)}, ¢(v) is the p-dimensional
standard normal density, and tr(j is the trace operation for square matrices.
Let H = (hij),,, = #it" + A. By the symmetry of ¢(v) we have
P{(B) <c.} = P{(n*R)"(n2R) < ca} + O(n~%?)
= /” e ﬂ(v)¢(v)dv+0(n_3/2)
v||<Cqy
= P(ij < Ca) + %n_l f”U”<C(11/2{Zf:1 hu(U? - 1) + Zi;ﬁj hijUin}¢(U)dU
(A.22) +0(n=%?)

= a—p 'Beco folca)n 4+ O(n=3?)

where B, = Y8 hy = 30 (plpt + Al). Due to fact that an even order Hermit polynomial

is an even function, the error term in (A.22) is in fact O(n~2). This completes the proof.

Proof of Theorem 2. Based on the Edgeworth expansion given in Theorem 1 and
follow standard derivations, for instance those given in Chen (1993), we can readily establish

the theorem.
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Table 1. Empirical coverage (in percentage) and averaged length of the EL confidence interval
I, the Bartlett corrected (BC) EL interval I, 4. and the dircet Bootstrap (BT) calibrated

confidence interval I, for the normal mean example.

(a) N(0,1)

Nominal level 90% 95%

Sample Size EL BC BT EL BCBT

20 coverage | 84.66 89.40 86.88 | 91.12 93.04 93.34
length | 0.636 0.817 0.791 | 0.757 0.967 0.967

30 coverage | 86.30 89.60 87.80 | 92.60 93.80 93.10
length | 0.552 0.662 0.640 | 0.659 0.789 0.781

40 coverage | 86.47 89.48 87.98 | 93.49 95.09 94.79
length | 0.492 0.558 0.548 | 0.588 0.668 0.665

60 coverage | 86.70 89.00 87.90 | 93.50 94.50  92.90
length | 0.448 0.492 0.437 | 0.536 0.588  0.527

(b) N(1,2)
Nominal level 90% 95%
Sample Size EL BC BT EL BC BT
20 coverage | 80.02 87.99 85.57 | 86.78 91.62 90.41
length | 0.656 0.898 0.854 | 0.781 1.061 1.084
30 coverage | 82.85 89.47 88.16 | 88.87 93.68 93.88
length | 0.6547 0.7740 0.752 | 0.739 0.883 0.879
40 coverage | 85.77 89.94 88.92 | 91.77 93.70 93.70
length | 0.496 0.590 0.572 | 0.592 0.703 0.701
60 coverage | 87.47  90.28 89.68 | 92.69 94.19 94.29
length | 0.411  0.454 0.446 | 0.492 0.543 0.540
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Table 2. Empirical coverage (in percentage) and averaged length of the EL confidence interval
I,, and the Bartlett corrected (BC) EL interval I, . for the panel data model (4.1)
(a) # =0.5

Nominal level 90% 95%

Sample Size EL BC BT EL BC BT

50 coverage | 81.7 873 87.7 | 88.8 93.6 93.9
length | 0.603 0.723 0.733 | 0.736 0.876 0.880

100 coverage | 87.4 89.9 89.9 | 943 95.7 95.5
length | 0.425 0.461 0.462 | 0.511 0.556 0.560

(b) 6 =0.9

Nominal level 90% 95%
Sample Size EL BC BT EL BC BT

20 coverage | 84.4 89.6 89.2 | 90.2 949  95.1
length | 0.545 0.648 0.656 | 0.667  0.787 0.800

100 coverage | 87.3 89.1 89.2 | 92.6 944  94.3
length | 0.373 0.401 0.402 | 0.4494 0.4847 0.487

30



