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Abstract

In this paper I propose a computationally practical simulation estimator for large
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tures. I first apply the sequential decomposition methods introduced by Hendry
and Richard (1992) to obtain the tractable simulated log-likelihood function of the
dynamic panel Tobit model. I then maximize this log-likelihood function simu-
lated through procedures based on a recursive algorithm formulated by Geweke-
Hajivassiliou-Keane as well as a Gibbs sampling simulator. Monte Carlo experi-
ments indicate that my simulation estimator performs strikingly well, even for a
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1 Introduction

In the literature of panel data models, one critical issue is the estimation of limited depen-
dent variable (LDV) models characterized by the presence of lagged dependent variables
and serially correlated errors. A dynamic panel Tobit model is a leading example. The
conventional techniques used in the estimation of linear panel data models are not ap-
plicable to the estimation of dynamic panel Tobit models due to the nature of the Tobit
structure. Furthermore, the introduction of lagged dependent variables makes conven-
tional estimation techniques even more difficult to apply.

One possible method for estimating the dynamic panel Tobit model is the fixed effects
approach. Although the fixed effects model is valid under weak restrictions on the un-
observed individual heterogeneity, there are some limitations of using this method in the
context of a dynamic panel Tobit model. For example, Honoré (1993) estimates the panel
Tobit model with lagged observed dependent variables through the fixed effects approach
by creating the orthogonal conditions for method of moments estimators. A set of iden-
tification conditions for Honoré’s model is provided by Honoré and Hu (2002). However,
under such identification conditions, the model with time-dummies variables can not be
estimated consistently.

Using the fixed effects approach creates even more problematic issues for the estima-
tion of the dynamic panel Tobit model with lagged latent dependent variables. Hu (2003)
estimates the censored panel data model with lagged latent dependent variables by apply-
ing the fixed effects method. Hu creates orthogonal conditions from the dynamic panel
censored model for the Generalized Method of Moments (GMM) estimation. In addition
to the same identification problem as Honoré’s, the first observation of each individual is
required to be uncensored with positive probability in order to construct the orthogonal
conditions.

The other method proposed to handle the dynamic panel Tobit model is the random



effects approach. By specifying the distribution of the error conditional on the regressors,
the random effects estimators can be obtained through maximizing the corresponding
likelihood function. A classic paper by Lillard and Willis (1978) as well as a recent
paper by Geweke and Keane (2000) apply random effects techniques to panel earnings
data without censoring. However, the likelihood function of the dynamic panel censored
model is usually intractable since the dimension of an integral involved in its calculation
is as large as the number of censoring periods in the model. Under such circumstances,
simulation-based inference methods can be extremely useful.

The impact of simulation methods on the analysis of LDV models is profound, espe-
cially under recent advances in computing technologies. Various simulation estimation
methods and procedures for drawing random variables have been proposed in the econo-
metric literature. For instance, Lerman and Manski (1981) and Gourieroux and Monfort
(1993) suggest the simulated maximum likelihood method (SML), McFadden (1989) per-
forms the method of simulated moments (MSM), and Hajivassiliou and McFadden (1998)
present the method of simulated scores (MSS).

Different simulators have also been proposed for simulating multinomial probabilities
in LDV models. Among multivariate normal probability simulators, Hajivassiliou et al.
(1996) suggest that the Geweke-Hajivassiliou-Keane (GHK) simulator is, in terms of root
mean square errors, the most reliable simulator for approximating the multivariate normal
distribution and its derivative among thirteen simulators they examined. In addition to
the GHK simulator, Hajivassiliou and McFadden (1998) also indicate that the Gibbs
sampling simulator has a satisfactory converging rate in terms of simulation bias.

This paper studies a practical, operational and versatile maximum likelihood procedure
for general dynamic panel Tobit models using the GHK as well as the Gibbs sampling
simulator. To do so, I obtain a tractable simulated log-likelihood function of the dynamic

panel Tobit model by using the sequential factorization methods introduced by Hendry



and Richard (1992).

The random effects approach is attractive in several aspects. The time-invariant,
time-varying, and time-dummies variables can be incorporated in the model and they
can be estimated consistently using my simulation estimator. In addition, identification
is obtained in a straightforward manner, for example, under the assumption of normally
distributed errors (Olsen, 1978). Most importantly, my estimation method allows for
complicated dynamics.? The introduction of lagged latent dependent variables, lagged
observed dependent variables, possibly with more than one lag, is straightforward. It
is also easy to accommodate serial correlations in errors. Modifying the estimator to
accommodate such specifications is done fairly easily, and in an intuitive manner. Fur-
thermore, the predictions of the model can be generated by the estimation results through
the random effects approach for dynamic panel Tobit models.

This simulation estimator is applied to study the earnings dynamics and the impact
of Title VII of the 1964 Civil Rights Act on the convergence of the black-white earnings
gap in Chang (2002). The rich dynamic structure of the earnings process can be identified
from the top-coded data set by using my simulation estimation method.

An overview of the paper is as follows. Section 2 proposes a practical simulation
estimator for dynamic panel Tobit models. I discuss the likelihood function simulation
through the GHK and Gibbs sampling simulators and then show the consistency and
asymptotic normality of the simulation estimator. Section 3 presents Monte Carlo exper-
iments of the simulation estimator. Section 4 concludes the paper and proposes areas for

future extensions.

Tt has become substantial to allow rich dynamics in economic models since Heckman (1981) pointed
out the importance of distinguishing true state dependence from spurious state dependence. For instance,
Hyslop (1999) incorporates state dependence, serial correlation, and individual heterogeneity into the

labor force participation model of married women.



2 Practical Simulation Estimators for Dynamic Panel

Tobit Models

2.1 Basic Framework

The cross-sectional non-dynamic Tobit model introduced by Tobin (1958) can be repre-

sented as follows:

yr =B+ e (1)

yi = maz{y;,r}

where y* is a latent dependent variable, z is a vector of exogenous variables, y represents
an observed dependent variable, and r is a known constant. Without loss of generality, r
can be rescaled to zero.

In a dynamic panel data framework, the Tobit model is described as:

Y = T+ Yyl A+ €t (2)
yi = maz{yy,0}

€it :di+uit7 tzl,,T 2:1,,N

Note that model (2) is characterized by lagged latent dependent variables.? The compo-
nent d; is an unobserved individual specific random disturbance which is constant over
time, and wu; is an idiosyncratic error which varies across time and individuals. Through-

out this section, I assume that d; and u;; are Gaussian conditional on x;1,- - -, ;1.

2The dynamic panel Tobit model with lagged observed dependent variables can be obtained from (2)
by replacing the first line of (2) with y}, = x;8+v; t—1A+€ie. My simulation estimator is also applicable to
the model with lagged observed dependent variables (see the results of Monte Carlo experiments section).
Although I present the likelihood simulation based on the model (2), the likelihood simulation based on the
model with the lagged observed dependent variables can be easily modified from the simulated likelihood

function of (2); see Monte Carlo experiments section for details.
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I consider two different specifications for the error terms in (2). The first is the random

effects specification and is characterized by the following properties:

Eldi|lza, -,z = 0, Eluyld, i, -, z7) =0
E[d?’l’il,"',l‘ﬁ"] == Jc2l’ E[u?t|di7'ril7"'7$iT] - 0-3 (3)

Eldidj|vi, -, zir) = 0, Elugujs|di, zin, -+, 2] =0

for all i # j and ¢t # s. The first line of (3) is the strict exogeneity assumption.® The
homoskedasticity assumption is imposed on the second line of (3). The third line of (3)
states that d; and u; are independent across all ¢ and t.

By virtue of (3), the covariance structure of €; can be written as:

o> for j=0

E[Eitﬁi,t—j|$z’1, L Tir) = ‘ (4)
pol  for j#0
where p is the fraction of the variance of € due to the individual random effects, and

2

0% = 0% + o%. The correlation between the errors term ¢; for any two different time

periods is always p. Under this specification, the covariance structure of the random

effects model can also be represented as:

2 2 2 2 2 2 2
oq + 0oy, op o o; pog - POy
o5 o340l - f po? o2 .
ERE = = (5)
: .. . 52 L po?
2 2 9 2 2 2 2
04 U 04 04 + 0y PO oo PO O,

where X pg is a T' x T matrix.
The second specification I consider is the random effects plus AR(1) specification.

The only difference in this specification and the random effects model is that the error

3The assumption E[d;|x;1,---,2;7] = 0 can be replaced by the assumption E[d;|z;1,- -, 2] = wo +
w1Zi1 + - -+ + wrx;r with little change to my simulation method. This case will be discussed in details in

section 2.7. See also Chamberlain (1984) and Jacubson (1988).
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term €; in (2) is
€t = d; + vy
Vig = (Uip—1 + Us. (6)

where u;; and d; continue to satisfy all of the conditions in (3).

The covariance structure of (6) can be described as:

1 ¢ s (T
o? ¢ I
Y RE+AR(1) = ] _uCQ +o05Jr (7)
CT_l CT_Q . 1

where X gppiapa) is a T x T matrix and Jr is a T' x T" matrix of ones.*

I assume that the stationary assumption

(<1 (8)

is also satisfied for the random effects plus AR(1) errors model.> Both covariance struc-

tures (5) and (7) will be used for deriving the simulation estimator.

2.2 Simulation Estimation
Let I;; be a censored indicator function, such that

1 for yi>0
Ly =
0 for y;<0
Therefore, for individual ¢, if I;; = 1 then ¥}, is observed and y;; = v;. On the other hand,

yZ is censored and its value is not observed (i.e. y;; = 0) if [;; = 0.

4Since the variance parameters 02 and o2 cannot be identified for Probit model, the normalization
condition 03 + 02 =1 is used. However, for the Tobit model, both 0‘3 and o2 can be identified without

the normalization condition 02 + o2 = 1.

>The unit root of the AR(1) process is excluded from this stationary assumption.
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In order to obtain the tractable simulated likelihood function, individual #’s likelihood
function L; is decomposed into products of sequential conditional density functions. Thus,

the likelihood function for individual 7 is represented as:

0 O L * * *
L; = / - / H 9(Yits Yl Yit—1, yi,t—l)dyi (9)
- T ¢=1

where the number of dimensions for y; is the same as the number of censoring periods for
individual 4, and y; o and y}, are assumed to be known values.”

Following the suggestions by Hendry and Richard (1992) and Lee (1999), the joint
density function of i and w3, 9(Yir, Yil¥ie—1,¥ir—1) in (9), can be further decomposed

into the products of different forms of conditional densities:

9Wits VilYir—1, Vi 1)
= q1 (Yit|Yiy> Yit—1, y@'*,tq) X b (Y5 |Yiz—1, yz'*,tq) (10)

= Q2(yit|yi,t717y;,t—l) X ho(Yi|Yits Vi1, y:’:tfl) (11)

where ¢; and ¢, are conventional Tobit likelihood functions, ” and h; and hy are importance
sampling densities from which the latent variables y7 are drawn. In addition, Hendry and
Richard (1992) claim that the simulation estimator based on (11) is a better approach
than (10) in terms of simulation efficiency.

Thus, the likelihood function for the dynamic panel Tobit model can be written as:

The simulated likelihood function® based on the decomposition of (10) can be obtained

by using an indicator function. Let I(_ ) be the indicator function of the set (—o0,0).

by;0 and yZ, are assumed to be zero in my likelihood simulation.
"o = [falyievyi )" [P = Olyig—1,y5)]' " in (10), and ¢ =

[fitlyie—1s up D1 [P(Lie = Olyie—1, w7, 1)) 1 i (10).

8The initial conditions y{O(T) and ;0 are assumed to be zero throughout the likelihood simulation.



Then with a finite number of simulation runs R, the unbiased likelihood simulator for
individual 7 is

1

R T
L () it *(7) —1I;¢
Li = ZH[f(yit’yi,t—layi,tfl)]] [I(—OOVO)(yit )]1 ! (12)
r=1t=1

=v]

where 35" in (12) is drawn from the conditional density function hy (y]y;—1 ,yl*ijl) Let
I; = In(L;), then the simulated log-likelihood function with R simulation runs can be

represented as:
~ N ~ N ~
lr=Wn(]]L)=>_U (13)
i=1 i=1

The likelihood simulation (13) is based on the frequency simulator. Due to the indica-
tor function in (12), (13) is not a smooth function in the parameter space. Furthermore,
Hajivassiliou et al. (1996) and Lee (1999) show that the simulation estimator based
on (13) is inefficient in terms of the simulation variance compared with the GHK-based
estimators.

The GHK simulator can do a much better job than the frequency simulator for dy-
namic panel Tobit models. The method behind the GHK simulator is to allow current
information to feedback to the simulation procedure. That is, y} is recursively drawn from
the univariate conditional probability ha(y|Lir = 0, yi—1, yz*ir_)l) which is conditional on
not only the past, but also the current sample information.

Thus, the simulated log-likelihood function based on the GHK simulator for individual

1 can be described as:

~ 1 R T %() . *(m) —1I;
Li = R Z H[f(yit|yi,t—la yz’,t—1)]1” [Puit = Olyi,t—layi,t—l)]l fit (14)
r=1t=1

(14) can be viewed as the simulated likelihood function corresponding to the decomposi-
tion of (11). By letting I; = In(L;), the simulated log-likelihood function with R simulation

draws can be represented as:

Ir=In(]] L;) = >l (15)



Now, let I; = In(L;), where L; is defined in (9). With this notation, the log-likelihood

function simulated by (13) and (15) is

(=31 (16)

I assume that the error terms in (2) have a normal distribution, that is, ¢; ~ N (0, Xgg),
where ¢; = (€1,...,€67) is a T x 1 column vector, and so Ele;€;|xi, -+, 27| = XgE.
Under this assumption, the simulation estimator of (16) based on the GHK simulator
is expected to be useful for the dynamic panel Tobit models since it is well recognized
that the GHK simulator is very accurate for the simulation of a multivariate normal
distribution (Hajivassiliou et al., 1996).

In addition to the GHK simulator, the Gibbs sampling simulator is also known to have
a theoretically excellent convergence rate in terms of simulation bias when it is applied to
LDV models (Hajivassiliou and McFadden, 1998). The Gibbs sampling simulator is also
easily implemented for the multivariate normal probability. Therefore, both the GHK and
Gibbs sampling simulators will be implemented for simulating the log-likelihood function

of the dynamic panel Tobit model.

2.3 The GHK Simulator

Let A be the Cholesky decomposition of Y, that is, Xz = AA’, where A is a lower-

triangular matrix:

A 0 0
Ay A
A 21 A2 (a7)
0
I Ay Are -0 Agpr |

Given this structure, we can write ¢; = An;, where n; ~ N(0,1) and n; = (9, ..., mir)"-
Let 6 be the vector of parameters of interest in the random effects model, i.e., 8 =

(8, A, p, 02). Given the sample, suppose that for individual i the total number of instances
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of censoring is m; and that censoring occurs at time ¢y, ...,t,, . I then draw random vari-
ables 51(2" ) from the uniform random number generator on [0,1], where ¢t = t,...,tn,,
1=1,...,Nandr =1,... R. In order to guarantee the validity of the stochastic equicon-
tinuity condition? for my simulation estimator, the random numbers are drawn once and
kept fixed when 6 varies.!°

To simplify my exposition, I assume that y}, = 0 for all . This assumption can be

relaxed in empirical applications, see section 2.7 for details. Then, for the r** simulation

run, the latent variable y* at censoring period ¢ for individual ¢ can be simulated by:
O () —(r)
Y = Tal+yp A+ Ad0)m; (0) (18)

where 73 (0) = (n7(6),....n(6),0,...,0) and A, is the ¢ row of (17). Also, y{iﬁl =
;11 if censoring does not occur at ¢t — 1.

In order to generate y}; from the conditional density ho(y4|li: = 0, yit—1, y:gl), the
truncated normal random variables are drawn recursively for censored observations. Let
® be the cumulative standard normal function. Then, the truncated normal random

variables 771(: ) can be simulated or calculated by

R ORI o Ut (r)
OB L M) for e ()

(r)
Nt = (r) (r) =1 4 () (19)
vy —waB—yl, A _y Ay
el 2o Atk for t&{t,... ,tm,}
where y%” = 43 in the second row of (19) since 3% is observable when t & {t1, ..., tm,}-

Therefore, yl-*t(r) can be calculated recursively through (18) for each time period and each
person.
The simulated likelihood function (14) can be obtained through (18) and (19). Specif-

ically, f(yit]yi,t,l,yi*yiﬂl) and P(I; = 0|y -1, yl*ill) in (14) can be calculated by

) f—1 ()
N) L Yt — Tl — Y A — 21 Auliy

Fielyse1,yii0) = o S —) (20)

t tt

9See Hajivassiliou and McFadden (1998).
10See McFadden (1989) for reference.
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for t & {t1,...,tm,}, where ¢ is the standard normal density function, and

—2f3 — i A = L Ay
G )
tt

()
P(ly = 0|yi,t—1a yi,tﬂ) = &( (21)

for t € {t1,...,ts,}. Thus, by combining (20) and (21) with (14), a practical simulation
estimator of § can be obtained for maximizing the simulated log-likelihood function (15).

For the random effects plus AR(1) errors model, I can simply recalculate A as X gpiar()
= AA’, where A is still the Cholesky decomposition of ¥ rg;ar@). Then, the simulation
estimators of the random effects plus AR(1) errors model will be obtained through max-

imizing the simulated log-likelihood function by plugging A into (18) to (21).

2.4 Gibbs Sampling Simulator

Since Hajivassiliou and McFadden (1998) show that the Gibbs sampling simulator pro-
vides a theoretically superior convergence rate in terms of simulation bias, I present the
likelihood simulation of (14) based on the Gibbs sampling simulator in this section.

Gibbs sampling is a Markov process that proceeds as follows. First, let A be the
Cholesky decomposition of Xgg or Xrgiara). | then write ¢; = An;, where n; ~ N(0,1)
and 7; = (9;1,...,mr)". Thus, the Gibbs sampling recursive procedure for individuals
t=1,---, N in the Gibbs iterations r = 1,--- R for time t = 1,---,T of each simulation
run can be defined as:

(r)
(r) —1/¢(M) gy =5
(r) Kit + 0, (fzt (I)( Utt ))
it y;t(r') 7$itﬁ7y;,<tr—)1/\722;11 ATkTiEZ)*Zzth ATknglzil)
Ay

The first line of (22) is for ¢t € {t1,...,tm,}, and the second line of (22) is for ¢ ¢

(22)

{t1,...,tm, }. Recall that the latent variable y}, is observed if t & {t1,...,t,,}. In addition,
¢ is drawn from identically independent distribution uniform on [0,1]. In (22), if the
distribution of 7; is assumed to be 1; ~ N(u, A), then

(r)

<t

r—1
U(>t )

ryp) = g+ A AT

12



and

o = [Ay — At,—tA:%,,tA—t,t]l/Q (24)

) AT277§§ )

where = [pq, - pr], Ais a T x T covariance matrix, vy = [AT17711

--AT7,5_177§;)_1]', and vs; = [ATth 1 ATt+2777,(t+2 : ATTU )]'. Also, '—t' represents
that the matrix is without its original ¢ row or ¢ column. For example, A_, ; is a
(T — 1) x (T — 1) matrix which represents the A matrix but without its r** row and "
column.

Since y; = 0 for all t, and A = Iz in (23) and (24)," (22) can be further simplified as:

- (r=1)
N R e )

n ATt
it T (r) (r) 1 r—
t Uiy —TuByl A ZZ 1 AT/J) Zk t+1ATIJI( 2

Ay

(25)

Again, the first line of (25) is for ¢t € {t1,...,t,,}, and the second line of (25) is for
t & {t1,. .. tm 112

R Gibbs iterations of m(: ) can be generated through (25). The limiting distribution of
n;+ can be approximated by discarding the first hr of R Gibbs iterations, and averaging
the remaining (R — hg) iterations. For example, if R = 1,000 and hr = 200, then the
target distribution of 7;; can be approximated by averaging the last 800 Gibbs iterations
of nl.

A starting value of 77,(: ) is needed for the Gibbs sampling procedure. Since any sequence
of 771(: ) with positive probability in the Markov Chain is qualified to be a starting value, I
simply use one GHK draw of nz(tr ) as the initial value.

The simulated log-likelihood function (15) based on the Gibbs sampling simulator is
constructed by entering in the approximate distribution of 7; into (20) and (21), and

the corresponding simulation estimator can then be obtained through maximizing this

simulated log-likelihood function.

HJris the T x T identity matrix.
12The Gibbs sampling simulator for panel Probit Models is also discussed by Keane (1993).
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2.5 Asymptotic Properties of Simulation Estimators

The consistency and asymptotic normality results established in this section are based on
(15). First, I define the score and the simulated score function for dynamic panel Tobit

models. Let

L _ dli(6) _ Lu(0)

a9~ Li0)

be the associated score function for individual ¢, where L; is defined in (9), and L is
the first derivative of the likelihood function L; with respect to 6. The simulated score
function, §;, is defined in the same way as the score function:

_dl;  Li(0)
T T I,

where EZ is defined in (14), and Ei@ is the first derivative of the simulated likelihood
function L; with respect to 6.

The necessary conditions and the proof for consistency and asymptotic normality of
general simulated score estimators in LDV models are provided by Hajivassiliou and Mec-
Fadden (1998). Since the dynamic panel Tobit model is a special case of a LDV model, the
consistency and asymptotic normality of my simulation estimator can be obtained directly
from Hajivassiliou and McFadden’s results. Some of the necessary conditions presented
in Hajivassiliou and McFadden (1998) are even automatically satisfied for dynamic panel
Tobit models.

I refer to either the GHK based or the Gibbs sampling based version at my simu-
lated maximum likelihood estimator as the SML-GHK or the SML-Gibbs estimator. The
following theorem develops the consistency and asymptotic normality of the maximum

simulated likelihood estimator for the dynamic panel Tobit model.

Theorem 1 Assume that the observations and simulators are independently and iden-
tically distributed. Assume also that the moment existence assumption in Hajivassiliou

14



and McFadden (1998) is satisfied. Let Oy = argmazoSN,1;(0), where 1;(0) is simulated
by the GHK or Gibbs sampling simulator with an appropriate choice of the number of
simulations specified in the proof and is obtained by requiring that the Monte Carlo ran-
dom numbers are not redrawn when 6 is changed. Then, Oy — 0% in probability, and
VN —6*) — N(0,J71(J + Q)J 1) in distribution, where 0* is the true value of 6 in
the parameter space ©, J = —E;[s;9(0%)], Q = E;[(5:(0%) — E,.[3:(6%)])(8:(6%) — E,.[5:(07)])],
E; is an expectation over the distribution of observations, and E, is an expectation over

simulation draws.

Proof : See Appendix A.

2.6 Estimating the Asymptotic Variance

For the asymptotic distribution to be useful in practice, J and J+ @ in Theorem 1 should
be consistently estimated.

First, let Q = J + Q). An estimator of €2 is then

~ 1 N ~ '
Q= NZZ-]L[ i((On)3i(On)]

»

where y, obtained through maximizing the simulated likelihood with N observations, is
a consistent estimator for 6*.  is therefore also a consistent estimator of . .J can be

estimated by:

~ 1 PN
J = Nzgilsw(eN)

J is simply the Hessian matrix of the simulated log-likelihood function of the dynamic
panel Tobit model. Therefore, the consistent estimator of the asymptotic variance of my
simulation estimator can be written as J 1Q.J 1.

The contribution of simulation noise ) to €2 goes to zero as R — oo for the GHK sim-
ulator and the asymptotic variance goes to J~! (or Q71). However, in practice, it is more

15
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accurate for simulation estimators to always use J ~1Q0J ! as estimators of asymptotic

variance in the finite sample simulation estimation.

2.7 Extension of the Basic Model

The extension of the basic model (2) is considered in this section. First, the assumption of
independence of the exogenous variable z and the unobserved individual heterogeneity is
relaxed. Then, the initial condition problem of dynamic panel Tobit models is discussed.

Following Chamberlain (1984), the unobserved individual heterogeneity can be as-
sumed to be correlated with the exogenous variable x;; for all ¢ in a linear way. Thus, let

the error term €; in (2) be
€it = Ci + Uit
and
¢ = wo+wiTy + - Fwrrr +d;

where d; and u;; satisfy all conditions in (3). Under such a specification, a constant should
not be included in z; since it can not be identified from wy.'> Moreover, time dummies
are also excluded from z;; in ¢; because they do not vary across i.'* Otherwise, wq, wi, . . .,
wr along with # and A in model (2) can be consistently estimated using the simulation
estimation methods proposed above. However, the dimension of the parameters to be
estimated will increase at the rate 7. When the time period T' or the dimension of x is
small, computation is not an issue for estimating wg, wy, ..., wpr, 0 and A. Otherwise,

following Wooldridge (2002), ¢; can be further simplified as:

1 T
ci:w0+wTi+di, Ti:*int
Tt—l

B0One way to include a constant in z;; is to assume the independence of time constant x;; and the
unobserved individual heterogeneity ¢;. Under such a circumstance, the parameter of time constant x;;

can be consistently estimated.

4The time dummies can be included in the exogenous variables x;; in (2).
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and wy and w can be consistently estimated by the proposed simulation estimation
method.?

One advantage of using this specification is no matter how large the time period T
is in the data set, the number of parameters to be estimated will only be affected by
the dimension of x;. For a panel data set with a large T, this specification method for
unobserved individual heterogeneity will not only allow for correlation between ¢; and z;,
but also make computation easier for parameter estimation.

The other issue that should be dealt with carefully in dynamic panel Tobit models is
the initial condition problem. One possible answer for the initial condition problem is to
assume that the initial value y;o is nonrandom. However, this assumption is too strong
since it implies that y;o is independent with the unobserved individual heterogeneity c;.
The more realistic assumption is to specify the steady state conditional distribution of ;g
given x; and ¢;. Since the conditional distribution of ¢; given x; can be specified in a linear
way as above, the simulated log-likelihood function f (v, ¥i1,- -, yir|z;) for individual i
can be obtained directly if the conditional distribution of y;y given x; and ¢; is known.
However, even if the conditional distribution of y;g given z; and ¢; is assumed to be at the
steady state, it is still difficult to find the conditional distribution of y;, given x; and ¢;.1

There are two methods proposed to solve this difficulty. The first one is by Heckman
(1981). Heckman’s approach is to approximate the conditional distribution of y;y given z;
and ¢;, and then multiply it with the known conditional density function of period 1 and
after. For example, in the dynamic panel Tobit structures, the conditional distribution
of y;0 given z; and ¢; can also be assumed to be normally distributed. Then, the log-
likelihood function of f(y;0, yi1, -, yir|z:) is obtained and the parameters are estimated
by using the simulation estimation methods in the previous section.

The other method is proposed by Wooldridge (2002). Wooldridge’s approach is to

15The time dummies are also not included in ;.

16See Hsiao (1986), section 7.4 for a further discussion.

17



specify the distribution of ¢; given y;0 and z;. For example, the unobserved individual

heterogeneity c¢; can be specified as the following
Ci = wo +wiTi1 + - + wrir + Yyio + d;

Under such a specification, the distribution of ;o given x; and ¢; remains unknown, and the
simulation estimation is performed by maximizing the conditional log-likelihood function
of f(yir, -, yirl|yio, i)

For the dynamic panel Tobit model, although the conditional distribution of ;o given
¢; and z; does not need to be specified for Wooldridge’s approach, one advantage to using
Heckman’s approach for the initial condition problem is that the first period dependent
variables are allowed to be censored. Since the conditional distribution of v,y given x; and
¢; 1s approximated for a certain distribution, the censored initial values can be simulated
through the same procedure as in the previous sections. On the other hand, Wooldridge’s
approach does not work if some initial period dependent variables are censored in the
data set. Therefore, if all initial values can be observed in the data set, Wooldridge’s
method may be preferable since the distributional assumption of y;y given z; and ¢; is not
necessary for an estimation. However, the approximated conditional distribution of ;g
given x; and ¢; should be specified if some initial values are censored in the data set.!”

The initial condition method of Heckman or Wooldridge can be combined with Cham-
berlain’s approach of unobserved individual heterogeneity for the estimation of dynamic
panel Tobit models. In addition, when the time period 7' is large, T; can be used instead
of x;; in the conditional distribution specification of ¢;, especially when the dimension of

x; is also large.

I7A good application for Wooldridge’s method is dynamic panel Tobit models with lagged observed
dependent variables. On the other hand, Heckman’s approach can be applied to dynamic panel Tobit

models with lagged latent dependent variables.
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3 Monte Carlo Experiments

In this section, Monte Carlo experiments are performed in order to illustrate the finite
sample properties for the SML estimator. All Monte Carlo experiments are based on the
GHK simulator.!®

For each experiment, 1,000 Monte Carlo data sets are generated from true parameter
values. For each Monte Carlo data set, the simulation estimator is obtained through
maximizing the simulated log-likelihood function. The results of the mean of the estimated
estimators, the sample standard deviation, the estimated standard deviation, and the
empirical probability of the 1% significant level of ¢ statistics for the biases that are based
on the empirical standard errors are reported for all experiments. Two types of models
are considered in the experiments: the random effects model and the random effects plus
AR(1) errors model."?

For the random effects model, the Monte Carlo data set is generated from (2), (3), and
(4). Let d; ~ N(0,3), uy ~ N(0,2), 3 =1.2and X\ = 0.2, in which case 6* = (8, \, p, 02) =
(1.2,0.2,0.6,5), where 6* represents the true parameter values. The exogenous variable
x; is drawn from N(0,1) and starting values for the optimizations for the random effects
model are Oy, = (0.5,0.5,0.5,2).2° Thus, under this type of Monte Carlo experiment
design, the average censoring fraction of a Monte Carlo data set over 1,000 samples is
around 0.5 except for the constant x case (see Table 3 below). The likelihood simulation
assumes a zero initial value through experiments, that is, y} = 0 for all 7.

In all Monte Carlo experiments, the number of people, N, is set at 250, and each

18 also have conducted some preliminary simulations using a Gibbs sampler. The results, which are

available upon request, are similar to the ones with GHK.

19The optimization subroutine used for the Monte Carlo experiments is the CO procedure from the

Gauss software and Newton’s algorithm is used for maximization.

20 A1l of these numbers, including the true parameter values and starting values, were arbitrarily chosen

in my experiments.
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individual is observed in eight time periods. Ten draws are used to form the GHK simu-
lator, that is, T'= 8, R = 10 and N = 250. In each Monte Carlo experiment, the linear
maximum likelihood estimation (MLE) estimator which ignores the censoring problem is
provided in order to provide a comparison with my estimator.

Table 1 shows the results for the SML-GHK estimator. My simulation estimator clearly
outperforms the linear MLE estimator, especially for the estimators of 3 and 2. Fur-
thermore, the mean of the standard errors underestimates the sample standard deviation
of the estimated parameters for the linear MLE estimator, while for my simulation esti-
mator the mean of the standard errors provides a good estimator for the sample standard
deviation of the estimated parameters.

In order to investigate the case that A is near the unit root, the results of A = 0.9
are presented in Table 2.2! My SML-GHK estimator still outperforms the lincar MLE
estimator even when the coefficient of the lagged dependent variable is near the unit root,
especially for the estimators of 3 and o2

One of the advantages to using random effects panel data models is that the constant
parameter in the model can be identified. Table 3 reports the Monte Carlo evidence of a
random effects model with a constant.?? 3 is set to be -1. The average censoring fraction
of the Monte Carlo data set over 1,000 samples is 0.68498 which is higher than Table
1 and Table 2. However, the estimation results of my simulation estimator in Table 3
are still attractive, especially for the estimators of 3 and 2. As evidenced in Table 3,
the time invariant constant in dynamic panel Tobit models can be successfully identified
through my simulation estimators.

I next turn to the random effects plus AR(1) errors model. The data generating
process is § = 1.2, A = 0.2 and with AR(1) errors process ( = 0.2 for Table 4, and

¢ = 0.9 for Table 5. For simplicity, the normalization ¢ 4+ ¢ = 1 is used, and o2 is set

2L A1l other variables are left unchanged.

22In other words, z;; = 1 for all 4 and ¢ in (2).
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to be 0.8 in both Table 4 and Table 5.2 Therefore, d; ~ N(0,0.8), uy ~ N(0,0.192), and
0* = (B, )\, ¢,0%) = (1.2,0.2,0.2,0.8) in Table 4. And d; ~ N(0,0.8), u;; ~ N(0,0.038),
and 0* = (3, \,(,03) = (1.2,0.2,0.9,0.8) in Table 5. The exogenous variable x;; is again
generated from N (0, 1), and starting values of the optimizations used in these experiments
are set to be Ogqre = (0.5,0.5,0.5,0.5) in both Table 4 and Table 5.

The Monte Carlo evidence of the random effects plus AR(1) errors model with ¢ = 0.2
is presented in Table 4. The results of Table 4 are impressive for the mean of the estimated
parameters. My SML-GHK estimator outperforms the linear MLE estimator, especially
for the estimators of § and (. As before, the mean of the estimated standard errors
underestimate the sample standard deviation of the estimated parameters for the linear
MLE estimator. However, for my simulation estimator, the mean of the estimated stan-
dard errors provides a good estimator for the sample standard deviation of the estimated
parameters. My simulation estimators can therefore identify the complicated dependence
structures including A, p, and ¢ when the value of ( is small.

The Monte Carlo evidence of the random effects plus AR(1) errors model with ¢ = 0.9
is presented in Table 5. Although the results of § and A for my simulation estimator are
still attractive, the estimation of ¢ is much worse than the case with ¢ = 0.2 when the
AR(1) errors are near the unit root process. Furthermore, the results of o3 are also less
attractive. The estimate of ¢ is downward-biased, while the estimate of ¢ is upward-
biased.?* Therefore in this case the simulated maximum likelihood estimators do not
provide a good estimator of ¢ and 3. They are, however, still better estimates than

those arising out of a linear MLE procedure.

23The normalization assumption is necessary for panel Probit models for identifying both 03 and o2.
However, 02 and o2 can both be identified in dynamic panel Tobit models without this assumption. The

0%+ 02 =1 used here is just for simplicity.

24The direction of the bias for ¢ and o2 found in the current context of a dynamic panel Tobit model

is the same as the finding in Keane (1994) for a panel Probit model.
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The model with lagged observed dependent variables is also examined with Monte

Carlo experiments. This model can be characterized as:

Y =B+ Yir—1 A+ € (26)
yi = maz{yy, 0}

€it :di—kuit, t:].,,T ’L:].,,N

The simulated likelihood function of model (26) can be obtained in the same way as model
(2) except that y; ;1 is used in (18) to (21), instead of using yZi’jl.25

The Monte Carlo evidence for model (26) is presented in Table 6. The Monte Carlo
evidence shows that the SML-GHK estimators also performs as well as in Table 1 when
the dynamic panel Tobit model is one with lagged observed dependent variables. Thus,
as suggested by the Monte Carlo experiments, my simulation estimator can be applied to
the dynamic panel Tobit models with either lagged latent dependent variables or lagged
observed dependent variables.

Furthermore, in order to show that my simulation estimator is applicable to estimate

the model with a flexible functional form of lagged dependent variables, the following

AR(2) model is also considered:

Y = Yri1B T Yi o\ + €t
Yie = max{yi*t, O}

€it :di+vit tzl,,T 221,,N

The results of Monte Carlo experiments for this model are presented in Table 7.2

BThat  is, g =  @uB + gead + AORP0) for  (18), P =

—ZitB—Yi t—1A— =1y ()
&1 (€T AT Ut AN ) o e iy}

(M) t—1 (r)
Y; —qutﬁ—yi,tflk—g L Akm,
= a4, e for t&{ti,...,tm;}

v zieB—ya- A=Y Ay - By AT A
Aitt(b( f : - At Zk71 t : ) for (20)7 and P(Ilt = 0|yi,t717y:’:t—1) = ®( : : Att2k71 : . )
for (21).

(M)

%Here, let = Y8+ yLoh + AO7T6) for  (18), n) -

N
for (19), f(yit|yi,t717yi7t—1) =
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For a model with these complicated dependence structures, the estimation through the
fixed effects approach is almost impossible. However, the proposed simulation estimator
in Table 7 does perform as well as in Tables 1 through 6. Therefore, my simulation
estimator is potentially able to estimate large categories of dynamic panel Tobit models
with very complicated dependence structures, a task which is sometimes cumbersome or

even impossible for the fixed effects approach.

4 Conclusion

This paper proposed a computationally practical simulation estimator for dynamic panel
Tobit models based on maximizing simulated log-likelihood functions. This estimator
allows for the estimation of dynamic panel Tobit models with complicated error structures.
Monte Carlo results indicated that the simulation estimator performs well, even for a small
simulation size.

One thing that should be improved in future work for my simulation estimators is
when AR(1) errors are near a unit root process. Under such circumstances, the maximum
simulated likelihood estimator is not a wise choice, as highlighted in Table 5. One way
to solve this problem is to increase the number of observations. An alternate method is
to use the method of simulated moments (MSM). For example, Keane (1994) success-
fully corrected the bias in the simulated maximum likelihood method by using the MSM
estimator for the panel Probit model when AR(1) errors are near the unit root process.

Thus, it is possible to fix the bias of my simulation estimators by using the MSM through

g By A= ST A
(€ (L P D A ) o e (1)

(r) t—1
Yl _yz,t71ﬁ_y/§,t72/\_zk,1 At“’élz)

N
for (19), f(yit|yi,t71»yi,t71) =

T, = for t&{ty,... . tm,}
L i Byl A=Y Ay "
- 0( L e : b1 £y for  (20), and P(I; = OlYi, -1, Y5 —1) =
IRy RTINS ) S WAL
o( Yismaf y“t*i‘“ 2oy At ) for (21). In addition, the normalization ¢2 + 02 = 1 is used here

for simplicity.
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a suitable moment condition for dynamic panel Tobit models.

In addition, the normality assumption should be relaxed for my model specification.
If this assumption is false, the SML estimator will no longer be consistent due to model
misspecification. How to drop the normality assumption or how to replace it with a more

flexible one is a promising extension of this paper.

Appendix A

Proof of Theorem 1. Olsen (1978) has already proved that the Tobit log-likelihood func-
tion is globally concave and has a unique maximum. The panel Tobit log-likelihood
function (16) is the summation of Tobit log-likelihood functions and so is a strictly con-
cave function. Therefore, the identification and concavity assumptions in Hajivassiliou
and McFadden (1998) are fulfilled for dynamic panel Tobit models. Further, with this
concave log-likelihood function, the consistency results of my simulation estimator can be
obtained without assuming compactness of the parameter space © (Newey and McFadden,
1994).

Amemiya (1973) shows that the log-likelihood functions as well as their score functions
for Tobit models are differentiable on ©, implying that they are also continuous on ©.
These results are also valid for dynamic panel Tobit Models.

In addition, McFadden (1989) shows that the simulation residual process will be
stochastic equicontinuous if the Monte Carlo random numbers used to simulate the log-
likelihood function are not redrawn when @ is varied.

According to Corollary 1 in Hajivassiliou and McFadden (1998), the simulation bias
will converge uniformly to zero, in probability, if the simulation process is unbiased, or if
the bias of simulation is dominated by a positive O(\/Lﬁ) function which is independent
of 8. The GHK and Gibbs sampling simulation estimators are not unbiased estimators.

However, when the GHK estimator is based on R simulations with % — o0 of the
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sample size N, as N — oo and R — o0, the simulation bias will converge to zero
uniformly in §. The simulation bias will also converge to zero uniformly in 8 if the Gibbs
sampling estimator is based on ng Gibbs sampling runs for each R simulations with
ol — o0 as N — oo and ng — oo. Since 1;(9) is simulated by using the GHK
and Gibbs sampling simulators with big enough simulation runs, the simulation bias will
converge to zero in probability uniformly.

Thus, if Oy = argmazeXN 1;(0), then Oy solves TN 5,(4) = 0. The consistency and
asymptotic normality of my simulation estimator for dynamic panel Tobit models follows

immediately from Theorem 1 in Hajivassiliou and McFadden (1998). Q.E.D.
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Table 1. Random Effects Model with A = 0.2

Linear MLE Estimator

-~ -~ -~

Parameter 0~ Mean(0) Std(6) Mean(Std(0)) P(|tyas| > 28 01)

I6; 1.200 0.59731  0.60600 0.03447 1.000
A 0.200 0.17442  0.03692 0.02645 0.057
p 0.600 0.64256 0.05223 0.02998 0.129
o? 5.000  2.85870  2.16951 0.29246 1.000

SML-GHK Estimator

-~ -~ -~

Parameter 0% Mean(0) Std(6) Mean(5td(8))  P(|tyias] > 201)

v 1.200  1.19731  0.04470 0.04450 0.015
A 0.200  0.19859  0.02469 0.02460 0.012
p 0.600 0.59293  0.03421 0.03329 0.009
o? 5.000 4.96961 0.39384 0.39121 0.007

€

Note: 1000 Monte Carlo data sets were created using true parameters 6* shown. Mean(é\) refers to the mean of the
estimated estimators over all 1000 data sets. Std(/G\) refers to the sample standard deviation of the estimated parameters.
Mean(Std(é\)) refers to the mean of the estimated parameter standard errors over all 1000 data sets. tp;qs stands for the

t-statistics of the biases which is based on the empirical standard errors, and 2 ,; = 2.57. P(|tpias| > 25 01) is calculated

based on the empirical probability.
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Table 2. Random Effects Model with A = 0.9

Linear MLE Estimator

-~ -~ -~

Parameter 0~ Mean(0) Std(6) Mean(Std(0)) P(|tyas| > 28 01)

I} 1.200 0.59921 0.60412 0.04195 1.000
A 0.900 0.89129 0.01817 0.01585 0.021
p 0.600 0.56370  0.05487 0.04101 0.046
o? 5.000 2.86319  2.16380 0.29840 1.000

SML-GHK Estimator

-~ -~ -~

Parameter 0% Mean(0) Std(6) Mean(5td(8))  P(|tyias] > 201)

v 1.200 1.19107  0.04975 0.04883 0.013
A 0.900 0.89949 0.01454 0.01448 0.009
p 0.600  0.57525  0.05090 0.04438 0.025
o? 5.000 4.86279 0.46854 0.44718 0.020

€

Note: 1000 Monte Carlo data sets were created using true parameters 6* shown. Mean(é\) refers to the mean of the
estimated estimators over all 1000 data sets. Std(/G\) refers to the sample standard deviation of the estimated parameters.
Mean(Std(é\)) refers to the mean of the estimated parameter standard errors over all 1000 data sets. tp;qs stands for the

t-statistics of the biases which is based on the empirical standard errors, and 2 ,; = 2.57. P(|tpias| > 25 01) is calculated

based on the empirical probability.

30



Table 3. Random Effects Model with Constant z

Linear MLE Estimator

~ -~ —_— ~

Parameter 0 Mean(0) Std(d) Mean(Std(0)) P(|tpias| > 2501)

I} -1.000  0.44266  1.44849 0.04835 1.000
A 0.200 0.17215 0.05197 0.04364 0.027
p 0.600  0.48404 0.12812 0.05352 0.338
o? 5.000  0.94716  4.06912 0.12725 1.000

SML-GHK Estimator

-~ -~ ~

Parameter 0~ Mean(d) Std(d) Mean(5td(8)) P(|tyias| > 2 01)

6] -1.000  -0.96955 0.13748 0.13344 0.012
A 0.200  0.20020  0.04205 0.04184 0.009
p 0.600  0.58205 0.04673 0.04294 0.017
o? 5.000  4.86966  0.51239 0.49173 0.012

€

Note: 1000 Monte Carlo data sets were created using true parameters 6* shown. Mean(é\) refers to the mean of the
estimated estimators over all 1000 data sets. Std(/G\) refers to the sample standard deviation of the estimated parameters.
Mean(Std(é\)) refers to the mean of the estimated parameter standard errors over all 1000 data sets. tp;qs stands for the

t-statistics of the biases which is based on the empirical standard errors, and 2 ,; = 2.57. P(|tpias| > 25 01) is calculated

based on the empirical probability.
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Table 4. Random Effects plus AR(1) Errors Model with ¢ = 0.2

Linear MLE Estimator

-~ -~ -~

Parameter 0~ Mean(0) Std(6) Mean(Std(0)) P(|tyas| > 28 01)

I6; 1.200  0.59679  0.60505 0.02767 1.000
A 0.200 0.16890  0.03693 0.01978 0.153
¢ 0.200  0.00851  0.19496 0.03452 0.997
o2 0.800 0.72841 0.07271 0.01186 1.000

SML-GHK Estimator

-~ -~ -~

Parameter 0% Mean(0) Std(6) Mean(5td(8))  P(|tyias] > 201)

v 1.200  1.19662 0.01816 0.01781 0.008
A 0.200  0.20007  0.01200 0.01198 0.013
¢ 0.200 0.18015 0.05135 0.04727 0.015
o2 0.800  0.79545 0.01201 0.01109 0.016

Note: 1000 Monte Carlo data sets were created using true parameters 6* shown. Mean(é\) refers to the mean of the
estimated estimators over all 1000 data sets. Std(/G\) refers to the sample standard deviation of the estimated parameters.
Mean(Std(é\)) refers to the mean of the estimated parameter standard errors over all 1000 data sets. tp;qs stands for the

t-statistics of the biases which is based on the empirical standard errors, and 2 ,; = 2.57. P(|tpias| > 25 01) is calculated

based on the empirical probability.
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Table 5. Random Effects plus AR(1) Errors Model with ¢ = 0.9

Linear MLE Estimator

-~ -~ -~

Parameter 0~ Mean(0) Std(6) Mean(Std(0)) P(|tyas| > 28 01)

I} 1.200 0.59712  0.60478 0.02872 1.000
A 0.200 0.17854  0.02851 0.01869 0.085
¢ 0.900 0.00111 0.90137 0.03473 1.000
o2 0.800 0.77724  0.02472 0.00951 0.433

SML-GHK Estimator

-~ -~ -~

Parameter 0% Mean(0) Std(6) Mean(5td(8))  P(|tyias] > 201)

v 1.200 1.19739  0.00872 0.00830 0.011
A 0.200 0.19918  0.00602 0.0595 0.012
¢ 0.900 0.77327  0.13961 0.05792 0.356
o2 0.800 0.87993  0.10082 0.06115 0.008

Note: 1000 Monte Carlo data sets were created using true parameters 6* shown. Mean(é\) refers to the mean of the
estimated estimators over all 1000 data sets. Std(/G\) refers to the sample standard deviation of the estimated parameters.
Mean(Std(é\)) refers to the mean of the estimated parameter standard errors over all 1000 data sets. tp;qs stands for the

t-statistics of the biases which is based on the empirical standard errors, and 2 ,; = 2.57. P(|tpias| > 25 01) is calculated

based on the empirical probability.
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Table 6. Random Effects Model with Lagged Observed Variables

Linear MLE Estimator

-~ -~ -~

Parameter 0~ Mean(0) Std(6) Mean(Std(0)) P(|tyas| > 28 01)

I} 1.200 0.63051 0.57166 0.03418 1.000
A 0.200 0.15773  0.04959 0.02576 0.174
p 0.600  0.65083  0.05800 0.02771 0.236
o? 5.000  3.00092  2.02438 0.29236 1.000

SML-GHK Estimator

-~ -~ -~

Parameter 0% Mean(0) Std(6) Mean(5td(8))  P(|tyias] > 201)

v 1.200 1.19696  0.04340 0.04323 0.012
A 0.200 0.20457  0.02883 0.02843 0.011
p 0.600 0.59132 0.03244 0.03121 0.016
o? 5.000  4.94647  0.38644 0.38213 0.010

€

Note: 1000 Monte Carlo data sets were created using true parameters 6* shown. Mean(é\) refers to the mean of the
estimated estimators over all 1000 data sets. Std(/G\) refers to the sample standard deviation of the estimated parameters.
Mean(Std(é\)) refers to the mean of the estimated parameter standard errors over all 1000 data sets. tp;qs stands for the

t-statistics of the biases which is based on the empirical standard errors, and 2 ,; = 2.57. P(|tpias| > 25 01) is calculated

based on the empirical probability.
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Table 7. Random effects with AR(2) Model

Linear MLE Estimator

-~ -~ -~

Parameter 0~ Mean(0) Std(6) Mean(Std(0)) P(|tyas| > 28 01)

I6; 0.300  0.30307  0.02564 0.02542 0.011
A 0.800 0.79191  0.02781 0.02656 0.019
p 0.600  0.61903  0.04365 0.03920 0.018
o? 5.000 2.47612  2.54595 0.29329 1.000

SML-GHK Estimator

-~ -~ -~

Parameter 0% Mean(f) Std(6) Mean(Std(0)) P(|tyias| > 201)

6] 0.300  0.30789  0.02657 0.02533 0.018
A 0.800 0.79392  0.02665 0.02590 0.016
p 0.600 0.57628  0.04938 0.04322 0.028
o? 5.000  4.82409  0.48419 0.45029 0.009

€

Note: 1000 Monte Carlo data sets were created using true parameters 6* shown. Mean(é\) refers to the mean of the
estimated estimators over all 1000 data sets. Std(/G\) refers to the sample standard deviation of the estimated parameters.
Mean(S/'.t\d(é\)) refers to the mean of the estimated parameter standard errors over all 1000 data sets. tp;qs stands for the
t-statistics of the biases which is based on the empirical standard errors, and 2 ,; = 2.57. P(|tpias| > 25 01) is calculated

based on the empirical probability.
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