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Abstract

The di usion of a sorbatemoleculein a zeolite canbe studied usingtransition-state theory. In this
application, and other applications of transition-state theory, nding all local minima and saddle
points of the potential energy surfaceis a critical computational step. A new strategy is described
here for locating stationary points on a potential energy surface. The methodology is basedon
interval analysis, and provides a mathematical and computational guarantee that all stationary
points will be found. The technique is demonstrated using potential energy surfacesarising in the
useof transition-state theory to study the di usion of three sorbates,xenon, methylene, and sulfur

hexa uoride, at in nite dilution in silicalite.

Keywords: stationary points, transition states, zeolites, di usion, interval-Newton method

Author to whom all correspondenceshould be addressed.E-mail: markst@nd.edu

1



. INTR ODUCTION

Transition-state theory! is a well-establishedmethodology which, by providing an ap-
proadh for computing the kinetics of infrequert ewerts, is useful in the study of numer-
ous physical systems. Classically it assumesthat there exists a hypersurfacein phase
spacewhich divides the spaceinto a reactart region and a product region? Although the
theory was originally for interpretation of chemical reaction rates, it can be amendedfor
non-reacting systems,including desorption/adsorption and di usion processesn which no
chemical bonds are broken or made. For a detailed badground in transition-state theory,
the readeris referredto the excellet reviewsof Truhlar et al.>*

Of particular interest here is the problem of computing the di usivit y of a sorbate
moleculein a zeolite. This can be done using the methodology of transition-state the-
ory, asdescrited by Juneet al.® It is assumedhat di usiv e motion of the sorbatemolecules
through the zeolite occurs by a seriesof uncorrelated hops between potential minima in
the zeolite lattice. A sorption state or site is constructed around ead minimum of the
potertial energyhypersurface. A rst order rate constan, K; , is then assaiated with the
rate of transition betweena given pair of neighboring sites,i andj. Any sud pair of sites
is then assumedto be separatedby a dividing surfaceon which a saddlepoint of the po-
tential energy hypersurfaceis located. The saddle point can be viewed as the transition
state betweensites, and a coupleof steepest decen paths from the saddlepoint connectthe
minima asseiated with the i and j sites. After rate constaris have beendetermined for
all possibletransitions betweenthe sorption sites, a cortinuous-time/discrete-spaceMonte
Carlo calculation canthen be usedto determinethe self-di usivit y of the sorbatemolecules.

Obviously, in this application, and in other applications of transition-state theory, nding



all local minima and saddlepoints of the potential energysurface,V, is critical. We descrike
here a new approad, basedon interval mathematics, for nding all stationary points of a
potential energysurface,and apply it to three sorbate-zeolitesystems.

Stationary points satisfy the condition g = r V = 0; that is, at a stationary point
the gradient of the potertial energy surfaceis zero. Using the eigervaluesof H = r 2V,
the Hessianof the potertial energy surface, stationary points can be classi ed into local
minima, local maxima, and saddle points (of order determined by the number of negative
eigervalues). There are a number of methods for locating stationary points. A Newton or
guasi-Newtonmethod, applied to solve the nonlinear equation systemr V = 0, will yield a
solution whene\er the initial guesds su cien tly closeto a stationary point. This method can
be usedin an exhaustive seart, using many di erent initial guessesto locate stationary
points. The set of initial guessego use might be determined by the user (intuitiv ely or
arbitrarily) or by sometype of stochastic multistart approad. Another popular approad is
the useof eigenmale-folloving methods, as done, for example,by Tsai and Jordan® These
methods can be regarded as variations of Newton's method. In an eigenmale-followving
algorithm, the Newton step is modi ed by shifting someof the eigervaluesof the Hessian
(from positive to negative or vice versa). By selectionof the shift parameters, one can
e ectively nd the desiredtype of stationary points. There are also a number of other
approades, many involving somestochastic componert, for nding stationary points.

In the cortext of sorbate-zeolitesystems,June et al.®> usean approad in which minima
and saddlepoints are located separately A three step processis employed in an exhaustive
seard for minima. First, the volume of the sear® space(one asymmetricunit) is discretized
by a grid with a spacingof appraximately 0.2A, and the potential and gradiert vector are

tabulated on the grid. Second,ead cube formed by a set of nearest-neigbor grid nodes



is scanned,and the three componerts of the gradiert vector on the eight vertices of the
cube cheded for changesin sign. Finally, if all three componerts are found to changesign
on two or more vertices of the cube, a BFGS quasi-Newtonminimization seard algorithm
is initiated to locate a local minimum, using the coordinates of the certer of the cube as
the initial guess.Two di erent algorithms are tried for determining the location of saddle
points. One seartes for global minimum points in the function g'g, i.e. the sum of the
squaresof the componerts of the gradiert vector. The other algorithm, due to Baker,’
searhesfor saddlepoints directly from an initial point by maximizing the potential energy
along the eigervector direction assaiated with the smallest eigervalue and by minimizing
along directions assaiated with all other eigervaluesof the Hessian.

All the methods discussedabove, howewer, have a major shortcoming, namely that they
provide no guarartee that all local minima and rst order saddle points will actually be
found. One approad to resolvingthis di cult y is given by Westerkerg and Floudas® who
transform the equation-solving problem r V = 0 into an equivalent optimization prob-
lem that has global minimizers correspnding to the solutions of the equation system(i.e.,
the stationary points of V). A deterministic global optimization algorithm, basedon a
branch-and-bound strategy with corvex underestimators,is then usedto nd theseglobal
minimizers. Whether or not all stationary points are actually found depends on proper
choice of a parameter (alpha) usedin obtaining the convex underestimators,and Wester-
berg and Floudas do not use a method that guararteesa proper choice. Howewer, there
do exist techniques?1® basedon an interval represemation of the Hessian,that in principle
could be usedto guarartee a proper value of alpha, though likely at considerableexpense
computationally.

We descrike here a new approad in which interval analysisis applied directly to the



solution of r V = 0. This approad, basedon an interval-Newton methodology, provides a
mathematical and computational guarantee that all stationary points of the potertial energy
surfacewill be found (or, more precisely enclosedwithin an arbitrarily small interval). In
the next sectionwe provide a brief badkground in interval analysisand give details of the
interval-Newton methodology and somerecent improvemeris in it. The potential energy
model for the sorbate-zeolitesystemsstudied is descrited in Sectionlll. SectionIV then
preseits the results of computational studiesfor three sorbates,xenon, methylene, and SF,

in silicalite.

II. INTER VAL ANAL YSIS

A realinterval X is de ned asthe setof real numberslying between(and including) given
upper and lower bounds;that is, X = [X;X]=fx2 <jX x Xg. Hereanunderlineis

usedto indicate the lower bound of an interval and an overline is usedto indicate the upper

can be interpreted geometrically as an n-dimensionalrectangle or box. Note that in this
conext uppercasequartities are intervals, and lowercasequartities or uppercasequartities
with underline or overline are real numbers.

Basic arithmetic operations with intervals are dened by X op Y = fx opyj x 2
X;y2Yg whereop= f+; ; ;g . Interval versionsof the elemenary functions can
be similarly de ned. It should be emphasizedthat, when madine computations with in-
terval arithmetic operations are done, as in the proceduresoutlined below, the endpoints
of an interval are computed with a directed (outward) rounding. That is, the lower end-
point is rounded down to the next madine-represetable number and the upper endpoint

is rounded up to the next macdine-represetable number. In this way, through the use of
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interval, asopposedto oating-p oint arithmetic, any potential rounding error problemsare
avoided. Se\eral good introductions to interval analysis,as well asinterval arithmetic and
other aspects of computing with intervals, are available !4 Implemertations of interval
arithmetic and elememary functions are also readily available, and recent compilers from
Sun Microsystemsdirectly support interval arithmetic and an interval data type.

For an arbitrary function f (x), the interval extension F (X ), enclosesll valuesof f (x)
forx 2 X ; that is, it encloseshe rangeoff (x) over X . It is often computedby substituting
the giveninterval X into the function f (x) and then ewaluating the function using interval
arithmetic. This so-called\natural” interval extensionis often wider than the actual rangeof
function values,though it alwaysincludesthe actual range. For example,the natural interval
extensionof f (x) = x=(x 1) over the interval X = [2;3] is F([2;3]) = [2; 3]=([2; 3]
1) = [2;3H1; 2] = [1; 3], while the true function range over this interval is [1:5;2]. This
overestimation of the function rangeis due to the \dependency" problem, which may arise
when a variable occurs more than oncein a function expression.While a variable may take
on any value within its interval, it must take on the samevalue ead time it occursin an
expression. Howeer, this type of dependencyis not recognizedwhen the natural interval
extensionis computed. In e ect, when the natural interval extensionis used, the range
computed for the function is the range that would occur if ead instance of a particular
variable were allowed to take on a di erent valuein its interval range. For the casein which
f (x) is a single-useexpression,that is, an expressionin which ead variable occurs only
once, natural interval arithmetic will always yield the true function range. For example,
rearrangemen of the function expressiorusedabove givesf (x) = x=(x 1) = 1+ 1=(x 1),
andnow F ([2;3]) = 1+ 1=([2; 3] 1)= 1+ 191;2]= 1+[0:5; 1] = [1.5; 2], the true range. For

casedn which sud rearrangemets are not possible,there are a variety of other approates



that can be usedto try to tighten interval extensionst4

Of particular interest here is the interval-Newton method. Given an n  n nonlinear
equation systemf (x) = 0 with a nite number of real roots in someinitial interval, this
technique provides the capability to nd tight enclosuresof all the roots of the system
that lie within the giveninitial interval. An outline of the interval-Newton methodology is
given here. More details are available elsewheré?35 |t should be emphasizedthat this
technique is not equivalent to simply implemerting the routine \p oint" Newton method in
interval arithmetic.

Given someinitial interval X © | the interval-Newton algorithm is applied to a sequence
of subintervals. For a subirterval X ) in the sequencethe rst stepis the function range
test An interval extensionF (X %) of the function f (x) is calculated. If there is any
componert of the interval extensionF (X ) that doesnot include zero,then the interval can
be discarded,sinceno solution of f (x) = 0 can exist in this interval. The next subinterval
in the sequencamay then be considered.Otherwise, testing of X ) cortinues. During this
step, other interval-basedtechniques (e.g., constraint propagation) may also be applied to
try to shrink X &) beforeproceeding.

The next stepis the interval-Newton test The linear interval equation system
FIXO)N® x®) = (x®); (1)

is solved for a newinterval N ®, whereF 4X ) is an interval extensionof the Jacobianof
f (x), and x® is an arbitrary point in X ®. It hasbeenshavn'®!* that any root cortained
in X ® s also cortained in the imageN . This implies that if the intersection between
X ® and N ® is empty, then no root existsin X ), and alsosuggestghe iteration scheme
X kD) = x 0\ N & |n addition, it hasalsobeenshovn'®'* that, if N © X ® then
there is a uniqueroot cortained in X ®) andthusin N ), Thus, after computation of N
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from Eq. (1), there are three possibilities: (1) X ¥\ N ® = :  meaningthere is no root
in the currert interval X ® and it can be discarded;(2) N ® X ® meaningthat there
is exactly oneroot in the currert interval X ®; (3) neither of the above, meaningthat no
conclusioncanbedrawn. In the last casejf X ©\ N ® issu cien tly smallerthan X ®, then
the interval-Newton test canbe reappliedto the resulting intersection,X 9 = x K\ N ),
Otherwise, the intersection X ®'\ N & is bisected,and the resulting two subirtervals are
addedto the sequencdstad) of subintervalsto be tested. If an interval cortaining a unique
root has beenidenti ed, then this root can be tightly enclosedby cortinuing the interval-
Newton iteration, which will corvergequadratically to a desiredtolerance(on the enclosure
diameter).

This approad is referred to as an interval-Newton/generalized-bisection (IN/GB)
method. At termination, when the subirtervals in the sequencehave all beentested, ei-
ther all the real roots of f (x) = O have beentightly enclosed,or it is determinedthat no
root exists. Applied to nonlinear equation solving problems, this can be regardedas a type
of branch-and-prune schemeon a binary tree. It should be emphasizedhat the enclosure,
existence,and uniquenessproperties discussedabove, which are the basis of the IN/GB
method, can be derived without making any strong assumptionsabout the function f (x)
for which roots are sough. The function must have a nite number of roots over the searh
interval of interest; howewer, no special properties sud as cornvexity or monotonicity are
required, and f (x) may have transcendemal terms.

Clearly, the solution of the linear interval systemgiven by Eq. (1) is essetial to this
approad. To seethe issuesinvolved in solving sud a system, considerthe generallinear
interval systemAz = B, wherethe matrix A and the right-hand-sidevector B areinterval-

n 0
valued. The solution set S of this systemisdened by S= z Az=0b;A2A;b2B



Howeer, in generalthis set is not an interval and may have a very complex, polygonal
geometry Thus to \solve" the linear interval system, one instead seeksan interval Z con-
taining S. Computing the interval hull (the tightest interval cortaining S) is NP-hard,® but
there are seeral methods for determining an interval Z that cortains but overestimatesS.
Various interval-Newton methods di er in how they sole Eq. (1) for N ®) and thus in the
tightnesswith which the solution setis enclosed.By obtaining boundsthat are astight as
possible,the overall performanceof the interval-Newton approad can be improved, since
with a smaller N & the volume of X ®¥\ N ® is reduced,and it is also more likely that
either X ®\ N ® = : or N® X & will be satis ed. Thus, intervals that may cortain
solutions of the nonlinear systemare more quickly cortracted, and intervals that cortain no
solution or that cortain a unique solution may be more quickly identi ed, all of which leads
to a likely reduction in the number of bisectionsneeded.

Frequerly, N ® is computed componert-wise using an interval Gauss-Seidehpproad,
preconditioned with an inverse-midmint matrix. Though the inverse-midmint precon-
ditioner is a good general-purmse preconditioner, it is not always the most e ective
approad.*? Recetly, a hybrid preconditioning approad (HP/RP), which conbinesa sim-
ple pivoting preconditionerwith the standard inverse-midmint sdheme,hasbeendescriked
by Gau and Stadtherr!’ and shovn to achieve substartially more e cient computational
performancethan the inverse-midmint preconditioneralone,in somecasesby multiple or-
ders of magnitude. Howeer, it still cannot yield the tightest enclosureof the solution set,
which, as noted above, is in generalan NP-hard problem. Lin and Stadtherr'8!® have re-
certlly suggesteda strategy (LISS_LP) basedon linear programming (LP) for solving the
linear interval system, Eq. (1), arising in the cortext of interval-Newton methods. Using

this approad, exact componert-wise bounds on the solution set can be calculated, while



avoiding exponertial time complexity. In numerical experimerts,'®'® LISS.LP has been
shown to adhieve further computational performanceimprovemerts comparedwith HP/RP .
The methodology usedhereis the LISS_LP strategy for implemerting the interval-Newton

approad.

[1l. POTENTIAL ENER GY MODEL REPRESENT ATION

Zeolites are materials in which AlO4 and SiO, tetrahedra are the building blocks of a
variety of complex porous structures characterizedby interconnectedcavities and channels
of molecular dimensions?® Silicalite cortains no aluminum and thus no cations; this has
madeit a commonand corveniert choice as a model zeolite system. The crystal structure
of silicalite, well known from X-ray di raction studies?! forms a three-dimensionalintercon-
nected pore network through which a sorbate moleculecan di use. In this work, the phase
with orthorhombic symmetry is consideredand a rigid lattice model, in which all silicon and
oxygen atoms in the zeolite framework are occupying xed positions and there is perfect
crystallinity, is assumed.One sphericalsorbatemolecule(united atom) will be placedin the
lattice, correspndingto in nitely dilute di usion. The systemis comprisedof 27 unit cells,
eat of which is 2007 1992 1342A with 96 silicon atoms and 192 oxygen atoms.

All interactions between the sorbate and the oxygen atoms of the lattice are treated
atomistically with a truncated Lennard-Jones6-12 potertial. That is, for the interaction
betweenthe sorbateand oxygen atom i the potential is given by
a
r

8
5_12 r_bg Il < Ieut
i i
2

Vi = (2)

0 ri lcuts

where a is a repulsion parameter, b is an attraction parameter, r¢, is the cuto distance,
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and r; is the distancebetweenthe sorbateand oxygenatom i. This distanceis given by

rf=x x)’+y )+ z)5 (3)

the Cartesian coordinatesof the N oxygen atoms. The silicon atoms, being recessedvithin
the SiO, tetrahedra, are neglectedin the potertial function.?? Therefore,the total potential
energy V, of a single sorbate moleculein the absenceof neighboring sorbate moleculesis

represeted by a sum over all lattice oxygens,
V= Vi (4)

Interaction parametersfor the attraction and repulsionterms of the Lennard-Jonegotertial,
aswell ascuto distances.aregivenin Tablel for the three sorbate-zeolitesystemsconsidered
in the examplesbelow.

The interval-Newton methodology will be applied to determine the sorbate locations
(x;y;z) that are stationary points on the potertial energysurfaceV given by Eq. (4), that
is, to solwe the nonlinear equation systemr V = 0. To acdhieve tighter interval extensionsof
the potential function and its derivatives,and thus improve the performanceof the interval-
Newton method, the mathematical properties of the Lennard-Jonespotertial and its rst-
and second-ordederivatives are exploited.

Ead term in the potential function is of the standard Lennard-Jonesform
a b
Vi = 12 6’ (5)

in which the distancer appearstwice. In this case,when interval arithmetic is applied to

compute the interval extension,overestimation will occur due to the multiple occurrenceof
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r. Howewer, a Lennard-Jonesterm can be rearrangedinto a single-useexpression

1 b ? P
s 2 4 (6)

VLJ =a

in which distance appearsonly once. In this way, the exact interval extensionV,; (R) of a
term V5 (r) can be calculateddue to avoidanceof the dependencyproblem.

The simplestexpressiormrelating r to (x;y; z) isin terms of r2, asgiven by Eq. (3). Thus,

for purposesof bounding the derivativesof V,;, it is coveniert to work in terms of r2. The

rst-order derivative of a Lennard-Jonesterm with respect to r? is given by

6a 3b
VP = 1 + PR (7)

In this case,no single-userearrangemen is possible. Howeer, it is easily shavn that VY,

is concave, and when
(8)

its maximum value

9b
V= 2 (9)

is obtained. Given a distanceinterval R = [R;R], sothat R2 = [RZ R’], we can then obtain

the exactinterval extension(range) V% (R?) of the rst-order derivative V?; over R? from
8

% [minf VO, (R?): VO, (R®)g; VP,] if r22 R?
MSZEW&R%WA#H it 1> R’ (10)

0 (R); VY5 (R?)] if r{ < R%
Similarly, it canbe shown that the second-ordederivative of a Lennard-Joneserm with

respect to r?,

42a 12

00 —
VLJ - r16 rlo’

(11)
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is convex, and when

ri=*_—=r3 (12)

its minimum value

00 gb
VLJ = T%O (13)

is obtained. Thus, we can then obtain the exact interval extension(range) V,2’(R?) of the
second-ordederivative VEOé over R? from
§ 9 maxt VI (RA:VR (R if 132 R
VI = VS (R?): VS (R) if 1% < R? (14)
% % (R%); VES (R?)] ifr3> R
Note that, when evaluating V2, (R?), V9, (R°), and V9, in Eq. (10) and V¥ (R?), V¥ (R?),
and VY in Eq. (14), interval arithmetic needsto be usedto bound rounding error.
Through the rearrangemen of V; and the useof the concavity of V?; and the corvexity
of VY, it isthus possibleto determinethe interval extensionsof a Lennard-Jonegerm andits
rst- andsecond-ordederivativesexactly (within round out). The total potential function V,
howewer, is a summationover a very large number of sut terms, ead represeting arepeated
occurrenceof the independen sorbate position variables(x; y; z). Thus, overestimation in
the interval extensionsof V and its derivativeswill still occur and may be quite substartial.
Use of the bounding techniques descrited above for the terms of V and the terms of its

derivativeswill only lessenthe overestimation not eliminate it.

IV. RESUL TS AND DISCUSSION

The interval-Newton methodology descriked above is now appliedto nd the stationary

points of the potential energy surfaceV for three sorbate-silicalite systems. Due to the
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orthorhombic symmetry of the silicalite lattice, the seart spaceis only oneasymmetricunit,
[0; 10:035] [0;4:98] [0;1342]JA, which is one-eighh of a unit cell. This de nes the initial
interval for the interval-Newton method, namely X © = [0; 10:035], Y © = [0; 4:98]A, and
Z© = [0;13:42JA. Following June et al.,® stationary points with extremely high potertial,
sud asV > 0, will not be sough. To do this, we calculatethe interval extensionV = [V; V]
of V over the interval currertly beingtested,and if the lower boundV > 0, then the current
interval is discarded. All computationswere performedon a Dell workstation running a 1.7

GHz Intel Xeon processorunder Linux.

A. Xenon

The rst systemconsideredis that of a xenonsorbatein silicalite, as descriked by June
et al.®> Usingthe LISS_LP strategy for the interval-Newton method, a total of 15 stationary
points werefound in a computation time of 724s, assummarizedin Tablell. The locations
of the stationary points, their energy value, and their type are listed in Table Ill. Five
local minima werefound, alongwith 8 rst-order saddlepoints and two second-ordessaddle
points. June et al.® alsotried to nd all saddlepoints and minima of the potential energy
surface. They report the same v e local minima, as well as nine of the ten saddle points.
They do not report nding the lower energysecond-ordessaddlepoint (saddlepoint #14 in
Table I11).

For eath rst-order saddlepoint in Tablelll, wefollowed Juneet al.'s method® to asseiate
the saddlepoint with the transition state betweentwo speci ¢ minima. The saddle point
rst wasperturbedby 10 °A in either direction alongthe eigervector of the Hessianmatrix
assaiated with the negative eigervalue. A steepest desceh method using a step of 0:01A

was taken in the direction g. After 500 iterations, the steepest descen calculation was
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terminated and a Newton method was usedto locate the minima connectedthrough the
saddlepoint. The results of these calculations are given in the rightmost column of Table
[11. For example,the lowest energysaddlepoint (#6) can be viewed as connectingminima
#1 and #3. In somecasesthe desceh path from a saddlepoint led to a state outside the
initial seard box. Sincethe seard box is oneasymmetricunit, for ead state found outside
the seard box, we can always nd the equiwvalert state inside the seart box through the
symmetry operator and/or the periodic operator. In Table Il this is indicated by marking
the state number with a prime. Thus, saddle point #7 connectsminimum #2 with an
equivalent point in a neighboring asymmetric unit. As expected, the results found for the
states connectedby the rst-order saddlepoints is consisten with the analysisof June et
al.®

A similar procedurewasusedon the two second-ordesaddlepoints, but usingboth nega-
tive eigervalues. For example,in the caseof saddlepoint #15, beginningwith perturbations
in either direction alongthe eigervector assaiated with the most negative eigervalue leads
to a connectionbetweenminima #2 and #3. Repeating with the least negative eigervalue
leadsto a connectionbetweenminima #4 and #5. Thus, this saddlepoint can be viewed
asproviding a crossconnectioninvolving thesefour points. Howeer, there are lower energy
connectionsbetweenall except#2 and #3. Though June et al.®> do not idertify this point
as a second-ordersaddle, they do idertify it as assaiating minima #2 and #3. In their
transition state analysis,they usethis second-ordesaddlepoint, alongwith v e of the eight
rst-order saddles.The other three rst-order saddles(#6, #7 and #8) are very low-lying
and separaterelatively closely spacedminima by only a small energybarrier, acrosswhich
rapid thermal equilibrium can be assumed.

The second-ordersaddle point #14, not reported by June et al.,® is very closeto the
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rst-order saddlepoint #13, and slightly lower in energy Apparently neither of the two
methods tried by June et al.> was able to locate this point. The rst method they tried
usesthe samegrid-basedoptimization schhemeusedto locate local minima in V, but instead
applied to minimize g"g. Howe\er, stationary points #13 and #14 are approximately 0.1A
apart, while the grid spacingthey usedwas approximately 0.2A. This illustrates the danger
in using grid-basedsdiemesfor nding all solutionsto a problem. By using the interval
methodology descrilked here, one never needsto be concernedabout whether or not a grid
spacingis ne enoughto nd all solutions. The secondmethod they tried was Baker's
algorithm,” as descriked brie y above, but it is unclear how they initialized the algorithm.
A key advantage of the interval method is that no point initialization is required. Only
an initial interval must be supplied, here correspnding to one asymmetric unit, and this
is determined by the geometry of the zeolite lattice. Thus, in this context the interval

methodology is initialization independer.

B. Meth ylene

The secondsystemconsidereds that of methylenein silicalite, asdescriked by Maginn et
al.?% in the cortext of a larger study of n-alkanesin silicalite. In order to deelop a coarse-
grained picture of the zeolite consistet with the alkane-zeolitepotertial energy surface,
Maginn et al.Z® put a single sphericalmethylene \test particle" in the silicalite asymmetric
cell and then searted for the local minima in the potential energy surfacegiven by Eq.
(4). Subsequetty, they deweloped a \wire frame" picture of the channelsin the zeolite by
consideringonly the repulsive part of the potential function and searting for local minima
and rst-order saddles.We considerhereboth of theseproblems,namely methylene-silicalite

with the Lennard-Jonegpotential and methylene-silicalitewith only the repulsive part of the

16



potertial.

For the caseof the Lennard-Jonespotertial, a total of 21 stationary points are found
using the LISS LP strategy for the interval-Newton method, in a computation time of 870
S. The locations of the stationary points, aswell astheir type and energyvalue, are given
in Table IV. Five local minima are found, along with 9 rst-order saddlepoints, 6 second-
order saddle points, and one local maximum, are found. The results for the positions of
the minima agreewith those given by Maginn et al.,?® which were obtained using a local
soler with a multiple start scheme?* The energy valuesreported by Maginn et al.?® are
all slightly lower than thosein Table IV, apparerily becausethey re ect the untruncated
Lennard-Jonesotential (summation over all oxygenatomsin a unit cell andits neighboring
unit cells). Maginn et al.® did not seart for saddlepoints for the caseof the Lennard-Jones
potential.

For the rst-order saddlepoints, the connectivity to local minima was again found using
the procedureof June et al.,®> and the results listed in Table IV. Note that in the caseof
stationary point #7, which lies near a corner of the initial seart space(asymmetric unit),
both connectedstateslie in neighboring asymmetric units.

For the casein which only the repulsive part of the potential was used, sewen stationary
points were found using the interval-Newton methodology, in a computation time of 265
s. These stationary points are listed in Table V; there are three local minima and four
rst-order saddlepoints. The locations of these points correspnd to the results given by

Maginn et al.z®

17



C. Sulfur hexa uoride

The nal systemconsidereds that of SFg in silicalite, another systemstudied by June et
al.> Using the LISS_LP strategy for the interval-Newton method, 9 stationary points were
found in a computation time of 270s. As shown in Table VI, four local minima and v e
rst-order saddlepoints were found. No second-ordersaddle points or local maxima were
found. June et al.> do not report valuesfor the stationary points that they found; however,

the results given in Table VI are consisten with their discussionof this problem.

V. CONCLUDING REMARKS

We have demonstrated a hew methodology for reliably locating stationary points of
sorbate-zeolitepotential energy surfaces. The technique is basedon interval analysis, in
particular an interval-Newton/generalized-bisectioralgorithm in which a strategy*®*° based
on linear programmingis usedto solwe the linear interval subproblems.The approad pro-
vides a mathematical and computational guamantee that all stationary points of potential
energy surfacewill be found. As can be seenfrom the computational performanceresults
summarizedin Tablell, the interval-Newton methodology usedis alsoquite e cient in solv-
ing theseproblems. While we have concetrated hereon problemsinvolving transition-state
analysisof di usion in zeolites,we anticipate that the methodology will be usefulin many
other typesof problemsin which transition-state theory is applied.

For the problemsstudied here,the seart spacewas three-dimensionaland descriked by
Cartesian coordinates. The interval-Newton methodology can also be applied to problems
involving non-Cartesiancoordinates, as well asto problemsin which intramolecular coor-

dinates are used. In the later case,the dimensionality of the searth spacemay become

18



increasingly large. Becausethe underlying problem of nding all stationary points deter-
ministically is NP-hard, we would expect that, asdimensionality increasesthe methodology
will evertually becomeine ective due to excessige computation time requiremens. The
point at which this occurswill vary from problem to problem; howeer, it should be noted
that, in other typesof applications, this methodology hasbeenusedto solve problemswith

over 200 degreesof freedom?®
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TABLE |I: Interaction parametersand cuto distance for the truncated Lennard-Jonespotential

for oxygen with methylene?®, xenor? and sulfur hexa uoride.®

Interacting Pair a (kcal A2/mol) b (kcal A%/mol) reut (A)
O { CH» 0:1399 10’ 9653 13
O { Xe 0:3113 10’ 1836 15
O { SFs 17776 10’ 4560 15
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TABLE II: Summary of performanceof LISS_LP on sorbate-silicalite problems

Sorbate Stationary Points Found CPU Time (s)
Xenon 15 724
Methylene (LJ) 21 870
Methylene (repulsive) 7 265
SFs 9 270
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TABLE I1I1; Stationary points of the potential energy surfaceof xenonin silicalite

No. Type Energy(kcal/mol) X(A) y(A) Z(A) Connects
1 minimum -5.9560 3.9956 4.9800 12.1340

2 minimum -5.8763 0.3613 0.9260 6.1112

3 minimum -5.8422 58529 4.9800 10.8790

4 minimum -5.7455 14356 4.9800 11.5540

5 minimum -5.1109 0.4642 4.9800 6.0635

6 1st order -5.7738 5.0486 4.9800 11.3210 (1, 3)

7 1st order -5.6955 0.0000 0.0000 6.7100 (2° 2)

8 1st order -5.6060 2.3433 49800 11.4980 (1, 4)

9 1st order -4.7494 0.1454  3.7957 6.4452 (2, 5)
10 1st order -4.3057 9.2165 4.9800 11.0110 (3, 4)
11 1st order -4.2380 0.0477  3.9147 8.3865 (2, 4)
12 1st order -4.2261 8.6361 4.9800 12.8560 (3,59
13 1st order -4.1405 0.5925 4.9800 8.0122 (4, 5)
14  2nd order -4.1404 0.5883 4.8777 8.0138  (4,5),(4,49
15 2nd order -4.1027 9.1881 4.1629 11.8720 (2,3),(4,5)
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TABLE |V: Stationary points of the potential energy surface of methylene in silicalite (Lennard-
Jonespotertial)

No. Type Energy(kcal/mol) X(A) y(A) z(A) Connects
1 minimum -3.2899 3.9646 4.9800 12.3390
2 minimum -3.2584 0.4698 0.9394 5.9826
3 minimum -3.2442 5.9467 4.9800 10.7240
4 minimum -3.2040 1.3411 49800 11.6990
5 minimum -2.8766 0.5876 4.9800 5.9724
6 1st order -3.1502 4.9528 4.6283 11.2790 (1, 3)
7 1st order -3.1052 9.6439 0.1264 0.1205 (2% 299
8 1st order -3.0811 2.3978 4.9800 11.6240 1, 4)
9 1st order -2.6233 0.2187 3.7405 6.3635 (2, 5)
10 1st order -2.3674 9.2169 4.9800 10.8810 (3,49
11 1st order -2.3264 0.0743 3.7977 8.4413 (2, 4)
12 1st order -2.3151 8.5300 4.9800 12.9170 (3,59
13 1st order -2.2739 8.7862 4.0664 12.5150 (2% 3)
14 1st order -2.2618 0.7135 4.9800 8.0321 (4, 5)
15 2nd order -3.1384 4.8522 4.9800 11.3950
16  2nd order -3.0892 10.0350 0.0000 13.4200
17 2nd order -3.0892 10.0350 0.0000 0.0000
18  2nd order -3.0892 0.0000 0.0000 6.7100
19 2nd order -2.2724 8.7828 4.1858 12.6960
20 2nd order -2.2301 9.1246  4.0744 11.8350
21 maximum -2.0354 9.6221 4.9800 12.2630
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TABLE V: Stationary points of the potential energy surface of methylene in silicalite (repulsive
potential only)

No. Type Energy(kcal/mol) X(A) y(A) z(A) Connects

1 minimum 0.1559 9.6357 4.9800 12.3614
2 minimum 0.6451 41318 4.9800 11.6298
3 minimum 0.6705 0.0491 0.6783 6.5541
4 1st order 0.6786 0.0000 0.0000 6.7100 (3,39
5 1st order 0.7508 10.0334 1.9828 0.0086 (1% 39
6 1st order 0.7844 2.6474 49800 11.3282 (1% 2)
7 1st order 0.8721 6.7084 49800 11.3923 1, 2)
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TABLE VI: Stationary points of the potential energy surfaceof SFg in silicalite

No. Type Energy(kcal/mol) X(A) y(A) Z(A) Connects
1 minimum -9.8923 4.1159 4.9800 11.6820
2 minimum -9.4079 0.0773 0.7267 6.4898
3 minimum -8.8814 9.9462 4.9800 13.3750
4 minimum -8.6880 1.6351 4.9800 11.0670
5 1st order -9.2736 0.0000 0.0000 6.7100 2,29
6 1st order -8.2341 2.5043 4.9800 11.3270 (1, 4)
7 1st order -7.7591 0.8381 4.9800 9.9748 (3% 4)
8 1st order -7.5698 10.0040 2.4616 13.3320  (2° 3)
9 1st order -6.6658 7.1559 4.9800 11.4830 (1, 3)
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