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MotivatingExample–BioreactorSimulation

•Inabioreactor,microbialgrowthmaybedescribedby

Ẋ=(µ−αD)X

Ṡ=D(S
i
−S)−kµX,

whereXandSareconcentrationsofbiomassandsubstrate,respectively.

•Thegrowthrateµmaybegivenby

µ=
µmS

KS+S
(MonodLaw)

or

µ=
µmS

KS+S+KIS2(HaldaneLaw)
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MotivatingExample–BioreactorSimulation

•Problemdata

ValueUnitsValueUnits

α0.5-µm[1.19,1.21]day
−1

k10.53gS/gXKS[7.09,7.11]gS/l

D0.36day
−1

KI[0.49,0.51](gS/l)
−1

S
i

5.7gS/lX0[0.82,0.84]gX/l

S00.80gS/l

•Threeparameters(µm,KSandKI)andoneinitialstate(X0)areuncertain

andgivenbyintervals.

•Problem:Determineavalidatedenclosureofallpossiblesolutionstothis

ODEsystem.

•Issue:StandardtoolsforvalidatedsolutionofODEsaredesignedtodealwith

interval-valuedinitialstates,notinterval-valuedparameters.

4



ProblemDefinition

•Consider

ẋ=f(x,θ)

x(t0)=x0∈X0

θ∈Θ

x=statevector(mvariables)

θ=parametervector(pparameters)

X0=intervalenclosureofx0

Θ=intervalenclosureofθ

•Considertimestepshj=tj+1−tj,j=0,...,N−1

•Notation:x(t;tj,xj,θ)denotesasolutionofẋ=f(x,θ)fortheinitial

conditionx=xjatt=tjandx(t;tj,Xj,Θ)isthesetofsolutions

x(t;tj,Xj,Θ)={x(t;tj,xj,θ)|xj∈Xj,θ∈Θ}

•Problem:DetermineenclosuresXjofthestatevariablesateachtimetj,

j=1,...,N,suchthatx(tj;t0,X0,Θ)⊆Xj
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Background–IntervalTaylorSeries

•InanTaylorseriesexpansionofx(t)withrespecttot,thecoefficientscanbe

obtainedrecursivelyintermsofẋ(t)=f(x,θ)using

f
[0]

=x

f
[1]

=f(x,θ)

f
[i]

=
1

i

(

∂f
[i−1]

∂x
f

)

(x,θ),i≥2.

•Valuesofthesecoefficientscanbeeasilygeneratedusingautomatic

differentiationtechniques.

•ForanintervalTaylorseries(ITS),thecoefficientsF
[i]

areinterval

enclosuresoff
[i]

.
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Background–TaylorModels

•TaylorModelTf=(pf,Rf):Boundsafunctionf(x)overXusingaq-th

orderTaylorpolynomialpfandanintervalremainderboundRf,usuallyfrom

atruncatedTaylorseries.

pf=
q∑

i=0

1
i![(x−x0)·5]

i
f(x0)

Rf=
1

(q+1)![(x−x0)·5]
q+1

F[x0+(x−x0)ζ]

where,

x0∈X;ζ∈[0,1]

[g·5]
k

=
∑

j1+···+jm=k

0≤j1,···,jm≤k

k!
j1!···jm!g

j1
1···g

jm
m

∂
k

∂x
j1
1···∂x

jm
m

•Storeandoperateoncoefficientsofpfonly.Floatingpointerrorsare

accumulatedinRf.
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Background–TaylorModelOperations

•Taylormodeloff±g

f±g∈(pf,Rf)±(pg,Rg)=(pf±pg,Rf±Rg)

Tf±g=(pf±g,Rf±g)=(pf±pg,Rf±Rg)

•Taylormodeloff×g

f×g∈(pf,Rf)×(pg,Rg)

⊆pf×pg+pf×Rg+pg×Rf+Rf×Rg

Splitpf×pgintoq-thorderpartpf×gandhigher-ordertermspe.Then

Tf×g=(pf×g,Rf×g)

Rf×g=B(pe)+B(pf)×Rg+B(pg)×Rf+Rf×Rg

B(p)indicatesanintervalboundonthefunctionp.

•Reciprocaloperationandintrinsicfunctionscanalsobedefined.
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Background–IntervalIVPs

•ConsiderstandardODEsystem(non-parametric)

ẋ=f(x)

x(t0)=x0∈X0

•“Standard”approach(stepj+1):AssumingXjisknown,then

–Phase1:ComputeacoarseenclosureX̃jandproveexistanceand

uniqueness.UsefixedpointiterationwithPicardoperatorusinghigh-order

intervalTaylorseries.

–Phase2:RefinethecoarseenclosuretoobtainXj+1.Usehigh-order

intervalTaylorserieswithTaylorcoefficientsboundedusingmeanvalue

theorem.ReducewrappingeffectusingQR-factorizationapproach.

•ImplementationsincludeAWAandVNODE.
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MethodforParametricODEs

•ConsideragainparametricODEsystem

ẋ=f(x,θ)

x(t0)=x0∈X0

θ∈Θ

•Toapplystandardmethods,cantreatparametersasadditionalstatevariables

withzeroderivative(Lohner,1988)

•OurmethodforparametricODEsystem:AssumingXjisknown,then

–Phase1:Sameas“standard”approach.ComputeacoarseenclosureX̃j

andproveexistanceanduniqueness.UsefixedpointiterationwithPicard

operatorusinghigh-orderintervalTaylorseries.

–Phase2:RefinethecoarseenclosuretoobtainXj+1.UseTaylormodels

intermsoftheuncertainparametersandinitialstates.

•ImplementedinVSPODE(ValidatingSolverforParametricODEs)(Linand

Stadtherr,2005).
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MethodforPhase2

•RepresentuncertaininitialstatesandparametersusingTaylormodelsTx0

andTθ,withcomponents

Txi0=(m(Xi0)+(xi0−m(Xi0)),[0,0]),i=1,···,m

Tθi=(m(Θi)+(θi−m(Θi)),[0,0]),i=1,···,p.

•ComputeTaylormodelsTf[i]fortheintervalTaylorseriescoefficientsusing

TaylormodeloperationsandobtainthepolynomialpartofTxj+1.

•DeterminetheremainderboundofTxj+1bythemeanvaluetheoremand

reducethewrappingeffectusingaQRfactorizationapproach,wherethe

remainderisrepresentedbyRxj+1=Aj+1Vj+1.

•ComputetheenclosureXj+1=B(Txj+1)byboundingoverX0andΘ.
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ExamplesandResults

•ComputationsdonewithIntelPentium43.2GHzCPUonaLinuxworkstation.

•Forcomparsions,VNODEwasused,withintervalparameterstreatedas

additionalstatevariables

•VSPODErunusing

→q=5(orderofTaylormodel)

→k=17(orderofintervalTaylorseries)

→QR

•VNODErunusing

→k=17orderintervalHermite-Obreschkoff

→QR
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Example1.Lotka-VolterraProblem

•ODEmodelis

ẋ1=θ1x1(1−x2)

ẋ2=θ2x2(x1−1)

x0=(1.2,1.1)
T

θ1∈[2.99,3.01]

θ2∈[0.99,1.01]

•Integratefromt0=0totN=10.

•Constantstepsizeofh=0.1usedinbothVSPODEandVNODE.
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Example1.Lotka-VolterraProblem
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← y1, VSPODE

← y2, VSPODE

← y1, VNODE

← y2, VNODE

(EventualbreakdownofVSPODEatt=31.8)
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Example1.Lotka-VolterraProblem

•ToallowVNODEtointegratefurther:

–Parametersintervalscanbesubdividedintoequal-sizedsubintervals.

–ApplyVNODEtoeachparametersubinterval.

–Finalenclosureistheunionofenclosuresdeterminedfromeach

subinterval.

•VNODE-NNindicatesuseofNNparametersubintervals.
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Example1.Lotka-VolterraProblem

MethodFinalEnclosure(t=10)WidthCPUtime(s)

VSPODE[1.120873,1.173607]0.0527340.59

[0.875994,0.893471]0.017477

VNODE–16[1.110859,1.182814]0.0719551.42

[0.872528,0.898407]0.025879

VNODE–36[1.116350,1.177431]0.0610813.14

[0.874924,0.895612]0.020688

VNODE–64[1.118151,1.175692]0.0575415.59

[0.875651,0.894736]0.019085

VNODE–100[1.118999,1.174881]0.0558828.68

[0.875975,0.894337]0.018362
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Example2.LorenzProblem

•ODEmodelis

ẋ1=θ1(x2−x1)

ẋ2=x1(θ2−x3)−x2

ẋ3=x1x2−θ3x3

x0=(10,10,10)
T

θ1∈10+[−0.01,0.01]

θ2∈28+[−0.01,0.01]

θ3∈8/3+[−0.01,0.01]

•Integratefromt0=0totN=2.

•Constantstepsizeofh=0.01usedinbothVSPODEandVNODE.
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Example2.LorenzProblem
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← y1, VSPODE

← y2, VSPODE

← y3, VSPODE

← y1, VNODE

← y2, VNODE

← y3, VNODE

(EventualbreakdownofVSPODEatt=2.8)
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Example2.LorenzProblem

MethodFinalEnclosure(t=2)WidthCPUtime(s)

VSPODE[-0.582033,-0.342358]0.23972.66

[-0.769513,-0.369357]0.4002

[14.633803,14.737535]0.1037

VNODE–125[-8.663336,7.988072]16.651433.7

[-10.060512,8.797511]18.8580

[9.031894,21.106684]12.0748

VNODE–512[-0.920184,0.041287]0.9615141.5

[-1.321734,0.245595]1.5673

[14.352124,15.010891]0.6588

VNODE–1000[-0.770156,-0.136139]0.6340263.1

[-1.077794,-0.036474]1.0413

[14.502030,14.869122]0.3671
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Example3.DoublePendulumProblem
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Example3.DoublePendulumProblem

•ODEmodelis

θ̇1=ω1

θ̇2=ω2

ω̇1=
−g(2m1+m2)sinθ1−m2gsin(θ1−2θ2)−2m2sin(θ1−θ2)

[

ω2
2L2−ω2

1L1cos(θ1−θ2)
]

L1[2m1+m2−m2cos(2θ1−2θ2)]

ω̇2=
2sin(θ1−θ2)

[

ω2
1L1(m1+m2)+g(m1+m2)cosθ1+ω2

2L2m2cos(θ1−θ2)
]

L2[2m1+m2−m2cos(2θ1−2θ2)]
,

•Localaccelerationofgravityg∈[9.79,9.81]m/s
2
.

•Thiscorrespondsroughlytothevariationinsealevelgbetween25
◦

and49
◦

latitude(i.e.spanningthecontiguousUnitedStates).

•Twocasesforinitialstates:

–Relativelyhighenergy:(θ1,θ2,ω1,ω2)0=(0.75π,0.5π,0,0)

–Relativelylowenergy:(θ1,θ2,ω1,ω2)0=(0,−0.25π,0,0)

•VariablestepsizeusedinbothVSPODEandVNODE.
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Example3.DoublePendulumProblem
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←θ1,VSPODE

←θ2, VSPODE

←θ1,VNODE

←θ2, VNODE

Relativelyhigh-energycase
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Example3.DoublePendulumProblem
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Example4.BioreactorProblem

•Inabioreactor,microbialgrowthmaybedescribedby

Ẋ=(µ−αD)X

Ṡ=D(S
i
−S)−kµX,

whereXandSareconcentrationsofbiomassandsubstrate,respectively.

•Thegrowthrateµmaybegivenby

µ=
µmS

KS+S
(MonodLaw)

or

µ=
µmS

KS+S+KIS2(HaldaneLaw)
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Example4.BioreactorProblem

•Problemdata

ValueUnitsValueUnits

α0.5-µm[1.19,1.21]day
−1

k10.53gS/gXKS[7.09,7.11]gS/l

D0.36day
−1

KI[0.49,0.51](gS/l)
−1

S
i

5.7gS/lX0[0.82,0.84]gX/l

S00.80gS/l

•Integratefromt0=0totN=20.

•Constantstepsizeofh=0.1usedinbothVSPODEandVNODE.
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Example4.BioreactorProblem–MonodLaw
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Example4.BioreactorProblem–MonodLaw

MethodFinalEnclosure(t=20)WidthCPUtime(s)

VSPODE[0.8386,0.8450]0.00641.34

[1.2423,1.2721]0.0298

VNODE–343[0.8359,0.8561]0.020268.6

[1.2309,1.2814]0.0505

VNODE–512[0.8375,0.8528]0.0153102.8

[1.2331,1.2767]0.0436

VNODE–1000[0.8380,0.8502]0.0122263.1

[1.2359,1.2732]0.0373
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Example4.BioreactorProblem–HaldaneLaw
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RelatedProblem–StateandParameterEstimation

•Consideragainthebioreactorproblem.

•Bounded-error(1%)measurementsofSattj,j=1,...,Nareavailable.

•EstimatetheotherstatevariableXandtheparametersµm,KSandKI.

•Newproblemdata

ValueUnitsValueUnits

α0.5-µm[1.0,1.4]day
−1

k10.53gS/gXKS[6,8]gS/l

D0.36day
−1

KI[0.0025,0.01](gS/l)
−1

S
i

5.7gS/lX0[0.4,1.2]gX/l

S00.8×[0.99,1.01]gS/l

•UseVSPODEwithconstraintpropagationprocedureonTaylormodels(Lin

andStadtherr,2006).
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StateEstimate
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ParameterEstimate

11.21.4
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µm

K
S

31



ConcludingRemarks

•ThevalidatedsolutionofparametricODEsisasubprobleminmany

applicationsofinterest.

•Anapproachwasdemonstratedforthedirecthandlingofuncertaintyinmodel

parametersinthevalidatedsolutionofODEs.

•Astandardtwo-phaseapproachwasused

–ThedependenceontwashandledusinganintervalTaylorseries

approach,asinstandardmethods(e.g.VNODE).

–Thedependenceonparameters(andinitialstates)washandledusing

TaylormodelsinPhase2oftheapproach.

•Significantperformanceimprovementswereobservedincomparisonwith

VNODE.

•Funding
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