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O
utline

�
M

otivation
and

B
ackground

–
C

om
puting

P
hase

E
quilibrium

�
O

verview
ofP

roblem
S

olving
M

ethodology

�
P

roblem
F

orm
ulation

–
A

sym
m

etric
M

odels

�
E

xam
ples

�
R

elated
P

roblem
s

�
C

oncluding
R

em
arks
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M
otiv

ation
–

C
om

puting
P

hase
E

quilibrium

�
A

tequilibrium
,

–
H

ow
m

any
phases

are
present?

–
W

hattypes
ofphases

are
present(vapor,liquid,solid)?

–
W

hatis
the

com
position

ofeach
phase?

–
H

ow
m

uch
ofeach

phase
is

present?

�
Typically

the
tem

perature,T
,pressure,P

,and
overallcom

position
(m

ole

fraction),x
0 ,are

speci�ed
(butother

speci�cations
are

possible)

�
A

criticalcom
putation

in
the

sim
ulation,optim

ization
and

design
ofa

w
ide

variety
ofindustrialprocesses,especially

those
involving

separation

operations
such

as
distillation

and
extraction

�
A

lso
im

portantin
the

sim
ulation

ofenhanced
oilrecovery

processes,such
as

m
iscible

or
im

m
iscible

gas
�ooding

�
E

ven
w

hen
accurate

m
odels

ofthe
necessary

therm
odynam

ic
properties

are

available,itis
often

very
dif�cult

to
reliably

com
pute

phase
equilibrium

3-h



B
ac

kground
–

C
om

puting
P

hase
E

quilibrium

�
F

or
phase

equilibrium
atconstanttem

perature
and

pressure,the
totalG

ibbs

energy
ofthe

system
is

m
inim

ized .

�
G

ibbs
energy

m
odels

are
available

(equations
ofstate,activity

coef�cient

m
odels,etc.)

–
S

ym
m

etric
approach:

S
am

e
m

odelfor
alltypes

ofphases

–
A

sym
m

etric
approach:

D
ifferentm

odels
for

differenttypes
ofphases

�
C

om
putation

generally
done

in
tw

o
(possibly

alternating)
phases:

–
P

hase
stability

problem

–
P

hase
splitproblem

4-g



B
ac

kground
–

P
hase

S
tability

P
rob

lem

�
D

eterm
ine

ifa
given

m
ixture

(testphase)
can

splitinto
m

ultiple
phases

�
C

an
be

interpreted
as

a
globaloptim

ality
testthatdeterm

ines
w

hether
the

phase
being

tested
corresponds

to
a

globaloptim
um

in
the

totalG
ibbs

energy

ofthe
system

.

�
C

an
be

form
ulated

as
an

optim
ization

problem
or

equivalentnonlinear

equations
solving

problem

�
M

ustbe
solved

globally
to

assure
correctsolution

to
the

overallphase

equilibrium
problem

5-d



B
ac

kground
–

P
hase

S
plit

P
rob

lem

�
D

eterm
ine

am
ounts

and
com

positions
ofphases

assum
ed

to
be

present

�
C

an
be

interpreted
as

�nding
a

localm
inim

um
in

the
totalG

ibbs
energy,either

by
directm

inim
ization,or

by
solving

an
equivalentnonlinear

equation
system

(equipotentialequations)

�
T

his
localm

inim
um

can
then

be
tested

for
globaloptim

ality
using

phase

stability
analysis

�
Ifnecessary,the

phase
splitcalculation

m
ustthen

be
repeated,perhaps

changing
the

num
ber

and/or
type

ofphases
assum

ed
to

be
present,untila

solution
is

found
thatm

eets
the

globaloptim
ality

test.

�
T

he
correctglobalsolution

ofthe
phase

stability
problem

is
the

key
in

this

tw
o-stage

globaloptim
ization

procedure
for

phase
equilibrium

�
C

onventionalsolution
m

ethods
for

phase
stability

are
initialization

dependent,

and
m

ay
failby

converging
to

trivialor
nonphysicalsolutions,or

to
a

pointthat

is
a

localbutnota
globalm

inim
um

:
N

E
E

D
F

O
R

IN
T

E
R

V
A

L
M

E
T

H
O

D
S

6-g



IntervalM
ethodology

�
C

ore
m

ethodology
is

IntervalN
ew

ton/G
eneralized

B
isection

(IN
/G

B
)

–
G

iven
a

system
ofequations

to
solve,an

initialinterval(bounds
on

all

variables),and
a

solution
tolerance:

–
IN

/G
B

can
�nd

(enclose)
w

ith
m

athem
aticaland

com
putationalcertainty

either
allsolutions

or
determ

ine
thatno

solutions
exist

–
IN

/G
B

can
also

be
extended

and
em

ployed
as

a
determ

inistic
approach

for

globaloptim
ization

problem
s

�
A

generalpurpose
approach;in

generalrequires
no

sim
plifying

assum
ptions

or
problem

reform
ulations

�
N

o
strong

assum
ptions

aboutfunctions
need

to
be

m
ade

7-c



IntervalM
ethodology

(C
ont'd)

P
roblem

:
S

olve
f(x

)
=

0
for

allroots
in

intervalX
(0)

B
asic

iteration
schem

e:
F

or
a

particular
subinterval(box),X

(k
),perform

root

inclusion
test:

�
(R

ange
Test)

C
om

pute
the

intervalextension
F

(X
(k

))
off(x

)
(this

provides

bounds
on

the
range

of f(x
)

forx
2

X
(k

))

–
If0

=2
F

(X
(k

)),delete
the

box.
O

therw
ise,

�
(IntervalN

ew
ton

Test)
C

om
pute

the
im

age,N
(k

),ofthe
box

by
solving

the

linear
intervalequation

system

F
0(X

(k
))(N

(k
)

�
~x

(k
))

=
�

f( ~x
(k

))

–
~x

(k
)

is
som

e
pointin

X
(k

)

–
F

0(X
(k

))
is

an
intervalextension

ofthe
Jacobian

off(x
)

over
the

box

X
(k

)
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IntervalM
ethodology

(C
ont'd)

�
T

here
is

no
solution

in
X

(k
)

9



IntervalM
ethodology

(C
ont'd)

�
T

here
is

a
unique

solution
in

X
(k

)

�
T

his
solution

is
in

N
(k

)

�
A

dditionalinterval-N
ew

ton
steps

w
illtightly

enclose
the

solution
w

ith
quadratic

convergence

10



IntervalM
ethodology

(C
ont'd)

�
A

ny
solutions

in
X

(k
)

are
in

intersection
ofX

(k
)

and
N

(k
)

�
Ifintersection

is
suf�ciently

sm
all,repeatrootinclusion

test

�
O

therw
ise,bisectthe

intersection
and

apply
rootinclusion

testto
each

resulting
subinterval

�
T

his
is

a
branch-and-prune

schem
e

on
a

binary
tree

11



IntervalM
ethodology

(C
ont'd)

�
C

an
be

extended
to

globaloptim
ization

problem
s

�
F

or
unconstrained

problem
s,solve

for
stationary

points
(r

�
=

0
)

�
F

or
constrained

problem
s,solve

for
K

K
T

or
Fritz-John

points

�
A

dd
an

additionalpruning
condition

(objective
range

test):

–
C

om
pute

intervalextension
ofobjective

function

–
Ifits

low
er

bound
is

greater
than

a
know

n
upper

bound
on

the
global

m
inim

um
,prune

this
subinterval

�
T

his
com

bines
IN

/G
B

w
ith

a
branch-and-bound

schem
e

on
a

binary
tree

12-e



IntervalM
ethodology

(C
ont'd)

E
nhancem

ents
to

basic
m

ethodology:

�
H

ybrid
preconditioning

strategy
(H

P
)

for
solving

interval-N
ew

ton
equation

(G
au

and
S

tadtherr,2002)

�
S

trategy
(R

P
)

for
selection

ofthe
realpoint ~x

(k
)

in
the

interval-N
ew

ton

equation
(G

au
and

S
tadtherr,2002)

�
U

se
oflinear

program
m

ing
techniques

to
solve

interval-N
ew

ton
equation

—

LIS
S

/LP
(Lin

and
S

tadtherr,2003,2004)

–
E

xactbounds
on

N
(k

)
(w

ithin
roundout)

�
C

onstraintpropagation
(problem

speci�c)

�
T

ighten
intervalextensions

using
know

n
function

properties
(problem

speci�c)

13-e



A
pplication

to
P

hase
S

tability
A

nalysis

�
W

illa
m

ixture
(feed)

ata
given

T
,P

,and
com

position
x

0
splitinto

m
ultiple

phases?

�
U

sing
tangentplane

analysis,can
be

form
ulated

as
a

m
inim

ization
problem

,

or
as

an
equivalentnonlinear

equation
solving

problem
.

�
A

phase
atgiven

T
,P

,and
feed

com
position

x
0

is
notstable

(and
m

ay
split)

ifthe
G

ibbs
energy

vs.
com

position
surface

g(x
)

ever
falls

below
a

plane

tangentto
the

surface
atx

0

g
tan

(x
)

=
g(x

0 )
+

r
g(x

0 ) T
(x

�
x

0 )

�
T

hatis,ifthe
tangentplane

distance

D
(x

)
=

g(x
)

�
g

tan
(x

)

is
negative

for
any

com
position

x
,the

phase
is

notstable.

�
To

prove
stability,m

ustshow
globalm

inim
um

ofD
is

zero.

14-e



Illustration

�
Liquid-liquid

equilibrium
for

the
m

ixture
ofn

-B
utylA

cetate
(1)

and
W

ater
(2).

�
S

ym
m

etric
m

odelusing
N

R
T

L
activity

coef�cient
m

odelto
obtain

the
G

ibbs

energy.

�
G

ibbs
energy

(ofm
ixing)

vs.x
1

0.2
0.4

0.6
0.8

1
x1

-
0.02

0.02

0.04
m
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Illustration
(cont'd)

�
F

or
feed

(testphase)
com

position
x

0;1
=

0:95

0.2
0.4

0.6
0.8

1
x1

-
0.04

0.04

0.08

m

m
_tan

D

�
A

liquid
phase

ofthis
com

position
is

stable,since
D

is
never

negative
(m

tan

never
crosses

m
.)
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Illustration
(cont'd)

�
F

or
feed

(testphase)
com

position
x

0;1
=

0:62

0.2
0.4

0.6
0.8

1
x1

-
0.02

0.02

0.04
m

m
_tan

D

�
A

liquid
phase

ofthis
com

position
is

notstable
and

w
illsplit,since

D
becom

es
negative

(m
tan

crosses
m

.)

�
A

tliquid-liquid
equilibrium

,m
tan

touches
m

attw
o

points
(the

phase

com
positions),and

D
=

0
atthese

points.
T

hese
points

are
found

in
a

phase

splitcalculation.
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A
sym

m
etric

M
odel

�
D

ifferentG
ibbs

energy
m

odels
for

differenttypes
ofphases

�
O

ften
used

in
the

case
ofvapor-liquid

equilibrium
atlow

/m
oderate

pressures.

–
V

apor
phase

m
odelg

V
(x

):
E

quation
ofstate

(e.g.,P
eng-R

obinson,S
R

K
)

–
Liquid

phase
m

odelg
L(x

):
A

ctivity
coef�cient

(e.g.,N
R

T
L)

�
T

he
system

m
odelis

then
g(x

)
=

m
in

fg
V

(x
);g

L(x
)g

18-c



A
sym

m
etric

M
odel

(cont'd)

�
Tangentplane

distance
function

is
now

D
(x

)=
m

in[g
V

(x
);g

L(x
)]�

g(x
0 )

+
r

g(x
0 ) T

(x
�

x
0 )

=
m

in[D
V

(x
);D

L(x
)]

�
O

bjective
in

stability
analysis

is
m

in
x

D
(x

)
=

m
in

x
m

in[D
V

(x
);D

L(x
)]
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A
sym

m
etric

M
odel

(cont'd)

�
To

dealw
ith

slope
discontinuity,de�ne

a
“pseudo

tangentplane
distance”

objective
function

~D
(x

)
=

�D
V

(x
)

+
(1

�
�)D

L(x
)

w
ith

binary
variable

�
2

f0;1g
or�(1

�
�)

=
0

�
C

om
plete

optim
ization

problem
,using

cubic
equation

ofstate
(E

O
S

),is

m
in

x
;�

;Z
~D

(x
;�;Z

)

subjectto

1
�

n
Xi=

1

x
i

=
0

E
O

S
:

f
(Z

;x
)

=
Z

3
+

b(x
)Z

2
+

c(x
)Z

+
d(x

)
=

0

�
2

f0;1g
or

�(1
�

�)
=

0
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A
sym

m
etric

M
odel

(cont'd)

�
U

sually
the

stationary
points

in
this

optim
ization

problem
are

sought,since

they
can

be
used

as
good

initializations
in

the
phase

splitcalculation

�
F

ind
stationary

points
by

solving
the

nonlinear
equation

system

@
~D

@
x

i
�

@
~D

@
x

n
=

0;
i

=
1;:::;n

�
1

1
�

n
Xi=

1

x
i

=
0

f
(Z

;x
)

=
Z

3
+

b(x
)Z

2
+

c(x
)Z

+
d(x

)
=

0

�
2

f0;1g
or

�(1
�

�)
=

0

�
A

n
(n

+
2)�

(n
+

2)
equation

system
to

be
solved

using
an

interval

N
ew

ton
approach

21-c



E
xam

ple

�
C

onsider
the

binary
m

ixture
of2,3-dim

ethyl-2-butene
(com

ponent1)
and

m
ethanol(com

ponent2)

�
V

apor-liquid
equilibrium

m
easurem

ents
w

ere
m

ade
by

U
usi-K

yyny
etal.

(2004)
atatm

ospheric
pressure

�
T

he
data

w
as

m
odeled

using
the

N
R

T
L

activity
coef�cient

m
odelfor

the
liquid

phase
and

the
S

R
K

equation-of-state
m

odelfor
the

vapor
phase

�
A

tT
=

325:243,U
usi-K

yyny
etal.

(2004)
use

their
m

odelto
com

pute
phase

equilibrium
at x

1
=

0:6233
(liquid)

and
y

1
=

0:4684
(vapor).

T
his

is
a

close
m

atch
to

experim
entaldata.

�
U

se
intervalm

ethod
to

testthis
result:

D
o

stability
analysis

for

x
1;0

=
0:6233

22-e



R
esults

�
F

or
feed

(testphase)
com

position
x

1;0
=

0:6233

�
C

om
puted

stationary
points

are

x
1

�
~D

0.6233
0

0

0.4684
1

0

0.2914
0

-0.006428

0.8559
0

-0.004878

�
A

liquid
w

ith
x

1
=

0:6233
is

nota
stable

phase.

�
P

hase
equilibrium

calculation
by

U
usi-K

yyny
etal.

(2004)
is

w
rong!
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R
esults

(cont'd)

�
Tangentplane

distances
curves

are

�
T

he
correctphase

equilibrium
is

liquid-liquid
equilibrium

w
ith

one
phase

at

x
1

=
0:29703

and
the

other
atx

1
=

0:85822.

�
T

his
is

notw
hatis

observed
experim

entally.
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R
esults

(cont'd)

�
P

hase
diagram

com
puted

using
intervalm

ethod
vs.

experim
entaldata

�
T

he
m

odelpredicts
a

heterogeneous
azeotrope

(V
LLE

line).
E

xperim
entally

it

is
a

hom
ogeneous

azeotrope.

�
T

he
m

odelpredicts
liquid-liquid

phase
splits.

T
his

is
notobserved

experim
entally

�
T

he
m

odelofU
usi-K

yyny
etal.

(2004)
is

poor.
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R
esults

(cont'd)

�
Q

:H
ow

did
U

usi-K
yyny

etal.
(2004)

go
w

rong?

�
A

1:
In

param
eter

estim
ation,they

�t
their

experim
entaldata

to
an

unstable

solution
ofthe

phase
splitproblem

,obtaining
a

poor
m

odel

�
A

2:
In

solving
for

phase
equilibrium

,they
either

did
notcheck

phase
stability,

or
used

a
m

ethod
thatdid

notw
ork

correctly.
T

hus
they

obtained
an

unstable

solution
to

the
phase

splitproblem

�
S

econd
m

istake
cancels

the
�rst

m
istake—

experim
entalresults

successfully

m
atched

and
m

odelapparently
validated

�
Incorrectsolution

ofincorrectm
odel=

m
atch

ofexperim
entaldata

=
validated

m
odel

�
M

any
such

“validated”
m

odels
existin

the
literature

26-f



A
nother

E
xam

ple

�
C

onsider
the

binary
m

ixture
ofdichlorodi�uorom

ethane
(C

F
C

-12)
(com

ponent

1)
and

hydrogen
�uor

ide
(com

ponent2)

�
V

apor-liquid
equilibrium

m
easurem

ents
w

ere
m

ade
by

K
ang

(1998)
at

T
=

303:15
K

.A
liquid-liquid

phase
splitw

as
observed.

�
T

he
data

w
as

m
odeled

using
the

N
R

T
L

activity
coef�cient

m
odelfor

the
liquid

phase
and

the
P

eng-R
obinson

equation-of-state
m

odel(w
ith

association

term
s)

for
the

vapor
phase.

�
F

or
overallcom

position
z

1
=

0:54,K
ang

(1998)
uses

his
to

m
odelto

com
pute

a
liquid-liquid

equilibrium
w

ith
x

1
=

0:0652
for

one
phase

and

x
1

=
0:8993

for
the

second
phase.

T
his

is
a

close
m

atch
to

the

experim
entalobservation.

�
U

se
intervalm

ethod
to

testthis
result:

D
o

stability
analysis

for

x
1;0

=
0:0652

27-e



R
esults

�
F

or
feed

(testphase)
com

position
x

1;0
=

0:0652

�
C

om
puted

stationary
points

are

x
1

�
~D

0.0652
0

0

0.8993
0

0

0.8152
1

0.0001724

0.2228
0

0.005488

0.5446
0

-0.0008581

0.7762
0

0.001485

�
A

liquid
w

ith
x

1
=

0:0652
is

nota
stable

phase.

�
P

hase
equilibrium

calculation
by

K
ang

(1998)
is

w
rong!
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R
esults

(cont'd)

�
Tangentplane

distances
curves

are

�
F

or
overallcom

position
of0.54,the

correctresultis
only

a
single

liquid
phase;

this
is

notw
hatis

observed
experim

entally

�
A

s
in

previous
exam

ple,K
ang

(1998)
�t

his
m

odelparam
eters

to
an

unstable

solution
ofthe

phase
splitproblem

,then
obtained

m
atch

ofexperim
entaldata

by
incorrectsolution

ofincorrectm
odel
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C
om

bining
w

ith
S

tandard
S

oftw
are

for
P

hase
E

quilibrium

�
T

here
are

m
any

existing
m

ethods
and

softw
are

packages
for

phase
and

chem
icalequilibrium

�
M

any
are

very
reliable

and
failto

�nd
the

correctansw
er

only
occasionally

�
W

e
can

use
intervalm

ethods
for

phase
stability

to
validate

correctresults

from
these

codes
and

identify
incorrectresults

�
C

orrective
feedback

can
be

provided
untila

resultthatis
correctis

found
and

validated

�
You

can
use

your
favorite

softw
are

package
for

phase
equilibrium

,butstill

have
validated

result
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C
om

bining
IntervalM

ethod
w

ith
C

H
A

S
E

O
S

�
C

H
A

S
E

O
S

is
a

code
for

phase
and

chem
icalequilibrium

using
cubic

equation-of-state
m

odels
(sym

m
etric)

–
B

ased
on

reactive
phase

splitm
ethod

ofC
astier

etal.
(1989)

and
M

yers

and
M

yers
(1986)

–
Incorporates

phase
stability

m
ethod

ofM
ichelsen

(1982)

–
V

ery
reliable,butcan

failto
getcorrectresultin

som
e

cases

�
C

om
bine

w
ith

IN
T

S
TA

B
,our

code
for

phase
stability

analysis
based

on

intervalN
ew

ton
approach

�
R

esults
from

C
H

A
S

E
O

S
are

passed
to

IN
T

S
TA

B
for

validation

�
Ifresultis

incorrect,then
stationary

points
from

IN
T

S
TA

B
are

passed
back

to

C
H

A
S

E
O

S
to

geta
new

initialization
for

the
phase

splitcalculation

�
T

he
resultis

V
-C

H
A

S
E

O
S

(B
urgos

etal.,2004)
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E
xam

ple:
U

sing
V

-C
H

A
S

E
O

S

�
C

onsider
system

ofacetic
acid,ethanol,w

ater,ethylacetate
and

C
O

2
at

T
=

60
C

and
P

=
57:8

atm
.

�
T

his
problem

arises
in

studying
the

esteri�cation
ofacetic

acid
w

ith
ethanol

using
supercriticalC

O
2

as
a

solvent

acetic
acid

+
ethanol�

ethylacetate
+

w
ater

�
T

his
is

a
reactive

system
.

W
antto

consider
both

phase
and

reaction

equilibrium
.

�
A

pply
V

-C
H

A
S

E
O

S
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E
xam

ple:
U

sing
V

-C
H

A
S

E
O

S
(cont'd)

�
F

or
one

setofm
odelparam

eters:

�
Initialrun

ofC
H

A
S

E
O

S
com

putes
a

vapor-liquid
equilibrium

state

�
IN

T
S

TA
B

determ
ines

thatthis
is

nota
stable

state.
A

new
phase

split

initialization
is

returned
to

C
H

A
S

E
O

S

�
N

extrun
ofC

H
A

S
E

O
S

com
putes

a
liquid-liquid

equilibrium
state

�
IN

T
S

TA
B

determ
ines

thatthis
is

nota
stable

state.
A

new
phase

split

initialization
is

returned
to

C
H

A
S

E
O

S

�
T

hird
run

ofC
H

A
S

E
O

S
com

putes
a

vapor-liquid-liquid
equilibrium

state
(three

phases)

�
IN

T
S

TA
B

validates
this

resultas
a

stable
equilibrium

state
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M
an

y
A

pplications
in

C
hem

ical
E

ngineering

�
F

luid
phase

stability
and

equilibrium

–
A

ctivity
coef�cient

m
odels

(S
tadtherr

etal.,1995;Tessier
etal.,2000)

–
C

ubic
E

O
S

(H
ua

etal.,1996,1998,1999)

–
S

A
F

T
E

O
S

(X
u

etal.,2002)

=
)

A
sym

m
etric

m
odels

(X
u

etal.,2005)

�
C

om
bined

reaction
and

phase
equilibrium

(B
urgos

etal.,2004)

�
Location

ofazeotropes:
H

om
ogeneous,H

eterogeneous,R
eactive

(M
aier

et

al.,1998,1999,2000)

�
Location

ofm
ixture

criticalpoints
(S

tradietal.,2001)

�
S

olid-�uid
equilibrium

–
S

ingle
solvent(X

u
etal.,2000,2001)

–
S

olventand
cosolvents

(S
curto

etal.,2003)
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A
pplications

(cont'd)

�
G

eneralprocess
m

odeling
problem

s
(S

chnepper
and

S
tadtherr,1996)

�
P

aram
eter

estim
ation

=
)

R
elative

leastsquares
(G

au
and

S
tadtherr,1999,2000)

–
E

rror-in-variables
approach

(G
au

and
S

tadtherr,2000,2002)

�
N

onlinear
dynam

ics

–
E

quilibrium
states

and
bifurcations

in
ecologicalm

odels
(G

w
altney

etal.,

2004,2005)

�
M

olecular
M

odeling

–
D

ensity-functional-theory
m

odelofphase
transitions

in
nanoporous

m
aterials

(M
aier

etal.,2001)

–
Transition

state
analysis

(Lin
and

S
tadtherr,2004)

=
)

M
olecular

conform
ations

(Lin
and

S
tadtherr,2005)
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E
xam

ple
–

P
aram

eter
E

stim
ation

in
V

LE
M

odeling

�
G

oal:
D

eterm
ine

param
eter

values
�

in
activity

coef�cient
m

odels
(e.g.,

W
ilson,van

Laar,N
R

T
L,U

N
IQ

U
A

C
):



�i;

calc
=

f
i (x

� ;�
)

�
U

se
a

relative
leastsquares

objective;thus,seek
the

m
inim

um
of:

�
(�

)
=

n
Xi=

1

p
X�

=
1

�



�i;
calc (�

)
�



�i;

exp



�i;

exp

�
2

�
E

xperim
entalvalues



�i;

exp
ofthe

activity
coef�cients

are
obtained

from
V

LE

m
easurem

ents
atcom

positions
x

� ;�
=

1;:::;p

�
T

his
problem

has
been

solved
for

m
any

m
odels,system

s,and
data

sets
in

the

D
E

C
H

E
M

A
V

LE
D

ata
C

ollection
(G

m
ehling

etal.,1977-1990)
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P
aram

eter
E

stim
ation

in
V

LE
M

odeling

�
O

ne
binary

system
studied

w
as

benzene
(1)

and
hexa�uorobenz

ene
(2)

�
Ten

problem
s,each

a
differentdata

setfrom
the

D
E

C
H

E
M

A
V

LE
D

ata

C
ollection

w
ere

considered

�
T

he
m

odelused
w

as
the

W
ilson

equation

ln



1
=

�
ln(x

1
+

�
12 x

2 )
+

x
2

�
�

12

x
1

+
�

12 x
2

�
�

21

�
21 x

1
+

x
2 �

ln



2
=

�
ln(x

2
+

�
21 x

1 )
�

x
1

�
�

12

x
1

+
�

12 x
2

�
�

21

�
21 x

1
+

x
2 �

�
T

his
has

binary
interaction

param
eters

�
12

=
(v

2 =
v1 )exp(�

�
1 =

R
T

)
�

21
=

(v
1 =

v2 )exp(�
�

2 =
R

T
)

w
here

v
1

and
v

2
are

pure
com

ponentm
olar

volum
es

�
T

he
energy

param
eters

�
1

and
�

2
m

ustbe
estim

ated
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R
esults

�
E

ach
problem

w
as

solved
using

the
IN

/G
B

approach
to

determ
ine

the
globally

optim
alvalues

ofthe
�

1
and

�
2

param
eters

�
F

or
each

problem
,the

num
ber

oflocalm
inim

a
in

�
(�

)
w

as
also

determ
ined

(branch
and

bound
steps

w
ere

turned
off)

�
Table

1
com

pares
param

eter
estim

ation
results

for�
1

and
�

2
w

ith
those

given

in
the

D
E

C
H

E
M

A
C

ollection

�
C

P
U

tim
es

on
S

un
U

ltra
2/1300
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Tab
le

1:
IN

/G
B

results
vs.

D
E

C
H

E
M

A
values

D
ata

D
ata

T
D

E
C

H
E

M
A

IN
/G

B
N

o.
of

C
P

U

S
et

points
( oC

)
�

1
�

2
�

(�
)

�
1

�
2

�
(�

)
M

inim
a

tim
e(s)

1*
10

30
437

-437
0.0382

-468
1314

0.0118
2

15.1

2*
10

40
405

-405
0.0327

-459
1227

0.0079
2

13.7

3*
10

50
374

-374
0.0289

-449
1157

0.0058
2

12.3

4*
11

50
342

-342
0.0428

-424
984

0.0089
2

10.9

5
10

60
-439

1096
0.0047

-439
1094

0.0047
2

9.7

6
9

70
-424

1035
0.0032

-425
1036

0.0032
2

7.9

D
ata

D
ata

P
D

E
C

H
E

M
A

IN
/G

B
N

o.
of

C
P

U

S
et

points
(m

m
H

g)
�

1
�

2
�

(�
)

�
1

�
2

�
(�

)
M

inim
a

tim
e(s)

7*
17

300
344

-347
0.0566

-432
993

0.0149
2

17.4

8
16

500
-405

906
0.0083

-407
912

0.0083
2

14.3

9
17

760
-407

923
0.0057

-399
908

0.0053
1

13.9

10
17

760
-333

702
0.0146

-335
705

0.0146
2

20.5

*N
ew

globally
optim

al
param

eter
s

found
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D
iscussion

�
D

oes
the

use
ofthe

globally
optim

alparam
eters

m
ake

a
signi�cant

difference

w
hen

the
W

ilson
m

odelis
used

to
predictvapor-liquid

equilibrium
(V

LE
)?

�
A

com
m

on
testofthe

predictive
pow

er
ofa

m
odelfor

V
LE

is
its

ability
to

predict azeotropes

�
E

xperim
entally

this
system

has
tw

o
hom

ogeneous
azeotropes

�
Table

2
show

s
com

parison
ofhom

ogeneous
azeotrope

prediction
w

hen
the

locally
optim

alD
E

C
H

E
M

A
param

eters
are

used,and
w

hen
the

globaloptim
al

param
eters

are
used
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Tab
le

2:
H

om
og

eneous
azeotrope

prediction

D
ata

T( oC
)or

D
E

C
H

E
M

A
IN

/G
B

S
et

P
(m

m
H

g)
x

1
x

2
P

orT
x

1
x

2
P

orT
1

T
=

30
0.0660

0.9340
P

=
107

0.0541
0.9459

P
=

107

0.9342
0.0658

121

2
40

0.0315
0.9685

168
0.0761

0.9239
168

0.9244
0.0756

185

3
50

N
O

N
E

0.0988
0.9012

255

0.9114
0.0886

275

4
50

N
O

N
E

0.0588
0.9412

256

0.9113
0.0887

274

7
P

=
300

N
O

N
E

0.1612
0.8388

T
=

54.13

0.9315
0.0685

52.49

�
B

ased
on

D
E

C
H

E
M

A
results,one

w
ould

conclude
W

ilson
is

a
poor

m
odelfor

this
system

.
B

utactually
W

ilson
is

a
reasonable

m
odelifthe

param
eter

estim
ation

problem
is

solved
correctly41-a



E
xam

ple
–

M
olecular

C
onform

ations

�
F

or
a

given
m

olecule,there
are

typically
m

any
possible

conform
ational

geom
etries

(structures)

�
T

he
conform

ation
corresponding

to
the

globalm
inim

um
ofthe

m
olecular

potentialenergy
surface

(P
E

S
)

is
ofparticular

im
portance,since

itdictates

both
the

physicaland
chem

icalproperties
ofthe

m
olecule

in
the

great

m
ajority

ofcases.

�
T

he
existence

ofa
very

large
num

ber
oflocalm

inim
a,the

num
ber

ofw
hich

often
increases

exponentially
w

ith
the

size
ofthe

m
olecule,m

akes
this

global

m
inim

ization
problem

extrem
ely

dif�cult.

�
S

tochastic
m

ethods
for

optim
ization

typically
used

(S
A

,G
A

,M
C

,etc.)

�
Intervalm

ethods
provide

a
determ

inistic
approach.
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M
olecular

C
onform

ations
(cont'd)

�
C

onsider
the

problem
described

by
Lavor

(2003):
T

his
is

a
linear

chain
ofN

atom
s

(crude
m

odelofan
n

-alkane)

�
T

here
is

a
know

n
analyticalsolution,so

this
is

a
good

testproblem

�
Lavor

(2003)
determ

ined
the

globalm
inim

um
in

the
P

E
S

using
interval

branch-and-bound

�
T

he
P

E
S

is
given

by

V
=

X

(i;j
)2

M
3 [1

+
cos(3!

ij )]+
X

(i;j
)2

M
3

(�
1) i

r
ij

;

w
herer

ij
=

q
10:60099896�

4:14720682cos(!
ij )

(i;j)
2

M
3 :

�
D

eterm
ine

the
dihedralangles

!
ij

,(i;j)
2

M
3

thatgive
the

global

m
inim

um
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R
esults

�
R

esults
using

interval-N
ew

ton-based
approach

on
P

entium
4

3.2G
H

z

w
orkstation

N
G

lobalM
inim

um
C

P
U

tim
e(s)

5
-0.08224

0.0009
10

-0.58939
0.02

15
-0.49342

0.16
20

-1.00057
1.53

25
-0.90460

8.31
30

-1.41175
76.02

35
-1.31579

396.2
40

-1.82294
3499.5

�
T

he
largestproblem

solved
by

Lavor
(2003)

w
as

forN
=

25,w
hich

required

about5800
s

(adjusted
for

speed
difference

in
m

achines
used)

�
F

or
a

realistic
m

odelofan
n

-alkane,the
largestproblem

w
e

have
solved

is

N
=

11
(n

-undecane)
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C
onc

luding
R

em
arks

�
Intervalanalysis

provides
a

pow
erfulgeneralpurpose

and
m

odelindependent

approach
for

solving
a

w
ide

variety
ofm

odeling
and

optim
ization

problem
s,

giving
a

m
athem

aticaland
com

putationalguarantee
ofreliability.

�
In

com
puting

phase
equilibrium

,can
com

bine
w

ith
standard

codes
(B

urgos
et

al.,2004)

–
U

se
intervalm

ethods
for

phase
stability

analysis
as

a
�nal

veri�cation
step

–
P

rovide
corrective

feedback
to

the
standard

code

–
S

ym
m

etric
and

asym
m

etric
m

odels

�
G

uaranteed
reliability

ofintervalm
ethods

com
es

atthe
expense

ofC
P

U
tim

e.

T
hus,there

is
a

choice
betw

een
fastlocalm

ethods
thatare

notcom
pletely

reliable ,or
a

slow
er

m
ethod

thatis
guaranteed

to
give

the
correctansw

er.

�
T

he
m

odeler
m

ustm
ake

a
decision

concerning
how

im
portantitis

to
getthe

correctansw
er.
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A
c

kno
w

ledgm
ents

�
F

unding

–
A

C
S

P
etroleum

R
esearch

F
und

–
Indiana

21stC
entury

R
esearch

&
Technology

F
und

–
D

epartm
entofE

nergy

�
S

tudents

–
C

hao-Yang
(Tony)

G
au

(Lindo
S

ystem
s)

–
G

ang
(G

ary)
X

u
(S

im
ulation

S
ciences)

–
B

illH
aynes

(N
uclear

F
uelS

ervices)

–
G

abriela
B

urgos
(D

u
P

ont)

–
Youdong

Lin
(U

niversity
ofN

otre
D

am
e)

46


