Presentation Record for Paper Number 88c

Reliable Computation of High Pressure Phase Behavior

Gang Xu, Benito Stradi, Robert W. Maier, Joan F. Brennecke and Mark A. Stadtherr^∗ Department of Chemical Engineering University of Notre Dame, Notre Dame, IN 46556

Prepared for presentation at AIChE Annual Meeting, Miami Beach, FL, November 15–20, 1998 Session Number 88: Thermodynamic and Transport Properties of Supercritical Fluids

Copyright © Mark A. Stadtherr UNPUBLISHED

October 1998

AIChE shall not be responsible for statements or opinions contained in papers or printed in its publications.

∗author to whom all correspondence should be addressed; Fax: (219) 631-8366; E-mail: markst@nd.edu

1 Introduction

Computational problems such as convergence to a trivial or incorrect root, or to a local rather than global optimum, or failure to converge to a physically feasible solution at all, are not uncommon difficulties in the modeling of high pressure phase behavior. Many techniques have been developed in attempts to provide increased reliability. However, until now, there has been no general-purpose technique that could provide complete reliability for a wide variety of phase behavior computations. In this paper we report on the development and use of a robust new computational technique, based on interval analysis, for solving the difficult nonlinear problems arising in the modeling of high pressure phase behavior. This technique can be used, with mathematical and computational guarantees of certainty, to find the global optimum of a nonlinear function or to find (enclose) any and all roots to a system of nonlinear equations. This technique has the potential to be applied to a wide variety of phase behavior calculations. Since the technique is model independent and completely general, its use can be readily extended to phase behavior computations for any thermodynamic model.

2 Methodology

The technique used here is based on interval analysis, in particular the use of an interval- Newton/generalized bisection algorithm. The method can enclose with mathematical and computational certainty all roots to a system of nonlinear equations, and can be used to find with mathematical and computational certainty the global optimum of a nonlinear function. The technique is general-purpose and can be applied in connection with any thermodynamic models. No model-specific problem reformulations or convex underestimating functions need be derived.

The solution method used is the interval Newton/generalized bisection technique described by Kearfott (1987a,b), and implemented in INTBIS (Kearfott and Novoa, 1990). The algorithm is also summarized, in the context of chemical process modeling, by Schnepper and Stadtherr (1996). For a system of nonlinear equations f(x) = 0 with x ∈ X^{(0)}, the basic iteration step in interval Newton methods is, given an interval X^{(k)}, to solve the linear interval equation system F^′(X^{(k)})(N^{(k)} − x^{(k)}) = −f(x^{(k)}) (1)

for a new interval N^{(k)}, where k is an iteration counter, F^′(X^{(k)}) is an interval extension of the real Jacobian f^′(x) of f(x) over the current interval X^{(k)}, and x^{(k)} is a point in the interior of X^{(k)}, usually taken to be the midpoint. It can be shown (Moore, 1966) that any root x^∗ ∈ X^{(k)} is also contained in the image N^{(k)}, suggesting the iteration scheme X^{(k+1)} = X^{(k)} ∩ N^{(k)}. While this iteration scheme can be used to tightly enclose a solution, what is also of significance here is the power of equation (1) as an existence and uniqueness test. For several techniques for finding N^{(k)} from equation (1), it can be proven (e.g., Neumaier, 1990; Kearfott, 1996) that if N^{(k)} ⊂ X^{(k)}, then there is a unique zero of f(x) in X^{(k)}, and that Newton’s method with real arithmetic can be used to find it, starting from any point in X^{(k)}. This suggests a root inclusion test for X^{(k)}:

1. (Range Test) Compute an interval extension F(X^{(k)}) containing the range of f(x) over X^{(k)} and test to see whether it contains zero. Clearly, if 0 /∈ F(X^{(k)}) ⊇ {f(x) | x ∈ X^{(k)}} then there can be no solution of f(x) = 0 in X^{(k)}and this interval need not be further tested.

2. (Interval Newton Test) Compute the image N^{(k)} by solving equation (1).

(a) If X^{(k)} ∩ N^{(k)} = ∅, then there is no root in X^{(k)}. (b) If N^{(k)} ⊂ X^{(k)}, then there is exactly one root in X^{(k)} . (c) If neither of the above is true, then no further conclusion can be drawn.

In the last case, one could then repeat the root inclusion test on the next interval Newton iterate X^{(k+1)}, assuming it is sufficiently smaller than X^{(k)}, or one could bisect X^{(k+1)} and repeat the root inclusion test on the resulting intervals. This is the basic idea of interval Newton/generalized bisection methods. If f(x) = 0 has a finite number of real solutions in the specified initial box, a properly implemented interval Newton/generalized bisection method can enclose with mathematical and computational certainty any and all solutions to a specified tolerance, or can determine with mathematical certainty that there are no solutions in the given box (Kearfott and Novoa, 1990; Kearfott, 1990). The technique can also be readily applied in the context of global optimization (Hansen, 1992).

3 Discussion

The effectiveness of this methodology in solving high pressure phase behavior problems using equations of state with standard mixing rules has been demonstrated by Hua et al. (1998), using a problem formulation based on the Gibbs energy. In this presentation, we show how the technique can be used in problem formulations based on the Helmholtz energy, and how its applicability can be extended to other mixing rules, in particular the Wong-Sandler mixing rule. We also consider how the technique can be used with cubic equation of state models for the calculation of critical points. The technique can also be applied to other problems, including the computation of azeotropes. Results demonstrate the applicability and relability of the technique on a wide variety of high-pressure phase behavior problems.

4 References

Hua, J. Z., J. F. Brennecke and M. A. Stadtherr, Enhanced interval analysis for phase stability: Cubic equation of state models. Ind. Eng. Chem. Res. 37, 1519–1527 (1998).

Hansen, E. R., Global Optimization Using Interval Analysis. Marcel Dekkar, New York (1992).

Kearfott, R. B., Abstract generalized bisection and a cost bound. Math. Comput., 49, 187– 202 (1987a).

Kearfott, R. B., Some tests of generalized bisection. ACM Trans. Math. Softw., 13, 197–220 (1987b).

Kearfott, R. B., Interval arithmetic techniques in the computational solution of nonlinear systems of equations: Introduction, examples, and comparisons. Lectures in Applied Mathematics, 26, 337–357 (1990).

Kearfott, R. B., Rigorous Global Search: Continuous Problems. Kluwer Academic Publishers, Dordrecht, The Netherlands (1996).

Kearfott, R. B., and Manuel Novoa III. Algorithm 681: INTBIS, a portable interval-Newton / bisection package. ACM Trans. Math. Softw., 16, 152–157 (1990).

Moore, R. E., Interval Analysis. Prentice-Hall, Englewood Cliffs (1966).

Neumaier, A., Interval Methods for Systems of Equations. Cambridge University Press, Cambridge, England (1990).

Schnepper, C. A. and M. A. Stadtherr, Robust process simulation using interval methods. Comput. Chem. Eng., 20, 187-199 (1996).