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Abstract

A problem of frequent interest in analyzing nonlinear ODE models of ecological systems is
the location of equilibrium states and bifurcations. Interval-Newton techniques are explored
for identifying, with certainty, all equilibrium states an d all codimension-1 and codimension-2
bifurcations of interest within speci ed model parameter intervals. The methodology is applied
to a tritrophic food chain in a chemostat (Canale's model), and a modi cation of thereof. This
modi cation aids in elucidating the nonlinear e ects of int roducing a hypothetical contaminant

into a food chain.

Keywords : Ecosystem modeling; Ecological risk assessment; Food dha; Equilibrium states;

Bifurcations; Nonlinear dynamics

Author to whom all correspondence should be addressed. Phore: (574) 631-9318; Fax: (574) 631-8366; E-mail:
markst@nd.edu



1 Introduction

Ecological systems, including food chains and food webs, aroften modeled using systems of
nonlinear ordinary di erential equations (ODEs). Of parti cular interest here is the modeling of food
chains, which provides challenges in the elds of both theoetical ecology and applied mathematics.
Food chain models are descriptive of a wide range of behavisiin the environment, and are useful as
a tool to perform ecological risk assessments (Naito et al2002). These models are often simple, but
display rich mathematical behavior, with varying numbers and stability of equilibria and limit cycles
that depend on the model parameters (e.g., Gragnani et al., 998; Moghadas and Gumel, 2003).
Many di erent model formulations are possible, depending o the number of species analyzed, the
predation responses used, whether age or fertility structte is of interest for a given species, and
how resources are being modeled for the basal species. Ansily of food chain models is often
performed by examining the parameter space of the model in amor more variables. This approach
is referred to as bifurcation analysis, and it provides a powrful tool for concisely representing a
large amount of information regarding both the number and sibility of equilibrium states (steady
states) in a model. In a two-parameter bifurcation diagram, the shape of bifurcation curves can
elucidate the dependence, or lack there of, between model mmeters, which in turn can provide
information on their ecological relevance. Furthermore, oth the shape and the order of bifurcation
curves in a diagram can be used to make comparisons betweeneatient food chain models. We will
focus on one particular food chain model here, namely Canak chemostat model, as described in
detail below. We will also develop and study a version of the mdel that incorporates an ecosystem
contaminant.

Determining the equilibrium states and bifurcations of equlibria in a nonlinear dynamical
system is often a challenging problem, and great e ort can beexpended in analyzing even a rela-

tively simple food chain model with nonlinear functional responses. For simple systems, or speci c



parts of more complex ones, analytic techniques and isocleanalysis may be useful. However, for
more complex problems, numerical continuation methods ar¢he predominant computational tools,
with packages such as AUTO (Doedel et al., 2002), MATCONT (Dhooge et al., 2003) and others
being particularly popular in this context. Continuation m ethods can be quite reliable, especially
in the hands of an experienced user. However, in general, ctimuation methods are initialization
dependent and provide no guarantee that all equilibrium stdes and all bifurcations of equilibria
will be found. Thus, e ective use of continuation methods may require somea priori understand-
ing of system behavior in order to reliably create an accura¢ bifurcation diagram. Gwaltney et
al. (2004) described an alternative approach, based on intgal mathematics, and applied it to a
simple tritrophic Rosenzweig-MacArthur model, and variations thereof. We will explore the use of
the same approach here, but apply it to more complex models. fiis computational method uses an
interval-Newton approach combined with generalized bisetion, and provides a mathematical and
computational guaranteethat all equilibrium states and bifurcations of equilibria will be located,
without need for initializations or a priori insights into system behavior. There are other dynamical
features of interest in food chain models, such as limit cyes (and their bifurcations); however, our
attention here will be limited to equilibrium states and the ir bifurcations. Interval methodologies
have been successfully applied to the problem of locating egibrium states and singularities in
traditional chemical engineering problems, such as reaatn and reactive distillation systems. Ex-
amples of these applications are given by Schnepper and Sttuerr (1996), Gehrke and Marquardt
(1997), Bischof et al. (2000), and Mennigmann and Marquard (2002).

Our interest in ecological modeling is motivated by its use & one tool in studying the impact
on the environment of the industrial use of newly discoveredmaterials. Clearly it is preferable to
take a proactive, rather than reactive, approach when conslering the safety and environmental
consequences of using new compounds. Of particular interes the potential use of room temper-

ature ionic liquid (IL) solvents in place of traditional sol vents (Brennecke and Maginn, 2001). IL



solvents have no measurable vapor pressure (i.e., they do hevaporate) and thus, from a safety
and environmental viewpoint, have several potential advatiages relative to the traditional volatile
organic compounds (VOCs) used as solvents, including elimation of hazards due to inhalation,
explosion and air pollution. However, ILs are, to varying degrees, soluble in water; thus if they are
used industrially on a large scale, their entry into the envionment via aqueous waste streams is of
concern. The e ects of trace levels of ILs in the environmentare today not well known and thus
must be further studied. Ecological modeling provides a meas for studying the impact of such
perturbations on a localized environment by focusing not jst on single-species toxicity information,
but rather on the larger impacts on the food chain and ecosystm. Of course, ecological modeling
is just one part of a much larger suite of tools, including toxcological (e.g., Bernot et al., 2005a,b;
Ranke et al., 2004; Stepnowski et al., 2004), microbiologal (e.g., Docherty and Kulpa, 2005; Per-
nak et al., 2003) and other (e.g., Gorman-Lewis and Fine, 2000 Ropel et al., 2005) studies, that

must be used in addressing this issue.

2 Problem formulation

2.1 Canale's chemostat model

Canale's chemostat model is a tritrophic (prey, predator, siperpredator) food chain model
embedded in a chemostat (a constant volume system, with corant ow in and out). The predator
and superpredator grow by consuming the prey and predator spcies, respectively, while the prey
grows by consuming nutrients in the chemostat. The rate at which the prey, predator, and super-
predator consume food is modeled by a hyperbolic functionatesponse. The hyperbolic, or Holling
Type Il, functional response has become the favored way to miel feeding rates in theoretical
ecology. This type of response is mathematically more compated than a simple linear response,

but provides a leveling-o (saturation) e ect that is a more realistic model of behavior observed in



the environment. There is a constant ow through the chemosiat, which carries nutrients into the
system, and which carries nutrients and organisms out of thesystem. The model is given by the

following balance equations:
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Here X is the nutrient concentration in the system and x1, X2, and x3 are the biomasses of the
prey, predator, and superpredator populations, respectiely. The (honnegative) parametersa;, b,
di, and g are the maximum predation rate, half-saturation constant, density-dependent death rate,
and predation e ciency of the prey (i = 1), predator (i = 2), and superpredator (i = 3) species.
The parameter X, is the nutrient concentration owing into the system, and th e parameterD is the
in ow, or dilution, rate (equal to the out ow rate). The term ";D is the density-dependent washout
rate of species. The constant"; 2 [0; 1] quanti es how well a species is able to resist washout. For
instance, if "; = 1, the organism will be unable to resist washout. An exampleof such a species
would be a unicellular algae. Conversely, if'; = 0, the organism is completely resistant to washout.
Positive terms on the right-hand sides of Eqs. (1{4) represet in ow of nutrient and organism
growth. Negative terms represent out ow and consumption of nutrient, and loss of organisms due
to predation, wash out, and death. This model has received ausiderable attention in the eld of
theoretical ecology (Boer et al., 1998; EI-Sheikh and Mahrof, 2005; Gragnani et al., 1998; Kooi et
al., 1997; Kooi, 2003).

As previously stated, our interest in ecological modeling $ motivated by its use as a tool

for assessing the risk of the industrial use of newly discoved materials, which may enter the
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environment as contaminants. Many ecologists recognize it ecosystem modeling is important for
estimating risk to ecological systems. However, most curm assessment methods rely on examining
single species endpoint tests, such as survival, growth andeproductive rates (Pastorok, 2003).
Ecological risk estimation using food web models is becomga more popular method (Bartell et
al., 1992, 1999; Lu et al., 2003; Naito et al., 2002, 2003). Tése methods have aimed at assessing
varying toxic e ects over varying time scales. Good summares of current methods are given by
Bartell et al. (2003) and Pastorok et al. (2003).

Some popular methods for modeling both lethal and sub-lethbe ects utilize a toxic e ects
factor, which is calculated for each species in comparisorotthe appropriate experimentally mea-
sured toxicological parameters, such as Ly or ECsg. The LCso value is the concentration of
contaminant at which 50 percent of the organisms in a test samle die over a given period of time.
In contrast, the EC5q value is the concentration of the contaminant at which 50 pecent of the
organisms in a test sample are a ected in a speci c way over a igen period of time. The toxic
e ects factor is interpolated assuming a linear relationshp between contaminate concentration and
e ect. Considering that most exposure-e ect curves are colave down up to the LGsp or ECsg, this
method should provide a conservative estimate of risk (Naib et al., 2002).

Here, we will explore a straightforward way of linking the e ects of contamination to a food
chain model by directly considering the impact of a contamirant on the appropriate model pa-
rameters. For instance, one way of modeling the e ect of a comminant on a food chain would
be to link the death rate parameters to the LCsg values for each species in the model. Thus, an

expression for the density dependent death rated; could be given by:
)

whered? is the baseline death rate,C-C* is the LCs value for species, and C is the concentration

of the contaminant in the system. This sort of model approachwould be especially useful when



examining the acutely lethal e ect of a contaminant on an organism. However, the sub-lethal e ect
of a contaminant on other model parameters could be descriltein a similar manner. Again, up
to the LCsp value, this method should give a conservative estimate of th potential impact of a
contaminant on a food chain or web. This sort of approach doesot necessarily account for chronic
e ects or e ects caused by bioaccumulation of compounds. Haever, measurements to date of
octanol-water partition coe cients, for a small number of | Ls, suggest that ILs will not tend to

bioaccumulate in fatty tissues (Ropel et al., 2005).

2.2 Equilibrium states and bifurcations

The equilibrium (steady-state) condition is simply f(x) = dx=dt = 0, which in this case is
also subject to the feasibility condition x 0. Here x = [Xo;X1;X2;X3]" and dx=dt is given by
Egs. (1{4). Thus, once all the model parameters have been sgpeed, there is a 4 4 system of
nonlinear equations to be solved for the equilibrium states In general, equation systems of this
type, which arise in the modeling of food chains, may have miple solutions, and the number of
equilibrium states may be unknown a priori. For simple models it may be possible to solve for
many of the equilibrium states analytically, but for more complex models a computational method
is needed that is capable of nding, with certainty, all the solutions of the nonlinear equation
system. The stability of an equilibrium state can be determined by evaluating the Jacobian matrix
J = df =dx at the state and then examining its eigenvalues. According ¢ linear stability analysis,
for an equilibrium state to be stable all of the eigenvalues bthe Jacobian must have negative real
parts.

A bifurcation is a change in the topological type of the phaseportrait as one or more model
parameters are varied. Bifurcations of interest here occuat parameter values for which the number
and/or stability of the equilibrium states changes (Kuznetsov, 1998). We are primarily interested in

three types of codimension-one bifurcations, namely foldtranscritical and Hopf, and two types of



codimension-two bifurcations, namely double-fold (or dowle-zero) and fold-Hopf. The \codimen-
sion"” of a bifurcation indicates the number of additional conditions required to specify the particular
type of bifurcation, and thus the number of parameters that must be allowed to vary. Thus, to
nd a codimension-one bifurcation, one additional condition must be given, and one parameter
(which we denote as ) allowed to vary, and to nd a codimension-two bifurcation, two additional
conditions must be given, and two parameters ( ) allowed to vary. Several detailed treatments
of bifurcation analysis are available (e.g., Govaerts, 200; Kuznetsov, 1998; Seydel, 1988).

When a fold or transcritical bifurcation of equilibrium occ urs, two equilibria \collide" as the
bifurcation parameter is varied. This collision results in either an exchange of stability (transcrit-
ical) or mutual annihilation of two equilibria (fold). Math ematically, when an equilibrium state
undergoes either a fold or transcritical bifurcation, an egenvalue of its Jacobian is zero (Govaerts,
2000). Since the determinant of a matrix is equal to the produwt of its eigenvalues, the determinant
of the Jacobian will be zero at a fold or transcritical bifurcation, thereby providing a convenient
test function (Kuznetsov, 1998). Thus, to locate fold or transcritical bifurcations of equilibria, the
equilibrium condition can be augmented with the additional equation det[J(x; )] = 0 and the
additional variable , the bifurcation parameter. The augmented system is then slved to nd any
fold and transcritical bifurcations, along with the corresponding value or values of .

When a single equilibrium state changes stability as a modeparameter is varied, this cor-
responds to a Hopf bifurcation. Mathematically, when an equlibrium state undergoes a Hopf
bifurcation, its Jacobian has a pair of complex conjugate ajenvalues whose real parts are zero.
Thus, there must be a pair of eigenvalues that sums to zero. Aaording to Stephanos's theorem
(Kuznetsov, 1998), for ann n matrix J with eigenvalues i; »;:::; n, the bialternate product
J J has eigenvalues ; j and the bialternate product 2J | has eigenvalues ; + ;. Thus, to
locate a Hopf bifurcation, the equilibrium condition can be augmented (Govaerts, 2000; Kuznetsov,

1998) with the additional equation det[2J(x; ) 1] = 0. The bialternate product of two n n



matrices A and B isanm m matrix denoted by A B whose rows are labeled by the multindex
(p;g wherep=2;3;:::;nandg=1;2;:::;p 1, whose columns are labeled by the multiindex
(;s)wherer =2;3;:::;nands=1;2;:::;r 1, wherem = n(n 1)=2, and whose elements are
given by
0 1
%% Gpr  8ps N bor  bos X
bor  Bys agr ags

Note that while solutions to the augmented system will include all Hopf bifurcation points, there

(A B)pars) = : (6)

may be other solutions corresponding to the case of two eigealues that are real additive inverses.
To identify such \false positives" it is necessary to compue the eigenvalues of the Jacobian at
each solution. If the Hopf bifurcation occurs in an independnt two-variable subset of state space,
this is referred to as a planar Hopf bifurcation. In general, a Hopf bifurcation corresponds to
the appearance or disappearance of a limit cycle (stable ornstable) around the equilibrium state
(Seydel, 1988). Frequently this corresponds to a change inhe stability of the equilibrium state.
However, for systems with more than two state variables, ths is not always the case, depending on
the sign of the real part of other eigenvalues.

The two types of codimension-two bifurcations of interest @ouble-fold and fold-Hopf) can
both be located by using the same augmenting functions as imbduced above. When an equilibrium
undergoes a double-fold bifurcation, its Jacobian has two ero eigenvalues. When an equilibrium
undergoes a fold-Hopf bifurcation, its Jacobian has one e@nvalue that is zero and a pair of purely
imaginary complex conjugate eigenvalues. Thus, the deterinant of the Jacobian will be zero in
both a double-fold and a fold-Hopf bifurcation, because in loth cases there is at least one eigenvalue
that is zero. Furthermore, in both cases, there is a pair of ejenvalues that will sum to zero, and so
the determinant of the bialternate product 2J | will be zero. Thus, to locate a double-fold or a

fold-Hopf codimension-two bifurcation of equilibrium, th e equilibrium condition can be augmented



with the two additional equations det[J(x; ; )] = 0 and det[2J(x;; ) |] = 0 and the two
additional variables (bifurcation parameters) and . The augmented system is then solved to
nd the codimension-two bifurcations of interest, along with the corresponding values of and
Once found, these solutions must be screened for solutionkat have a pair of (nonzero) eigenvalues
that are purely real additive inverses, and the solutions must be further sorted and classi ed by type.
Codimension-two bifurcations are often of interest since lhey may serve as \organizing centers" for
a two-parameter bifurcation diagram.

Whether one is looking for equilibrium states, or the bifurcations of equilibria discussed above,
there is a system of nonlinear equations to be solved that mayave multiple solutions, or no solu-
tions, and the number of solutions may be unknowna priori. Typically these equation systems are
solved using a continuation-based strategy (Kuznetsov, 198). However, these methods generally
0 er no guarantee that all equilibrium states or bifurcatio ns will be found, and are often initial-
ization dependent. Bifurcation diagrams can also be genetad by using a grid-based approach in
which a grid is established in the two-variable parameter spce and the number and stability of
equilibrium states is computed at each grid point (Fussmannet al., 2000). The resulting infor-
mation can provide the approximate location of the bifurcation curves on the diagram, but does
not give their exact location. A computational method is neaded that is capable of nding, with
certainty, all the solutions of the nonlinear equation systems that charaterize equilibrium states

and their bifurcations. An interval-Newton methodology is explored here for this purpose.

3 Computational methodology

We provide here a very brief outline of the interval-Newton methodology used. For a more
detailed background on interval mathematics, including interval arithmetic, computations with in-

tervals, and interval-Newton methods, there are several god sources available (Hansen and Walster,
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2004; Jaulin et al., 2001; Kearfott, 1996; Neumaier, 1990)Additional details of the interval-Newton
algorithm used are summarized by Gau and Stadtherr (2002) ad Schnepper and Stadtherr (1996).

Consider ann  n nonlinear equation systemf(x) = 0 with a nite number of real roots in
some initial interval X . The interval-Newton methodology is applied to a sequencefsubintervals
of the initial interval X @ as will be seen below, these subintervals arise in a biseoti process. For
a subinterval X %) in the sequence, the rst step is thefunction range test An interval extension
F (X (K)) of the function f(x) is calculated, which provides upper and lower bounds on theange of
values off(x) in X (). If there is any component of the interval extensionF (X ¢)) that does not
include zero, then the interval can be discarded. Additiona tools, such as constraint propagation
(e.g., Jaulin et al., 2001) or Taylor models (e.g., Makino amnl Berz, 2003), may also be applied at
this point in order to reduce the size ofX () or eliminate it.

If it has not been eliminated, the testing of X (K) continues with the interval-Newton test, in

which the linear interval equation system
h i
FOX®)y N®  xk = f(x®k) )

is solved for a new intervalN ). Here FqX (%)) is an interval extension of the Jacobian off (x) over
the interval X (), and x() is an arbitrary point in X ). It can be shown (Moore, 1966) that any
root contained in X (k) is also contained in the imageN (¥, This implies that when X K)\ N &) js
empty, then no root exists in X (K, and also suggests the iteration schem (k*1) = X )\ N&) |n
addition, if N® X&) it can been shown (Kearfott, 1996) that there is a unique ro® contained
in X K and thus in N, Thus, after computation of N there are three possible outcomes: 1.
XK\ N& = meaning the current interval X ¢ contains no root, so it can be discarded; 2.
N & X&) meaning the current interval X %) contains a unique root, so it need not be further
tested; 3. Neither of the above, but a new interval X (k*1) = X® \ N® can be generated. In

the last case, if there has been a signi cant reduction in thesize of the interval, then the interval-
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Newton test can be reapplied. Otherwise, the intervalX (k*1) s bisected, and the resulting two
subintervals are added to the sequence of subintervals to btested. If an interval containing a unique
root has been identi ed, then this root can be tightly enclosed by continuing the interval-Newton
iteration, which will converge quadratically to a desired tolerance. This approach is referred to as
an interval-Newton/generalized-bisection (IN/GB) metho d. At termination, when the subintervals
in the sequence have all been tested, either all the real rostoff (x) = 0 have been tightly enclosed
or it has been determined rigorously that no roots exist. An mportant feature of this approach is
that, unlike standard methods for nonlinear equation solving that require a point initialization, the
IN/GB methodology requires only an initial interval.

Using the interval methodology described in this section, 1 is possible to determineall so-
lutions to a nonlinear equation system within a speci ed initial search interval, or to show that
no such solutions exist. This can be done not only withmathematical certainty, but also with
computational certainty, since the use of interval arithmetic with outward rounding eliminates any

possible rounding error issues.

4 Results for Canale's model

Following Gragnani et al. (1998), the parameters used wereet to a; = 1:25,b =8, e; =0:4,
d;=0:01,"1=1, a&2=0:33,b=9, & =0:6,d, =0:001,",=0:8,a3 =0:021,b3 = 15:19,e3 = 0:9,
d3 = 0:0001, "3 = 0:1. A bifurcation diagram with the in ow rate, D, and the concentration of
the nutrient in the in ow, Xp, as the bifurcation parameters was then computed using the N/GB
methodology and compared to theD vs. x, bifurcation diagram determined by Gragnani et al.
(1998) using continuation techniques. The bifurcation diggram for Canale's model computed using
IN/GB is given in Fig. 1.

The codimension-one bifurcation curves were computed by $ang the appropriate equation
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systems (see Section 2.2), rst xing X, at many (400) closely spaced values over the interval
[0,400] and determining the value(s) ofD at which bifurcations occurs, and then xing D at
many (700) closely spaced values over the interval [0,0.14nd determining the value(s) of x, at
which bifurcations occurs. The average CPU time required tosolve a system for transcritical and
fold bifurcations was about 15 seconds (1.7 GHz Xeon processrunning Linux) and for Hopf
bifurcations about 100 seconds (the many nonlinear systemthat must be solved are independent
and can be solved in parallel). Some planar Hopf (i) bifurcation curves are shown (both in Fig.
1 and in Gragnani et al.'s diagram) for which a stability change occurs only in a two-variable
subspace, with the stability of the overall system remainirg unchanged (unstable) due to the sign
(positive) of the third and/or fourth eigenvalue.

Fig. 1 captures all bifurcations of equilibria shown in the D vs. X, bifurcation diagram
presented by Gragnani et al. (1998). However, we have also ¢ated other bifurcation curves not
shown by Gragnani et al. (1998). First, we compute a transctiical bifurcation curve very near the
D axis (the leftmost TE in Fig. 1) that is not given by Gragnani et al. (1998). At this bifurcation, a
stable nutrient-only equilibrium state collides with an in feasible nutrient-prey equilibrium state; the
nutrient-prey state becomes feasible and exchanges staliyl with the nutrient-only state. Second,
we compute a planar Hopf bifurcation curve near thex, axis (lowest H, in Fig. 1) that is not shown
by Gragnani et al. (1998) (we have also computed other planaHopf bifurcations curves very near
the x, axis, but these are not visible in Fig. 1 due to the scale used)However, for all of these H,
bifurcations, the stability change occurs only in a two-vanable subspace, with the stability of the
overall system remaining unchanged (unstable).

Another useful type of diagram in nonlinear dynamics is the slution branch diagram (or
one-parameter bifurcation diagram). This type of diagram shows how the steady-state values and
stability of the state variables change as a single model pameter is varied. These diagrams are also

very easily generated using the interval methodology by simly solving the equilibrium conditions.
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For example, Fig. 2 shows how the equilibrium states changesathe in ow nutrient concentration,
Xn, IS varied from 0 to 400, while the in ow rate, D, is held constant at a value of 0.09. This
was computed by using IN/GB to solve the equilibrium conditions for many (4000) closely spaced
values ofx,,. The average CPU time to solve for the equilibrium states forone x,, value was about
0.06 seconds. In Fig. 2, and in subsequent solution branch agrams, thin lines represent unstable
equilibria while thick lines represent stable equilibria.

Fig. 2 tracks the behavior of equilibrium states asxy is increased from 0 to 400 along the
horizontal line D = 0:09 in Fig. 1. Moving to the right along this line, seven bifurcations are
encountered, namely (and in order) TE, TE, Hp, FE, TE, H, H. The rst TE is not clearly visible
in Fig. 2 due to the scale used. The sixth and seventh bifurcabns, both Hopf, are of particular
interest here. The sixth bifurcation (x, 1125) results in the rst stable coexisting equilibrium
state (all three species present). But at the seventh bifuration (x, 1845), this state becomes
unstable. This illustrates the \paradox of enrichment”. A m inimum in ow nutrient concentration
iSs necessary to support a stable, coexisting state for all tree species. Enriching the food chain by
increasing the in ow nutrient concentration will increase the stable population of the top predator,
but only to a point. Beyond that point (Hopf bifurcation) the system becomes unstable and
populations experience \boom and bust" cycles. To directlystudy the change in system behavior
that occurs at this bifurcation (or any of the other bifurcat ions identi ed in this study), dynamic
simulations can be performed. In this case, dynamic simulabns show that, at this Hopf bifurcation,

a stable limit cycles appears around the unstable steady sta. On this periodic orbit the state
variables (mass values or populations) experience \boom ahbust" cycles (Gragnani et al., 1998).

Using solution branch diagrams like Fig. 2 we can characterde the regions in Fig. 1 and
identify the bounds on the region ofx, and D that corresponds to a stable, coexisting steady state.
This region is shown by the shaded area in Fig. 1. As indicatedn Fig. 1, as the in ow rate, D,

increases, the minimum in ow nutrient concentration, xn, required to support a stable, coexisting
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steady state also increases. This behavior is intuitive besuse, as the in ow rate increases, more
nutrient and organisms are washed out of the system, resultig in the need for a higher nutrient
in ow concentration, X, to support the minimum biomasses of prey and predators newsary for
survival of the predators and superpredators, respectivel

The maximum x, boundary for the region supporting a stable, coexisting stady state is
the rightmost Hopf bifurcation curve. At X, values to the of right this curve, the system is over-
enriched and loses stability. One can see from Fig. 1 that atelatively low in ow rates (D / 0:0414),
increasingD causes the maximumx,, allowable for a stable coexisting state to decrease. This ta
be explained by recognizing that at very low values of the in ow rate, D, increasing the in ow rate
has the predominant e ect of increasing the addition of nutrients to the system, thereby leading
to over-enrichment and decreasing the in ow nutrient concentration at which the rightmost Hopf
bifurcation occurs in Fig. 2. However, at values ofD ' 0:0414, increasing the in ow rate causes
the e ects of washout to become more pronounced, and largeralues ofx, are allowable because
of the high removal rate of both biomass and system nutrient.

Using the techniques developed here it is a relatively simg matter to generate bifurcation
diagrams in di erent parameter spaces within the model. Furthermore, generating these diagrams
can be done reliably, without need fora priori insight and without worry about initialization issues.
Here we will next explore bifurcation diagrams for a di erent model, namely Canale's model as

modi ed to include the e ect of contaminant.

5 Results for Canale's model with contaminant

Canale's chemostat model was modi ed to include the lineay increasing death rate function
given by Eq. (5). The baseline death ratesd?, d9, and d$ were set to thed;, dp, and d3 values given

above (Gragnani et al., 1998). Various scenarios were stueld for the LCsq values used for the prey,
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predator, and superpredator species. The values chosen veeselected to re ect orders of magnitude
di erence in the sensitivity of each species to the hypotheical contaminant. The values used were
combinations of Ci"cf’0 set to 10, 100, and 1000, used once for each species. Thereaveix possible
combinations of these values, and six gures, each & vs. X, bifurcation diagram generated using
IN/GB as described above, were generated. These cases areganized for discussion into three

sections, depending on which species is most sensitive todlcontaminant.

5.1 Prey most sensitive

Fig. 3 shows the case where the contaminant is most lethal tohe prey trophic level (i = 1).
The diagram on the left shows the case where the contaminantsileast lethal to the superpredators
(CECs =10, C5°% =100, C5©% = 1000), while the diagram on the right shows the case where
the contaminant is least lethal to the predators (CY°% =10, C5“% = 1000, C5°% = 100).

Both diagrams in Fig. 3 exhibit transcritical, fold, Hopf, a nd planar Hopf codimension-one
bifurcations, and each diagram has a single codimension-twfold-Hopf bifurcation. Both diagrams
were generated on a 3.2 GHz Pentium IV processor running thentel Fortran Compiler 7.1 for
Linux. The average CPU time necessary to solve for fold and tanscritical bifurcations was 3.2
seconds for the diagram on the left and 2.2 seconds for the digam on the right. The average CPU
time necessary to compute Hopf bifurcations was 16.6 secoador the diagram on the left and 10.9
seconds for the diagram on the right. The time necessary to $ee for the fold-Hopf codimension-two
bifurcation point was 454 seconds for the diagram on the lefand 266 seconds for the diagram on
the right.

A solution branch diagram was computed for each toxicity cag examined in Fig. 3. While
the solution branch diagrams were not quantitatively identical, the general qualitative trends can
be captured by a single diagram. Fig. 4 is a solution branch digram that illustrates the e ect of

increasing the contaminant concentration for the caseCL®® =10, C5% =100, and C5°% = 1000
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(Fig. 3, left), with x, = 200 and D = 0:07. This gure aids in the characterization of the
di erent regions in Fig. 3. Furthermore, Fig. 4 gives insight into the behavior of the system
under increasing contaminant loads. As the contaminant leel in the system increases, the system
transitions from an unstable, likely cyclical, state to a stable, coexisting steady state in a Hopf
bifurcation at C  1:21. Over the range of stability of this coexisting equilibrium state, increasing
the contaminant concentration has the expected e ect of redicing the steady-state prey population.
However, simultaneously, the steady-state predator popudtion increases, while the superpredator
population decreases. The behavior is somewhat unexpectedince the superpredator population
is least sensitive to the hypothetical toxin, one might intuitively expect that contaminating the
system would have the least e ect on the superpredator. Furhermore, with declining steady-state
prey populations, one would expect that the predator populdion would decline as well. However,
from another point of view, the behavior of this system appeas reasonable. Since the superpredator
is the top species in the food chain, e ects to species belowhe superpredator will directly a ect
the superpredator population. Declining steady-state sugrpredator populations reduce predation
pressures on the middle trophic level, allowing the predates to ourish. This, in turn, increases
predation pressure on the prey trophic level, compounding lhe e ects of the high sensitivity to the
ecotoxin and causing the prey population to decrease.

In Fig. 3, the scales of the two diagrams are di erent in terms of the range of contaminant
concentration examined. The contaminant concentration fa the diagram on the left ranges from O
to 10, while on the right the range is from 0 to 2. This disparity in scaling was chosen to highlight
the di erence between the diagrams in terms of the behavior 6 the fold, transcritical, and Hopf
bifurcation curves to the right and/or below the planar Hopf bifurcation. While this set of curves
appears virtually identical between the two diagrams, it is worth noting the di erence in the scaling.
Furthermore, if the scale of the diagram on the right was inceased to match the diagram on the

left, the leftmost transcritical curve on both diagrams would match identically. This curve forms
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the boundary at which the nutrient-only state collides with the nutrient-prey state, and occurs
when x, = 0 and x3 = 0. To the right of this curve, the nutrient-prey state is fea sible. Since
ClLC5° = 10 in both diagrams, mathematically this line should be identical. However, moving left
to right in both diagrams, the next transcritical bifurcati on observed is not identical. This curve
forms the boundary at which a nutrient-prey-predator system becomes feasible. The shape of this
transcritical bifurcation in both diagrams is very similar , but concavity of the curve is much greater
for the system in which the predator is least sensitive to thecontaminant (C5°% = 1000). Thus,
the sensitivity of the predator species, as expected, detenines to what extent the predator species
in a nutrient-prey-predator state can tolerate the ecotoxin.

Of particular interest in Fig. 3 is the region in which all thr ee species can coexist. This region
is shaded grey in both diagrams. The regions themselves dilgy virtually identical trends in terms
of the relationship between in ow nutrient concentration, X, and contaminant concentration, C.
The shape of these regions generally indicates that, by ineasing the in ow nutrient concentration,
the system will be able to tolerate higher contaminant concetrations as compared to a system that
is not enriched. The di erence between the two diagrams in Fg. 3 gives the reader information
concerning the sensitivity of the system to contaminant. In the diagram on the right, for which
the predator is least sensitive C'Z'CS" =1000), the maximum allowable contaminant concentration
for coexistence isC  1:03 at x, = 400. In the diagram on the left, for which the superpredator is
least sensitive cg';cf’“ = 1000), the maximum allowable contaminant concentration for coexistence
isC 4:.02 atx, =400. This di erence between the two scenarios indicates tlat the superpredator

plays an important role in the top-down control of the food chain.

5.2 Predator most sensitive

The next pair of systems examined are those in which the predar (i = 2) is species most

sensitive to contamination, and the results for these systms are shown in Fig. 5. The diagram on
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the left shows the case where the contaminant is least lethalo the superpredators (ClLCSO =100,
C5°% =10, C5©* =1000), while the diagram on the right shows the case where ta contaminant
is least lethal to the prey (C:°* = 1000, C5°% =10, C5°® = 100).

Notice rst that the two diagrams in Fig. 5 dier in the types o f bifurcations present. The
diagram on the right exhibits transcritical, fold, Hopf, pl anar Hopf, and fold-Hopf bifurcations,
while the diagram on the left does not display any fold or foldHopf bifurcations. The diagram on
the left was generated using a 3.2GHz Pentium IV processor wle the diagram on the right was
generated using a 1.7GHz Xeon processor. Both were generdtesing the Intel Fortran Compiler
7.1 for Linux. The average CPU time necessary to solve for fdl and transcritical bifurcations
was 1.5 seconds for the diagram on the left and 9.72 seconds fihe diagram on the right. The
average CPU time necessary to compute Hopf bifurcations wa8.15 seconds for the diagram on the
left and 41.4 seconds for the diagram on the right. The time neessary to solve for the fold-Hopf
codimension-two bifurcation point was 2502 seconds for theliagram on the right, and it took 318
seconds to show that no codimension-two fold-fold or fold-ldpf points existed for the diagram on
the left. The di erences between the computation times for the two diagrams are clearly due in
part to the di erence in the CPUs used.

As done previously, solution branch diagrams were generatkfor both cases examined in Fig.
5. The two diagrams were not quantitatively or qualitativel y identical. However, the general
trends are quite similar with a few exceptions, which can be oted by the dierent order and
types of bifurcation curves encountered in the two diagramsin Fig. 5. Thus, only one solution
branch diagram is presented here. Fig. 6 is a solution branchliagram that illustrates the e ect of
increasing the contaminant concentration for the caseC{“® = 1000, C5°% =10, and C5“% =100
(Fig. 5, right), with x, =200 and D = 0:07. If Fig. 6 was generated for the system on the left in
Fig. 5, the main di erence would be that the stable, coexisting steady state would not lose stability

in a Hopf bifurcation. Rather, the stable coexisting state would cease to exist in a transcritical
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bifurcation. Furthermore, the planar Hopf bifurcation wou Id have no e ect on system stability,
and no fold bifurcations would be observed. However, it is inportant to note that the general
trends observed for the steady-state biomasses for the theespecies are qualitatively similar when
increasing the contaminant concentration. As the contamirant concentration increases, the system
transitions to a stable, coexisting steady state. This occus because the contaminant increases the
death rates of the species, causing unstable population clgs to dampen and collapse in a Hopf
bifurcation at C  0:269. Over the range of stability of this coexisting equilibium state, increasing
the contaminant concentration has an unexpected e ect. Thesuperpredator and prey populations
both decrease while the predator population increases, dp#ie the fact that the predator species
is the most sensitive to the contaminant. This behavior is olviously counterintuitive, but is once
again indicative of the top-down control of the food chain by the superpredator species.

The region of stable coexistence for the three species is shed grey for both diagrams in Fig.
5. In the left diagram in Fig. 5, the lower bound of the region is de ned by the Hopf bifurcation,
while the upper bound is de ned by the rightmost transcritic al bifurcation. In the right diagram,
the lower and upper bounds on the region of stable coexistercare de ned by the Hopf bifurcation
curves. The same general trend for the region of stable coestence is observed in the diagrams in
Fig. 5 as was observed in the diagrams in Fig. 3. That is, as thén ow nutrient concentration,
Xn, increases, the maximum allowable contaminant concentrabn, C, for stable coexistence of the
food chain also increases. Furthermore, as in Fig. 3, the caisting steady state is more tolerant
to higher contaminant concentrations in the system where the superpredator is least sensitive to
the ecotoxin. This is readily apparent by observing that the upper bound on the contaminant
concentration is C  1:17 for the right diagram, where the superpredator is moderagly sensitive
(C?';050 = 100), while the upper bound is C  2:43 for the left diagram, where the superpredator is
least sensitive C5°* = 1000).

On last feature worth mentioning in Fig. 5 is the di erence between the leftmost transcritical
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bifurcation curve in each diagram. This curve separates theregion of feasibility for the nutrient-
only state from the region in which there is both a nutrient-only state and a nutrient-prey state.
Each transcritical bifurcation curve displays the same belavior qualitatively for large values of C
in that both proceed upwards, then curve to the right and begin to level o, much like the same
curves in the diagrams in Fig. 3. However, in the left diagram this transcritical curve levels o
around a value of C 80, while in the right diagram this curve levels o around C  800. This
di erence is expected, considering the order of magnitude derence in CI°* between the two
diagrams in Fig. 5, and the simplicity of the state space in whch this bifurcation occurs. So, while
the superpredator exerts top-down control on the limits of the stable, coexisting steady state, the
toxicity of the contaminant to the prey species determines he boundary between existence and

extinction for the prey species in the nutrient-prey state.

5.3 Superpredator most sensitive

The last set of bifurcation diagrams for Canale's model witha hypothetical contaminant was
generated for the systems in which the superpredatori(= 3) is the species most sensitive to the
ecotoxin (C'3'Cso = 10). These systems are shown in Figs. 7 and 8. Fig. 7 shows thHafurcations
found at relatively large values of C, and Fig. 8 shows the bifurcations found at relatively small
values of C. Fig. 7 is a side-by-side comparison of the two diagrams forhte purpose of analyzing
the di erences in scale of the e ect of C on the nutrient-prey state and the nutrient-prey-predator
state. The diagram on the left shows the case where the contamant is least lethal to the prey
(CEC% = 1000, C5°% = 100, C5°* = 10), while the diagram on the right shows the case where
the contaminant is least lethal to the predators (C{°% = 100, C5°® = 1000, C5°% = 10). To
observe the behavior of the bifurcations controlling the sable, coexisting steady state, the diagrams
must be signi cantly rescaled to show only small values ofC. When the left diagram is rescaled,

the result is the diagram shown in Fig. 8. When the right diagram is rescaled, it is virtually
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indistinguishable from Fig. 8, and so only the one diagram isgiven.

Generation of the diagrams in Fig. 7 and Fig. 8 took place on a 2GHz Pentium IV processor
using the Intel Fortran Compiler 7.1 for Linux. For the diagr am on the left in Fig. 7 (and for Fig.
8), locating fold and transcritical bifurcations took an average of 1.3 seconds of CPU time, while
Hopf bifurcations took an average of 9.1 seconds, and the fdHopf codimension-two point took
169 seconds. For the right diagram in Fig. 7, locating fold an transcritical bifurcations took an
average of 1.5 seconds of CPU time, while Hopf bifurcationsaok an average of 9.8 seconds, and
the fold-Hopf codimension-two point took 161 seconds.

Fig. 7 illustrates the scaling di erences between the two sgtems. In the diagram on the
left, where the prey is least sensitive to the ecotoxin and tle predator is moderately sensitive, the
leftmost transcritical bifurcation is almost vertical. We re the scale extended along theéC axis, one
would observe that this transcritical bifurcation curves to the left and levels o near C  800. In
the diagram on the right in Fig. 7, where the predator is least sensitive to the ecotoxin and the
prey is moderately sensitive, it is clear that, qualitatively, the same behavior is observed for the
equivalent bifurcation curve, with the exception that this curve now levels o nearC 80. This is
the same behavior observed in the equivalent bifurcation cves in Fig. 5, and occurs for the same
reason discussed in Section 5.2. The remaining bifurcatioourves viewable in the scale of Fig. 7 are
a transcritical bifurcation, and a planar Hopf bifurcation . Crossing the planar Hopf curve causes
the nutrient-prey-predator state to become stable with increasing contaminant concentration C.
By further increasing C and crossing the transcritical bifurcation, the nutrient- prey-predator state
becomes infeasible. Since both of these curves de ne behavifor the predator trophic level, it is
clear why there should be quantitative di erences between he two cases shown in Fig. 7.

Fig. 8 is a magni cation of the diagram on the left in Fig. 7 (CL°% = 1000, C5“% = 100,
Cg';CS" =10). In this system, the prey is least sensitive to the contaninant, and the superpredators

are most sensitive. Fig. 8 shows the region of the stable, cmisting steady state. As previously
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observed, increasing the nutrient in ow concentration, X, increases the maximum allowable con-
taminant concentration, C, prior to the coexisting state becoming unstable. In compaison to the

diagrams in Fig. 3 and Fig. 5, the region of stable coexisteree shown in Fig. 8 is highly sensitive to
the concentration of the hypothetical contaminant. In fact, the system in Fig. 8 is approximately

an order of magnitude more sensitive than the most sensitivesystem previously studied. This
further illustrates the importance of the superpredator on the behavior in the coexisting steady
state.

A solution branch diagram was generated for the system showrin Fig. 8. This diagram
illustrates the e ect of increasing the contaminant concertration, C, on the various feasible steady
states, with x, = 200 and D = 0:07. This diagram appears as Fig. 9. The qualitative behavior
shown in this diagram is very similar to the behavior observe for other systems. As the contam-
inant concentration increases, the coexisting state rst becomes stable in a Hopf bifurcation. A
subsequent Hopf bifurcation causes the coexisting state téose stability. However, increasing the
contaminant concentration, C, over the interval where the system is stable causes a decknin the
superpredator and prey populations, while the predator poplation increases.

While the speci ¢ scenarios of contamination cause the vanus systems examined here to
display di erent quantitative behaviors, the qualitative behavior of all the contamination scenarios
is strikingly similar. A common theme in theoretical ecology is that when species at the base of a
food chain are a ected by some change in the system, the top sxies will be indirectly impacted.
This theme is readily apparent in the \paradox of enrichment”, and can also be seen by examining
the various contamination scenarios presented here. Furtermore, it is clear that the superpredator
species plays an important role in the top-down control of the stable, coexisting steady state in the
food chain. Considering the magnitude of the baseline deathate parameter values used ¢§ = 0:01,
dJ =0:001, d$ = 0:0001), we would expect the superpredator species to be mostssitive to small

changes in the death rate. However, consider the case (Fig., eft) in which the superpredators
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are two orders of magnitude less sensitive to the contaminanthan the predators. In this case,
the predators should be more sensitive to the contaminant tlan the superpredators. However,
even in this case, for the stable coexisting steady-statencreasing the contaminant concentration
causes a decline in the superpredator population and an inease in the predator population. The
predator population does not begin to decline until levels & contaminant are reached at which
the superpredators are decimated. This sort of behavior carbe quite counterintuitive, but is not

uncommon in nonlinear food chain and food web systems.

6 Concluding remarks

We have demonstrated here the utility of an interval-Newton approach for the computationally
rigorous and reliable computation of all equilibrium states and bifurcations of equilibria (fold,
transcritical, Hopf, double-fold and fold-Hopf) in nonlin ear models of ecosystem dynamics, with
focus on a model that includes the e ect of a contaminant. Ushg this methodology one can easily,
without any need for initialization or a priori insight into system behavior, generate complete
solution branch and bifurcation diagrams. The ability to easily and reliably analyze nonlinear food
chain models can expose unexpected and counterintuitive beavior. The knowledge provided by
this sort of analysis may be quite useful in managing risk in he complex and highly interdependent

nonlinear systems found in our environment.
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1. Bifurcation of equilibrium diagram for nutrient in  ow concentration (x,) versus in ow rate
(D) in Canale's chemostat model. TE: Transcritical of equilibrium; FE: Fold of equilibrium;
H: Hopf;, Hy: Planar Hopf, FH: Fold- Hopf codimension-two. Region of stdle coexistence

shaded in grey.

2. Solution branch diagram illustrating the change in equilibrium states (species biomass)
with change in the nutrient concentration of the in ow ( x,) for Canale's chemostat model.

From left to right: prey, predator, and superpredator biomasses.D = 0:09 for all three plots.

3. Bifurcation of equilibrium diagrams for nutrient in ow concentration ( x,) versus con-
taminant concentration (C) in Canale's chemostat model with modi ed death rates givenby
Eg. (5). D =0:07 for both plots. TE: Transcritical of equilibrium; FE: Fol d of equilibrium;
H: Hopf, Hy: Planar Hopf; FH: Fold-Hopf codimension-two. Regions of shble coexistence

shaded in grey.

4. Solution branch diagram illustrating the change in equilibrium states (species biomass)
with change in the contaminant concentration (C) for Canale's chemostat model with modi ed
death rates given by Eq. (5). From left to right: prey, predator, and superpredator biomasses.

D =0:07, x, =200, CL®% =10, C5°% =100, and C5°% = 1000 for all three plots.

5. Bifurcation of equilibrium diagrams for nutrient in ow concentration ( x,) versus con-
taminant concentration (C) in Canale's chemostat model with modi ed death rates givenby
Eg. (5). D =0:07 for both plots. TE: Transcritical of equilibrium; FE: Fol d of equilibrium;
H: Hopf; H,: Planar Hopf, FH: Fold-Hopf codimension-two. Regions of sable coexistence

shaded in grey.

6. Solution branch diagram illustrating the change in equilibrium states (species biomass)
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Fig.

Fig.

Fig.

with change in the contaminant concentration (C) for Canale's chemostat model with modi ed
death rates given by Eq. (5). From left to right: prey, predator, and superpredator biomasses.

D =0:07, x, = 200, CE°% = 1000, C5°* =10, and C5°* = 100 for all three plots.

7. Bifurcation of equilibrium diagrams for nutrient in ow concentration ( X,) versus contam-
inant concentration (C) in Canale's chemostat model with modi ed death rates givenby Eq.
(5). D =0:07 for both plots. TE: Transcritical of equilibrium; FE: Fol d of equilibrium; H:
Hopf; Hp: Planar Hopf; FH: Fold-Hopf codimension-two. Regions of sable coexistence not

shown due to scale. See Fig. 8.

8. Bifurcation of equilibrium diagram for nutrient in  ow concentration (x,) versus contami-
nant concentration (C) in Canale's chemostat model with modi ed death rates givenby Eq.
(5) and D = 0:07. TE: Transcritical of equilibrium; FE: Fold of equilibri um; H: Hopf; Hp:
Planar Hopf; FH: Fold-Hopf codimension-two. Region of stalle coexistence shaded in grey.

See Fig. 7 for larger values ofC.

9. Solution branch diagram illustrating the change in equilibrium states (species biomass)
with change in the contaminant concentration (C) for Canale's chemostat model with modi ed
death rates given by Eq. (5). From left to right: prey, predator, and superpredator biomasses.

D =0:07, x, =200, CX°% = 1000, C5°% = 100, and C5°* = 10 for all three plots.
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Figure 1: Bifurcation of equilibrium diagram for nutrient i n ow concentration ( X,) versus in ow
rate (D) in Canale's chemostat model. TE: Transcritical of equilibrium; FE: Fold of equilibrium;
H: Hopf; Hp: Planar Hopf, FH: Fold- Hopf codimension-two. Region of stdle coexistence shaded

in grey.
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Figure 2. Solution branch diagram illustrating the change in equilibrium states (species biomass) with change in the nient
concentration of the in ow ( x,) for Canale's chemostat model. From left to right: prey, predator, and superpredator biomasses.

D =0:09 for all three plots.
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Figure 3: Bifurcation of equilibrium diagrams for nutrient in ow concentration ( Xp) versus contaminant concentration (C) in
Canale's chemostat model with modi ed death rates given by Ey. (5). D = 0:07 for both plots. TE: Transcritical of equilibrium;

FE: Fold of equilibrium; H: Hopf, H ,: Planar Hopf; FH: Fold-Hopf codimension-two. Regions of shble coexistence shaded in

grey.
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Figure 4: Solution branch diagram illustrating the change in equilibrium states (species biomass) with change in the gcdgaminant
concentration (C) for Canale's chemostat model with modi ed death rates given by Eq. (5). From left to right: prey, predator,

and superpredator biomassesD = 0:07, x, = 200, C;°% =10, C5°% =100, and C5“* = 1000 for all three plots.
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Figure 5: Bifurcation of equilibrium diagrams for nutrient in ow concentration ( Xp) versus contaminant concentration (C) in
Canale's chemostat model with modi ed death rates given by Ey. (5). D = 0:07 for both plots. TE: Transcritical of equilibrium;

FE: Fold of equilibrium; H: Hopf, H ,: Planar Hopf; FH: Fold-Hopf codimension-two. Regions of shble coexistence shaded in

grey.
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Figure 6: Solution branch diagram illustrating the change in equilibrium states (species biomass) with change in the ggaminant
concentration (C) for Canale's chemostat model with modi ed death rates given by Eq. (5). From left to right: prey, predator,

and superpredator biomassesD = 0:07, x, = 200, C{% = 1000, C5°% =10, and C5°* =100 for all three plots.
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Figure 7: Bifurcation of equilibrium diagrams for nutrient in ow concentration ( Xp) versus contaminant concentration (C) in
Canale's chemostat model with modi ed death rates given by Ey. (5). D = 0:07 for both plots. TE: Transcritical of equilibrium;

FE: Fold of equilibrium; H: Hopf, H . Planar Hopf; FH: Fold-Hopf codimension-two. Regions of sable coexistence not shown

due to scale. See Fig. 8.



Figure 8: Bifurcation of equilibrium diagram for nutrient i n ow concentration ( x,) versus contam-
inant concentration (C) in Canale's chemostat model with modi ed death rates givenby Eq. (5)
and D = 0:07. TE: Transcritical of equilibrium; FE: Fold of equilibri um; H: Hopf; Hy: Planar
Hopf; FH: Fold-Hopf codimension-two. Region of stable coeistence shaded in grey. See Fig. 7 for

larger values ofC.
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Figure 9: Solution branch diagram illustrating the change in equilibrium states (species biomass) with change in the cgaminant
concentration (C) for Canale's chemostat model with modi ed death rates given by Eq. (5). From left to right: prey, predator,

and superpredator biomassesD = 0:07, x, = 200, C{% = 1000, C5°% = 100, and C5°% = 10 for all three plots.



