10.

Math 108 Exam 3 Solutions - Spring 2005

- p(5) = p(0) + p'(0)At = 0.4+ [(0.1) - (0.4) - (1 — 0.4)] - 5 = 0.52

p(10) = p(5) + p/(5) At = 0.52 4+ [(0.1) - (0.52) - (1 — 0.52)] - 5 = 0.6448

. According to the plot of the direction field, y = 2 is a unstable solution and y = —1 is an

stable solution.

. Since y = 1 and y = 0 are equilibrium solutions, g(1) = g(0) = 0. Furthermore, since y = 1

is stable, ¢’(1) < 0 and since y = 0 is unstable, ¢'(0) > 0.
If g(y) = y(1 —y) = y — ¢* then ¢'(y) = 1 —2y. ¢'(1) = =1 < 0 and ¢'(0) = 1 > 0.
Therefore, the matching differential equation is ' = y(1 — y).

y

. 9(p) = —In(5&5). Since g(150) = 0, p = 150 is an equilibrium solution. By using chain rule,

Jd(p) = —%. ¢'(150) = —15 < 0 implies that it is stable. Therefore, it is the limiting value.

. Let us compute derivatives of f(z) = 5.

f(l’) = e = f(0> =1 " "
fl(@) =5e = f(0) =5 ps(z) = f(0) + f(0)z + fg(!())w? +1 3(!()):53
f1(z) = B = f1(0) = 5 - -

=145z + —a°+ 2.
fm(.%) — 5365x = f///(o) — 53

2 3!

3 3\? 3\? 3 3 3\? 3\?
. By factoring 2 we obtain, 1 + (4) + (4) +...= 4[13+ 41—i— <4>3 + (4) + -] Since
3 <1, we can use the geometric formula. So we have = 1[1 =] = e 4=3
T4
Let us compute derivatives of f(x) = 1_%.
f(l’) = % = f(O) =4 "0 an
oo p(w) = £0) + F O+ L2 170
f(z) = ~t2? f(0) =—4 2 3
Y 1o Y :>_4 4 4x2 5 4x2x3 4
Fa) = 22 = f1(0) =4 %2 =4t
f(x) = 55t = f7(0) = 4 x 2 %3 =4 — 4y + 42> — 423 ..
. The amount of drug remaining in the patient’s system

= amount of drug injected today + amount of drug injected yesterday + amount of drug
injected day before yesterday + - - -

_ 506_0,2 + 506—0.2-2 + 506—0.2'3 + ...
_ 506—0.2(1 + e 02 + e—022 + e—0-2:3 + .. )

_ 50e702
T 1—e0.2-

. There are four possible ways to have to top face to add up to 5; (1,4),(2,3),(3,2),(4,1)

out of 36 possible outcomes. Therefore the probability for rolling a pair of dice to have

o4 1
sum of five is 55 = 5.

Since P(EU F) = P(E) + P(F) — P(EN F),

1

xs...
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P(F)

P(EUF)—P(E)+P(ENF)=07-04+02=0.5.

k(4) ~ k(0) 4+ K'(0) - At = 2.25 + [(0.3)(1/2.25) — (0.15)(2.25)] - 4 = 2.7.

k(8) ~ k(4) + K'(4) - At = 2.7+ [(0.3)(/2.7) — (0.15)(2.7)] - 4 = 3.0516.

k(12) ~ k(8) + k'(8) - At = 3.0516 + [(0.3)(1/3.0516) — (0.15)(3.0516)] - 4 = 3.3168.
g(y) =y(d—y) =0. Soy =0 and y = 4 are two equilibrium solutions. ¢'(y) = 4 — 2y.

¢'(0) = 4 > 0 implies that y = 0 is unstable. Furthermore ¢'(4) = —4 < 0 implies y = 4 is
stable.

For concavities, we need to check the second derivative Ccllté/ =g (y) =y(4—y)(4—2y).
For finding the inflection line, we set 4 — 2y = 0. Hence y = 2.

Therefore, by checking signs of the second derivative,

e The solution is concave up for 0 < y < 2 and y > 4.

e The solution is concave down for y < 0 and 2 < y < 4.

(a) Let us compute derivatives of f(x) = In(1 + x).

f(z) =In(1+2) = f(0) =0 pa(@) = F(O) + F(0)z + JMQ(P)Q;Q
f@)=1+a)" = f0)=1 = 22 |
fla)=~(+a)? s po=-1 =r-g

Therefore /0 In(1 +x) dx ~ /0 T — %dw = [% — %](1) = ;

(b) Since y =3t — (0) =3(0) —y(0) =0—5= —b.

y'=3—1. Therefore y"(0)=3—-9'(0)=3—(-5)=8

So we have y(t) ~ y(0) + ¢'(0)t +
Hence y(0.2) ~ 5 — 5(0.2) + 4(0.2)* = 4.16.
To get $10,000 at the end of the first year, you have to deposit 10000e~%') now.

To get $10,000 + 4% = $10000(1.04) at the end of the second year, you have to deposit
10000(1.04)e =12 now.

To get $10,000(1.04) + 4% = $10000(1.04)* at the end of the third year, you have to deposit
10000(1.04)2e=%16) now.

Therefore, to have this fund forever, you have to deposite
10000e '™ 4 10000(1.04)e = 4 10000(1.04)%e 1) . ..
10000011

_ 100006—0.1(1)(1 + (1.04)6_0'1(1) + (1-04)26_0'1(2) + .. ) = 1 (1 04) o1
— (L. e

P(E)=05+025=0.75 P(F)=0.25+0.05=0.3
P(ENF) = P(s3) =025, P(EUF) = P(s,53,51) = 0.5+ 0.25+0.05 = 0.8.



