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Math 10-260 Spring 2008, Exam I Initials:

Multiple Choice

1. (5 pts.) The demand and supply curves of a soft drink is given below. If the area of the
shaded region A is 10, what is the consumer surplus and producer surplus ?
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a)  Consumer surplus = 1 and Producer surplus = 2.
)

Consumer surplus = 2 and Producer surplus = 4.

=

(

(

(¢)  Consumer surplus = 4 and Producer surplus = 2.
( Consumer surplus = 4 and Producer surplus = 1.
(

e) Consumer surplus = 1 and Producer surplus = 4.

2. (5 pts.) The money market account of a businessman earns interest at an annual rate r

compounded monthly. If the balance of the account doubles in 10 years, what is the value of
r?

1
(a) r=12(20/120 —1) () r={5n2 (c) r=20/120_1

(d) Cannot be determined. (e) 7 =1In2— 10
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3. (5 pts.) The graph of the value V() of a stock from the beginning of January to the beginning
of May last year is given below. Using a Riemann sum with At = 1 and right endpoints, estimate
the average value of the stock over the time period from the beginning of January (¢ = 0) to
the beginning of May (¢t = 4) last year.

(a) 17 VSA V(1)
o 1 do ]

© 7/2 AVAN

(d) 3/4 2

() 17/4 :

~Y

4. (5 pts.) The value of a certain make of computer changes at a rate of r(t) = 3t*> — 154 dollars
per month for 0 < ¢ < 24. What is the total change in the value of the computer over the first
12 months?

(a)  $30
(b) —$120
(c) —9$72
(d) $72
(e) $120
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1
5. (5 pts.) When evaluating the integral / xV2x + 1dr using the method of substitution
0

with u = 2x + 1, you get the expression:

0 / (u— 1)Vadu O / (u— 1) du
(© %/1<u—1>¢adu (@) i/lw—lwdu

3/2 1
(e) (5?3 —%/0 (2u +1)*? du

6. (5 pts.) Suppose the population of a region of the world grows according to the logistic
differential equation

d

d—f — 0.05p — 0.002p?
What is the carrying capacity K of the population?
(a) K =0.02 (b) K =20 (c) K=25
(d) K =500 (e) K =0.04
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7. (5 pts.) A young executive deposits continuously at the rate (5¢+3) thousand dollars per year
into an account paying 6% compounded continuously. Which one of the following expressions
give the balance of the account after 5 years, in thousands of dollars?

5
(a) / (5t + 3)e™%6G=0 gt
0

o
(c) /5(5t + 3)e 0% gt
@ 221

<e> 260'3 + 760’24 + 1260'18 + 1760‘12 + 2260'06

8. (5 pts.) The areas between the functions f(x) and g(z) for a < x < b are given below.
yA

b
If y = f(z) is the linear function, find the value of / [f(z) — g(x)] du.

(a) —6 (b) 0 (c) 16
(d) 6 (e) —16
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9. (5 pts.) An ND freshman decides to open a savings account. Starting on March 1st 2008, and
for the next three years (2009 through 2011) on that date, she deposits $500 into an account
paying 6% interest compounded continuously. She plans to close the account and withdraw all
the money on March 1st 2012. What is the future value of the second deposit at the time of
withdrawal?

(a)  500e24 (b) 500006 (c) 500e%18

(d)  500e018 (e) 500

10. (5 pts.) For the same scenario above, what is the balance of the savings account at with-
drawal?

4
(a) / 500¢%-064=0) gt
0

(b)  500%'8 4 500e%12 + 500e% + 500
<C> 500e%24 + 500e%18 + 500e912 + 500906

4
(d) / 500e %% gt
0

(e) 500+ 500e~°% + 500e~12 4 500e 018
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Partial Credit
You must show your work on the partial credit problems to receive credit!

11. (10 pts.) A colony of wasps is building an underground nest. They start by finding an
empty hole and begin constructing cells at a rate of

d_y — 05y

dt
in tens of cells per day. Find the number of cells y in terms of ¢. Assume that y(0) =0
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12. (10 pts.)
Part A. (5 pts.) Without using a calculator, work out the integral:

/xlnazd:c

Part B. Dave takes up a three year car loan of $10,000 at annual interest rate of 8% compounded
continuously. Assuming that payments are made continuously at a constant rate of S dollars
per year, answer the questions below.

B (i) (3 pts.) If M(t) denotes the balance of the loan at time ¢ (0 < ¢ < 3), write down but do
not solve a differential equation satisfied by M(¢). Your answer should involve S.

B (ii) (2 pts.) Write down both conditions satisfied by M (¢) so that you could solve for BOTH
M(t) and S in B (i).
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13. (10 pts.)
22

Part A. (5 pts.) Find the partial fraction decomposition for ————.
x2 —Tx — 18

(You do not need to integrate your answer.)

Part B. (5 pts.) Without using a calculator, find the equilibrium point for the demand and
supply functions below:

D(q) = (¢ —5)% S(g)=¢+q+3
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14. (10 pts.)
Part A. Without using a calculator, work out the integral:

/x\/l—xde

Part B. Write down but do not evaluate an integral that gives the present value of a
perpetual income stream flowing continuously at a rate of €% thousand dollars per year and
with interest compounded continuously at the rate of 5%.

10
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15. (10 pts.)
Part A. Give the limit definition of the following improper integral:

>4
1 X

Part B. Without using a calculator, evaluate the improper integral below showing clearly
how you use limits:

>4
1 T

11
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Math 10260 Exam 1 (Bus. Calc. 2) Solution — Spring 2008

PA
A\
N
NN
4 [csS\
NN 219)
PSTIN
2 N
2 4 6 7%

1
Consumer supply = 10 — 2(3) = 4. Producer supply = 5(2)(2) =2.

1210 120
. Let P be the present value of the account. Then in 10 years, 2P = P (1 + 1%) = 2= (1 + L) =

12

20 = 14 = = r =122 - 1),

tydt V()AL +V(2)At+VE)AL+ V()AL _4+3+5+5 17

4—-0 4—0 4 4

. Let V(t) be the value of the computer at time ¢. Then V'(t) = r(t) = 3t> — 154. By Fundamental Theorem

12 12
of Calculus, V(12) — V(0) = / r(t)dt = / 3t? — 154dt = 3 — 154t|3* = 123 — 154 - 12 = —120.
0 0

1
. Substituting u = 2x 4+ 1 we haveng(u—l), S0 d;l::%du. Ifxz=1thenu=2-04+1=1,and if z =1,

then u = 3.

! 1?1 13
Therefore / V2 + ldz = 2/ §(u — 1)v/udu = 4/ (u — 1)y/udu.
0 1 1

0.002 e 0.05

dp .
005 = K =000 =

d
P 0.05p — 0.002p2 = d—lt’ — 0.05p(1 —

25.
dt

. This is a continuous income stream problem asking for future value after 5 years. Therefore the required

5
balance is / (5t 4 3)e% 0661 g¢.
0

P (@) — g(a))de =3 -5+ 8=6.

. The second deposit is left on the account for three years (2009- 2012). Thus FV of the second deposit at the

time of withdrawal = 500e%-9663) = 500918,

Deposits were made four times each a year apart then left in the account for one year.

(i) FV of the initial deposit on March 1st 2012 = 500064 = 500024,

(ii) FV of the second deposit on March 1st 2012 = 500e*063) = 500018

(iif) F'V of the third deposit on March 1st 2012 = 500e*06(2) = 500012,

(iv) FV of the fourth deposit on March 1st 2012 = 500e%96(1) = 500¢%-06,

The balance of the savings account at withdrawal = 500e%24 + 500e%® + 500e%12 + 50096,
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dy

d
i e~%% and y(0) = 0. Solve the differential equation il

dt
eOdy = dt = /eo'5ydy = /dt = 2¢%% =t + C = 0.5y = In(0.5(t + C)) = y = 2In(0.5¢t + C’), where
C'=0.5C.

Finally, to evaluate C’, substitute y(0) = 0, which gives 0 = 2In(0.5(0) + C’) = 0 = 2In(C’) = C' = 1.
Therefore y = 21In(0.5¢ + 1).

We have the initial value problem = ¢ 05y

1 2
Alu=lnzr = du=—dzr;dv=xdr = v= % Integration by parts formula gives:
x

2 2 2 2
rInx T r*Inx 1 r“Inx 1
1 = — _ = —_ = = —_ = 2 .
/x nxdx 5 /zrda: 5 2/l‘d.7} 5 4ac +C

dM

B(ii) M(0) = 10,000, and M (3) = 0.

22 A B
A. Since 22 — 7x — 18 = (2 +2)(z — 9), we have 8 m+2+x—9' So 22 = A(x—9)+ B(x+2).

fx=9=22=11B= B=2 andifz=-2=22=—-114 = A = —2. Finally,

2 2 2
22—Ter—18 42 zx—-9°

B. At equilibrium, (¢ —5)?>=¢>+¢+3=¢* —10¢+25=¢* +q+3 = 11¢g=22 = ¢ = 2.
Hence g = 2 and p. = (2 —5)2 = 9.

A. Let u=1— 22, then du = —2zdx = —%du = xdx.

1 1 2 1 :
/w\/l—xgdazz—/\/ﬂdu:—2'3u§+C:—3(1—m2)g+C.

2
o0 o0
B./ 60.01t€—0.05tdt:/ o 0-04t 7y

0 0

00 ¢ T4
A./ —3dx: lim —3dx.

1 T T—>OOl i

% 4 , T 4 o [=21t 2 -2 ) ,
B'/1 i ﬁZJEEO[ﬁLZTlE;(Tz‘p):‘p:28““
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Multiple Choice

1. (5 pts.) The daily low temperatures (in °C) for three days last week in South Bend is given
in the table below:

Day (z) 1 3| 4
Daily Low Temperature (y) | 5| —2| 6

Which of the functions below is the error function that needs to be minimized in order to
determine the least squares line y = ax + b for the data above?

(a) E(a,b)=(a+b—-5)+(2a+b+2)+ (3a+b—6)

(b)  E(a,b)=(a+b+5)*+ (3a+b+2)?+ (4a+ b+ 6)?
(¢) E(a,b)=(a+b—5)*+Ba+b+2)*+ (da+b—6)>
(d) E(a,b)=(a+b—=5)*+(2a+b+2)*+ (3a+b—6)
(e) E(a,b)=(a+b+5)*+ (3a+b—2)*+ (4a+ b+ 6)?

2

2. (5 pts.) Find the second partial derivative if f(z,y) =In(3z + 2y).

0yox
-9 —6 —4
(&) (3x + 2y)? (b) (3z + 2y)? (c) (3z + 2y)?
4 6
SR P ME (¢) (32 + 2y)?
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3. (5 pts.) Give the equation for the y-section at y = 3 of the surface z = y> — 2%y — 5.
(a) z=—6z (b) y® — 2y =38 (c) z=22— 32

(d) z=27—22 (e) None of these.

4. (5 pts.) You wish to find the rectangular box that has the sum of the length z, width y, and
the height z equal to 80 centimeters, and maximum volume.

Which of the following systems needs to be solved when using the method of Lagrange Mul-
tipliers.

a) yz=A\ xz=\ axy=X\ x+y+2z—-80=0
b) yz=AX zz=X a2y=2A zyz—80=0

(

(

() 1=MXyz, 1=Xxz, 1l=Xzy, xyz—80=0
(d) yz=1, zz=1, zy=1, x4+y+2-80=0
(

e) yz=1, zz=1, zy=1 zyz—80=0
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5. (5 pts.) Which of the following is the graph of level curves of the function
flry) =z—(y—-27"7

y

8 B ¥
o NWZ -, %/%éﬁ o j\A\\\\S\\\O ]
7). &L
(d) 0 % (e) §§

6. (5 pts.) Let f(z,y) = Y. Find the value of the limit
f2,=1+h) - f(2,-1)

lim

h—0 h
(a) 2e7? (b)  4de* (c) e
(d) —2e2 (e)  Does not exist.
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7. (5 pts.) The production of a certain company is given by the function P(K, L) where K is
the amount of capital and L is the amount of labor. If 2 units of capital and 3 units of labor give
8 units of production, and M PK(2,3) = 1 and M PL(2,3) = 4, find the linear approximation
of P at (2,3).

a) P(K,L)~4K +L—11
)

b Cannot be determined.

(

(

() P(K,L)~4K +L+8
(d) P(K,L)~K+4L—14
(

e) PK,L)~K+4L—6

8. (5 pts.) The growth rate g(t, m) of a bacteria in the laboratory depends on the temperature
t and humidity m of its environment. Level curves of g(t,m) are given below. What is the
maximum growth rate if the equipment in the laboratory could only produce temperature and
humidity such that 2t +m = 17

1.50 +
1.00 +

0.75 1

Humidity

2

0.50 + 20

15 /\
0.25 1 10
/

5

0 055 0s0 045 100 150 ¢
Temperature
(a) 20 (b) 15 (¢c) Cannot be determined.
(d) 25 (e) 10
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9. (5 pts.) Which of the following statement or statements below are FALSE?
(1) The surface x = 5 is a plane that is perpendicular to the z-axis.
(2) The x—slope of the plane z = ax + by + ¢ is b/a.

(3) (—3,2,1) is a point on the plane z = —(z — 3) +2(y +2) + 1.

(a) (1) and (3) only (b)  (2) and (3) only (¢) (3) only
(d) (2) only (e)  None is false.

10. (5 pts.) It is known that (1,1) is a critical point of f(z,y) and that

O f 0% f 0*f
T 9y 3 I 949 — 97— 3
Ox? v oy? 2y, Oxdy *
Determine the nature of the critical point (1,1).
(a) Local maximum. (b)  Saddle point. (¢) Local minimum.

(d)  Global minimum. (e) Cannot be determined.
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Partial Credit
You must show your work on the partial credit problems to receive credit!

11. (10 pts.) Consider the function of two variables f(z,y). Suppose that

af 8 af 8
B y+x2 and 9y :c+y2.

(a) Compute all second-order partial derivatives of f(z,y).

(b) Give the determinant function D(x,y).

(c) It is known that (2,2) is a critical point of f. Use the second derivative test to determine
the nature of the critical point (2,2).
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12. (10 pts.) A pharmaceutical company sells flu medicine in packages of six pills and packages
of twelve pills. Suppose = is the number of six-pill-packages and y is the number of twelve-
pill-packages that are produced each month. The demand function for the six-pill-packages is
p1 = 60 —2x +y and the one for the twelve-pill-packages is p, = 10 — 2+ 2y (measured in dollars
per package). Answer the following questions regarding this company.

(Part A) Find the monthly revenue function R(x,y).

(Part B) Suppose we also know that each six-pill-package costs $15 to produce, each twelve-
pill-package costs $25 to produce, and the fixed cost for the monthly total production is $5000.
What is the monthly cost function C'(z,y)?

(Part C) Find the monthly profit function P(zx,y).
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13. (10 pts.) Find all critical points of the function
f(z,y) = 2° + 32y — 39>




Math 10260 Spring 2008, Exam 11 Initials:

14. (10 pts.) Find the equation of the plane passing through the points
(1,1,-2); (2,2,1); (1,2,-1)

10
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15. (10 pts.) The total production of a company manufacturing bubble gum is given by the
function

fla,y) = 32ty
where z is the number of units of labor and y is the number of units of capital. Suppose each
unit of labor costs $50, each unit of capital costs $40, and the company’s total budget for labor
and capital is $60,000. Use the method of Lagrange multipliers to find the labor and capital
that maximizes the output.

11
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Math 10260 Exam II (Bus. Calc. 2) Solution — Spring 2008

1. E(a,b) = (a+b—5)?+ (3a+b+2)? + (4da + b — 6)%.

or  3x+2y  Oydx Oy

af 3  #f 0 3 - —6
3r+2y/) (34 2y)?

3. 2=3—22.3-5=22- 322
4. We need to maximize the function zyz subject to the constraint z + y + z — 80 = 0. The system is:

yz=XA, xz=X xzy=X\ z4+y+z-—80=0.

5. The level curves are x — (y — 2)2 = ¢ = = = (y — 2)? + ¢. Therefore the answer is

y
47/ /
2
0 X
\\
e
——————
———
= —————
Dl

6. The limit is equal to ?(2, —1).
Y

7. The linear approximation is:
P(K,L)=P(2,3)+ MPK(2,3)(K —2)+ MPL(2,3)(L—3) =8+ (K —2)+4(L—-3)=K+4L -6

Humidity
S IS ~ =~
o N IS) o
S) a S S)

<
N
<

: ‘ ‘ ‘ ‘
0 025 050 075 100 150 t

Temperature
The line m = —2t + 1 is tangent to the level curve z = 15, and the maximum growth rate is 15.
9. (1) is TRUE. (2) is FALSE: the z-slope is a. (3) is FALSE since 1 # —(-3 —3) +2(2+42) + 1 = 15.

10. Since D(1,1) = (2-1—-3)(2+2-1) — (2-1—3)2 < 0, the point (1,1) is a saddle point.
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12.

13.

14.

15.

O f 16 0%f 0% f 16 0f

) 5a2 = " Bgor - Vo2 T Ty dwdy

16 16 256
b) D =(-=) (-=)-12=22 -1
o) Do) = (~33) - (-15) -1 = T

2 2 1
(c) Since D(2,2) = % —1=3>0and g‘};@, 2) = —2—2 = —2 <0, the function f has a local maximum
: x

at (2,2).

Part A. R(z,y) = 2p1 + yp2 = 2(60 — 2z + y) + y(10 — = + 2y) = 60z + 10y — 222 4 22 dollars.
Part B. C(z,y) = 152 + 25y + 5000 dollars.

Part C. P(z,y) = R(x,y) — C(z,y) = 60x + 10y — 222 + 2y* — 152 — 25y — 5000 =
452 — 15y — 22 4 2y% — 5000 dollars.

0 0
— =322 + 3y, and —f = 3x — 6y. We need to solve the system
oz oy

322 +3y=0

3x —6y =0

1 3
From the second equation we obtain y = ~z. Combining it with the first equation we have 322 + ix = 0.

This equation has two solutions: z =0 and z = —1/2.
Critical points: (0,0) and (—1/2,—1/4).

Using the “point-slopes” formula z — zy = a(z — o) + b(y — yo) with the first point as (zo, yo, 20), we obtain
the equation z + 2 = a(x — 1) + b(y — 1) with unknown slopes a and b. Since the second and third points
are on the plane, we have two equations 1+2 =a(2—1)+b(2—1) and —14+2 =a(l1 —1)+b(2—1). Hence
b=1and a=2.

An equation of the plane: z+2 =2(x — 1) + (y — 1).

We need to maximize the function f(z,y) = 3z'/3y%/3 subject to the constraint g(x,y) = 50z +40y —60000 =

0.
We have O — g-213,2/8 09 _ 50 9 _ 50173173 anq 29 _ 4o,
Oz Iz Ay Ox

Thus we need to solve the system
23423 = X . 50
221 /3y=1/3 = X 40
50z + 40y — 60000 = 0

o3, 9/3 _ 2

1 5
From the first two equations we obtain —x Y 21/3y=1/3 which reduces to 4y = 10z, or y = —z.

By substituting this into the third equation of our system we get 150z = 60000, or z = 400. And it follows
that y = 1000.
Answer: z = 400,y = 1000.
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Multiple Choice

1. (5 pts.) The capital stock k(t) for an economy is given by
dk
Ez?\@—k; k(0) =1

Initials:

According to the model, what value does the capital stock approach after a long time?

a 2

b

)
) 0

(
(
() Cannot be determined.
(d) 4

(

e) +oo

2. (5 pts.) Evaluate the following geometric series

™ 7T2 71'3 7T4

2 T TR T

() o= () 5 (©)
@ © T

Series is divergent.
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3. (5 pts.) Suppose you roll a pair of fair dice. Find the probability that the sum of the top
faces is less than or equal to 4.

(a) 5/36 (b)  6/36 (c)  4/36
(d) 3/36 (e) 2/36

4. (5 pts.) Let ¢ = f(x) be the demand function of an ipod accessory. Here ¢ is the quantity
sold in thousands and z is the price in tens of dollars. Suppose that

f@Q)=5 f@)=-1 f1(2)=3
Compute the 2nd-degree Taylor polynomial for the revenue R(x) about 2.

a) Py(r) =10+ 3z + 22*
b) )

(
(
(c) P
(d)  Po(x) =10 + 3z + 4a?
(

e) Py(x)=10+3(x+2) + 4(z + 2)*
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5. (5 pts.)
A
2
gy T\
I
3 2 1] o I P N VR
/

-1 \
The size y(t) of a population (in hundreds) of wild crocodile grows according to the model

dy
i 9(y)

where the graph of g(y) is given above. Find the equation of the asymptotically stable
equilibrium solution of the differential equation.

(a) y=3 (b)  None of these. (c) y=-1

(@ y=1 () y=4

6. (5 pts.) For the same population of crocodile above, which of the following statements are

TRUE?
(1) If y(0) = 1.5 then the size of the population approaches 3 as t — oc.
(2) The carrying capacity of the environment is 4 hundred crocodiles.
(3) If y(0) = 2 then the population is decreasing in size as time progresses.
(4) Ify

4) If y(0) = 0.5 then the population is headed for extinction.

(a) (1), (2) and (4) only (b)  (4) only (¢) (3) and (4) only
(d) (2) and (4) only (e) (3) only
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7. (5 pts.) Suppose that the 6th-degree Taylor polynomial of f(z) about —3 is

What is the value of f"(—3)7

—12

)

a

(

—48

12

8. (5 pts.) Which of the pictures below shows the direction field of the differential equation

= —2y(y —1)7

dy
dt
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9. (5 pts.) Which of the following expression is the 3" degree Taylor polynomial for In(2 + z)
about —17

(@) (-1 —(r-1)"+2(x—-1)°

M) (z+1)—(z+1)+2x+1)>

(c) w—%—l—%
(@ (:c—l)—(x_21) +(x—31)
© (- D

10. (5 pts.) The table below gives the probability for the selection of a customer who bought
a cookie from a cafe. Assuming that the possible cookies carried by the cafe are listed below,
find the value of a.

Selections Chocolate Sugar Peanut Butter Oatmeal Gingerbread
Probability 0.30 2a 0.25 0.15 a

(a) 0.3 (b) Cannot be determined. (c¢) 0.1

(d) 1 (¢) 0.15
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Partial Credit
You must show your work on the partial credit problems to receive credit!

11. (10 pts.) The number of cellphones (in millions) owned by the residents of a city is given
by the equation
dy _
a ye s y(0) =2
where ¢ is the time in years from 2006. Use Euler’s method with At = 1 to estimate the number

of cellphones owned in the year 2008.
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12. (10 pts.) Consider the differential equation

dy 2
AR
dt y

(a) Find the equation(s) of all equilibrium solution(s) of the differential equation.

(b) Find the equation(s) of all inflection line(s).

(c¢) On the grid below, mark all equilibrium solutions and inflection lines. Then, sketch the
solution curve for the initial value problem below. Be sure to show clearly the concavity of
the solution curve.

dy

= v y(0)
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13. (10 pts.) Let y(t) be the solution to the initial value problem

Y =2, y(2) =0
(a) Compute the 2nd-degree Taylor polynomial for y(¢) about 2.

(b) Use your result in Part (a) to estimate y(2.2).
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14. (10 pts.) Suppose you want to a establish a perpetual fund that pays out a certain
amount at the end of every year, starting with $1,000 at end of the first year and increasing the
amount by 2% every year. Assuming that your investment pays 4% annual interest, compounded
continuously, answer the following questions:

(a) What is the present value of the first payment?

(b) What is the present value of the second payment?

(c) Write down the geometric series that gives the value of the lump sum you must invest to
establish the perpetual fund. Also give the common ratio of your series. You must give at
least the first three terms of the series in your answer.

Common ratio of series =

(d) What is value of the lump sum you must invest?

10
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15. (10 pts.) A study of caucasians showed that 40% had blond hair, 30% had blue eyes, and
20% had blond hair and blue eyes . Find the probabilities below.

(Hint: Let E be the event that a caucasian had blond hair, and G be the event that a caucasian
had blue eyes.)

a. Probability that a caucasian did not have blonde hair.

b. Probability that a caucasian had blonde hair or blue eyes (or both).

c. Probability that a caucasian had blonde hair given that he/she had blue eyes.

11
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1. The equilibria values are k = 0 (unstable) and k = 4 (stable), so
the capital stock approaches 4 after a long time. The answer is (d.)

7T3 ™ ™ ™ ™
(S O S T
2 4 8+ 2<—i_2—|F(2>+(2)jL

The geometric series diverges since 7/2 is > 1. The correct answer
is (c).

3. There are 36 equally likely outcomes: (1,1),(1,2),...,(6,6). The
event F that the sum of top faces is less than or equal to 4 consists of
6 outcomes: (1,1),(1,2),(1,3),(2,1),(2,2),(3,1). Hence P(E) = 6/36.
The correct answer is (b).

4. R(z) = xzq = xf(x). The degree 2 Taylor polynomial of R(x)

about 2 is
R'(2 R"(2
Py(x) = R(2) + #(m —2)+ %(x —2)%.

We have R(2) =2- f(2) =2-5=10.

For the other coefficients in Py(z), note that R'(z) = [zf(z)] =
f(xz) +af'(x). Thus R'(2) = f(2) +2f'(2) =5+2-(—1) = 3. Then
R'(x) = [f(x) + f' ()] = f'(z) + f'(z) + 2f"(z), and so R"(2) =
2f'(2) + 2f"(2) = =24 2 - 3 = 4. Plugging these into P, we get that
the correct answer is (c).

5. Since g(4) = 0 and ¢'(4) < 0, y = 4 is the equation of the
asymptotically stable equilibrium solution. The answer is (e).

6. If y(0) = 1.5, then the population approaches 4 as t — oo (see
preceding problem), so (1) is FALSE. Again, by the previous problem,
(2) is TRUE, while (3) is FALSE. Since y = 1 is an unstable equilibrium
solution, (4) is TRUE. Therefore, the answer is (d).

7. The coefficient of (x + 3)® in Ps(z) has to equal £ /,/;—3). Hence
f"(=3) = (—2) - 3! = —12. The correct answer is (a).

8. Setting —2y(y — 1) = 0, we see there are equilibrium solutions
at y = 0 (unstable) and y = 1 (stable). This rules out every picture
except (e.) (just test different initial values: less than 0, between 0 and

1, and greater than 1).
1



9. Let f(x) = In(2 + x). The degree 3 Taylor polynomial of f(x)
about —1 is
f///( )

Py(z) = f(-1)+ (x+1)+ (z+1)*+ 3 2 (z+1)°%

We have f(—1) = In 1 = 0. It is necessary then that P3(—1) = f(—1) =
0. Thus (a), (c), and (d) are not correct answers. We need to decide
among (b) and (e). Note that f'(z) = 51— and so f/(=1) = 1. So
far, any of (b) and (e) can be correct Let’s look at the coefficient of

(z+1)?. Note that f"(z) = 57, )2 and so f”(—1) = —1. Thus only (e)
can be the correct answer. To check this is indeed the correct answer,
we only have to check that the coefficient of (z + 1)? is ok. Note that
" (x) = (2+ @ and so f"(=1) = 2. Thus the coefficient of (z + 1)3 is

indeed 2/3! = 2.

10. 1 =0.34+2a+0.2540.15+ a, hence 0.3 = 3a, and a = 0.1. The
correct answer is (c).

11. Since At =1, we have n = 2; i.e., tg = 0,t; = 1,15 = 2. Let

( 1) f”(—l)

(1) fty) =ye™".
Now,
Yo = 2,
Y1 = yo + f(to, yo) At
=24+ f(0,2)-1
Using (1),
£(0,2) =2&° = 2.
Therefore,
Yy =2+2=4
Also,
Y2 = y1 + f(t1,y1) At
=4+ f(1,4)-1
Again using (1),
f(1,4) =4e .

So
Y(2) ~yy =4+ de!

12. (a.) Set g(y) = y*—2y = y(y—2) = 0, then we have equilibrium
solutions y = 0 (stable) and y = 2 (unstable).
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(b.) Since y" = ¢'(y)g(y) = 2y(y — 1)(y — 2), the inflection lines are at
y=0,y=1 and y = 2.

(c.) Since the initial condition 0 < y(0) < 2, we know the solution curve
will (i) start at the point (0,1.5); (i7) be decreasing with y(t) — oo as
t — o0; (i4i) be concave down for 1 < y(t) < 1.5, and (iv) concave up
for 0 < y(t) < 1.

13. (a)

Rt =@ + L0 2+ TG g

It is given that y(2) = 0. Also, ¥/(2) = 2e¥® +2 =2.1+2 = 4. Note
that y” = 2e¥%y'+1 and so 3"(2) = 2¢¥®y/(2)+1=2-4+1 = 9. Hence
Py(t) = 4(t — 2) +4.5(t — 2).

(b) y(2.2) ~ P3(2.2) = 4(0.2) + 4.5(0.2)2 = 0.98

14. (a) 1000 = PVe®% so PV = 1000e0%4.

(b) 1000(1.02) = PV 04)2 so PV = 1000(1 02)e~ (0042,

(c) 1000e~%% 4 1000(1.02)e~ 092 1 1000(1.02)2e~ 003 4
(d) The sum from (c) equals

(t—2)+

1.02 1.02\ 2 1.02\?
—0.04 _
1000e 1+ —or (—60.04) T+ (—60'04) ] +... =
o 1
= 10006 ——5
£0.04
— 48052.

15. We are told that P(E) =
(a.) P(F)=1—P(E)=1-— 4
(b.) P(EUG) = P(E)+ P(G) —

(c.) P(E|G) = P55 = 2 = 66

4,P(G) = 3,P(ENG) =
~ 6
P(ENG)=A4+3—.2=05
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