SOLUTIONS TO EXAM 2 - MATH 10260, SPRING 2009

1. (z-3)=2(x—-1)+5(y+2) =2x+5y+ 11

2. V(=12 +(1-124(1-22=V2

3. We have
of . Of

eV 5 =T

dy

Hence (0, 1) is the only critical point of the function.

4. The x-slope is —3, the y-slope is —2 and the plane contains the point (0,0, 1). Hence its equation is
z—1=-3xz—-2y+1, ie, z=—-3x—2y+ 1.

of 2w Of 2@+’ (20)-(20) 20y’ — )
5. We have or  2+g? 05 (22 + y2)2 T (22 4 y2)2

6. The number of vans is approximatively

of of
£(25,170) + 5 (25,170) - (0.2) + 8—y(25, 170) - (—10)

= 900 + (—180) - (0.2) + (—12) - (—10) = 900 — 36 + 120 = 984.
7. y = 1is an equilibrium solution of the differential equation y" = g(y), where g(y) = y(1 — y), because

g(l)=0and¢’'(1)=1-2<0.
8.
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9. Let g(z,y) = zy. We need to solve the system

_q 9f_\99 Of _

99
oy’

ie.,

>

1
zy =1, 4= M\y, 1:)\x—>xzx, Yy =

We get 4\2xy = 4, so that A = £2. Since = > 0 the only critical point is
point is 4.

—

£.2) and the value of f at this
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10. The condition f = const implies x> + y? — 1 is constant so the level sets of f are circles with the
center at the origin.

11.(a) gi =188z —4y+2)—4(2z -3y + 1), g}y) = 24(4y — 3x — 2) — 6(3y — 2z — 1). The critical

points satisfy

:>’x:—2, y:—l‘.

{ 30y — 23z =16

13y — 10 =7
(b) We have
of _ o of . _

82f B af2 B

922 =9, 0xdy 2y =3
Hence

0% f 0% f of? 2
D(31) = 55(5.1) 55 (axay(5’1)) = -1<0.

Hence (5, 1) is a saddle point.

12. (a) We compute the z-slope using the points (1,3, 4) and (2, 3,5) and we have
5—4

- 1 = — = 1
z-slope = o—

We compute the y-slope using the points (1,2, 3) and (1, 3,4) and we have

y—slopezgjzl.
(b) We have
8f 2.4 af 3 22yt
I T et e A P P T
61‘ ’ay ye )
of of
1,-1)=1, —(1,-1)=2, =—(1,-1)=4
LD =1, 501 =2 51,1

The equation of the plane is

z—1=2—1)+4@y+1)}

13. (a) The error function is
E(a,b) = (a+b—6)*+ (2a+b—5)*+ (3a+b—3)> + (6a +b— 1)
(b) We look for the coefficients a and b of the linear function y = ax + b minimizing the error function
E(a,b) = (a4+b—5)2+ (2a+b—4)>+ (3a+b—4)%

Computing the partial derivatives with respect to a and b gives

FE
%a:2(a+b—5)+4(2a+b—4)+6(3a—|—b—4)
and
oF

Setting these partials equal to zero and doing the algebra gives the system

1l4a+6b =25 and 6a+ 3b=13.
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Solving this system we obtain a = —1/2 and b = 16/3. This is the only critical point of E(a, b). Next we
apply the second derivative test. We have

’E ’E ’E
67228, a—:12 0 =0.
da? Ob? oboa
Since D = 28-12 — 0% > 0 and %QTJQE = 28 > 0 we conclude that the the minimum of the error function
1 16
occurs when ¢ = —1/2 and b = 16/3. Thus, the line fitting the data best is given by |y = 57 + 3l
Letting z = 0.8 gives y = —0.4 + (16/3) ~ 4.93.
14. (a) ’ c(x,y,z) = 10zy + 52(2x + y) = 522y + 2z + y2) ‘
(b) Let vg(x,y) = x2e¥. We need to solve the system
of 99 Oof 9y
9(z.y) =1, Ox oz’ Oy oy’
1.€.,
z?e¥ =1, 2=2\zeY, 3= \z’ev.
Hence )
3 AxteY o 1 1 1
- = =—=zr=3 Y=—==-—=y=In-=—-n0o.
2 ey 2 T O T 2T g T YT My t
Hence, the only critical point is (3, — In9) and we have
f(3,~1n9) =6 -39 ~= —0.591.
15. (a) The equilibrium solutions are ’ y =2 ‘ and ’y =-1 ‘ The equilibrium solution y = 2 is stable.
v A
4
y=2 /—
0 -
t
y=-1
-2 \

(b) Letting g(y) = (2 —y)(y + 1)

1 1.1 11
y(1/2) = y1 = yo + 9(vo) 2+( +2)( 5t ) 5= 3
1 1.1 1 1 135
1) =y = At = = 2 WZ4+1)-Z =24+ 22 x~1.18.
y(1) = y2 = y1 + g(11) S t2-E+D 5 =5+ g



