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Introduction

This paper is the result of a National Science Foundatiomidéd Research Experience for
Undergraduates (REU) at the University of Notre Dame dutirgsummer of 2006. The
REU was directed by Professor Frank Connolly, and the reBgapject was supervised by
Professor Liviu Nicolaescu.

The topic of our independent research project for this REd @aometric Probability.
Consequently, the first half of this paper is a study of thekbmdroduction to Geometric
Probability by Daniel Klain and Gian-Carlo Rota. While closely followirthe text, we
have attempted to clarify and streamline the presentatimhideas contained therein. In
particular, we highlight and emphasize the key role playgdhie Radon transform in the
classification of valuations. In the second part we take aetltook at the special case of
valuations on polyhedra.

Our primary focus in this project is a type of function calket/aluation”. A valuation as-
sociates a number to each "reasonable” subdet' afo that the inclusion-exclusion principle
is satisfied.

Examples of such functions include the Euclidean volume taedEuler characteristic.
Since the objects we are most interested lie in an Euclidpanesand moreover we are
interested in properties which are independent of the iocaif the objects in space, we are
motivated to study “invariant” valuations on certain subs# R". The goal of the first half
of this paper, therefore, is to characterize all such vauatfor certain natural collections
of subsets irR".

This undertaking turned out to be quite complex. We must $ipgind time introducing
the abstract machinery of valuations (chapter 1), and tipphyeng this machinery to the
simpler simpler case of pixelations (chapter 2). Chaptéed sets up the language of poly-
convex sets, and explains how to use the Radon transforrmeryge many new examples of
valuations. These new valuations have probabilistic pretations. In chapter 4 we finally
nail the characterization of invariant valuations on polyeex sets. Namely, we show that
all valuations are obtainable by the Radon transform teghenfrom a unique valuation, the
Euler characteristic. We celebrate this achievement ipten& by exploring applications of
the theory.

With the valuations having been completely characterigeglfurn our attention toward
special polyconvex sets: polyhedra, that is finite unionsarivexpolyhedra. These poly-
hedra can be triangulated, and in chapter 5 we investigatedmbinatorial features of a
triangulation, or simplicial complex.

In Chapter 7 we prove a global version of the inclusion-esiclo principle for simplicial
complexes known as the Mobius inversion formula. Armed ke tesult, we then explain
how to compute the valuations of a polyhedron using data wegtiurm a triangulation.

In Chapter 8 we use the technique of integration with resfzetite Euler characteristic
to produce combinatorial versions of Morse theory and G&wmsmet formula. In the end,
we arrive at an explicit formula relating the Euler charaste of a polyhedron in terms of
measurements taken at vertices. These measurements caerpesited either as curvatures,
or as certain averages of Morse indices.
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The preceding list says little about why one would be intex these topics in the first
place. Consider a coffee cup and a donut. Now, a topologistdwou tell you that these
two items are “more or less the same.” But that’s ridiculddeiv many times have you eaten
a coffee cup? Seriously, even aside from the fact that theyrade of different materials,
you have to admit that there is a geometric difference bataemoffee cup and a donut. But
what? More generally, consider the shapes around you. W8hathat distinguishes them
from each other, geometrically?

We know certain functions, such as the Euler characteastitcthe volume, tell part of the
story. These functions share a number of extremely usefydgsties such as the inclusion-
exclusion principle, invariance, and “continuity”. Thisotivates us to consider all such
functions. But what are all such functions? In order to apipgse tools to study polyconvex
sets, we must first understand the tools at our disposal. ttumpts described in the previous
paragraphs result in a full characterization of valuationgolyconvex sets, and even lead
us to a number of useful and interesting formulae for conmgutfhese numbers.

We hope that our efforts to these ends adequately commertigist subject’s richness,
which has been revealed to us by our research advisor Livdoldiscu. We would like to
thank him for his enthusiasm in working with us. We would dli&e to thank Professor
Connolly for his dedication in directing the Notre Dame REkdahe National Science
Foundation for supporting undergraduate research.
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1. Valuations on lattices of sets

81.1. Valuations.

Definition 1.1. (a) For every se$ we denote by (S) the collection of subsets & and by
Map(S, Z) the set of function¥ : S - Z. Theindicator or characteristicfunction of a
subsefA [Slis the functionl, [CMap(S, Z%‘ined by

In(S) = 1 s[A
A 0 sIA

(b) If S is a set then aB-lattice (or a lattice of sets) is a collectidn [P1S) such that
LT ABLO=LAhB, ALBILL
(c) IsL is anS-lattice then a subs& [Llis calledgeneratingf
[I'Gland A,B [GI=[CANB [G,
and everyA [Llis a finite union of sets if. 1

Definition 1.2. Let G be an Abelian group ansl a set.
(a) A G-valuationon anS-lattice of sets is a functiop : L — G satisfying the following
conditions:

(@al)u(D*+=0

@2)u(A B) = u(A) + u(B) — (A n B). (Inclusion-Exclusion)
(b) If G is a generating set of tt& latticeL, then aG-valuation orG is a functionn : G -~ G
satisfying the following conditions:

(b1)p(D+=0
(b2) u(A [BI) = p(A) + u(B) — u(A n B), for everyA, B [Glsuch thaiA LGl 1

The inclusion-exclusion identity in Definitidh 2implies thegeneralized inclusion-exclusion
identity

I 1 I 1 L 1
H(AL CAbL [ CAL) = p(A) — _ H(Ai N Aj) + H(Ai n Aj n A+ (1.1)

i i<j i<j<k

Example 1.3.(a) (The universal valuationSuppose is a set. Observe thdap(S, Z) is a
commutative ring withL. The map

I.: P(S) - Map(S, 2)
given by
P(S) CAD In [Map(S, 2)

is a valuation. This follows from the fact that the indicatonctions satisfy the following
identities.

lane = lals (1.2a)
lam=la+lg —lacg = la+lg—lalg =1—(1—14)(1—Ip). (1.2b)
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(b) Suppossé is a finite set. Then theardinality map
#:P(S) - Z, AB #A :=the cardinality ofA

is a valuation.

(c) Supposé& = R?, R = R andL consists of measurable bounded subsets of the Euclidean
space. The map which associates to eachLlits Euclidean arearea(A), is a real valued
valuation. Note that the lattice point count map

AL-Z AD#ANZD

is aZ-valuation.
(d) LetS andL be as above. Then the Euler characteristic defines a vatuatio

X:L-2Z AD XA). 1

If (G,+) is an Abelian group an® is a commutative ring witll then we denote by
Homz(G, R) the set of group morphisn@ - R, i.e. the set of maps

$:G - R

such that
$(91 +92) = ¢(91) + $(g2), [gd g2 LG

We will refer to the maps itHomz(G, R) asZ-linear maps fronG to R.

Supposel is an S-lattice. We denote by(L) the (additive) subgroup dap(S, Z)
generated by the functiorg, A L. We will refer to the functions irfs(L) asL-simple
functions or simple functions if the lattick is clear from the context.

Definition 1.4. Supposd. is anS-lattice, andG is an Abelian group. Ar-valued integral
onL is aZ-linear map
1 1

'S(L) - G, S(L) (A2~  f [G. 1

Observe that ang-valued integral on aS-lattice L defines a valuatiop : L — G by

settin
J 1

H(A) = a.

The inclusion-exclusion formula fqx follows from (1.29 and (L.20). We say thajt is the
valuation induced by the integraWhen a valuation is induced by an integral we will say
that thevaluation induces an integral

In general, a generating set of a lattice has a much simplastate and it is possible to
construct many valuations on it. A natural question aridest possible to extend to the
entire lattice a valuation defined on a generating set? Tkig@sult describes necessary and
sufficient conditions for which this happens.
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§1.2. Extending Valuations.

Theorem 1.5(Groemer’s Integral Theorem).et G be a generating set for a lattide and
letp : G — H be avaluation or;, whereH is an Abelian group. The following statements
are equivalent.

(1) p extends uniquely to a valuation an

(2) p satisfies the inclusion-exclusion identities
I 1 I |

u(B: [Bh [ [BL) =  pBi)—  uBinBj)+--
i i<j
for everyn = 2 and anyB; [Glsuch thatB, [(BbL [ (Bl [GI
(3) pinduces an integral on the space of simple functigfis).

Proof. We follow closely the presentation ik R, Chap.2].

e (1) =L_(). Note that the second statement is not trivial becddisd -1- [ Bl,_; is
not necessarily is. Suppose the valuatigm extends uniquely to a valuation an Then
M satisfies the inclusion exclusion identjiyA [Bl) = u(A) + u(B) — u(A n B) for all
A,B [ SinceB; [1- [BlL_; [ evenifitis notinG, we can apply the inclusion-
exclusion identity repeatedly to obtain the result.

]
e (2) =L (). We wish to construct a linear map: S(L) - H. To do this, we first note
that by (L.2b any function,f in S(L) can be written as

™ 1
f= C(ilKi,

i=1

whereK; [CGlanda; [Z1 We thus define an integral as follows:
! —  —
Qjlk,dy = aiL(Kj).
i=1 i=1

This map might not be well-defined sinfeould be represented in different ways as a linear
combination of indicator functions of generating sets. Yestneed to show that the above
map is independent of such a representation. We argue bgadactton and we assume that
T has two distinct representations

I 1 I 1
f: inAi: BiIBil

yet — —
Yin(A) E  Bip(Bi).
Thus, subtracting these equations and renaming the tenonsgapately, we are left with the

situation
™ 1 T 1
ailg, =0 and ain(Kj) 8 0. (1.3)
i=1 i=1
Now we label the intersections

L]_:K]_, Ceay Lm:Km, Lm+1:KlﬂK2, Lm+2:KlﬂK3,...
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such that; [T} [J < i. This can be done because we have a finite number of sets. We
note that all thd_;’s are inG, since theK;’s and their intersections are @ We then rewrite
(1.3) in terms of thel’s as

1 1
ail,, =0 and ain(L;) g 0. 1.4)
i=1 i=1
Now takeq maximal such that

r 1 1
aijl,, =0 and ain(L;) 2 0. (1.5)

i=q i=q
Note thatl < q < p. Note thata, & 0 since thery would not be maximal.
Let us now observe that

1
L, 1 L.
i=q+1
Indeed, ifx L} —g+1 Lj then
1
I,,(xX)=0 B q and a; = ail,(x) =0.
i=q
This is impossible since; £ 0. Hence
1 1
¥ | ¥ |
Lq = Lq N Li = (Lq N Li).
i=q+1 i=q+1

Let us writeLy n L; = Lj;. Then, sinca > q and by constructioh; [T} =L_Jk i, we
have tha§; > q. Thus:
1 1
Lq = (Lq N L.) = Lji'
i=q+1 i=q+1
Then we have
1 1
08  ajp(lLi) = agu(ly) + aip(Li)
i=q i=q+1
1
1 1 1

= agM Ly, + aip(Li) = bipLi,
i=q+1 i=q+1 i=q+1
where the last equality is attained by applying the assum&dsion/exclusion principle to
the union and regrouping the terms.
We now repeat exactly the same process with the expressiolviing the indicator func-
tion. Then,
1 1 1
ail,; = aquf:qﬂ(LqﬂLi) + ail; = bil;
i=q i=q+1 i=q+1



10 Csar-Johnson-Lamberty

Thus,
1
biILi =0
i=q+1
However, this contradicts the maximality @f Hence, the integral map is well defined, and

we are done.

* (3) = (@. Supposg. defines an integral on the spacelosimple functions. Then for
A [Q, Iady=pu(A). This motivalt%ls us to define an extensjoof p to L by

A(A) = ladu=pA), AL

This definition is certainly unambiguous and its restrictto G is just 4, so we need only
check that it is a valuation. Le‘t,% ! L1 Then,
1]

AALB) = lamiu= Ila+Ilg—laedu
1 1 1]
= ladu+ lgdu—  lasedu =fi(A) +{i(B) — (A n B).

Thus,ji is an extension gfi to L. Moreover, it is unique.

Suppose is another extension @f. Then, given anyA [ Llwe can writeA = K; 1. [
K, for K; Q. Sincefl andv are both valuations, both satisfy the generalized inchusio
exclusion principle. Furthermore, since both are extersaiy, both agree oG

A(A) = (K, L) LK)
I 1 I 1 1
= uK)- KinKj)+ MK n Kj n Ky) + -+
i=1 i<j i<j<k
=v(K; I [KL) =v(A).
Hence, the extension is unique. 1
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2. Valuations on pixelations

§2.1. Pixelations. We now study valuations on a small class of easy to undersiansets
of R". We will then use this knowledge to study valuations on muchengeneral subsets of
R". One of our main aims is to classify all the “nice” valuatiarssuch subsets. It will turn
out that the ideas and results of this section are analogaesults discussed later.

Definition 2.1. (a) Anaffinek-planein R" is the translate of k-dimensional vector subspace
of R". A hyperplandgn R" is an affine(n — 1)-plane.
(b) An affine transformatiomf R" is abijectionT : R" - R" such that

TOEF (1 - NOEATEF (1-M)TE] AR, VIR,

The setA [{R") of affine transformations dR" is a group with respect to the composition
of maps. 1

Definition 2.2. An (orthogonal)parallelotopein R™ a compact se® of the form
P =Jai,bi] > [an,bn], @i <, i=1,---n. 1
We will often refer to an orthogonal parallelotope as a pel@tiope or even just Box

Remark2.3. It is entirely possible for any number of the intervals defghan orthogonal
parallelotope to have length zero. Finally, note that thersections of two parallelotopes is
again a parallelotope. 1

We denote byPar(n) the collection of parallelotopes R" and we define pixelationto
be a finite union of parallelotopes. Observe that the catlad®ix(n) of pixelations inR" is
a lattice, i.e. it is stable under finite intersections anwus.

Definition 2.4. (a) A pixelationP [CPix(n) is said to havelimensiom (or full dimension

if P is notcontained in a finite union of hyperplanes.

(b) A pixelationP [Pix(n) is said to havelimensiork (k < n) if P is contained in a finite
union ofk-planes but not in a finite union ok (— 1)-planes. 1

The top part of Figurel depicts possible boxes iR?, while the bottom part depicts a
possible pixelation ifR?.

§2.2. Extending Valuations from Par to Pix. By definition,Par(n) is a generating set of
Pix(n). Consequently, we would like to know if we can extend valuagifromPar(n) to
Pix(n). The following theorem shows that we can do so whenever thatrans map into a
commutative ring witHL.

Theorem 2.5.Let R be a commutative ring with. Then any valuatiop : Par(n) - R
extends uniquely to a valuation &ix(n).

Proof. Due to Groemer’s Integral Theorem, all we need to show is |ihgitzes rise to an
integral on the vector space of functions generated by ttheartor functions of boxes. Thus
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T
= =

FIGURE 1. Planar pixelations.

it suffices to show that
™ 1

ailp, =0 =C"Jo;u(P;) =0,
i=1 i=1

where theP;’s are boxes.

We proceed by induction on the dimensionif the dimension is zero, the space only has
one point, and the above claim is true.

Now suppose that the theorem holds in dimension 1. For the sake of contradiction,
we suppose the theorem does not hold for dimensiofhat is, suppose there exist distinct
boxesP4, ..., Py such that

™ 1 ™ 1
ailp, =0 and aipPi) =rgo. (2.1)
i=1 i=1
Let k be the number of the box®s of full dimension. Také&k to beminimalover all such
contradictions. We distinguish three cases.

Case 1.k = 0. Since none of the boxes is of full dimension, each is coethin a hyper-
plane. Of all the relations of typ& (1) we choose the one so that the boxes involved are
contained in the smallest possible numbef hyperplanes.

Assume first that = 1. Then all theP; are contained in a single hyperplane. By the
induction hypothesis, then the integral is well defined, sthave a contradiction.

Thus, we can assume thal 1. So, there existiyperplanes orthogonal to the coordinate
axes,Hy, ..., Hzsuch that eacR; is contained in one of them. Without loss of generality,
we may renumber the indices so titat [HJ.

The the restriction téd, of the first sum in2.1) is zero so that

™ 1
; IPimHl =0.
i=1
But, P; n H; is a subset of the a hyperplakk and we can apply the induction hypothesis

to conclude that
™ 1

aip(Pi n Hy) =0.

i=1
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Subtracting the above two equations fronlf we see that
™ 1 ™ 1
ai(lp; = Ip;an,) =0 and ai(U(Pi) —u(PinHy)) =r&80.
i=1 i=2
The above sums take the same foéhil), but we see that the boxBg [H} disappear since
Pj = Pj n H;. Thus we obtain new equalities of the tygel] but the boxes involved are
contained in fewer hyperplandd,, - - - , H-contradicting the minimality of.]

Case 2.k = 1. We may assume the top dimensional bo®i{s ThenP, [1- [P}, is
contained in a finite union of hyperplankls, - - - , H, perpendicular to the coordinate axes.
Observe that

(H, =1 [A) n Py [P

Indeed,
] 1 L1
vol (Hl I I:El\;) NP, = vol (HJ N Pl) =0 < vol (Pl),
j=1

so that

x4 [P} C(H; [ [H).
Using the identity a;lp, = 0 atX, found above we deduas, = 0 which contradicts the
minimality of k.

Case 3.k > 1. We can assume that the top dimensional boxe®gre - , Py.

Choose a hyperpland such thatP; n H is a facet ofP, i.e. a face ofP; of highest
dimension such that it is not all &%;. H has two associated closed half-spaldesandH .
H™ is singled out by the requiremeRt [CHI". Recall that

™ 1
0f |pi =0.
i=1
Restricting toH™ we deduce
™ 1
(0f IPinH+ =0.
i=1
Likewise,
™ 1 ™1
Qilp,nn =0 and Qilp,nu- =0 (2.2)
i=1 i=1

Note thatP; = (Pin H") C(Bi nHY) and(Pin H*) n (Pin H™) = P; n H. Then, since
M is a valuation, it obeys the inclusion-exclusion rule so

™1 ™1 . ™1 B ™1
aip(Pi) = aip(PinH™)+  oip(PinH7)—  oip(Pin H) (2.3)
i=1 i=1 i=1 i=1
Since the setB; n H are in a space of dimension— 1, and
™1

Ailp,on =0
i=1
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we deduce from the induction assumption that

™1
Gil,l(Pi N H) =0.
i=1
On the other hand?; n H™ = P; n H soP; n H™ has dimensiom — 1. We now have a
new collection of boxeBinH™ ,i =1, -, m of which at mosk — 1 are top dimensional
and satisfy L
(0f] IPinH_ =0.

i
The minimality ofk now implies

™ 1
aiu(Pi N H_) =0.
i=1
Therefore, the equality2(3) implies
™ 1 ™ 1

aip(Pi) =  aip(PinH") =r. (2.4)
i=1 i=1
P, has dimensiom. Then there exis2n hyperplane#d,, ..., H,, such that
L
P]_ - H|+

i=1

ReplacingP; with P; n H* and iterating the above argument we get

™ 1 ™ 1
oip(PinH nHy n---nHy) = aiu(PinPy) =r. (2.5)
i=1 i=1
and
1
Qilp,op, = 0. (2.6)
i=1
We repeat this argument with the remaining top dimensioog¢bP,, . . ., Py and if we set
Po:=Pin---nPy, Ai=0p +---+ 0k
we conclude
™ 1 1
Qilp;np, = Alp, + Ailp;np, =0, (2.7a)
i=1 i>k
™ 1 1
ail(Pi n Po) = Au(Po) +  aip(Pin Po) =. (2.7b)
i=1 i>k

In the above sums, at most one of the boxes is top dimensiwhalh contradicts the mini-
mality ofk > 1.
1
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§2.3. Continuous Invariant Valuations on Pix.

Notation 2.6. We shall denotd@rthe subgroup oA L{R") generated by the translations and
the permutations of coordinatesR?. 1

Definition 2.7. A valuationp on Pix(n) is calledinvariant if

W(gP) = u(P), [P1CPix(n), g [T
and is calledranslation invariantif the same condition holds for all translations 1

We aim to find all the invariant valuations &ux(n). To avoid unnecessary complications,
we will impose a further condition on the valuations.

The final condition we would like on our valuations Bix(n) is that of continuity. Our
valuations are functions oRix(n), which is a collection of compact subsetsRif. So, in
order for continuity to make any sense, we would like somecephof open sets for this
collection of compact sets. A good way of achieving this geab make them into a metric
space by defining a reasonable notion of distance.

Definition 2.8. (a) LetA [CRI" andx [CR". Thedistance fromx to A, d(x, A), is the
nonnegative real numbéd(x, A) defined by

d(x, A) = inf d(x, a)

whered(X, a) is the Euclidian distance fromto a
(b) LetK andE be subsets dR". Thenlt:hlel—|ausdorff distancé(IK:,IIE) is defined by:

d(K,E) = max supd(a, E),supd(K,b)
alKl b [(E]

(c) A sequence of compact sdfs, in R" convergego a setK if 6(K,, K) —— 0asn —
oo, If this is the case, then we writ§,, — K. 1

Remark2.9. If K andE are compact, thed(K, E) = 0 if and only if K = E. That s, the
Hausdorff distance is positive definite on the set of compats inR". 1
Let B, be the unit ball ilR". ForK [CRT and[3 0, set
K+ B, :={x+ | x (K andu [H,}.

The following lemma (whose proof is clear) gives a hands-odenstanding of how the
Hausdorff distance behaves.

Lemma 2.10.LetK andE be compact subsets Bf'. Then
)(K,E) < LI Kl [El+ [B,andE [KI+ [B,. 1

The above result implies that the Hausdorff distance isadigta metric. The next result
summarizes this.

Proposition 2.11. The collection of compact subsetsR0t together with the Hausdorff dis-
tance forms a metric space. 1
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Definition 2.12. Let pu : Pix(n) - R be a valuation oPix(n). Thenp is called (box)
continuousf p is continuous on boxes that is for any sequence of bBxesnverging in the
Hausdorff metric to a boR we have

H(P;) — u(P) L1

We want to classify the continuous invariant valuation®ox(n). We start by considering
the problem irR*. An element oPix(1) is a finite union of closed intervals. Fér [Pix(1),
set

Ug(A) = the number of connected componentgof

Ui (A) = the length ofA

Both are continuous invariant valuations Bix(1). It is clear that they are invariant under
T _which is, in this case, the group of translations. It is ctéat both are continuous.

Proposition 2.13. Every continuous invariant valuatign: Pix(1) —» R is a linear combi-
nation ofp$ and ;.

Proof. Let ¢ = p(A), whereA is a singleton sefx},x [R. Now letp”= p —cpg. p-
vanishes on points by construction. Now, define a contindimustionf : [0, c0)—- R by
f(x) = pX[0,x]). u"is invariant becausg andj are invariant. Then, ifA is a closed
interval of lengthx, p{A) = f(x) since we can simply translateto the origin.

Now observe that

f(x+y) = p{[0,x +y]) = p[0, x] CHK[x, x +y]) = pu{0, x]) + u{[x, x +yI) — p{{x})

= pA[0, X]) + p([x, x + y]) = F(x) + F(y).
Sincef is continuous and linear, we deduce that there exists aamamstuch thaff (x) = rx,
for all x = 0. Thereforepu™= rut and our assertion follows from the equality

1= P Clo = rply + Clo.

1
We now move ont®R". Letu,(P ) be the volume of a pixelatioR of dimensiom.
Definition 2.14. Thek-th elementary symmetric polynomialthe variabley, . .., X, the
polynomialex(Xy, ..., Xn) such that, = 1 and
1
ex(Xg,...,Xp) = Xi, X, l=sk=n. 1
1<ii<iz<--<ik=n
Observe that we have the identity
N | 1
L+tx) = ex(Xy, -, Xn)tE. (2.8)
j=1 k=0

Theorem 2.15.For 0 < k < n, there exists a unique continuous valuatipnon Pix(n)

invariant underttarsuch that(P) = ex(X4, . .., Xn) whenevelP [Par(n) with sides of
lengthxy, ..., X,.
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Proof. Let 13, 41 : Pix(1) - R be the valuations described above. Welget= pd + tui,
wheret is a variable. Then,

My = Mg X e << g Par(n) - R[]
is an invariant valuation on parallelotopes with valueshia ting of polynomials with real
coefficients. By Groemer’s Extension Theoret], ui' extends to a valuation oRix(n)
which must also be invariant. Using.g) we deduce
1 1 .
HE(O, g > - < [0, xp]) = (L+1tX) = (X, -+, Xn)t".
j=1 k=0

For any parallelotop® we can write

I':nl .
He(P) = pe(P)t".
k=0
The coefficientguy(P) define continuous invariant valuations Bar(n) which extend to
continuous invariant valuations @tix(n) such that

—
W(S) = uR(S, SICRIx(n) WR([0,Xq] X - x [0, Xn]) = €(Xa,+ , Xn).
k=0
1

Theorem 2.16.The valuationgt; on Pix(n) are normalized independently of the dimension
n,i.e.y"(P) = u'(P) for all P CPix(n).

Proof. This follows from the preceding theorem and the definitioranfelementary sym-
metric function. IfP [CHar(n) and we consider the sanfe [Bar(k), wherek > n, P
remains a cartesian product of the same intervals, excep #re some additional intervals
of length0, which do not effecy;. 1

Since the valuatiopy (P) is independent of the ambient spapg,is called thek-th in-
trinsic volume |, is theEuler characteristic o (Q)=1 for all non-emptyboxes

Theorem 2.17.Let H; andH, be complementary orthogonal subspaceR®ispanned by
subsets of the given coordinate system with dimensi@min — h, respectively. Lel; be
a parallelotope inH; and letP = P, x P,.

L 1
Hi(Py < Py) = _Hr(Pl)Hs(Pz) (2.9)

The identity is therefore valid whd?y, and P, are pixelations since both sides of the above
equalities define valuations dfar(n) which extend uniquely to valuations &ar(n).

Proof. SupposeP; has sides of lengtky, ..., X, andP, has sides of lengtl, ..., Yn—n.
Th
en - —
L 1 I | I | | L 1 )
Hr(P1)ps(P2) = Xj, Xy, Yiy *** Jks

r+s=i r+s=i 1<j;<-<jr<h 1=sk;<--<ks=n—h
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Let Jroer = ki +h, ..., Ji = Jr+s = Ks + h and letxp=1 = y1,...,Xn = Yn—n, SIMply
relabelling. Then,
—1 —1
—1 I 1 I 1 | I |
ur(Pl)us(PZ) = L1 Xj, ** Xj, Xirir " Xii 1
r+s=i r+s=i 1<j;<-<jr=<h h+1<jri1<-<ji=n
—1

= Xj, -+ Xj, = Mi(P1 % Py)
Isji<-<jr<jr+1<--<ji=n

sinceP; x P, is simply a parallelotope of which we know how to compute 1

§2.4. Classifying the Continuous Invariant Valuations on Pix. At this point we are very
close to a full description of the continuous invariant \ions onPix(n).

Definition 2.18. A valuation on Pix(n) is said to besimpleif u(P) = 0 for all P of
dimension less than. 1

Theorem 2.19(Volume Theorem foPix(n)). Letu be a translation invariant, simple valu-
ation defined orPar(n) and suppose that is either continuous or monotone. There exists
¢ [RIsuch thau(P) = cun(P) for all P [Pix(n), that isp is equal to the volume, up to a
constant factor.

N B

Proof. Let [0, 1]" denote the unit cube IR" and letc = u([0, 1])". Then,u D:O[lﬁ =
forall k > 0 4. Therefore,u(C) = cun(C) for every boxC of rational dimensions
with sides parallel to the coordinate axes siicean be built fron0, %]” cubes for som&.
Sincey is either continuous or monotone aQdis dense irR, thenu(C) = cu,(C) for C
with real dimensions since we can find a sequence of rationpabnverging taC. Then, by
inclusion-exclusionp(P) = cun(P) for all P [Pix(n) (since it works for parallelotopes,
we can extend it to a valuation on pixelations). 1

Theorem 2.20.The valuationgyo, H4, . . ., Un form a basis for the vector space of all con-
tinuous invariant valuations defined &ix(n).

Proof. Let i be a continuous invariant valuation &ix(n). Denote byx,, ..., X, be the
standard Euclidean coordinates®fand letH; denote the hyperplane defined by the equa-
tion X; = 0. The restriction oru to H; is an invariant valuation on pixelations ;.
Proceeding by induction (taking= 1 as a base case, which was proven in Proposii®f
assume

1
M(A) = Citi(A)  [Al CPix(n) such thatA [H} (2.10)
i=0
Thecare the same for ali; sincep, . . ., lh—1 are invariant under permutation. Then;-

i=o Cili vanishes on all lower dimensional pixelationglix(n) since any such pixelation
is in a hyperplane parallel to one of tli’s (since they;’s are translationally invariant).
Then, by Theoren2.19we deduce
1
M= Cili = CnHn

i=0
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which proves our claim. 1

If we can find a continuous invariant valuation Bix(n), then we know that it is a linear
combination of they;’s. However, we would like a better description, if at all pide. The
following corollary yields one.

Definition 2.21. A valuationp is said to behomogenousf degreek > 0 if p(aP) =
oku(P) for all P [Pix(n) and alla = 0.

Corollary 2.22. Letu be a continuous invariant valuation defined®ix(n) that is homoge-
nous of degre& for somed < k < n. Then there exists [RIsuch thau(P) = cux(P) for
all P CPix(n).

1
Proof. There exist,, ..., ¢, [CRIsuchthap = Cilj. If P =0, 1], then for alla > 0,
i=0
H(aP) = cipi(aP) = cia'w(P) = . CiOj
i=0 i=0 i=0 !
Meanwhile,

—
HP) =a*u(P)=o*  cu(P)=o* ¢

i=0 i=0
> o e L e
¢ . o= ¢ . d

i=0 ! i=0 !

meaning that; = 0 for i 8 k. ]
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3. Valuations on polyconvex sets

Now that we understand continuous invariant valuations wera specific collection of sub-

sets ofR", we recognize the limitations of this viewpoint. Notably Wwave said nothing of

valuations on exciting shapes such as triangles and diskmclude these, we dramatically
expand our collection of subsets and again try to classéctntinuous invariant valuations.
This effort will turn out to be a far greater undertaking.

§3.1. Convex and Polyconvex Sets.

Definition 3.1. (a) K [CRT is convexif for any two pointsx andy in K, the line segment
betweenx andy lies in K. We denote byK" the set of all compact convex subset$¥t

(b) A polyconvesset is a finite union of compact convex sets. We denotedbycon(n) the
set of all polyconvex sets iR". 1

Example 3.2. A single point is a compact convex set. If
T:={(x,y) [RF|x,y=0,x+y=<1}

thenT is a filled in triangle inR?, so thafT [CK?2. Also, 0T is a polyconvex set, but not a
convex set. 1

One of the most important properties of convex sets iséparation property

Proposition 3.3. Suppos€ [RTY is a closed convex set axd[CRI" [C1 Then there exists
a hyperplane which separates§romC, i.e. x andC lie in different half-spaces determined
by the hyperplane.

Proof. We outline only the main geometric ideas of the constructibsuch a hyperplane.
Let

d := dist(x, C).
Then we can find aniquepointy [Clsuch thatl = |y — x|. The hyperplane perpendicular
to the segmenix, y] and intersecting it in the middle will do the trick. 1

Definition 3.4. If A is a polyconvex set ilR", then we say thaA is of dimension ror has
full dimensionif A is not contained in a finite union of hyperplanes. Otherwige say that
A haslower dimension 1

Remark3.5. Polycon(n) is a distributive lattice under union and intersection.tRermore,
K" is a generating set é¢folycon(n). 1

We must now explore some tools we can use to understand tbeggact, convex sets.
The most critical of these is theupport function Let [, —[“tlenote the standard inner
product onR" and by| — | the associated norm. We set

s"li={u CR", |u|=1}.
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Definition 3.6. Let K [CK" and nonempty. Then itsupport functionhx : S"™! - R,
given by
hik (u) := max[u, x] 1
x [K1

Example 3.7.If K = {x} is just a single point, thehk (u) = [, xfor allu CSP1,

Remark3.8. (a) We can characterize the support function in terms of atfan onR" as
follows. Leth : R"—- R be such thah(tu) = th(u) for allu S'?* andt = 0. Leth be
the restriction oh to S™. Thenhis a support function of a compact convex seRhif
and only if

h(x+y) < h() +h(y)
forall x,y CRI
(b) Consider the hyperplartd (K, u) = {x [CR" | X, ul3F= hk(u)} and the closed half-
spaceH(K,u)™ = {x [R" | X ulk hx(u)}. Thenitis easy to see th&t (K, u)
is “tangent” todK and thatkK lies wholly in H(K, u)~ for all u 3", The separation
property described in Propositiéi3implies

1
K= H(K,u)™.
ursn—1

In other wordsK is uniquelydetermined by its support function. 1

Definition 3.9. Let K, L be inK". Then we define
K+L:={x+y|x K,y [}
and callK + L theMinkowski sunof K andL.
Remark3.1Q0 We want to point out that for evei, L [KI" we have
K [ I Hqu) < he(u), oSt
and
hk+(u) = XE%%XD:QXH y,ull= X[rgn%xnzgljxl, ul3 ful
= max(bd ulH+ rygg(&l uDI= hy (u) + he(u). L1

Remark3.11 Recall that for compact sets andL in R", the Hausdorff metric satisfies
d(K,L) = Ofand only if K L1+ [B andL [K + [B. In light of this fact and the
preceding comments, one can show that

O(K,L) = sup [hk(u) —he(u)l.
ulsn—1

That is, the Hausdorff metric on compact convect subseR"ois given by the uniform
metric on the set of support functions of compact convex sets 1

Now that we have some tools to understand these compact>ceete, we will soon
wish to consider valuations on them. But we don’t want justeduations. We would like
our valuations to be somehow tied to the shape of the convexi@ee, rather than where
the convex set is in the space. So, we would like some sortvafiemce under types of
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transformations. Furthermore, to make things nicer we dbla to restrict our attention to
those valuations which are somehow continuous. We formétiese notions.

It is easiest to begin with continuity. Recall that the Haarfiddistance turns the set of
compact subsets &" into a metric space. Sind€" is a subset of these, continuity is a well
defined concept for elements Kf'. (We restrict our attention to these elements and not all
of Polycon(n) since dimensionality problems arise when consideringtéirof polyconvex
sets.)

Definition 3.12. A valuationp : Polycon(n) - R s said to beconvex continuour simply
continuous where no confusion is possible) if

H(An)—- H(A)
whenevelA,, A are compact, convex sets aAg—- A. 1

Notation 3.13. Let E,, be the Euclidean group &", which is the subgroup of affine trans-
formations of R" generated by translations and rotations. For gny K, there exist
T [SDO(n) andv [CRI" such that

gx) =T(X) +v,; XICR".
The elements dE,, are also known asgid motions

Definition 3.14. Let u : Polycon(n) — R be a valuation. Thep is said to beigid motion
invariant (or invariant when no confusion is possible) if

H(A) = 1(gA)

for all A [Plolycon(n) andg [H,. If the same holds only for translatiogghenp is said
to betranslation invariant 1

Our aim is to understand the set of convex-continuous iaméxialuations oolycon(n),
which we will denote bywal(n). Note that for everyn < n we have an inclusion

Polycon(m) [Palycon(n)

given by the natural inclusioR™ 5 R". In particular, any continuous invariant valuation
M : Polycon(n) - R induces by restriction a valuation ¢olycon(m). In this way we
obtain for everym < n a restriction map

Smn : Val(n) - Val(m)

such thatS,, , is the identity map and for eveky< m < n we haveSyx , = Sk m © Smn, i.€.
the diagram below commutes.

Val(n) ™", val(m)

Sk,m
Sk,n

Val(k)
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Definition 3.15. An intrinsic valuationis asequence of convex-continuous, invarieaiua-
tionspy" [Mal(n) such that for everyn < n we have

M =S au".
L1

Remark3.16 (a) To put the above definition in some perspective we neesttilra classical
notion. A projective sequencef Abelian groups is a sequence of Abelian grogBs)n=1
together with a family of group morphisms

Smn:Gn - Gn, M<n
satisfying
Spn = Ig,, Skn = Skm © Smn, [KEEm <n..
Theprojective limitof a projective sequendgs,,; ST ? is the subgroup

limproj,, G, [ G,
n
consisting of sequencégn)n=1 satisfying
On LG, Om = Sm,ngn, m<n.

The sequencéVval(n)) together with the mapS,,, define a grojective sequence and we set
Val(eo) := limproj,, Val(n) 1 Val(n).

n=0
An intrinsic measure is then an element\@l(oo).

Similarly if we denote byValpix(n) the space of continuous, invariant valuations on
Pix(n) the we obtain again a projective sequence of vector spacksraelement in the
corresponding projective limit will be an intrinsic vali@t in the sense defined in the previ-
ous section.

(b) Observe that sinc@alpix(n) [\VhI(n) we have a natural map

®, : Val(n) - Valpix(n).

A priori this linear map need be neither injective nor surjectiveweleer, in a later section
we will show that this map is a linear isomorphism. 1

83.2. Groemer’s Extension Theorem. We now show that any convex-continuous valua-
tion on K" can be extended tBolycon(n). Thus, we can confine our studies to continuous
valuations on compact, convex sets.

Theorem 3.17.A convex, continuous valuatiqm on K" can be extended (uniquely) to
Polycon(n). Moreover, ifu is also invariant, then so is its extension.

Proof. Suppose that is a convex-continuous valuation &'. In light of Groemer’s integral
theorem, we need only show that the integral defined by the space of indicator functions
is well defined.

We proceed by induction on dimension. In dimension zerg, phoposition is trivial, and
in dimension oneK" is the same aBar(n) andPolycon(n) is the same aRix(n). Hence,
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we have already done this dimension as well. So, supposédioesm holds for dimension
n-—1.

Suppose for the sake of contradiction that the integral ddfinyu is not well defined. Us-
ing the same technique as in Theor2rs Groemer’s Extension Theorem for parallelotopes,
suppose that there exikt;, . . ., K, K" such that

™ 1
Oilg, =0 (3.1)
i=1
while
1
aiu(Ki) =rgo (32)

i=1
Takem to be the least positive integer such tHatlj and 3.2) exist.
Choose a hyperplartd with associated closed half-spadds andH ™~ such thatk; [
Int(H™). Recall thalao,g = Ialg. Thus, in light of equationd 1), we can multiply and get
™ 1
Qilk;nn+ =0
i=1
as well as
™ 1 ™ 1
Qilk,nn-=0 and Qilk;nn = 0.
i=1 i=1
Now note thakK; = (Kin H™) [{K; nH™) and thatH™ n H™ = H. Thus, sincelis a
valuation, we may apply this decomposition and see that
™ 1 ™ 1 . ™ 1 B ™ 1
oK) = apKinHT)+  opKinHT) = oip(K; n H).
i=1 i=1 i=1 i=1
Since eaclK; n H lies insideH, a space of dimensiam— 1, we deduce from the induction
assumption that

™ 1
Gil.l(Ki n H) =0.
i=1
Moreover, since we took; [Int (H™), we have

IKlﬂH_ = 01
and the sum
™ 1 B ™ 1 B
aip(KinHT) = oip(KinH™)
i=1 i=2
must be zero due to the minimality of. Thus, from 8.2), we have
™ 1 ™ 1 .
08r=aipK)= oip(KinH™).
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Thus we have replacdd; by K; n H* in (3.1) and @3.2). We now repeat this process. By
taking a countable dense subset, choose a sequence of layyspl,, H,, ... such that

K, CInt(H;"), and
1
Kl = H|+

Thus, iterating the proceeding argument, we have that

™ 1
aGi(KinH n---nH)=rg80

i=1
forall @ = 1. Sincep is continuous, we can take the limit@s- oo, giving

™ 1
Gil,l(Ki N Kl) =rgao,

i=1
while applying the same type of argument 801j yields

™ 1
aiIKimKl =0.
i=1
Thus, we find ourselves in exactly the same position we wette egjuations¥.1) and @.2);
therefore, we may repeat the entire argumentdegy. . ., Ky, giving

™1 ™1
aip(KinK;n---nKy) = aip(Kyn - nKpy)
i=1 i=1
—1 C1
| L |
= o ‘MKin-- nKy)=rgo (3.39)
i=1
and 1 1
™1 1
GilKlﬂ...ﬂKm = (0F (IKlﬂ...ﬂKm) =0. (34)
i=1 i=1

The equalities%.39 and (3.4) contradict each other. The firstimplies togat+- - - +a,, 2 0

andK;n---nKy, 8 Lvhile from the second implies that+- - -+a, = 0o0rlk,...k,, = 0.
Thus, the integral must be well defined, so there exists auengxtension oft to Poly-

con(n). 1

§3.3. The Euler Characteristic.
Theorem 3.18.(a) There exists amtrinsic valuationyy = (Ug)n=0 Uniquely determined by
u(C) =1, [CICK".
(b) Suppos€ [Pblycon(n), andu [SI' 1. Definelll: R" - R by [,{X) = [, x[And set
He = GF(t), Ci:=C nH Fuc(t) := Ho(Cy).
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ThenF, c(t) is asimple functioni.e. it is a linear combination of integral coefficients of
characteristic functionds, S [CKI*. Moreover
L] L1

1 ] o
Ho(C) = lcdo = Fuc(Ddpe(t) = Fuc() —Fuc(t+0) . (Fubini)

t

Proof. Part (a) follows immediately from TheoreBil7. To establish the second part we use
again Theoren3.17. For everyC chogln) define

Au(C) == Fuc(t)dpo(t)
Observe that for every and everyC,, C, [Pblycon(n) we have
1 1 ] 1
Fuciraa(t) =Ho Hen (Co ECh) =po (Hen Co) (e n Cy)
] 1
= Ho(Ht n C1) + Po(He n C2) — Mo (He n Cp) n (Hen Cy)

=Fuc, 1+ Fu.c, ®— Fucinc, (D).

Observe that iC K" thenF, ¢ is the characteristic function of a compact inter¥aRt.
This shows thak,, c is a simple function for ever¢ [Pblycon(n). Moreover
[ ] ] 1

Fucirmdio =  Fuc,dio+  Fuc,dio—  Fucinc,dHo

so that the correspondence
Polycon(n) LA S5 Ay(C)
is a valuation such that,(C) =|:|1 [Cl CK". From part (a) we deduce

Fu,cdio = Au(C) = Ho(C).
We only have to prove that for every simple functioft) on R! we have
- - O
h(©)duo(t) = Li(h) := h(t) —h(t+0) .

t

To achieve this observe thht (h) is linear and convex continuous imand thus defines an
integral on the space of simple functions. Moreovdr i6 the characteristic function of a

compact interval theh; (h). Thus by Theor%ﬁ.ﬂwe deduce

L, = duo
L1

Remark3.19 Denote byS(R") the the Abelian subgroup dflap(R", Z) generated by indi-
cator functions of compact convex subset&8f We will refer to the elements &(R") as
simple functionsThus anyf [S{R") can be written non-uniquely as a sum

L 1

f= Gilci, o; 4 Ci K",
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The Euler characteristic then defines an integral
- Y —
duo : S(R") - Z, Qilc, dyo = a;.

The convolutionof two simple functionslfﬂ is the functionf [gldefined by
fIg) = F(y) - 9)duo(y),

where _
fx(y) == f(x—y).
Observe that iA, B [KI" andA + B is their Minkowski sum then
Ia LIk = la+g
so thatf [glis a simple function for any, g CS{R"). Moreover,
f [g=g [, %Ig I:SIR”EI
Finally, f [T}oy = f, forall f CS{R") so that S(R"), +, [CIs a commutative ring with. ]

Definition 3.20. A convex polyhedrors an intersection of a finite collection of closed half-
spaces. Aconvex polytopés acompact convepolyhedron. Apolytopeis a finite union of
convex polytopes. The polytopes form a distributive suldatof Polycon(n).

The dimension of a convex polyhedrBnis the dimension of the affine subspaté(R )
generated by . We denote byelint(P) the relative interior oP that is, the interior oP
relative to the topology oA L(R).

Remark3.21 Give a convex polytop®, the boundarndP is also a polytope. Therefore,
Mo(0P) is defined.

Theorem 3.22.1f P [CR" is a convex polytope of dimension> 0, thenp(dP) =
1—(=1".

Proof. Letu [CSI"! be a unit vector and defingl: R" - R as before. Using the previous
notation, note thatyndP = d(H¢nP) if tis not a boundary point of the intervigl{P) [RI
LetF : R -~ R be defined by

F(t) = po(H¢ n OP).

We proceed by induction. For= 1, we haveluy(dP) = 2 = 1 — (—1) sincedP consists of
two distinct points (sinc® is an interval).
Forn > 1, it follows from the induction by hypothesis that

Ho(He 0 OP) = po(d(He n P)) =1 — (=" (*)
if t CLI(P) is not a boundary point of the interval(P). If t [dI,{P), we have
Mo(Hy n0P) =1 (**)
sinceH; n P is aface ofP and is thus irK". Finally,
Mo(Hy n0P) =0 (***)

whenH; n dP = [
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We can now Compute
1 —
F@M®du(t) = (F() —F(t+0))

t

which vanishes except at the two poinandb (a < b) where[a, b] = [,{P). Then,

1
(F(t) — F(t+0)) = F(a) — F(a+0) + F (b) — F (b +0).

t

Now observe thaE(b +0) = 0 by (***), F(b) = F(@) = 1 by (**) andF(a +0) =
1—(—1)"*1 by (*). Then,
1
FOdwo() =1—1+ ()" +1=Q)+ ()" =1—-(-1)"

Theorem 3.23.LetP be a compact convex polytope of dimendian R". Then

Ho(relint(P)) = (—1)* (3.5)
Proof. Sincel, is normalized independently of, we can consideP in the k-dimensional
plane inR" in which it is contained. Themglint(P) = P [dR so
Ho(relint(P)) = Ho(P) — Ho(0P) = (=1)*.
L1

Definition 3.24. A system of facesf a polytopeP, is a familyF of convex polytopes such
that the following hold.

(@) relint(Q) = P.
QLEl
(b) If Q, QY CFlandQ & QY thenrelint(Q) n relint(QY = [ 1

Theorem 3.25(Euler-Schlafli-Poincaré)Let F be a system of faces of the polytdpeand
let f; be the number of elementsknof dimension. Thenpg =fo—f;, +f, — - ..

Proof. We have
L 1

Ip = lrelint(Q)
QIEl

so that

L 1 L1 L 1
Wo(P) = po(relint(Q)) = ()M = (-D)*f.
QLE] QLEI k=0
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§3.4. Linear Grassmannians. We denote byGr(n, k) the set of allk-dimensional sub-
spaces inR". Observe that the orthogonal gro@{n) acts transitively orGr(n, k) and
the stabilizer of &-dimensional coordinate plane can be identified with the&Sgn prod-
uct O(jq > O(n — k). ThusGr(n, k) can also be identified with the space of left cosets
O(n)/ O(k) xO(n—Kk) .

Example 3.26.Gr(n, 1) is the set of lines iR", a.k.a the projective spa&P" . Denote
by S"~! the unit sphere ilR". We have a natural map

As"™?! & Gr(n,1), S" ! [XI3 [(X) = the line throug) andx.

The maplis 2-to-1 since
[(X) = [(FX).
L1

Gr(n, k) can also be viewed as a subset of the vector space of symitiretac operators
R" - R" viathe map

Gr(n,k) CMI13 Py = the orthogonal projection onto.

As such it is closed and bounded and thus compact. To proecgdtef we need some
notations and a classical fact.

Denote byw, the volume of the unit ball iR" and byo,—; the (n — 1)-dimensional
“surface area” oB" 1. Then

On—1 = NWnp—1

and 1

AN

— n =2k

H

i

P

T[n/2
r(n/2+1) 1k ’
T h=2k+1
(Zk + 1)!
wherel (X) is the gamma function. We list below the valuesogffor smalln.

ni{o0{1/2|3]4

4 | 2
Wn |12 F |5

Wn

Theorem 3.27. For every positive constartt there exists auniguemeasureyd = | on
Gr(n, k) which is invariant, i.e.

M(g - S) = u(S), [gICA(n), S [GIK(n, k) open subset
and has finite volume, i.@(Gr(n, k)) = c. 1
For a proof we refer togar].

Example 3.28.Here is how we construct such a measureain, 1). Given an open set
U L[CGFK(n,1) we obtain a subset

U2 ) Csr
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U-consists of two diametrically opposed subsets of the uhieen Define

(V) =  area(Fy!

Observe that for this measure
On-1 NWn

2 2

w(Gr(n, 1)) = %area(S”‘l) =
1

Observe that a constant multiple of an invariant measure iavariant measure. In par-
ticular

Mc = C- Hj.
beine nw n! %D [n]
= n | "= . e = = - -
[n] . an_l7 [n] . [l] [2] [n] 2n (A)n, k . [k]l[n _ k]l
and denote by,} the invariant measure dar(n, k) such that
C11
n _n
v (Gr(n,k)) = K

§3.5. Affine Grassmannians. We denote bysra [(, k) the space dt-dimensional affine
subspaces (planes) Bf'. For every affinek-plane we denote bii(V ) the linear subspace
parallel toV, and byV “the orthogonal complement 6f(V ). We obtain in this fashion a
surjection

Mn: Gral(d, k) - Gr(n,k), V 3 M)

Observe that an affine-planeV is uniquely determined by “&nd the poinp =V FA V.
The fiber of the mapl : Gral[(d, k) — Gr(n,k) overapoinlL. [Gr(n, k) is the sef171(L)
consisting of all affiné-planes parallel td.. This set can be canonically identified witH—!
via the map

n4L) g v n LHTH?

The map : Gral(d, k) - Gr(n, k) is an example of vector bundle.
We now describe how to integrate functiohs Gra[(d, k) — R. Define
L] L1 5l 1
(V)AL = f(L +p)d_cpr dvy,

Gral[(d,k) Gr(nk) LA
whered, -p.denotes the Euclidean volume elemeni.on

Example 3.29.Let
1
1 dist(L,0) <1

f:Gr(3,1) - R, f(L):= 0 dist(L,0)>1"
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nyv) oV

FIGURE 2. The orthogonal projection of an elemenGmal(3, 2).

Observe thaf is none other than the indicator function of the &gt [(3, 1; B®) of affine
lines inR® which intersecB?, the closed unit ball centered at the origin. Then

- 0 & ] LI
f(V)dAS = f(L+pdp dvi=0w, . =1[3] w
Gral[(3,1) Gr(3,1) |—|L':' T ] 1
=W2
3w3 303
= 2—c02w2 =5 = 2.
In particular

]
A Gral(@, 1;B%) =2n= % = Z x surface area d8®.

NI -

L1

§3.6. The Radon Transform. At this point, we further our goal of understandix@l(n)
by constructing some of its elements.

Recall thatk" is the collection of compact convex subsetd3fandPolycon(n) is the
collection of polyconvex subsets &". We denote byval(n) the vector space of convex
continuous, rigid motion invariant valuations

M : Polycon(n) - R.

Via the embeddinR* @ R", k < n, we can regardPolycon(k) as a subcollection of
Polycon(n) and thus we obtain a natural map

Sk Val(n) - Val(k)
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We denote bywval"(n) the vector subspace &fal(n) consisting of valuationg homoge-
neous of degree (or weight), i.e.

u(tP) =tYu(P), 30, P [Pblycon(n).
For everyk < n and everyu ["Mal(k) we define thdRadon transtolrnmf M to be
RnkH : Polycon(n) — R, Polycon(n) CP10 (RakW)(P) = H(P nV)dAL.
Gral(d,k)

Proposition 3.30. If p [Mal(k) thenR,, kM is a convex continuous, invariant valuation on
Polycon(n).
Proof. For everyy [Mal(k),V [GQral(nd, k) and anyS;, S, [Pblycon(n) we have

V(S ESH=NVnS) LN NS), WnS)n(VnS)=Vn(S1nSy)
so that

H(V 0 (S1 ES3)) = (v n Sp) + (Vv n Sp) =V n (S1n Sy)).
Integrating the above equality with respecttol_Gra [{ni, k) we deduce that
Rnk(S1 [53) = Rak(S1) + Rak(S2) = Rak(S1 n' S2)

so thatR,, kM is a valuation orPolycon(n). The invariance oR, x follows from the invari-
ance ofu and of the measuid onGra [(1d, k). Observe that i€, is a sequence of compact
convex sets IlkR" such that

C, - C K"
then
vIim H(Cy, nV)=u(CnV), M LCGral(d,k).
We want to show ﬁt .
lim H(Cy nV)AAZ(V) = H(C n V)AN(V)
V=% Gral(d,k) Gral(d,k)

by invoking the Dominated Convergence Theorem. We will piiidan integrable function
f : Gral(d, k) - Rsuch that

(CanV) L f(V), >0, [Vl Gral(d,k). (3.6)

To this aim observe first that sin€g, — C there existfk > 0 such that all the se6s,, and
the selC are contained in the baB,(R) of radiusR centered at the orlm_i_rlm Define

Gral(d,k;R) ;= V [Gral(n,k) |V nBn(R) B 1
Gral{n, k; R) is a compact subset @ra (1, k) and thus it has finite volume. Now define

N ={0} L{1/n | n [Z,} LIO1],
and
F:N xGral(d,k;R) - R, F(r,V) = El(Cl/r nV) H
where for uniformity we se€ := C,,9. Observe thalN % Gra (A, k; R) is a compact space
andF is continuous. Set

L] L1
M :=sup F(r,V)]|(r,V) [N x Gral(d,k;R) .
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< oo, i
ThenM < oo. The function —

M V [Gral(d,k;R)
0 V [IGral(n, k;R)

satisfies the requirements &.0). 1

f:Gral(@, k) - R, f(V):=

The resulting majr,,  : Val(k) — Val(n) is linear and it is called thRadon transform

Proposition 3.31.1f p [Mal(k) is homogeneous of weight thenRy.j k[ is homogeneous
of weightw + j, that is

] _
Risjx Val"(k)) ORIV (k + j).

Proof. If C [Pblycon(k + j) andt is a positive real number then
]

(Ric+j kM)(tC) = M(tC n (V +p))diepr dv™

Grk+jk) LC

We use the equalit}C n (V + pE t(C rllL(I—Y—' +t71p)) to get
1

(Ri+j cH)(IC) = 1" U(C n (V + 17 p))dL cpr dv™
Gr(k+j,k) L

We make a change in variables= t~*p in the interior integral so that, cpy= td, cqhand
L] ﬁ' 1

(Rirj k) (tC) = t*I W(C n (V +))dy et dvy =t TRy 1u(C).
Gr(k+jk) L

L1

So far we only know two valuations ial(n), the Euler characteristic, and the Euclidean
volumevol,,. We can now apply the Radon transform to these valuationshapéfully
obtain new ones.

Example 3.32.Let vol, ["Mal(k) denote the Euclideak-dimensional volume ifR¥. Then
for everyn > k and every compact co%ex sub&etl RY we have

(R vol)(C) = volg(V n C)dAL (V)
Gral(d,k) 1
o L&k - -
= voly (C n(L+p) docpr dvl(L),
Gr(n,k) L
whered, cprdenotes the Euclidean volume element on (the- k)-dimensional spack ™
The usual Fubini theorem applie%o the decl%nposiﬂﬁn: L ¢ L implies that

] ]
voln(C) = pn(C) = drn@ = voly (C n(L+p) dicps
RN L
Hence ] 11
(Rnk Vol )(C) = vol,(C)dv/(L) = " vol,(C).

Gr(n,k) K
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In other words 11
n
Rn’k VOIk = k VOIn .
Thus the Radon transform of the Euclidean volume produce<titlidean volume in a
higher dimensional space, rescaled by a universal mu#gwie scalar. 1

The above example is a bit disappointing since we have nayoed an essentially new
type of valuation by applying the Radon transform to the kieeln volume. The situation is
dramatically different when we play the same game with thieiszharacteristic.

We are now ready to create elementd/afl(n). For any positive integets, n define

Hi := Rnn—kMo [Mal(n),

wherep, [Mal(k) denotes the Euler characteristic.
Observe that iC is a compact convex subsetRf*J, then for anyv [Qral[{H + j, k)
we have 1
1 ifCnV B[
Ho(V n C) =

0 ifCnV=10L1
Thus the function
GralllH+ j,k) LMIE3 po(V nC)
is the indicator function of the set
L] . L]
Gral(C,k):= V [G@ral(K+]},k); VnCEILlL
We conclude that ]
LI (C) = (RsjkHo) (C) = lGrarca kAL
Gra[(H+j,k
k+j L]
=\ Gral(}]C) .
Thus the quantityl}‘+j (C) “counts” how many-planes intersec@. From this interpretation
we obtain immediately the following result.
Theorem 3.33(Sylvester) SupposeK [C11 [CH** are two compact convex subsets.
Then the conditional probability that k-plane which meetk also intersectK is equal

k+j
K (K)

t0 - L1
)

We can give another interpretation|gf. Observe that i€ [ K" then
1 . Leh L]

]
W(C) = Bo(C AV YA (V) = po CoL+p) dyepr dv(L).
Gral(d,n—j) Gr(n,n—j) L

Now observe t%t i(C|L I?Helglotes the ormDogonaI projection@fonto L “then
Ho Cn(L+p) BO CIJIICn(L+p) CIAI(C|LYH’

An example of this fact Ii%f can be seen in Figur& Hence

- -
Ho CnL+p) dcp=volj(C|L")"

-



Valuations on polyconvex sets 35

and thus 1
W) = vol; (C|L Ydvi; (L) (3.7)
Gr(n,n—j)
Thusyy' is the “average value” of the volumes of the projection€ afnto thej-dimensional
subspaces dR".

FIGURE 3. C|LYfrV inGral(2,1).

A priori, some or maybe all of the valuatiop$ [Mal (n) [\klI(n), 0 < j < n could
be trivial. Note, however, that} is vol,,. Furthermore, volume is intrinsic, 34} is in fact
Hn. We show that in fact all of thg]’ are nontrivial.

Proposition 3.34. The valuations
Ho = Mg, M7, -+, K-+ Hn [Mal(n)
are linearly independent.

Proof. Let B,(r) denote the closed ball of radiwscentered at the origin dR". We set
Bn = Bn(1). Sincey; is homogeneous of degrg¢eve have
1

1
nl:I L jn 3.h ]| n J n
K Bn(r) =rpi(Bn) ="r volj(Bn|L Ddvp_j(L) = r vol;j (Bj)dvy_; (L).
Gr(n,n—j) Gr(n,n—j)
Hence C1 1
O . _ 1 -I:In 1 .
K Ba(r) =wr! dvi_; = w;r! . = (3.8)
Gr(n,n—j) n—j J
Observe that the above equality is also validjfer 0.
Suppose that for some real constants;, - - - , ¢, We have
I':nl
CiMy =

j=0
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Then
N 1
Cilj' Bn(r) =0, 0,
j=0
so that
—

Cj Wj T ri=0, OCk>0.

This impliesc; = 0, Ol
1

The valuationyj' is homogeneous of degrg@nd it induces a continuous, invariant, homo-
geneous valuation of degreeon the lattice?ix(n) [Palycon(n). Observe thatiC; [C}
are twocompact convegubsets then

;' (C1) = 15'(Co).

Since everyn-dimensional parallelotope contains a ball of positiveuadve deduce from
(3.9 thatp'(P) & 0, for anyn-dimensional parallelotope. Corollagy22implies that there
exists a constar@ = C;' such that

Cj“ujf‘(P) =y;j(P), [ LCRIx(k +j). (3.9)
We denote bydqtthe valuation
1= CPp CMal (n). (3.10)

Sincep! is voly, as isjip] we know thatC} = 1. Thus,|ijl= [, 1= W, = vol,. We will
prove in later sections that the seque@i) defines anntrinsic valuation and that in fact
all the constant€" are equal td.

Remark3.35 Observe that

n nw
Hﬂ_l(Bn) = Wn-1 = [NJop-1 = k
1 2
O-n—l 1
= 5 = 5 x surface area dB,,.
This is a special case of a more general fact we discuss inegktesabsection which will
imply that the constantS[_, in (3.9) are equal td.. 1

§3.7. The Cauchy Projection Formula. We want to investigate in some detail the valua-
tionsp}*l [Mal(j + 1). Suppos€c [CKP*! and CI_GIr(j + 1, 1). If we denote by(C| )"
the orthogonal projection &@ %to the hyperplanefthen we obtain from3.7)

W) = W (C|Chdvi™ () [CI LRI, (3.11)

Gr(j+1,1)

Loosely, speakingj:“(C) is the average value of the “areas” of the shadow@ of the hy-

perplanes oR!*. To clarify the meaning of this average we need the follovatemnentary
fact.
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Lemma 3.36. For anyv [S1 [CR1*?

]
|u - v|du = 2w; (3.12)
Si
Proof. We recall from elementary calculus that an integral canéméd as a Riemann sum,
i.e., ]
L 1
Ui v|du = [ui - VIS (A)),

sl i

where the spher8! has been partitioned into many small portions (here denatgdeach
containing the pointi; and possessing ar&4A;).

Let A-denote the orthogonal projection & onto the hyperplane tangent 8 at the
pointu;. Denote by@ the orthogonal projection o&; onto the hyperplane “—Since
A; L[Sl this projection is entirely into the disB,_; lying insidev =—SinceA;Hes in a
hyperplane with unit normadts projected area is the product of its area in the hypagla
times the angle between the two planes, 364N 5% |u; - v[S (A

For a fine enough partition & we have tha8(A;) = S(A) Clearly therfu;-v|S(A) =
lui - v[S (A and thusS (Ai|]v % S(Ai¥ 5 Therefore,

L 1
u-vldu=  S(AilvH?
sl i
Because the collection of sef#\;|v "} 'contains equivalent portions above and below the
hyperplanev =t covers the unitj-dimensional balB; once from above and once from
below, we see that ]
|u - v|du = 2w;.

Si
The similarities in this proof all converge to equalitieshe limit as the mesh of the partition
Aj goes to zero. 1

Theorem 3.37(Cauchy’s surface area formulafor every convex polytop [CRI*! we
denote bys (K) its surface area. Then

S(K) = w—lj (Ko

Proof. Let P have facet®; with corresponding unit normal vectorsand surface areas.
For every unit vectou the projection(P;|u H-bnto thej-dimensional subspace orthogonal
to u hasj-dimensional volume

W (Pilu™) = ajlu - vil.
Foru [SI, the region(P |u5)1s covered completely by the projections of fadets

(Plu= | (Pilu™)-’

For almost every poinp in the projection(P |u5the line containingy and parallel tou
intersects the boundary & in two different points. (The set of points [_(P|uYfor
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which this does happen is negligible, i.e. it jadimensional volum@.) Thus, in the above
decomposition ofP [uH-4s a union of projection of facets, almost every pointfu H-s
contained in exactly two such projections. Therefore

1 L—1
HJ(P|UI?:§ _ b (Pilu )

so that

= TR, —
(P luDydu = 5 aiu - vildu
S ST %=t
| — 313 T—1
= ?' Ju-vildu S aiw; = @;S(P).
i=1 sl i=1

Recall that forparallelotopes” [Phr(j + 1),

1(P) = 3S(P).

In this light, Cauchy’s surface area formula becomes

1 .
WP) =5 W(Pludu, [BICPArG +1).

] S
We want to rewrite this as an integral over the Grassman@igp + 1,1). Recall that we
have a2-to-1 map

s - Gr(j +1,1).

An invariant measurg, onGr(j +1, 1) of total volumec corresponds to an invariant measure
fi. on S of total volume2c. If o denotes the invariant measure $hdefined by the area
element on the sphere of radilishen

o(s) =0, fic= g0

Gj

Any functionf : Gr(j +1,1) — R defines a functiod™® := f - [1SI . R called the
pullbackof f via [C1Conversely, any even functignon the sphere is the pullback of some

functiong on Gr(j + 1, 1). Moreover
1

1 c 1
fduc - — Iﬁdac = — Iﬁdo-
Gr(j+1,1) 2 g Oj si
This shows that 1 ]
(fFdo = Fdy,.
Si c Gr(j+1,1)

The measur(@:{+l has total volume = [j + 1] so that

1
wP) = E < Uj(”u%u =

0j

e ki (P |L Hdvl (L)
2|-_|+1](0j Gr(j+1,1) ! '
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Using 3.11) we deduce

0- -
i(P)= —32_—*'(P

Hi(P) 20 + 1o, W (P)
for every parallelotop® [CRI*!. Recalling that

- - i + 1 1+

0j :(J+l)0)j+l’ U+1]=w
20\)1'
we conclude o; ~
2[j + l]()\)j

so that finally _
wi(P)=W™(P), B1Phar( +1).

39
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4. The Characterization Theorem

We are now ready to completely charactenZa(n).

84.1. The Characterization of Simple Valuations. Before we can state and prove the
characterization theorem for simple valuations, we neaédall a few things E,, denotes
the group of rigid motions oR", i.e. the subgroup of affine transformationdRdfgenerated
by translations and rotations. Two subsgfsS; [RI' are calledcongruentif there exists

¢ [CEL such that

0(So) = Ss.
A valuationp : Polycon(n) - R is calledsimpleif

H(S) =0, foreveryS [Plolycon(n) suchthadimS < n.
TheMinkowski Sunof two compact convex setk{, andL is given by
1
K+L= x+y|x K,y 1.

We call azonotope finite Minkowski sum of straight line segments, and we calbaoida
convex setf that can be approximated in the Hausdorff metric by a comrdrgequence of
zonotopes.

If a compact convex set is symmetric about the origin, the alkita centeredset. We
denote the set of centered setddh by K.

The proof of the characterization theorem relies in a ctwegg on the following technical
result.

Lemma 4.1. Let K [CKY. Suppose that the support functionkfis smooth. Then there
exist zonoid¥1, Y, such that

K+Y2:Y1.
L1

Idea of proof. We begin by observing that the support function of a centénedsegment
in R" with endpointsu, —u is given by

he:S"! - R, h(x):= | xJ]
Thus, any functiory : S"! - R which is a linear combinations df,’s with positive

coefficients is the support function of a centered zonotbpparticular any uniform limit of
such linear combinations will be the support function of a@d. For example, a function

g:S"?* . R
of the form ]
g0 = |mxOF(u)dS,,

Sn
with f : S"™1 _, [0, c0) a continuous, symmetric function, is the support functiérao
zonoid.



The characterization theorem 41

Let us denote bZeven(S" 1) the space of continuous, symmetric (even) functi®hs' —

R. We obtain a linear map -

C: Ceven(S"™) = Ceen(S" ™), (CH(X) = . | [, x [F (u)dS,
called thecosine transformThus we can rephrase the last remark by saying that theecosin
transform of anonnegativecontinuous, even function o®"* is the support function of a
zonoid.
Note thatf is continuous, even, then we can write is as the differen¢@@tontinuous,
even,nonnegativéunctions

f=Ff, —f, f+:%(f+|f|), f_ = Z(|f| - ).

N -

Thus ifh is the support function of son@ [KI' such that
h=Cf =h#Cf_ =Cf.,

Note thatCf_ is the support function of a zonoity andCf. is the support function of a
zonoidY; and thus
h+Cf_=Cf, CLTH*Y, =Y,.

We deduce that any continuous function which is in the imddgbecosine transform is the
support function of a s€ ['KI" satisfying the conclusions of the lemma.

The punch line is now thatnysmooth, even functiofi : S"! _ R is the cosine trans-
form of s smooth, even function on the sphere.

This existence statement is a nontrivial result, and it®pi® based on a very detailed
knowledge of the action of the cosine transform on the haroyolynomials orS" 1. For
a proof along these lines we refer ter], Chap. 3]. For an alternate approach which reduces
the problem to a similar statement about Fourier transfavemsefer to [on, Prop. 6.3]. (1

Remarkd4.2 The connection between the classification of valuationgla@dpectral proper-

ties of the cosine transform is philosophically the key oeashy the classification turns out
to be simple. The essence of the classification is invarfeuretic, and is roughly says that
the invariance under the group of motions dramatically datsn the number of possible
choices. 1

Theorem 4.3. Suppose that [Mal(n) is a simple valuation. Ift is even that is
H(K) = p(=K), K K",

then
u([0,1]") = 0 [CIL® identically zero orK".

Proof. Clearly only the implication =[__id nontrivial. To prove it we employ a simple
strategy. By cleverly cutting and pasting and taking limves produce more and more sets
S [Pblycon(n) such tha(S) = 0 until we get what we want. We will argue by induction
on the dimensiom of the ambient space.

The result is true fon = 1 because in this cag€’ = Par(1) and we can invoke the
volume theorem foPix(1), Theoren?2.19
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So, now suppose that > 1 and the theorem holds for valuations k2. Note-{hat
for every positive integek the cubd0, 1] decomposes ikR" cubes congruent td), % and
overlapping on sets of dimensienn. We deduce that

u([o, 1/kJ") = 0.

Since any box whose edges have rational length decompdeesiimes congruent t%! %Q
for some positive integek we deduce that vanishes on such boxes. By continuity we
deduce that it vanishes on all boxesl[ Phr(n). Using the rotation invariance we conclude
that rotation invariancgy(C) = 0 for all boxesC with positive sides parallel to some other
orthonormal axes.

We now consideporthogonal cylindersvith convex bases, i.e. sets congruent to convex
sets of the forn€C < [0, r] CKI",C CK"1. For every real numbees< b define a valuation
T =Tap ONK" 1 by

T(K) = u(K x [a, b]),
for all K K", Note thaf0, 1]"~* x [a,b] [Phr(n) so that
([0, 1]"7) = p([0, 1]"™* = [a, b]) = 0.

Thent satisfies the inductive hypotheses,se= 0. Hencep vanishes on all orthogonal
cylinders with convex basis.

Now suppose thaM is a prism, with congruent top and bottom faces parallel to the
hyperplanex, = 0, but whose cylindrical boundary is not orthogonakip= 0 but rather
meets it at some constant angle. See the top of Figure

FIGURE 4. Cutting and pasting a prism.
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We now cutM into two piecesMy, M, by a hyperplane orthogonal to the cylindrical
boundary ofM. Using translation invariance, slidd; andM, around and glue them to-
gether along the original top and bottom faces. (See Figurd/e then have a right cylinder
C. Thus,

H(M) = u(My) + p(Mz) = p(C) = 0.
Note that we must actually be careful with this cutting angasing. It is possible tha¥l
is too “fat”, preventing us from slicingyl with a hyperplane orthogonal to the cylindrical
axes and fully contained in each of them. If this problem escwe can easily remedy it
by subdividing the top and bottom &fl into sufficiently small convex pieces. Using the
simplicity of 4, we can then consider each separately.

Now letP be a convex polytope having facéts, . . ., P, and corresponding outward unit
normal vectorsis, ..., Uyn. Letv LRI and letv denote the straight line segment connecting
the pointv to the origin. Without loss of generality, suppose tRat. . ., P; are exactly those
facets ofP such thattul, v 3 0 for all 1 < i < j. We can thus express the Minkowski sum

P+vas 1 1
- -
P+v=P 1 (Pi+v) ,

i=1
where each term in the above union is either disjoint fromativers or intersects in dimen-

sion less tham (see Figure).
R+V
i
A P2+ v
P 2

FIGURE 5. Smearing a convex polytope.

|

This simply results from the fact th& + v is the 'smearing’ ofP in the direction ofv.
Hence, sincgl is simple,

1
M(P +V) =p(P)+ WP +V).
i=1
But now each tern®; + v is the smearing of the facg in the direction ofv, makingP; +v
a prism, so that

(P +Vv) = u(P),
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for all convex polytope$ and line segmente. By translation invariance could beany
segment in the space.
We deduce iteratively that for all convex polytogesnd all zonotopeZ we have

mZz)=0 and pP +2)=uP).

By continuity,
H(Y) =0 and p(K+Y) = p(K),
for all K K" and all zonoids Y.

Now suppose thaK [KI? and has a smooth support function. Then by our lemma, there
are zonoid¥1, Y, such thakK +Y; = Y,. Thus, we now have that

H(K) = u(K +Y3) = p(Yy) = 0.

Since any centered convex body can be approximated by arsszgjaoécentered convex sets
with smooth support functions, by continuity @f 1 is zero on all centered convex, compact
sets.

Now let A be ann-dimensional simplex, with one vertex at the origin. Let...,u,
denote the other vertices @, and letP be the parallelepiped spanned by the vectors
Ug,...,Un. Letv = u; +--- +u,. Let&; be the hyperplane passing through the points
Uy, ..., U, and leté, be the hyperplane passing through the pointsus,...,v — u,. Fi-
nally, denote byQ the set of all points oP lying between the hyperplanésandé,.

We now write

P=AL[QLCEA+V),

where each term in the union intersects any other in dimarsss tham. P andQ are
centered, so

0=uP) =) + Q) + u(—=A +v) = uA) + u(=4).

Thus,u(Q) = —pu(—4). Yet by assumptiop(Qd) = pu(—4). Thus,u(Q) = 0.

Now since any convex polytope can be expressed as the finia ohsimplices each of
which intersects with any other in dimension less timarwe have thaju(P) = 0 for all
convex polytope® . Since convex polytopes are densd<it, we have thafl is zero onK",
which is what we wanted. 1

We now immediately get the following result.

Theorem 4.4. Suppose that is a continuous simple valuation ¢ that is translation and
rotation invariant. Then there exists somé RlIsuch thapu(K) + p(—K) = cun(K) for all
K CK".

Proof. ForK [CK", define
N(K) = (K) + u(=K) = 2p([0, 1]")pn (K).
Thenn satisfies the conditions of the previous theorem, sortlimizero onK". Thus,

H(K) + p(—=K) = cpn(K),
wherec = 2u([0, 1]). 1
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84.2. The Volume Theorem.

Theorem 4.5(Sah) LetA be an-dimensional simplex. There exist convex polytdhes. ., Pm
such thatA = P, [1- [P}, where each term of the union intersects another in dimension
at mostn — 1 and where each of the polytopBgis symmetric under a reflection across a
hyperplane, i.e. for each;, the exists a hyperplane such thigtis symmetric when reflected
across it.

Proof. Let Xo, ..., X, be the vertices of\ and letA; be the facet ofA opposite tax;. Let

z be the center of the inscribed spheref®find letz; be the foot of the perpendicular line
from z to the facet;. For alli < j, let A;; denote the convex hull &, z;, z; and the face
A n A (see Figurs).

Then 1

O<i<j=n
where the distinct termé,; ; of this union, by construction, intersect in at most dimensi
n — 1. EachA; j is symmetric under reflection across the- 1 hyperplane determined lay
and the facé&\; n A;. We can then relabel th&; j asPy, ..., Py, andA = P, [1- [P}, as
desired. 1

Theorem 4.6(Molume Theorem foPolycon(n)). Suppose that is a continuous rigid mo-
tion invariant simple valuation oiK". Then there exists such thatu(K) = cun(K),
for all K [K". Note that we can extend continuous valuation$drto continuous valua-
tions onPolycon(n), so the theorem also holds replacikg' with Polycon(n).

Proof. Sincep is translation invariant and simple, by Theordm, there exista such
that W(K) + p(—K) = ap,(K) for all K [CK". Let A be an-simplex inR". Then
H(A) + u(—=A) = aun(D).

Supposen is even, meaning the dimension Rf is even. ThemA and—A differ by a
rotation. This is clearly true iR?. We can then rotatA to —A in each “orthogonal” plane
of R", meaningA and—A differ by the composition of these rotations, i.e. a rotatibhen
H(A) = W(—=A) = SHn (D).

Now suppose that is odd. By Theorem.5, there exist polytopeBy, ..., Py such that
A = P; - [P}, anddimP; n Pj = n — 1 and eaclP; is symmetric under a reflection
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across a hyperplane. Thus, we can transfB§rnmto —P; by a series of rotations and then
reflection across the hyperplane. Thg(®;) = u(—P;) and

1 ™ 1
H(=A) = u(=Pi) = u(Pi) = ud)

i=1 i=1
Then for alln-simplicesA, p(A) = Sun(A).
Letc = § and supposE is a convex polytope iR". ThenP is a finite union of simplices,
.e.P = A, 1 LAy, such thatdim A n Aj < n. Then
H(P) = u(A) + -+ u(Am)
= Cun(Al) +oo+ CUn(Am)
= cua(P)

The set of convex polytopes is denselfi, so sinceu is continuouspu(K) = cu,(K) for
all K CK". 1

84.3. Intrinsic Valuations. We would like to show that for eack = 0 the valuations
i 1determine arintrinsic valuation meaning that for alN = n andP [Holycon(n),
IR (P) = JIYXP). For uniformity, we set

IL1=0, K> n.

Theorem 4.7. For everyk = 0 the sequence

1
() 1 Val(n)
n=0
defines an intrinsic valuation, i.e., an element of
L 1 \Mal(o0) = limproj,, Val(n).

Proof. First of all let us fixk. Since there is no danger of confusion we will wiliBlinstead
of |1 Consider the statement

i"(P) = JL(P), [P1[Pblycon(D)J (Pn,h
Note thatl < n. We want to prove by induction overthat the statement
Pn oforany[£ n (Sn)

is true for anyn. The statemert, is trivially true. We will prove that
So, -+, Sn—1 =S4l
Thus, we know thal,, s true for everyl £ m < n, and we want to prove that
Pn. o is true for anyl] (T

To proveT we argue by induction of(n is fixed.)
The result is obviously true foi &= 0, 1 since in these casfeix = Polycon. Thus, we
assume tha®,, His true and we will show th&®,, =, is true. In other words, we know that

IC{P) = |IL@P), P [Pblycon(X (4.1)
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and we want to prove that
IL°(P) = it (P), [P1[Pblycon([= 1).

Clearly the last statement is trivially trueli+ 1 = n so we may assumiet 1 < n.

We denote by the restriction ofii™1to Polycon(C# 1). Thenv restricts tojir5on
Polycon(Ddand|"restricts tolL by (4.1).

Since[3 1 < n we deduce fronB; that IL=1* restricts toj’5on Polycon(Dd Then
v — u™! vanishes orPolycon(0)J meaning it is a continuous invariant simple valuation on
Polycon(# 1). Theorem4.6implies that there exists CRIsuch thav — JiL"1" = cjigj; on
Polycon([# 1).

On the other handj, = |L™1* on Pix(l + 1), meaning: = 0 and thus) = jC=*. 1

Based on this result, the superscriptigfidoes not matter. Therefore, we define

L k= |5
At this point, we are able to characterize the continuowsyriant valuations oRolycon(n),
as we did forPix(n) in Theorem2.2Q

Theorem 4.8(Hadwiger's Characterization TheorenT)he valuationgligJjL, . . ., i lform
a basis for the vector spaddal(n).

Proof. Let p [CMal(n) and letH be a hyperplane iR". The restriction ofu to H is then
a continuous invariant valuation ¢th. Note that the choice dfi does not matter singeis
rigid motion invariant and all hyperplanes can be arrivetthedugh rigid motions of a single
hyperplane. Recall th&olycon(1) = Pix(1), and by Theoren2.2(Q, the statement is true
for n = 1. We take this as our base case and proceed by induction.

For every polyconvex sét in H, we assume that

i1
H(A) = cilGdA)
i=0
Thus,
| S
H— Gl
i=0
is a simple valuation inval(n). Then, by Theorem.6,
] RS |
H— Gl Cnlit,]
i=0
We move the sum to the other side and
1
M= Cild

L1

In a definition analogous to that ¢tix(n), a valuationu on Polycon(n) is homogenous
of degreek if for a = 0 and allK [Pblycon(n), p(aK) = aku(K).
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Corollary 4.9. Letp [Mal(n) be homogenous of degr&e Then there exists [CR such
that u(K) = cjiL, (K) for all K [Pblycon(n).
Proof. By Theorem4.8 we know that there exis, - - - , ¢, [RIsuch that

1
M= Cili]
i=0
Supposé® = [0, 1]", the unit cube iR". Fix a = 0. Then,

s S s TR v o

waP) =  ciGloP) = o'GiGlP) = ol
i=0 i=0 i=o !
)=ui(P) = ;. since forP [CPhar(n), Y; is thei-th elementary symmetric function.
I
At the same time,
1
waP) = o u(P) = cijiGP)a* = ich
i=0 i=0

We compare the coefficients in the two sums and conclude thigt= 0 for i & k. Thus,
M = CillLyd L1
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5. Applications

It is payoff time! Having thus proven Hadwiger's Charactation Theorem, we now seek
to use it in extracting as much interesting geometric infation as possible. Let us recall
that

Mk = Ron—kHo and [GJ= Cluy,

where the normalization constari@§ are chosen so that

LI 1
n

K
Above, | is the intrinsic valuation on the lattice of pixelations defi in Section 2. We have

seen in the last section that the sequeficE},~« defines an intrinsic valuation and thus we
will write L instead ofi{]

IGA[0, 1) = ([0, 1]") =

85.1. The Tube Formula. LetK,L K", and leta = 0. We have the Minkowski sum
K+aL ={x+ay|x K andy L}

Proposition 5.1 (Smearing Formula)Let U denote the straight line segment connecting
and the origino. For K [CKI" and any unit vectou [RI",

Un(K + |—l_j|) = Un(K) + u_lln—l(KluF]

Proof. Let L = K + @ We will compute the volume of by integrating the lengths of
one-dimensional slices of L with lindslparallel throughu passing through points [l
thatis

1

Wn(L) = (L n LJdx.

u

Sincep: (1 n L) = (K n L) + Cor all x CK|u~and zero foix I Kl|u"ve have that
1] 1]

Hn(L) = (b n Ldx = (Ma(K n G + Oiix = pn(K) + [h-1 (K|uh)

ut 1 Klu

Let C,, denote then-dimensional unit cube. Recall that for< i < n,
| .

Hi(Cn) = i

Proposition 5.2. For [2 0,
Un(Ch + B)) = Mi(cn)(-’on—ir'jrI = I Wi OT" = U)n—il-[mcn) 7.

i=0 i=0 i=0
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Proof. Letuy, ..., U, denote the standard orthonormal basisR8r andu; the line segment
connectingy; to the origin. By Propositios.1we have
Un(Bn + 1) = 0 + ron_y = : Wnil”
i=0

foralln = 1.
Having proven the base case, we proceed by induction. Safpat

HUn(Bn + 1y + - - + 1T) = “Wﬂ

for somel < k < n. Then

Hn(Bnr+rup+- - - +rUgs1) = Pn(Bp+rug+- - -+ruy) +rpgn—1 (Bp—1 +rug +- - '+rUk)|ukl+:15

= .WJWWM®WHWH~+W— o Onif' D oo™
i=0 ! : i=0 :
L1111
E%#JLﬂ o Eﬁﬁl
i I -1 Wn—il = - Wn— |r

i=0 i=0

Thus, by induction we have that
Un(Bn + rUy + - -+ +rU,) = Wil
i=0 !
Noting thatu, is homogeneous of degreewe have that
CII?I 111 I?I 1

un(Bn+rUl+' " '+rUn) = un(Bn+rCn) = “n r FBn + Cn = rnun FBn + Cn

. l . - -, . -
Letting [ +, the previous two inequalities give us

m L o

el

i=0 i=0

Hn(Ch + [B)) =

L1

We can now prove the following remarkable result, first pbbg Jakob Steiner in di-
mensionss 3 in the 19th century.

Theorem 5.3(Tube Formula) For K K" and %= 0,

r 1 _
Un(K + By) = I IK) 0n— T (5.1)

i=0
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Proof. Let n(K) = (K + B,), for K [CK". BecausdB, K", for K,L [K" we have
that

(K IO+ By =(K+B,) [+ By),

and clearly
(K+Bp)n(L+Bp) =(KnlL)+Bp,
so we have . O O —
NKD) =y, (KID)+Br =y, (K+B,) [{IL+By)
1 1

= Un(K+Bp) + pn(L+Bp) —pn (K+Bp) n(L+By)

=n(K) +n(L) —n(K nL).
Thusn is a valuation orK". The continuity and invariance @f,, and the symmetry dB,
under Euclidean transformations show thas a convex-continuous invariant valuation on
K", which according to the Extension Theor@i7 extends to a valuation iwval(n). By
Hadwiger’s Characterization Theorem we have that

1
nK) = ciiGK),
i=0
for all K CK". Therefore, for_ 3 0 we have that
L L e ; £
un(K + B,) = Pj'-ln ﬁ +B, =M CiHL_aﬂK)—-DZ CimK)lﬂ—l-
i=0 i=0

In particular, if we letk = C,, in the previous equation and comparing with the results of
the previous Proposition, we find that
1 _ 1 _
Ciki(Cn)OT' = I50CH) Wn—i T,
i=0 i=0
i.e.Ci = Wn_j. 1

Theorem 5.4(The intrinsic volumes of the unit ballFor 0 < i < n,
C 1 C 1]

n n
IL0Bn) = =

Proof. Applying the tube formula to t& = B,, we obtain

1 _
IGBR)0n—i T = un(Bn + [Br) = pa (1 + DBR)

i=0

=1+ DMun(Bn) = i Wn T,
i=0
for all (3> 0. Comparing coefficients of powers @five uncover the desired result. 1



52 Csar-Johnson-Lamberty

85.2. Universal Normalization and Crofton’s Formulae. It turns out that the intrinsic
volumes of the unit ball are the final piece of the puzzle inarstinding the constan®!
in the formulaiy1= Cug, where

Mk = Rnn—kHo and jd= p on Pix(n).
We have the following very pleasant surprise.
Theorem 5.5.For0 <k < nandK [CK",
IL = o=y
In other words, no more hats!

Proof. From Theorenb.4we deduce

L1 [ 1 [ 1
n n
CE“E(BH) = I'm: wn n— k = (A)n k .
On the other han shows that
E C 11
n =W n
UK k k '

Equating the two, we readily see tf@&f = 1 for all n,k = 0. In fact, since bothiL, Jand i
are intrinsic, we have shown thiai 1= p. 1

We have thus proved that the intrinsic volumigslon Polycon(n) are exactly the Radon
TransformsR,, h—kHo, & result to which we feel obliged to “tip our hats”.
The following theorem is a generalization of the previous.on

Theorem 5.6(Crofton’s formula) For0 < i, j én agle [Pblycon(n),

+]

(Rn,n—iuj)(K) = _l Hi+j (K)

Proof. From the section before regarding Radon Transforms, wadyrenow thaR,, n—il; 1
Val'™(n). By Corollary4.9we have that there existxal RIsuch thaR?_;lj = CMj+j. TO
obtain thisc we simply evaluat¢Rn n—il; &Bn). -
(Rnn=ilj)(Bn) = Rnn-i((Rnn-i)Ho) (Bn)
1
= |  Ho(Bn n W)AATTL (W) dAT (V)
1 Gra[@lflz_‘ﬁ Graﬂﬂli:ll—J) 1
= Ho(Br n (L +x))dpdvi=i (L) dvii(V)

Gr(n,n—i) Gr(V,n=i=j) L
. =) 1 L1
= dpdvi™l (L) dvi_i(V)

n—i—j
Gr(n,n—i) Gr(V,n—=i—j) Biyj
L]

= ; U)i+j d\)rr:_i(V)
Gr(n,n—i) n—I
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I [ I I Y I
N n—i—j 0o
n—i n-—i ¥
But we also have by Theorem4 that
I:In L]
CHi+j (Bn) =C i +j ()\)i+J
and thus 1 QO3 [0 -
_n n n—i _ 1+]
i+] nN—i n—i—j j o

Remarks.7. If we define a weighted Radon transform
Ry* Val(k) —» Val(k +w), R *= [W]'Rirwk
and we sep—= [i]!l; then we can rewrite Crofton’s formulae in the more symmetiof
HE} = Rj%il;'

Note thafu-are also intrinsic valuations, i.e. are independent of titredsion of the ambient
space. L1

§5.3. The Mean Projection Formula Revisited. The conclusion of Theoref.5 allows
us to restate Cauchy’s surface area formula as follows:

Theorem 5.8(The mean projection formuIaFI%rIO <k<nandC K",

(Rnn—kHo)(C) = m(C) = M (C|Vo) dv (Vo).
Gr(n,k)

L1

It turns out that Cauchy’s mean value formula is a specia cas more general formula.
Theorem 5.9(Kubota) For0 =k <l <nandC K",
1] 1]

n— k|:I
W(CIV) dv(V) = | —k H(C).
Gr(n,l)
Proof. Define a valuatiow on K" by
v(C) = H(CIV) dv(V).

Gr(n,l)

Arguing as in the proof of Propositich30we deduce that [Mal“(n). By Corollary4.9
there exists a constant[_R such thatv = cpy. As before, we compute the constarty

considering what happens whén= B,,.
] C1]

He(Br) =VEN = (CIVIIV(Y) = (B s
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Therefore 1 e o [ e
:uk(B|)n:Imkn *in
M(Bn) | k kK we |
0 KMn—K! [ =k -k

TKI—K! [ -1 [n—[—k -k

85.4. Product Formulee. We now examine the intrinsic volumes on products.
Theorem 5.10.Let0 < k < n. LetK [Pblycon(k) andL [Pblycon(n — k). Then

Hi(K>xL) = Hr (K)us(L).

r+s=i

Proof. The set functionu;(K > L) is a continuous valuation in each of the varialesand
L when the other is fixed. Also, note that every rigid mot@n_Hy is the restriction of
some rigid motiord [Fl, that restricts to the identity on the orthogonal complenféht«.
Thus, by the invariance qfj,

[ I I ]
Hi @(K>L) =p ¢(KxL) =p(KxL).

The characterization theorem tells us that for ederthat there exist constantg(L), de-
pending orL, such that
1
Hi(K > L) = cr(L)pr(K),
r=0
for all K [CKK.

Repeating the same argument with fix€dand varyingL, we see that the,(L) are
continuous invariant valuations d&" ¥, so we apply the characterization theorem again,
collect terms appropriately, and ultimately conclude thaire are constantss [R such
that

(S LS I |
Hi(K > L) = CrsHr (K)Hs(L),

r=0 s=0

forall K KK andL K"K,
Now we determine the constants usi@g, the unitm-dimensional cube. Let, 3 = 0.

Then
[ SLLI S |
Hi(aCx * BCh—k) = CrsHr (Ci)Hs(Cn—k)a"B*
r=0 s=0
L1
n—Kk
= Crs ) a'Bs.
r=0 s=0 S

On the other hand, we already know how to compute this fronptbduct formula in The-
orem2.17 ‘ 1

n —

Hi(aCk % BCn—k) = a'Bs.

S

r+s=i
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Comparing these two, we see that foes r < k and0 < s < n — k, we havec,s = 1 if
r +s = iandc,s = 0 otherwise.

Hence, L
Hi(K > L) = Hr(K)ps(L).

r+s=i

As a result of this theorem, we get the following corollary.

Corollary 5.11. Suppose that is a convex-continuous invariant valuation 8alycon(n)
such that

H(K > L) = p(K)p(L),
for all K [Pblycon(k), L [Pblycon(n—Kk), where0 < k < n. Then eithept = 0 or there
existsc [RIsuch that

M= Ho + CHy + C®Hz + -+ + C"n.
Conversely, ift is a valuation satisfying

W= Ho + Cly + CPlp + - + ¢y,
thenp satisfies

H(K < L) = p(K)p(L).
Proof. By the characterization theorem, there are real constastgh that
M = CoHo + C1fy + -+ - + CnHn.

Let Cy denote the unit cube iR*. Then for alla, B = 0, the multiplication condition implies

that
1
C—1 O
H(aCy % BCh—k) = HACU(PBCh—k) = crapr(Cy) CsB°Hs(Cn—k)
r=0 s=0
S L .
= CrCsHr (Ci)Ms(Cnk)a" B°.

r=0 s=0

On the other hand, by the previous theorem,

r 1 r 1
H(OCk X BCh—k) =  CMi(aCx xBChk) = ¢ Hr(C)Hs(Cr—i)a"B®

i=0 i=0 r+s=i

[ SLLI LS |
= Cr+sHr (Ci)Hs(Cr—i)a"B®.

r=0 s=0
Comparing these polynomials o, 3, we see that the coefficients must be equal. Hence,
CrCs = Crus, fOrall0 < r, s < n. Thus,co = Co+o = 3. Henceg, is either0 or 1. If ¢o = 0,
thenc, = ¢r+9 = C,Co = 0, makingu zero. Ifcg = 1, then relabet; = ¢. Then, forr > 0,
Cr = Ci1+.+1 = C] = ", and we are done. The converse follows by simply applying the
previous theorem. 1
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§85.5. Computing Intrinsic Volumes. Now that we have a better understanding of the
intrinsic measurep;, it would be nice if we could compute the intrinsic volumesrafious
types of sets. We already know how to compute them for pikalat We want to explain how
to determine them for convex polytopes. In a later sectiomalleexplain how to compute
them for arbitrary polytopes using triangulations and thiboMs inversion formula.
Supposd® [H" is a convex polytope. Using the tube formutal) we deduce that for
allr>0
1 _
Hn(P +rB) = Mi(K)wn-ir"™,
i=0
where the superscript @8, has been dropped for notational convenience. Supgo$el
P + rB. Becausé® is compact and convex, there exists a unique pagn{_Pl such that

X =xp| = [x—y|, BALPI

If x [P, then clearlyx = Xp. If, on the other handx I Pl, thenxp, [dP. Furthermore,
if x ' Plandy [dP, theny = x [I _KFy [HI, whereH is the support plane d?
andy n H. That is to say, the line connectingandx, must be perpendicular to the
boundary.

Denote byP;(r) the set of allx + rB such thatxp lies in the relative interior of an
i-face of P. If x is in the relative interior oP then it is contained in an-face ofP, and
consequently so igp = X. If X is on the boundary then it is in one Bfs faces (and again,
So isxp = X). Finally, if x is in neither the interior oP nor the boundary, then as stated
before there is a unique on the boundary and hence in eface ofP.

r 1
P+rB=  Pi(n).
i=0
The uniqueness ofp implies that this union is disjoint.
Denote byF;(P) the set of ali-faces ofP . LetQ be a face oP, and letv be any outward
unit normal to the boundary of P gt Then we set

M(Q,r) = {y + v |y Cralin(Q), 0 <35 < r}.

M(x,r)

X

M(Q.N)

FIGURE 7. A decomposition oP + rB,.
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Proposition 5.12.

L1
Pi(r) = M(Q,r).
QIFiP)

Proof. First, supposex [Hi(r). From beforex, [relint(Q) for someQ L[H;(P). If
X = Xp, thenx [rélint(Q), and therefore< [CMI(Q, r) for anyr. On the other hand, if
X B Xp, then letv denote the unit vector parallel to the line betweeandxp. From the
above discussion we know thats perpendicular to the bouneary Bfatxp, and therefore
X = Xp + 0V, whered = [x — Xp|. Thus we have th&i(r) [} ;p,M(Q,T).

On the other hand, suppoge[CM (Q, r). Thenx =y + dv for somey [relint(Q). If
0 = 0thenx =y and is inPi(r). If 8 8 0, x —y = dv, and is thergford_talthe boundary
of P aty. Thereforey = xp andx LPJ(r). ThereforePi(r) L4 ypy M(Q, 1), and thus
we have equality. 1

For A [CRT, let theaffine hullof A be the intersection of all planes RI" containingA.
We then denote b “the set of all vectors iR" orthogonal to the affine hull oA.

LetQ CE](P). ThenQ “Has dimensiom —i. Because of thigM (Q, r) is like M(Q, 1),
except that it has been “stretched” by a factor of n—i dimensions. Thusi,(M(Q, r)) =
r"'u,(M(Q, 1)). This fact, coupled with the fact that ot (Q, r) are disjoint, gives us that

1 1 1 1

1 ) 1 i
Ha(Pi(N)) =pn 1 M(@Q,r) L=k, 1 M(Q, 1) L=k"""un(Pi(2)).

QLENP) QLENP)
Furthermore,
L1 L1
r 1 r 1 r 1 )
Hn(P +rB) = pn Pi(r) = MmPi(N)= H(Pi(D)r"™,
i=0 i=0 i=0
for all r > 0. Comparing with the tube formul® (1), we see that
1 B 1 B
Hi(K)on—ir™™" = ua(Pi(D)r"".
i=0 i=0
By comparing coefficients of powers prwe get that
Pi(1
Py = HolPi) (5.2
n—i

_____________________

_ . > 9
I ' i

FIGURE 8. M (zj,1) from Example5.13
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Example 5.13.Consider a general convex polyhed®inn R3 with edges,, ..., Z,. Each
edgez; is formed by two facets dP, denote these two fac€y, andQ;,, and denote their
outward unit normals by;, andu,, respectively. We then have that the volume of the

sectionM (zj, 1) is given by
arccos(uj, - Uj,) H1(Zi)i

Ha(M(Zi, 1) = = =2 (1)) (a(2)) = =5,
where; = arccos(u;, - u;,). Refer to Figure3 for an example. Therefore
usPr(r)) _ 1 T
o S, O
This remarkable formula has immediate applications ini$jpguolyhedra of interest.

For example, take an orthogonal parallelot®pe= a; < a, % az. Clearly there are four
sides of lengtla; for eachi, and the anglé; = 7 for eachi. It is evident then that

H(P) =

1 T A
mpP)=-—= 4aj; =a +a+as.
2T - 2
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6. Simplicial complexes and polytopes

At this point, we feel like we understandal(n) to our satisfaction. We would now like to fo-
cus much more concretely on computing the these valuatoyresdpecial case of polyconvex
sets, called polytopes. These are finite unions of convex@ués. The inclusion-exclusion
principle suggest dissecting these into smaller, and €mpéces. Technically, this dissec-
tion operation is called triangulation, and the simplercpgeare called simplices. In this
section, we formalize the notion of triangulation and inigege some of its combinatorial
features.

§6.1. Combinatorial Simplicial Complexes. A combinatorial simplicial comple¥CSC
for brevity) with vertex set i/ is a collectionK of non-empty subsets of the finite 3ét
such that

T [K=[0cIK, [@lCT]loc&[]

The elements oK are called théopen) face®f the simplicial complex. It is a face then
we define

dimo :=#0 — 1.
A subseto of a facet is also called a face af. If additionally
Ho=H1—1

then we say that is an(open) faceof 1. If dimo = 0 then we say that is a vertex ofK.
We denote by the collection of vertices dK. In other words, the vertices are exactly the
singletons belonging t&. For simplicity we will writev [Vk instead ofv} [Vk.

Two CSCsK andK Pare calledsomorphic and we write thisk L£4I7 if there exists a
bijection from the set of vertices d¢€ to the set of vertices dk “which induces a bijection
between the set of faces Kf andK"

We denote by (V) PP (V)) the collection of all CSC’s with vertices ii. Observe
that

K]_, K2 EZKV) :E@ﬁ Kz, K]_ I:KIZ EZKV)
so that=(V ) is a sublattice oP (P (V)).

Example 6.1. For every subse® [VldefineAs [31(V) to be the CSC consisting of all
non-empty subsets &. Ag is called theelementarnsimplex with vertex seb. Observe that

Asl N ASQ = A510521

For every CSK 32KV ) the simplice®),, 0 [Kl are called thelosed facesf K.
We deduce that the collection — —

AV) = As|S [V
IS a generating set of the lattiegV ). 1

Example 6.2.Let K [3KV). For evle:r)ll nonnegative integer we define

Kn:= 0 [K]|dimoc<=m
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K, is a CSC called then-skeleton oK. Observe that

L1
Ko LK} -2}, K= Km. L1

m=0
Definition 6.3. The Euler characteristiof a CSCK [2KV) is the integer
1
X(K):= (D", =
o [K]

Proposition 6.4. The mapx : 2(K) - Z, K B x(K) is a valuation.

Proof. For everyK [3(V) and every nonnegative integar we denote byF,,(K) the
collection of itsm-dimensional faces, i.e.

L1 .
Fn(K):= o [K | dimo:=m

We then have 1

X(K)= (=1)"#Fm(K).
m=0

Then
Fm(Ky [KR) = Fn(Ky) CER(K2), Fm(Ki n Kz) = Fn(Ky) n Fn(Ky)

and the claim of the proposition follows from the inclusiexelusion property of the cardi-
nality. 1

Example 6.5. Supposé)s is a simplex. Then
L1

i [ S T S— L N
X(As) = ™ = =" =1, =
0

m+1
m=0 o [S¥o=m+1 m=

§6.2. The Nerve of a Family of Sets.
Definition 6.6. Fix a finite setv . Consider a family
A:={A, v [V}

of subsets a se{ parameterized by .
(a) For everyo [Vlwe set

Thenerveof the family A is the collection
1 ]
N(A) = o V| A, E [ 1

Clearly the nerve of a famiA = {A, | v [V} is a combinatorial simplicial complex
with vertices inV .
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Definition 6.7. Suppose/ is a finite set and [31(V). For everyoc [CH we define the
starof o in K to be the subset
1 1]
St(0):= 1 K |1 [al.

Observe that 1
K = St (V). 1
v IV

Proposition 6.8. For every CSK V) we have the equalities
P y I:EIZI( ) a 1

St(0) = Stk(v), @MLK, K= A,.
v Lal o [KI
In particular, we deduce thd is the nerve of the family of stars at vertices
Stk := Stk(v) |v VK . ]

We can now rephrase of the inclusion-exclusion formulagiie language of nerves.

Corollary 6.9. Supposé. is a lattice of subsets of a sit#: -5~ R is a valuationinto a
commutative ring witll. Then for every finite famibpA = A, of setsinL we have

L1 L1
L1 I:Id_
H Ay = (=)™ u(A).
\ARVA o [NIA)
In particular, for the universal valuatiod 3 1, we have
la, = (=DMl g, —

o [NIA)
Corollary 6.10. Suppos&€ = {C }ssqis a finite family of compact convex subset&8f
Denote byN (C) its nerve and set '

C .= Cs.

s[S]
Then ] ]
Ho(C) =X N(C) .
In particular, if 1
Cs 8 [

s[S]
then

uO(C) = 11
wherey, : Polycon(n) - Z denotes the Euler characteristic.
Proof. Let '

Cso= Cs [aLsSl
sLal

Note that ifo [CN(C) thenC, is nonempty, compact and convex and tigéC,) = 1.
Hence

L1
Ko(C) = (=1)""°uo(Cs) = X(C).
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If Cq B [lal[CSwe deduce thal (C) is the elementary simple&s. In particular

Ho(C) = X(As) = 1.
1

86.3. Geometric Realizations of Combinatorial Simplicial Compkxes. Recall that a
convex polytope irR" is the convex hull of a finite collection of points, or equally, a
compact set which is the intersection of finitely many halces.

Definition 6.11. (a) A subseV

{vVo,V1,...,Vk}
of k + 1 points of a real vector spade is calledaffinely independerif the collection of
vectors

VoVi, - - ., VoV
is linearly independent.
(b) Let0 = k < n be nonnegative integers. Aaffinek-simplexin R" is the convex hull
of a collection of(k + 1), affinely independent point/, - - - , v} called theverticesof the
simplex. We will denote it byvo, vy, - - -, V]
(c) If S is an affine simplex irR", then we denote by (S) the set of its vertices and we
write dimo := #V (0) — 1. An affine simplexT is said to be daceof S, and we write this
ast [alf V(S) [C\IT). 1

Example 6.12. A set of three points is affinely independent if they are ndlireear. A set
of four points is affinely independent if they are not coplanfivg 8 v; then|vg, v4] is the
line segment connecting to v;. If vp, vy, v, are not collinear thefvg, v1, V5] is the triangle
spanned by, v, V, (see Figure). 1

S
<

‘0

v1 2
FIGURE 9. A l-simplex and &-simplex.

Proposition 6.13. Supposédvo, .. ., Vx| is an affinek-simplex inR". Then for every point

p [¥o,vy,...,VK] there exist real numbert, t, - - - , tx uniquely determinedby the re-
quirements
1 1
t; E[(],l], D}O,l,---,n, ti:]., p= tivi.

i=0 i=0



Simplicial complexes 63

Proof. The existence follows from the fact tHag, . . ., vk] is the convex hull of the finite set
{Vo, ..., Vk}. TO prove uniqueness, suppose

 § 1 [ 1

SjVij = tivi.

i=0 i=0

Note thatvg = (Sg + - - - + SK)vp = (tg + - - - , tk)Vp SO that
| S 1 .
Si(vi—Vo) = (Vi — Vo), Vi— Vo= VoVi.

From the linear independence of the vectofg we deduces; = t;, ik 1, -, k. Finally

So=1(s1+-+s)=1—-(L+- -+ 1) =t
L1

The numbergt;) postulated by Propositiofi13are called thdarycentric coordinatesf
the pointp. We will denote them byt;(p)) In particular, thebarycenterof ak simplexo is
the unique poinb; whose barycentric coordinates are equal, i.e.

1
to(bs) = - = t(bo) = Kr 1

Therelative interior of Afvy, VJ[iI' ., Vk] is the convex set
A(Vo, V1, -, V) = p LAV, - ,v] | ti(p) >0, O*+0,1,---,k}

Definition 6.14. An affine simplicial complei R" (ASC for brevity) is a pai(C, T) satis-
fying the following conditions.
(a) C is a compact subset.
(b) T is atriangulation of C, i.e. a finite collection of affine simplices satisfying thendi-
tions

(b1) If T CTlandS is a face ofT thenS [Tl

(b2) If Tg, T, [TIthenTy n Ty is a face of botl, andT;.

(b3) C is the union of all the affine simplices h 1

FIGURE 10. An ASC in the plane.

Remark6.15 One can prove that any polytopeRT admits a triangulation. 1
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In Figure10we depicted an ASC in the plane consisting of six simplicediimiensior?,
nine simplices of dimensiohand two simplices of dimensich

To an ASC(C, T) we can associate in a natural way a CRQC, T) as follows. The set
of verticesV is the collection of-dimensional simplices ifi. Then

K= V()|S [T, (6.1)
where we recall that (S) denotes the set of vertices of the affine sim@ek Tl

Definition 6.16. SupposeK is a CSC with vertex sat. Then anaffine realizatiorof K is

an ASC(C, T) such that
K £kc, ). (-

Proposition 6.17.LetV be a finite set. Then any C3C [V ) admits an affine realiza-
tion.

Proof. Denote byRY the space of functionf : V - R. This is a vector space of the same
dimension a¥ . It has a natural basis determined by Bieac functionsd, : V - R,u [V],

where 1
1 v=u
0 = )
u(v) 0 vBu

The se{d, | u M1} [CRY is affinely independent.
For everyo Kl we denote byo] the affine simplex irRY spanned by the s¢b, | u [

0}. Now define ' ]
C= [0], T= [o]|o CK}.
o [K]

Then(C, T) is an ASC and by constructidd = K(C, T).
1

Suppos€C, T) is an ASC and denote ki the associated CSC. Denotefy= T (C, T).
According to the Euler-Schlafli-Poincaré formula we have

M(C) = (-1)"f(C,T).
k

The sum in the right hand side is precisg{<), the Euler characteristic dK. For this
reason, we will use the symbofsand interchangeably to denote the Euler characteristic
of a polytope.
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7. The Mobius inversion formula

§7.1. A Linear Algebra Interlude. As in the previous section, for any finite s&twe
denote byR” the space of function& — R. This is a vector space and has a canonical basis
given by the Dirac functions

0 A - R, aCA
Note that to any linear transformatidn: R — R® we can associate a function
S=S::BxA - R

uniquely determined by the equalities

1
To, = S(b,a)dy, a CA. (7.2)
b [B1
We say thaBr is ascattering matrbof T. If f : A - R is a function then
1
f= f(a)da
al[Al
and we deduce that the functidrf : B —» R is given by the egualities
L 1
Tf = S(bH a)f(a)dy,o CIUCF)(h) = S(b,a)f(a), [HOICBL. (7.2)
a[AbHBI alAl

Conversely, to any map: B x A — R we can associate a linear transformaffonR” -
RB whose action od, is determined by7.2).

Lemma 7.1. Supposé\,, A1, A, are finite sets and
To:R™ o R™, T;:RM L R
are linear transformations with scattering matrices
So: AL XA - R, Si:AxA; 5 R

Then the scattering matrix @f, o To : RA2 x R~ _, Risthe mapS; [S: A, XAy - R
defined by 1

S1 [Sh(az, ag) = S1(az,a1)So(a1, ao).
a; [A]

Proof. Denote byS the scattering matrix of; » Ty S0 that
L 1

(Tl ° T0)630 = 6628(a21 aO)-
az
On the other hand 1 1
L 1
(T1°T0)da = T2 0a, So(as, ao)
L1 -
I 11 1 L 1
= Oa Si(a2,a1)Se(a1,80) = 0a,(S1 [Sh)(az, ap).

az ai az
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Comparing the above equalities we obtain the sI%Jght fortigen

]
S(az, @) = S1 [Sh (a2, ap).
1

Lemma 7.2. Suppose thaf is a finite set equipped with a partial order (we use the
convention thad [Ca]l[@ll"Al). Suppose

S:AxXA SR
is strictly upper triangulari.e. it satisfies the condition

S(ag,a;) B0 =LAk a;.

Then the linear transformatioh : R* - R” determined byg is nilpotent, i.e. there exists
a positive integen such that

T"=0.

Proof. Leta, b be inA and denote bg,, the scattering matrix ofF ". By repeated application

of the previous lemma,
L 1
Sn(a,b) = S(a, ¢1)S(cy1, o) - - - S(Cn—1, b).

Clyeeey ch—1 [Al
Then since is strictly upper triangular, we deduce that the above swontains only ‘mono-
mials‘ of the form
S(a, ¢1)S(c1,¢2) -+ - S(Cn-1,b), Ci <Cjs1, [i]

Thus, we really have that:
1
Sn(a,h) = S(a, ¢1)S(cy1, Co) - - - S(Cn—1, b).

a<c;<cgo<--<cn—1<b[Al

So, since we are using that [—a]if we taken > #A we cannot find such a sequence, so
Snh =0, meaning thalT " = 0. —1

Lemma 7.3. Supposq is a finite dimensional vector space ahd E - E is a nilpotent
linear transformation. Then the linear mdag + T is invertible and

L 1
(le+T)H = (FDT*

k=0

Proof. SinceT is nilpotent, there is some positive integarsuch thafT™ = 0. We may
even assume that is odd Thus

|:||:I 1
le=1le+T"=Ue+T)Ae—T+T2— - +T™"H =(1g +T) (—1)KTk
k=0
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§7.2. The Mobius Function of a Simplicial Complex. Supposé/ is a finite set andk [
2 (V) isa CSC. Theeta functiorof K is the map

—1
1 o [Tl
=l :KxK - Z, {(0,1)= ;
(= ((0,71) —
Define¢ = "KxK 5 Zb
& = ¢k Yy -
1 o [Tl

0,1) = .
$@.1) 0 otherwise

{ defines a linear mag : RX - RK and¢ defines a linear mag : R - RK. Note that
for every functionf : K - R we have

1 1
(Zf)(o) = ((o,D)f(1) = f(1). (7.3)

1 [KI Lol el

Proposition7.4.(a)Z =1+ =.

(b) The linear majx is nilpotent. In particularZ is invertible.

(c) Letp : K x K - R the scattering matrix oZ 1. Thenp satisfies the following
conditions.

Mo, T)BO0O=LaTIT] (7.4a)

M(o,0) =1, [@ICK, (7.4b)

Ho, 1) = — H(o, 9). (7.4c)
olpuT 1

Proof. First, we denote by(o, 1) the delta ftl%ctlion, that is,

1 o=t
0.1 = 0 0Bt
(a) From above we have
1 1 1
(Zf)(o)= loD)f(t)y= Ff(O)=Ff0)+ f(1)
T[KI TLal Lo ol |
L 1 L 1 L1 1
= d¥o,n)f(1)+ &0, 0)f(1) = (=F)(0) + (1F)(0) = (=+DF (o).

T [KI T[KI
(b) We have from before tha is defined by a scattering matréxwhich is strictly upper
triangular, i.e.
¢(0,1) B0 LaoITl
By Lemma7.2, we have thak is nilpotent. Thus, because = 1 + =, by Lemma7.3we
have tha is invertible.
(c) From Lemma/.3we have that

o o
Zl=@@+3)t= (—Dk=k=1-—z=+=2—...
k=0



68 Csar-Johnson-Lamberty

Let us examin&'. By an iteration of Lemm&.1, we have that the scattering matrix &t

will be 1

&i(0,1) = €(0, §1)&(d1, $2) - &(bi-1, T)

¢1,,¢i—1 [KI

This scattering matrix is, liké, strictly upper triangular. Note that this also impliestttie
&i(o, 1) gives a value o0 for the diagonal terms = . Furthermore, the identity operator
1 has scattering matri&(o, t), which gives a value ot on the diagonal terms and zero
elsewhere. We therefore have proven equati@nég( and (7.40. To prove the third, we
convert the equalitf = Z~1Z into a statement about scattering matrices

d=puLCd

By Lemma7.1, we therefore have

1
0(0, )= WO, 9)($,T)

¢ K1
Thus, foro B 1, we have that
1 1
0= p,$)(P,T)= u(o, )
¢ Kl o ChpIT 1
and thus 1
uo, 1) =— u(o, ).
oIt 1

L1

Definition 7.5. (a) Supposeé?, B are two subsets of a s&t. A chainof lengthk = 0
betweerA andB is a sequence of subsets

A=Cy LC] 1 [LC}=B.
We denote by (A, B) the number of chains of lengthbetweenA andB. We set
1

0 BEA
A B) = :
©WAB= ) B=a
and  —
C(A,B) = (—1)*ck(A, B).
k
(b) We set
ck(n) = c(LB), c(n) =c(LB),
whereB is a set of cardinality. 1

Lemma 7.6. If g, T are faces of the combinatorial simplicial compléxthen

M(o, ) =c(o, 1).
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Proof. We have thafi is the scattering matrix of

Zl'= ()kEk=1-zZ+Z2—.
k=0

sou should be equal to the scattering matrix of the right hand,sid.

Ho, 1) = (1) &(o, 1),

k=0
wheregy (o, 1) is, as before,
—1 1
&(o, 1) = §(0, 01)&(P1, §2) - - E(Py—1,T) = 1=ck(0,T1).
¢1,,dk—1 [KI 0=bg O Thl ; [kt

Furthermore, becausg(o, 1) = d(0, T), we have that
1

Ko 1) = (D (o, T) =c(0,7).

k=0
1
Lemma 7.7. We have the following equalities.
(a)
ck(n) = . C—1(n—]).
j=0 ]

(b) c(n) = (=1)".
(c) If A [Blare two finite sets then

c(A, B) = (—1)7B#A,

Proof of a. We recall thaty(n) is the number of chains of lengkhin C(B, D, lwhere|B| =

n. Then,ck—;(n — J) is the number of chains i6 (A, D,Jwhere|A|] = n — j. Consider a
chain of lengttk — 1 in C(A, DiwhereA [CBI V1 [T'C] [ CCj—_; = A. Thereis
only one option for turning it into a chgin, of lengkhin C(B, O,Jnamely: LT C] [} [
Ck—1 [C} = B. For eachy, there are}1 ways to choose the sdtof elements to be taken
out of B, i.e. to takeA = B [LI]|A| = n — j. Then there arex_;(n — j) chains of length
k in C(B, D1o be constructed as above. Thus,

c(n) = . C—1(n—1]J)
o 4
—1

Proof of b. We note that the statement is trivially true for= 0, and we use this as a base
case for induction. Itis also important to note thatiiog 0, co(n) = 0. By part a,

(—D*ex(n) = (1) - Ce1(n—1J)
j=0 1
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Then, %

o) = (—De(n) =— - (D" fea-a(n — )

k=0 %‘fzo j=>0

== j (-1 *o-a(n — )

gi 0 k=1

== (—D*e(n—j)=-— . c(n—j).
j>0 J k=0 >0 J
By the induction hg{gotheas
. c(n—j)=-— ()" =(-)" - . ("
j=>0 j=0
The last sum is the Newton binomial expansiorfbf- 1)" so it is equal to zero. Hence
c(n) = (="

L1

Proof of c. SupposeA = {ay,...,0;}. If A Bl B = {ay,...,0j,B1,...,Bm}. Thena
chain inck (A, B) can be identified with a chain of lengkhof the set

Therefore,
(A, B) = oo (LB [A) = o (#B — #A).
In particular,c(A, B) = (—1)#B=#A), 1

Theorem 7.8(Mobius inversion formula)LetV be a finite set anédK [V ) suppose that
f,u: K - R are two functions satisfying the equality

u(o) = (o), [OICK.

Lol ol

Then 1
f(o.) — (_l)diml‘—dimou(.l.).

T Lol

Proof. Note thatu(o) = (Zf)o so thatZtu = (Z71Z)f = f. Using (7.2), and realizing
thatp is the scattering matrix o ~! we deduce

f(0)=(Z7'u)(0)=  p(o,T)u(r)
T [KI
By Lemma7.6, |
f(o) = c(o, u(r)
h gl el

Then, by Lemm& .7, —
f(o.) — (—l)dimT_dimGU(T).

hgl el
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1
Corollary 7.9. Suppos€C, T) is an ASC. Then
L 1
Ic = m(S)ls
S[T1

where ( ) I%!ﬂimT dimS ( )dimS I%!ﬂimT
m(S) := -1 - =(-1 -1 .
T[S T[S

In particular, we deduce that the coefficient$S) depend only on the combinatorial simpli-
cial complex associated (&, T).

Proof. Definef,u: T - Zby

. _ L1
f(T) = (D4"T and u(S) := (-1)¥Sm(S) =  f(T).

T 51

We apply the Mobius inversion formula and see that

f(S) — (_l)dlmT—dlmSu(T) — (_1)d|mS m(T)

T=S TS
Then,
. 1
1=(-D9mSES)=  m(T). (7.5)
T[S

Now consider the functioh : R" - Z,

L 1
LX) = m(S)Is(X).
S[T]

Clearly,L(x) = 0if x IICl. Suppose [Cl. Denote byl the collection of simplice$ [Tl
such thaix [Tl Then

T (T3
is a simplex inT and in fact it isthe minimalaffine simplex inT containingx. We have

1 1 1 75
LX) = m(S)Is(x) = m(S)Is(x) = m(S) ="1
S[11 S [Sd S [Sd
Therefore,
L 1
m(S)ls =lc
S [11
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§7.3. The Local Euler Characteristic. We begin by defining an important concept in the
theory of affine simplicial complexes, namely the concegiarfycentric subdivisionAs its
definition is a bit involved we discuss first a simple example.

Example 7.10.(a) Supposévy, v41] is an affinel-simplex in some Euclidean spaB&. Its

barycenter is precisely the midpoint of the segment and wetedt byvy,. The barycentric
subdivision of the line segmeityv,] is the triangulation depicted at the top of Figure

consisting of the affine simplices.

Vo, Vot, V1, [Vo, Voi], [Vo1, V1]-

r—y r——
V,

Y Y oot

\f

0 VO

Yo %2
b1
Y b oY V2 )

FIGURE 11. Barycentric subdivisions

(b) Supposévy, v1, V2] is an affine2-simplex in some Euclidean spaB&. We denote the
barycenter of the facl;, vj] by vi; = vji and we denote byy;, the barycenter of the two
simplex.

Observe that there exists a natural bijection between tesfafivo, v1, V.] and the nonempty
subsets 0f0, 1, 2}. For every such subset [{0, 1,2} we denote by, the barycenter of
the face corresponding tm For example,

V{o0,13 = Vo1 etc.

To any chain subsets §0, 1, 2}, i.e. a strictly increasing family of subsets, we can asdeci
a simplex. For example, to the increasing family

{2} 30,2} 140,1,2}

we associate in Figurgl the trianglev,, Vo,, Voi2]. We obtain in this fashion a triangulation
of the2-simplex|vy, V1, V2] whose simplices correspond bijectively to the chain of stds

The next two results follow directly from the definitions.

Lemma 7.11. Supposgvy, - - - , Vx| is an affine simplex ilR". For every nonempty subset
o {0, -, k} we denote by, the barycenter of the affine simplex spanned by the points
{vs | s C.ak. Then for every chain

of subsets of0, 1- - -, k} the barycenters,,, - - - , vo,_are affinely independert.]
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Proposition 7.12. Suppos€C, T) is an affine simplicial complex. For every chain

So LS [ S
of simplices inT we denote b\[Sy, - - - , Sk] the affine simplex spanned by the barycenters
of Sy, - - -, Sk and we denotd@“the collection of all the simpliceA[Sy, - - - , Sk] obtained in

this fashion. Thef"is a triangulation ofT. (1

Definition 7.13. The triangulationT “constructed in Proposition.12is called thebarycen-
tric subdivisionof the triangulatior. 1

Definition 7.14. Suppos€C, T) is an affine simplicial complex andis a vertex ofT.

(a) Thestar of v in T is the collection of all simplices oF which containv as a vertex. We
denote the star bt+(v). For every simpleXs [Skr(v) we denote bys/v the face ofS
opposite tov.

b) Thelink of v in T is the polytope
(b) polytop —

Ikr(v) := S/v,
S [Si(v)
with the triangulation induced from"
(c) For every facé& of T we denote bys its barycenter. We definenk of S in T to be the
link of bs in the barycentric subdivision

Ikt (S) := Ikte(bs).
(d) For every facé& of T we define thdocal Euler characteristiof (C, T) alongS to be the

integer . ]
Xs(C, T):=1—x Ikr(S) . 1

FIGURE 12. An open book with three pages

Example 7.15.Consider the polyconvex s€t consisting of three triangles in space which
have a common edge. Denote these triangldalya;], i = 1, 2, 3 (see Figurel2).

We denote by the barycenter dh, b], by c; the barycenter dh, aj] and byd; the barycen-
ter of[a, b, a;]. Then the link of the vertea is the star with tree arms joined @atlepicted at
the top right hand side. It has Euler characteristi¢he link of[a, b] is the set consisting of
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three pointg{d;, d,, d3}. It has Euler characterist& The local Euler characteristic alorg
is 0, while the local Euler characteristic alofagb] is —2. 1

Remark7.16 SupposgC,T) is an ASC. Denote byt [ Tlthe set of vertices, i.e. the
collection of0-dimensional simplices. Recall that the associated coatbiral complexk
consists of the collection

V(S), S L[mM
whereV (S) denotes the vertex set 8f Them-dimensional simplices the barycentric sub-

division correspond bijectively to chains of lengthin K.
Let S in T and denote by its vertex set. The number @f-dimensional simplices in

Str(bs) is equal to —1

cm(0, T). 1
Lgl ol

Proposition 7.17. Suppos€C, T) is an ASC. Then for eve§ [Tlwe have

L 1 .
Xs (C, T) — (_l)dlmT—dlmS’
T[S

1 :
sothatlc = ¢ Xs(C, T)ls. In particular,

I:(I;r < L 1
DM =x(C)=lcdyo=  Xxs(C,T).
ST ST

Proof. To begin, for a simplicial complex{, let F,(K) = {faces of dimensiom in K}
and recall that  E—
X(K)= (=1)"#Fm(K).
m=0
The(m—1)-dimensional faces dk+(S) (m = 1) correspond bijectively je-thg-dimensional
simplicesT” [T”containingbs. According to Remark’.16there are ; <¢m(S, T) of

them. Hence
Fm-1(Ikr(S)) = cm(S, T)
T[S
Hence I Lo :
X(kr(S) == (1™  cm(S,T)
m=>0 T[S
so that I L :
Xs(C,T)=1—x(ks(S)) =1+ (=DM  cn(S,T)
m=>0 T[S
LI 1T 1 L T T 1 L 1 L 1 _
= (—1)"cm(S, T) = (—=1)Mcm(S, T) = c(S,T) = (_1)d|mT—d|mS.
m=0T [S] T [S1n=0 T TS

L1

The above proof implies the following result.
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Corollary 7.18. For any vertex we have
Y y — 1
X(kr(v)) == (=1)9ms, 1

S[Iv

Corollary 7.19. SupposdC, T) is an ASC inR", R is an commutative ring with 1, and
U : Polycon(n) — R avaluation. Then

1
HC) = Xxs(C,THu(S).

S [11
In particular, if we letu be the Euler characteristic we deduce
I:(Ij_ < L 1
(D™ =x(C)=  xs(C,T).
S[T1 S[T]

1
Proof. Denote by du the integral defir%by. Then

L] I —— U —
H(C)= lcdu= Xs(C,Dls du= Xxs(C,T) Isdu=  xs(C,T)u(C).
S [1T1 S [T] S [1T1

L1
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8. Morse theory on polytopes inR3

§8.1. Linear Morse Functions on Polytopes. Suppos€C, T) is an ASC inR3. For sim-
plicity we assume that all the facesohave dimensior< 3. Denote by=, —[the canonical
inner product irR? andS? the unit sphere centered at the originRt

Any vectoru [SF defines a linear mah, : R® -~ R given by

Lo(x) := M, x[] XICRP,

We denote byl lits restriction toC. We say thau is T-nondegeneratd the restriction ofl,
to the set of vertices ofF is injective. Otherwise is calledT-degenerateWe denote byAt
the set of degenerate vectors.

Definition 8.1. A linear Morse functioron (C, T) is a function of the forni,] wherau is a
T-nondegenerate unit vector. 1

Lemma 8.2(Bertini-Sard) A is a subset 08?2 of zero (surface) area.

Proof. Letvy, - -, v, be the vertices of. Foru [SP to be aT-degenerate vector, it must
be perpendicular to an edge connecting two ofitheThe set of all such lines is a plane in
R3, and the-jntersection of such a plane &1ds a great circle. Thereforé is composed

of at most , great circles, meanindy is a finite set and thus has zero surface area. (1

Supposel is T-nondegenerate. F%evelryZRI we set —
Ci= x| LL{x)=t .

In other words,C; is the intersection o€ with the affine planeH, x, ‘= {x | [ xF=
(U], Xo [ t}. We denote byt the set of vertices of. For every nondegenerate vectothe
function [ Jdefines an injection

LlI: VT - R.
Its image is a subsé€, [Rlcalled thecritical setof [l The elements dK, are called the
critical valuesof []

Lemma 8.3. For everyt [ Rlthe sliceC; is a polytope of dimensios 1.

Proof. C; is the intersection o€ with the planeH; = {[U, x[(}1 H; contains at most one
vertex, so it must intersect each face transversally. Tteesaction with each face will have
codimensiorl inside that face. Hence, no intersection can have dimemgeater thard. 1

The above proof also shows that the sl@ehas a natural simplicial structure induced
from the simplicial structure o€. The faces ofC; are the non-empty intersections of the
faces ofC with the hyperplané,.

Remark8.4. Define a binary relation
R = Ret+olVICrr )y %< V (Cy)
such that fom [CVI(Ci.p)yandb [CVI(Cy)
a Ret+h [Aadndb lie on the same edge af
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Observe that fixed and for L1, 3he binary relatioR¢ s thegraph of a map
V(Cird —» V(Cy)
which preserves the incidence relation. This means thevitig:
e [@AILCCL  Caluniquen CVI(Cy) such thatRb, and
e If [ag, a1, - ,ak] is a face ofCanda;jRb; for b; [VI(C,), then[hy, b4, ..., by], is a face ofC;.

We will denote the map (Cw-) » V (Cy) by the same symbdR.
1

Denote byx,(t) the Euler characteristic &;. We know that
1
X(C) = ju(®),

t
wherej,(t) denotes thgumpof x, att,

ju(t) = Xu(t) - Xu(t + 0)-
Every nondegenerate vectodefines a map
J|=) V1 - Z, j(ulx) := the jump ofx, at the critical valud4{x).

Lemma 8.5.
Ju() B 0 =L11K,.

Proof. By definitionj,(t) B 0 LX) E X(Ci+0). We would like to better understand
the relationship betweed; andC.. for any Il _ 1. By Remark8.4, for [Sufficiently small
R¢t+defines a map (Ci) —» V (Cy) which preserves the incidence relationship. Assume
thatt Y Kl,. All pointsinV (C;) andV (C.-ycome from transversal intersections of edges of
C. Because these edges cannot terminate anywhere inbetwestivo points and because
the intersection is transversal (and thus unique), for lsimizé have tha¥ (Ci+0) —» V (Cy) is

a bijection. Any edge which connects two vertice€in -is subsequently mapped by to the
edge connecting the corresponding vertice€in By the Euler-Schlafli-Poincaré formula,

X(Ci+ = X(Cy). But this implies thaj,(t) = 0, a contradiction. Thus [Kl,. 1
Lemma8.5shows that 1
X(C)= Julx). (8.1)
x OV

For everyx [V} we have a function
J(=X) : SP\ A -~ Z, SP\Ar B julx).

Now, for every vertex we set O

P00 = 4 (U)o, 82)

wheredo(u) denotes the area element8hsuch that
Area (S?) = Area (S?\ A7) = 4.
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Integrating 8.1) overS? \ A+ we deduce
™

: ] s 1
an = J(ulx) do(u) = Julx) = 4n pP(X)
SQ\AT Xm Xm 82\AT Xm
so that 1
X(C) = P(X) (8.3)
x V4

We dedicate the remainder of this section to giving a moreieia description of(Xx).

§8.2. The Morse Index. We begin by providing a combinatorial description of the psn
Letu [CSF be aT-nondegenerate vectog; a vertex of the triangulatiom. We set
ty = Q(XO) = [u], X0|:|
We denote byt (Xo, u) the collection of simplices it which admitx, as a vertex and are
contained in the half-space
]
Hi,, = v CRP| vz [ X O

We define théMorse indexof u at xg to be the integer

H(ulxo) = (—pome.
S LS (xo,u)
Example 8.6. Consider the situation depicted in Figuré

FIGURE 13. Slicing a polytope.

The hyperplane§,J= const are depicted as vertical lines. The sl€g is a segment, and
for every [ 0 sufficiently small the slic&,, . —consists of two segments and two points.
Hence

Xu(t) = 1, Xulto+ DI=4, j(Ulxo) = ju(t) =1—4=3.
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Now observe thabty (Xo, u) consists of the simplices

{Xo}, [Xo,X1], [Xo,X2], [Xo,Xs], [Xo,Xs], [Xo,Xe], [Xo,X1,Xs].
We see thaStT (Xo, u) consists ofl. simplex of dimension zerd, simplices of dimension
and one simplex of dimensidhso that
H(U[Xo) =1 —=5+1=—3= j(ulxo).

We will see that the above equality is no accident. 1

Proposition 8.7. Let (C, T) be a polytope irR® such that all its simplices have dimension
< 2. Then for anylT-nondegenerate vectarand any vertex, of T the jump ofi lat Xq is
equal to the Morse index ofat Xy, i.e.

J(ulxo) = H(ulxo).

Proof. By definition,
J(UXo) = X(Ct) — X(Cty+0)

We will again utilize the binary relatioR defined in Remarlg.4.

We have that, is a critical value, s@;, contains a unique vertex, of C. Denote by
R™1(xo) the set of all vertices o¥ (Cy,+) which are mapped t&, by Ry, +,+= Then the
induced map/ (Cy,+) CRTY(Xo) - V(Cy,) LA} behaves as it did in Lemnta5is a
bijection on these sets and preserves the face incideratore(see Figurd4). Using the
Euler-Schlafli-Poincaré formula we then deduce that

X(Cto) - X(Cto+|i|
[ i I e I _ TP
=#{X}—# R (X0) —# EdgesinCi.connecting vertices irR™(Xq) .
Note here that
L, [ I o o 1]
# R (Xo) =# Edges ofC insideH, and containing, ,
and ]
# Edges inC.connecting vertices irR™1(xo)
1]
= # Triangles ofC insideH, and containig,

Thus we see that
J(ulxo) = #{Xo} —# Edges ofC insideH, and containing,

+# Triangles ofC insideH, and containigo

L 1 dims
= (=)™ = p(ulxo).
S [ (xo,u)
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FIGURE 14. The behavior of the may (Cy,+) — V (Cy,)-

88.3. Combinatorial Curvature. To formulate the notion of combinatorial curvature we

need to introduce the notion obnoglal coneForu, x CR" dl%lﬁne
H = y [R"| ,yZ m,xC].

u,Xx

Note that ifu £ 0 thenH_, is a half-space containingon its boundaryu is normal to the
boundary and points towards the interior of this half-space

Definition 8.8. SupposeP is a convex polytope iR" andx is a point inP . Theconormal
coneof x [Clis the set

1 1
Cx(P)=Cx(P,R"):= u [R'|P [H], . 1
We create an equivalent and more useful description of thercoal cone.
1] [ . 1
Cx(P):= uR"|P [H}, = ulR"|My=Wx]CA ,
The following result follows immediately from the definitio
Proposition 8.9. The conormal cone is @eonvex conei.e. it satisfies the conditions
u CCL(P), t []0,00) = FOLCCL(P)
Ug, Uy [CL(P) =[ugh u; CCL(P). 1

Proposition8.9 shows that the conormal cone is an (infinite) union of raysf{ives)
starting at the origin. Each one of these rays intersectsititesphereS" 1, and as a ray
sweeps the conR, its intersection with the sphere sweeps a redlQ(P ) on the sphere,

Q(P) = O (P,R™ :=Cy(P) nS" 1,

The more elaborate notatién (P, R"™) is meant to emphasize that the regiey(P ) depends
on the ambient spad®”. Thus we also have

]
QP)= u S| my= mx] AdCPl
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We denoteo,,—; the total(n — 1)-dimensional surface area 8f~! and byw,(P) the
(n — 1)-dimensional “surface area” tﬁlzj(P) di\&cfled byo,—
arean—1 Q(P)  area,—1 Qu(P)
areap_; (S0 On—1 '

wx(P) =

Remark8.10. One can show thab.(P) is independent of the dimensianof the ambient
spaceR", i.e. if we regarcdP as a polytope in an Euclidean spd&R® [RI then we obtain
the same result fan, (P ). We will not pursue this aspect here. 1

Proposition 8.11.(a) If P [R¥ is a zero simplekx] then
Wx(X) = 1.
(b) If P = [Xo, X1] [RYis al-simplex then

[N

Wxo (X0, X1]) = 5.

N

(c) If P = [Xo, X1, X,] [RF is a2-simplex and the angle at the vertexis r;m, r; [(0,1)
then 1 r
Fo+r1+12 =1 wx([Xo, X1, X2]) = 5 EI

Proof. (a) For[x] Rt a singleton, clearly
Qp(P)= u S| [,y W xL] YICTH]
and thus

] []
= u ST W, x[* m, x0T =8+

(,O[X](P) =1
(b) We can fix coordinates such tHag, x;] lies horizontal withx, located at the origin. It
is then easy to see that the conormal cone is the half-spdbdwindary perpendicular to
[Xo, X1] passing througl, with rays pointing “towards%;. Thereforew,, = 1
(c) Without loss of generality, we can considgy,. We fix coordinates such thag lies at
the origin and[Xo, X1, X»] lies in a plane withxo, X;] lying along an axis. The conormal
cones of[xq, X1] and[Xo, X,] are each a half-space as described above. The conormal cone
of [Xo, X1, X»] is then the intersection of these two cones. This intersedt bounded by
planes determined by the perpendicularptgx;] and[xo, X1], both passing througky. In
other words, the intersection of the conormal cone with fiteege is a lune. Call the angle
of the opening of the luné. The angles between the perpendicular lines and the sidbs of
triangle are given by} — 1rg (pOSSiIb_LXI nﬁative),l%lld the total angle is

0= 5 Mo + o =Tl +Tro =T~y
The area of the lune defined Byis, in spherical coordinates,

0

sin(p)de db = 26,

Thus
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N =

— Tr

r;

— Tr

N

FIGURE 15. The angle between the perpendicularfgfxi] and[xo, X2].

SupposdC, T) is an affine simplicial complex iR® such that all the simplices ifi have
dimension< 2. Recall that for every vertex [V} we defined its star to be the collection of
all simplices inT which admitv as a vertex. We now define tikembinatorial curvaturef
(C,T) atv [V} to be the quantity

1
K(V) := (—1)4mSg,(S).
S Sty (v)

Example 8.12.(a) Consider a rectangky; A,AzA,. Then any interior poin© determines
a triangulation of the rectangle as in Figur@

Ay A

4
AZ

FIGURE 16. A simple triangulation of a rectangle.
Suppose that(A;OA;+1) = rim, i = 1,2, 3,4 so that
r1+r2+r3+r4=2.
The star ofO in the above triangulation consists of the simplices

{O}, [OAi], [OAiAi+1], I - l, 2, 3, 4.
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Then

1 1 n;
0o(0) =1, wo([OA]) = 5, Wo(OAA]) = 3 5'.
We deduce that the combinatorial curvatur®ads
1 l_u:_l‘l 1
11—  —+ ~h —1—2+2——(r1+r2+r3+r4)—0
i=1 2 i=1 2 2

This corresponds to our intuition that a rectangle is “flafbte that the above equality can
be written as
1

2nk(0) = 2n — [(A,0A+1).
i=1
(b) Suppos€C, T) is the standard triangulation of the boundary of a tetrabvelgy, v1, Vo, V3]
in R (see Figurel 7).

K;
FIGURE 17. The boundary of a tetrahedron.

Set
Gijk = mVij), i,j, k = 0, l, 2,3..
Then the star of, consists of the simplices

{vo}, [vovil, [vovivj], i, C1,2,3}, i 8

We deduce
1 1
Wy, (Vo) =1, Wy, ([Vovi]) = 7 W ([vovivj]) = E(H — Bigj)
and 1 1
3 1 L1 1 1
K(Vo)—l_é m (T[—ein)—E 21 — N Bioj
1=i<j=<3 1<i<j<3
Hence

21K (Vo) = 21 — the sum of the angles g§.

This resembles the formula we found in (a) and suggests arpietation of the curvature
as a measure of deviation from flatness. Note that in theiligmitase when the vertes
converges to a point in the interior pfv,v3] the sum of the angles & converges t@rm,
and the boundary of the tetrahedron is “less and less cuatad’ On the other hand, if the
tetrahedron is “very sharp” &b, the sum of the angles &} is very small and the curvature
approache&r. 1



84 Csar-Johnson-Lamberty

Motivated by the above example we introduce the notioarafular defect

Definition 8.13. Suppos€C, T) is an affine simplicial complex iR® such that all simplices
have dimensiors 2. For every vertex of T. we denote byd(v) the sum of the angles at
of the triangles il which havev as a vertex. Thdefectatv is the quantity

def(v) := 2 — O(v). 1

Proposition 8.14.If (C, T) is an affine simplicial complex iR® such that all simplices have
dimension=s 2 then for every vertex of T we have

K(V) = 5 def(v) = X (lkr(v)).

Proof. Using Propositior8.11we deduce that
1 [ 11 [ 11
K(v)=1— E# edgesav + E# trianglesav — EO(V)
1 1H 1 ]
= o def(v) — 5 # edgesav — # triangles av

The proposition now follows from Corollary.18which states that
L1 1 ]
X(lkt(v)) = # edgesav —# triangles av

L1

Theorem 8.15(Combinatorial Gauss-Bonnetlf (C, T) is an affine simplicial complex in
R? such that all the simplices i have dimensioks 2 then
C—1 ¢ C—1 1 C—1
XC)= kW) =5 def—7  X(lkr(v).
v v v

Proof. Let V represent the number of verticesGn E the number of edges i@ andT the
number of triangles il€. Then we denote b§,, T, the number of edges and triangles in
Str(v) for v [V, respectively. We note that

1
X(Ikr(v)) = (—)ImSTt=E, - Ty
S St (v) v 1
We note that each edge is in two stars and each triangle ie.thteen,
1 L1 3
) X(lkr(v)) = —E + ET
vV

Recall thatdef(v) = 21 — O(v). Therefore,ﬁ def(v) =1— %. Thus,

ety = | 1=2W _y T

21 2m 2

v V4 v V4
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Consequently, P

K(v)=V —E+T =x(C)
v
1

Recall that a combinatorial surface is an ASC with simplickdimension< 2 such that
every edge is the face of exactly two triangles. In this cése link of every vertex is a
simple cycle, that is &-dimensional ASC whose vertex set has a cyclical ordering

V11V21 e 1Vn1Vn+1 = Vl

and whose only edges &ng, vi+1], i = 1,- -+, n. The Euler characteristic of such a cycle is
zero. We thus obtain the following result of T. Banchofiaf]

Corollary 8.16. If C is a combinatorial surface with vertex sétthen

(I
X(C) = o def(v). 1

v V1

We can now finally close the circle and relate the combinakarirvature to the average
Morse index.

Theorem 8.17(Microlocal Gauss-Bonnet)lif (C, T) is an affine simplicial complex iR3
such that all the simplices ih have dimensioes 2 then

K(V) = p(v), DALV,
wherep is defined by§g.2).

Proof. Fix x [\ . We now recall some previous ideas. Proposiiontells us that for any
u CSF\ JAG

(D™ = p(ulx) = julx).

S Sty (x,u)
We then recall from the proof of Lemnta2 that A+ is a finite union of great circles on
S2. Thus,S? \ A consists of a finite union of chambess,, . .., Ay,. We now note that for

anyi, 1 < i <m, Sty(x,u) = Sty(x,v) for anyu,v [A;. So, lettingv; be an element in
Ai, we have:

1 - 1 -
p(X) = yr 82\ATJ(UIX)dO(U) = cra, H(u[x)da(u)
1]  — ’I‘_EI—I 1
_i _1\dimS _i __1\dimS

= (=1)™">do(u) = (=1)"">do(u)

4T[ SA\AT 4T[ P Aj
S SHf (x,u) =1 " s s (x,u)

1]

(—=1)9™S  dg(u).

1
am 1I=1 s [sHf (x,vi) Ai
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A

Xo

X

2

FIGURE 18. The chambers which coincide with the conormal section
Cx(S) n S2.

Considering this sum, we see that every term of it h&sB%™S in it for someS [CStr(x).
We also notice that evel§y [ Str(x) appears at least once. So, we expand the sum, collect
the coefficients for eacf—1)4™S and if we set

ks :=# i; S St (Xx,Vj)
we obtain

1 1 L1
1 dimS 1 dimS
P = 7 (-1 do(u) = - (-1 da(u)
=1 S S8 (x,vi) A S [SBr (x) i=1 Ay
Now we consider the sum Ji-;il A, do(u). This is the area of the set of vectous,on the
'j

unit sphere such th& [Sky(x,u). That is, this sum is the area of the set of vectars,
on the unit sphere such thatlies inH,. But this is precisely the area 6(S) n S? (see

Figure18). Now recall that,(S) = 2e&5)0SY) (since the area of the unit sphereRt is
4m). Thus, we have:

1 1 — 1 L1
p(X) = — (—1)dims do(u) = — (=1)4™S (aredCx(S) n S?))
an S [SHr (x) i=1 Ay am S LSt (x)
= (—1)IMSwy(S) = K(X).

S [Sir (x)
1

Remark8.18 The above equality can be interpreted as saying that thettue/at a vertex
Xo Is the average Morse indexxj of a linear Morse functioriy] —1
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