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@ Denote by Py C C>*(S?) the space consisting of the restrictions to
S? of the polynomials in 3-variables of degree < d. (dim Py = d?).
S(P4) := the unit sphere in P4 with respect to the L2-metric.

@ For d > 1 almost any function p € P4 has a finite number N(p) of
critical points.

@ Main Question: What is the behavior of

1
Nyi=——c— / N(p)dA(p),
@ area S(Pq) Jsio (p)dA(p)

as d — oo. Ny is the expected number of critical points of the
restriction to S? of a random polynomial of degree < d.

@ Answer: Ny ~ -8 3 ™_d? as d — .

33
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Mental health break

Figure: Random degree 6 polynomial on S?. More
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The general setup

Input
@ A smooth compact, connected Riemann manifold (M, g) of
dimension m > 1.

@ For any L > 0 we set

U, = EPker(A - Ay).

A<L

@ Denote by dv, the Gaussian probability measure on U,
dim U
dy(u) = (2r) "z ezl au, |juf? = / u?|dVy).
M
@ For L >> 0 almost all functions u € U, are Morse. Denote by N (u)

the number of critical points of u € U, and define the expected
number of critical points of a random function u € U, to be

N.(M.g) = /U NL(1) oy, (u).
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Theorem (Asymptotics of N (M, g), Nic., 2011)

For any m > 1 there exists a positive constant Cy, such that, for any
compact, connected Riemann manifold (M, g) of dimension m we have

N.(M,g) ~ Cpndim U, ~ Clvolg(M)LZ as L — oo,

where C
y _ LmWm
Cm — (27T)m ’

wm = the volume of the m-dimensional unit Euclidean ball.
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m
2

4T \ 2
Cm = (m+4)

r(1+%) [ ldetxion.0.
Sm

-~

=:n
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The explicit description of Cp,

Denote by §;, the space of real, symmetric m x m matrices.
Then

m
2

47 2
Cn= (m - 4)
=:Im

where d~, is the Gaussian probability measure on 8, described by

r(1+%) [ ldetxion.0.
Sm

-~

dv.(X) = SR e—%(tfxz—mﬁ(“x)z)zé(?)de,.j,

m(m+1)

2m)* /im i<j

pim = 20 (m 4 2)m-1,
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Theorem (The asymptotics of C,,, Nic,2011)

m
IongNElogm as m — oo.

Liviu I. Nicolaescu (Notre Dame)



Idea of proof

Liviu I. Nicolaescu (Notre Dame)



Idea of proof

Step 1. We prove a key formula that describes a smooth function
pL - M — R such that

NL(M, g) = /M pL(X)[dV ().
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|dea of proof

Step 1. We prove a key formula that describes a smooth function
pL - M — R such that

NL(M, g) = /M pL(X)[dV ().

Step 2. We use probabilistic ideas to express p, in terms of the
spectral function of the Laplacian of g, i.e., the Schwartz kernel of the
orthogonal projection onto U, .
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|dea of proof

Step 3.Using results of L. Hérmander (1968) and X. Bin (2004) about
the spectral function we show that

L=2 p,(X) — consty, as L — oo,

uniformly in x. This yields the estimate of N, (m, g).
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|dea of proof

Step 3.Using results of L. Hérmander (1968) and X. Bin (2004) about
the spectral function we show that

L=2 p,(X) — consty, as L — oo,

uniformly in x. This yields the estimate of N, (m, g).

Step 4. We reduce the estimate of Cy, to Wigner’s semi-circle theorem
in random matrix theory.
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Corollaries

Corollary (Asymptotic equidistribution of critical points)

The expected number N (O, g) of critical points points inside an open

subset O ¢ M of a random function in U, satisfies the asymptotic
estimate

N.(0,g) = / pL(X)|dV(X)| ~ constmLEvoly(0) as L — oo.
O
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Corollaries

Corollary
Consider the evaluation map

ev,: M — U;Y == Hom(U.,R), x+ ev,(x),
where
ev,(x)(u) = u(x), Yue U,.

For L large ev, is an embedding and we denote by g, the pull back by
ev, of the Euclidean metric on U;". Then

_mi2 o
L~ =2 g — constp-g as L — oo.
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Corollaries

Remark (R. Adler & J. Taylor)

The sectional curvature of the metric g; has a simple and elegant
probabilitic description.
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The Laplacian on S2.
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The Laplacian on S2.

@ The eigenvalues of the Laplacian Ay on S? are \p(d) = n(n+ 1),
n>0.

o We set Y, 4 :=ker(Ap(d) — Ay).

@ u €Y, iff uis the restriction of a harmonic, homogeneous
polynomial of degree nin 3 variables.

o dimY, =2n-+1.

@ Equip Y, with the standard Gaussian measure induced by the

natural L2-inner products. We denote by 1., the expected number
of critical points of a random harmonic polynomial P € Y,).

Theorem (Nic. 2010)
tn ~ \'}—% as n — oo. }
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]
Ve>0, (h<|—=+¢|n?, vn>o. Nic. 2010
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Zonal domains of random spherical harmonics

Denote by ¢, the expected number of zonal domains of a random
spherical harmonic of degree n on S2.

Corollary

Ve >0, (< (W o 5> ", ¥Yn> 0. (Nic. 2010)

@ F. Nazarov, M. Sodin (2009) have proved that
Jdac (0,1): ¢h~an® as n— oc.

The above corollary implies that a ~ 0.288

< 1
V3

Liviu . Nicolaescu (Notre Dame) 15/48



Zonal domains of random spherical harmonics

Denote by ¢, the expected number of zonal domains of a random
spherical harmonic of degree n on S2.

Corollary

Ve >0, (< (F o 5) ", ¥Yn> 0. (Nic. 2010)

@ F. Nazarov, M. Sodin (2009) have proved that
Jdac (0,1): ¢h~an® as n— oc.

The above corollary implies that a < f ~ 0.288

@ Previous work of Pleijel, Peetre, Bérard-Meyer implies that
a< ”g ~ 0.692, where jy is the first positive zero of the Bessel

functlon J.
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Water and ice

Figure: Zonal domains of a random harmonic polynomial of degree 7.
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The key formula: input

@ Fix a smooth, compact, connected manifold M of dimension m.

@ Fix a sample space on M, i.e., a pair (U, h), where U is a finite
dimensional subspace U C C*>°(M) and his an Euclidean metric
on U. Set N :=dim U, and denote by S(U) the unit sphere in U.

@ Denote by dv,(u) the associated Gaussian measure on U

dyp(u) = (27) 2 e 214E gV (u)).

@ Denote by N(u) the number of critical points of u € U.
@ Set

1

w50 s N(u)dA(u).

N(U, h) = /UN(u)dvh(u) _

N(U, h) is the expected number of critical points of a random
function u € U.
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The key formula: goal

Find a density (measure) p = py » on M such that

N = [ pun
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Ampleness

@ A sample space (U, h) on M is said to be k-ample if, for any
p € M, and any f € C>°(M), there exists a function u € U whose
k-jet at x is equal to the k-jet of f at x.
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Ampleness

@ A sample space (U, h) on M is said to be k-ample if, for any
p € M, and any f € C>°(M), there exists a function u € U whose
k-jet at x is equal to the k-jet of f at x.

@ To the sample space (U, h) we associate the evaluation map
ev: M- U=, U

M> p— evp € Hom(U,R), evp(u) = u(p).

Then

@ Uis 1-ample <= ev is an immersion.
@ Uis 1-ample = the typical function u € U is Morse.
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The ingredients of the key formula

@ Let (U, h) be a 1-ample sample space on M.

@ For p € M we define the adjunction map Ap : ToM — U to be the
differential at p of the evaluation mapev: M — U.

@ Fix metric g on M (needed only for ease of presentation.)

@ Jy(p) = \/detAI,Ap, A},:transpose of Ap.

@ Forpe M, U?, := the space of functions in U that admit p as
critical point.(U is1-ample = dim Uf, =dimU —dimM, vp.)
@ Forp e Mand v € U, Hessp(v) := the Hessian of v at p.
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Theorem (The key formula)
Suppose that (U, h) is a 1-ample sample space on M. Then,
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Theorem (The key formula)
Suppose that (U, h) is a 1-ample sample space on M. Then,

N0 = —5 [ po(p)laVe(p)] (Nic. 2010)

(2r)?
where

~1lup

1 e
oP)= 7155 / ;| detHessalU)] 2l dVi(u)|.

Iy 2
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Theorem (The key formula)
Suppose that (U, h) is a 1-ample sample space on M. Then,

N(U.) = —— [ p(p)dVe(p). (Nic. 2010)
(2m)z Jm

where
Pg\P) = ——= detHessp(u)| ————|d u)|,
g9 ,g(p) pD P ( )me h

w) 2

o we recall that dim Ug =dimU —dimM = N — m, and
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Theorem (The key formula)
Suppose that (U, h) is a 1-ample sample space on M. Then,

N(U.) = —— [ p(p)dVe(p). (Nic. 2010)
(2m)z Jm

where

—3luP

1 e
oP)= 7155 /, , | detHessp(u)] 2 aVi(u),

w) 2

o we recall that dim Ug =dimU —dimM = N — m, and

@ we identify the bilinear form Hessp(u) with a linear operator
TpM — TpM using the metric g.
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Remarks about the key formula

@ The proof use the ubiquitous double-fibration trick in integral
geometry applied to the double “fibration”

M—17— S(U),
where J is the incidence variety

J:={(p,u) € M x S(U); du(p)=0}.
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Remarks about the key formula

@ The proof use the ubiquitous double-fibration trick in integral
geometry applied to the double “fibration”

M—17— S(U),
where J is the incidence variety
J:={(p,u) € M x S(U); du(p)=0}.

@ The key formula generalizes the Chern-Lashof formula.
@ The applicability of the formula is constrained by two headaches.

» The Jacobian Jy(p) is difficult to compute.
» The subspace Uf, C U may be difficult to locate.

We will aleviate these headaches using probabilistic methods.
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Gaussian measures
@ A Gaussian measure on R is a measure of the form
1

2ro

AYmo(X) = e z0Mgx meR, o>0.
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Gaussian measures
@ A Gaussian measure on R is a measure of the form
1

yea

AdYm,q(X) = e Mgy meR, o >0.

When o =0, dv,, is the Dirac delta concentrated at m € R.
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Gaussian measures
@ A Gaussian measure on R is a measure of the form
1 _ 1

AdVmo(X) = =5 % =mPey meR, o>0.

When o = 0, dv,, is the Dirac delta concentrated at m € R.

@ A measure d~ on a finite dimensional vector space V is called
Gaussian if for any £ € VY := Hom(V, R) the pushforward &,.d~ is
a Gaussian measure dv ) »(c) On R.
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When o = 0, dv,, is the Dirac delta concentrated at m € R.

@ A measure d~ on a finite dimensional vector space V is called
Gaussian if for any £ € VY := Hom(V, R) the pushforward &,.d~ is
a Gaussian measure dv ) »(c) On R.

@ The correspondence ¢ — m(¢) is a linear map VY — R.
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Gaussian measures
@ A Gaussian measure on R is a measure of the form
1 _ 1

AdVmo(X) = =5 % =mPey meR, o>0.

When o = 0, dv,, is the Dirac delta concentrated at m € R.

@ A measure d~ on a finite dimensional vector space V is called
Gaussian if for any £ € VY := Hom(V, R) the pushforward &,.d~ is
a Gaussian measure dv ) »(c) On R.

@ The correspondence ¢ — m(¢) is a linear map V¥ — R. It can be
identified with an element m of V called the barycenter or
expectation of the Gaussian measure.
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@ A Gaussian measure on R is a measure of the form
1 _ 1

AdVmo(X) = =5 % =mPey meR, o>0.

When o = 0, dv,, is the Dirac delta concentrated at m € R.

@ A measure d~ on a finite dimensional vector space V is called
Gaussian if for any £ € VY := Hom(V, R) the pushforward &,.d~ is
a Gaussian measure dv ) »(c) On R.

@ The correspondence ¢ — m(¢) is a linear map V¥ — R. It can be
identified with an element m of V called the barycenter or
expectation of the Gaussian measure.The measure is called
centered if m = 0.
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@ A Gaussian measure on R is a measure of the form
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AdVmo(X) = =5 % =mPey meR, o>0.

When o = 0, dv,, is the Dirac delta concentrated at m € R.

@ A measure d~ on a finite dimensional vector space V is called
Gaussian if for any £ € VY := Hom(V, R) the pushforward &,.d~ is
a Gaussian measure dv ) »(c) On R.

@ The correspondence ¢ — m(¢) is a linear map V¥ — R. It can be
identified with an element m of V called the barycenter or
expectation of the Gaussian measure.The measure is called
centered if m = 0.

@ The correspondence ¢ — o(§) is a nonnegative quadratic form on
vV.
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@ A Gaussian measure on R is a measure of the form
1 _ 1

AdVmo(X) = =5 % =mPey meR, o>0.

When o = 0, dv,, is the Dirac delta concentrated at m € R.

@ A measure d~ on a finite dimensional vector space V is called
Gaussian if for any £ € VY := Hom(V, R) the pushforward &,.d~ is
a Gaussian measure dv ) »(c) On R.

@ The correspondence ¢ — m(¢) is a linear map V¥ — R. It can be
identified with an element m of V called the barycenter or
expectation of the Gaussian measure.The measure is called
centered if m = 0.

@ The correspondence ¢ — o(§) is a nonnegative quadratic form on
VV. The associated bilinear form on VV is called the covariance
form of the Gaussian measure. We will denote it by X.
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Gaussian measures

@ A Gaussian measure on R is a measure of the form

’
AdVmo(X) = o e Mgy meR, o >0.

When o = 0, dv,, is the Dirac delta concentrated at m € R.

@ A measure d~ on a finite dimensional vector space V is called
Gaussian if for any £ € VY := Hom(V, R) the pushforward &,.d~ is
a Gaussian measure dv ) »(c) On R.

@ The correspondence ¢ — m(¢) is a linear map V¥ — R. It can be
identified with an element m of V called the barycenter or
expectation of the Gaussian measure.The measure is called
centered if m = 0.

@ The correspondence ¢ — o(§) is a nonnegative quadratic form on
VV. The associated bilinear form on VV is called the covariance
form of the Gaussian measure. We will denote it by X. The
measure d- is completely determined by m and X.
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Examples of Gaussian measures

@ Suppose that S is a symmetric, positive definite n x n matrix.
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Examples of Gaussian measures

@ Suppose that S is a symmetric, positive definite n x n matrix.
Then the measure d~g(x) on R” given by

’
(2r)2\/det S

is a centered Gaussian measure on R” with covariance form
described by the matrix S.

dys(x) = o3 (57xx) gy,
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Examples of Gaussian measures

@ Suppose that S is a symmetric, positive definite n x n matrix.
Then the measure d~g(x) on R” given by

1
(27)2+/det S
is a centered Gaussian measure on R” with covariance form

described by the matrix S.

@ Suppose that dv is centered Gaussian measure on V and
T:V — Wis alinear map.

dys(x) = o3 (57xx) gy,
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Examples of Gaussian measures

@ Suppose that S is a symmetric, positive definite n x n matrix.
Then the measure d~g(x) on R” given by

’
(2r)2\/det S

is a centered Gaussian measure on R” with covariance form
described by the matrix S.

@ Suppose that dv is centered Gaussian measure on V and
T:V — Wis alinear map. Then the pushforward T.d~ is a
centered Gaussian measure on U.

dys(x) = o3 (57xx) gy,
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Gaussian vectors

@ Suppose that (8, du) is a probability space and V is a finite
dimensional real vector space.
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Gaussian vectors

@ Suppose that (8, du) is a probability space and V is a finite
dimensional real vector space.

@ A Gaussian random vector is @ measurable map X : 8§ — V such
that the pushforward X.du is a Gaussian measure on V.
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Gaussian vectors

@ Suppose that (8, du) is a probability space and V is a finite
dimensional real vector space.

@ A Gaussian random vector is @ measurable map X : 8§ — V such
that the pushforward X.du is a Gaussian measure on V.

@ The random vector X is called centered if X,.du is centered.
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Gaussian vectors

@ Suppose that (8, du) is a probability space and V is a finite
dimensional real vector space.

@ A Gaussian random vector is a measurable map X : § — V such
that the pushforward X.du is a Gaussian measure on V.

@ The random vector X is called centered if X.du is centered.

@ The covariance form of X is the covariance form of X.du. We
denote it by Xx.
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Regression formula

@ Suppose that X : (S,u) — V;, i = 1,2, are two centered Gaussian
random vectors such that the random vector X; & X5 is also
Gaussian.
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Regression formula

@ Suppose that X : (S,u) — V;, i = 1,2, are two centered Gaussian
random vectors such that the random vector X; & X5 is also
Gaussian.

@ Assume that V4 and V, are equipped with inner products. The
covariance of X; is then a linear symmetric operator Xy, : V; — V.
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Regression formula

@ Suppose that X : (S,u) — V;, i = 1,2, are two centered Gaussian
random vectors such that the random vector X; & X is also
Gaussian.

@ Assume that V4 and V, are equipped with inner products. The
covariance of X; is then a linear symmetric operator Xy, : V; — V.

@ Assume that X5 is nondegenerate, i.e., X, is invertible.
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Regression formula

@ Suppose that X : (S,u) — V;, i = 1,2, are two centered Gaussian
random vectors such that the random vector X; & X5 is also
Gaussian.

@ Assume that V1 and V., are equipped with inner products. The
covariance of X; is then a linear symmetric operator Xy, : V; — V.

@ Assume that X5 is nondegenerate, i.e., X, is invertible.

@ The covarivance form of (Xj, X2) is the bilinear map
ZX1 Xo V1 X V2V — R defined by
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Regression formula

@ Suppose that X : (S,u) — V;, i = 1,2, are two centered Gaussian
random vectors such that the random vector X; & X5 is also
Gaussian.

@ Assume that V1 and V., are equipped with inner products. The
covariance of X; is then a linear symmetric operator Xy, : V; — V.

@ Assume that X5 is nondegenerate, i.e., X, is invertible.

@ The covarivance form of (Xj, X2) is the bilinear map
ZX1 Xo V1 X V2V — R defined by

Tx, x(¢1,8) = E(&(X1) - &(X)), V& e VY,

where E(n) = expectation of the random variable 7.
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Regression formula

@ Suppose that X : (S,u) — V;, i = 1,2, are two centered Gaussian
random vectors such that the random vector X; & X5 is also
Gaussian.

@ Assume that V1 and V., are equipped with inner products. The
covariance of X; is then a linear symmetric operator Xy, : V; — V.

@ Assume that X5 is nondegenerate, i.e., X, is invertible.

@ The covarivance form of (Xj, X2) is the bilinear map
ZX1 Xo V1 X V2V — R defined by

Tx, x(¢1,8) = E(&(X1) - &(X)), V& e VY,
where E(n) = expectation of the random variable 7.

Identify X x, x, with a linear map Vo — V4. (Ly, x, = 0iff X; and
X> are independent.)
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The regression formula

Theorem (Regression formula)
Suppose that f : V1 — R is is a measurable function. Then the
conditional expectation

E(f(X1)| X2 =0)

is equal to the unconditional expectation of a new random variable
f(Y), where Y : § — V4 is a centered Gaussian random vector with
covariance
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The regression formula

Theorem (Regression formula)

Suppose that f : V1 — R is is a measurable function. Then the
conditional expectation

E(f(X1)| X2 =0)

is equal to the unconditional expectation of a new random variable
f(Y), where Y : § — V4 is a centered Gaussian random vector with
covariance

Ty =Xx — ZxxEx Tk -

Above, AT denotes the adjoint (transpose) of a linear operator A
between Euclidean spaces.
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Gaussian fields

@ Suppose that T is a set.
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Gaussian fields

@ Suppose that T is a set. A random field on T is a family of random
variables parametrized by T.
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Gaussian fields

@ Suppose that T is a set. A random field on T is a family of random
variables parametrized by T.

@ More precisely, a random field on T is a map
X:(8,du) x T =R, (s,t)— F(s),

where
> (8,du) is a probability space and,
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Gaussian fields

@ Suppose that T is a set. A random field on T is a family of random
variables parametrized by T.

@ More precisely, a random field on T is a map
X:(8,du) x T =R, (s,t)— F(s),

where

> (8,du) is a probability space and,
» forany t € T the map 8§ 5 s+— F(s) € R is measurable.
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Gaussian fields

@ Suppose that T is a set. A random field on T is a family of random
variables parametrized by T.

@ More precisely, a random field on T is a map
X:(8,du) x T =R, (s,t)— F(s),

where

» (8, du) is a probability space and,
» forany t € Tthe map S 5 s — F(s) € R is measurable.

@ Arandom field F : 8 x T — R is called Gaussian if for any finite
subset A= {ay,...,an} C T the random vector

83 s+ Fa(s) := (Fa(8),...,Fa(s)) €R"

is a Gaussian random vector.
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Gaussian fields

@ Suppose that T is a set. A random field on T is a family of random
variables parametrized by T.

@ More precisely, a random field on T is a map
X:(8,du) x T =R, (s,t)— F(s),

where

» (8, du) is a probability space and,
» forany t € Tthe map S 5 s — F(s) € R is measurable.

@ Arandom field F : 8 x T — R is called Gaussian if for any finite
subset A= {ay,...,an} C T the random vector

83 s+ Fa(s) := (Fa(8),...,Fa(s)) €R"

is a Gaussian random vector. F is called centered if all the above
Gaussian vectors F,4 are centered.
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Gaussian fields

o If F: 8 x T — Ris a centered, Gaussian field on T, then the
covariance kernel of F is the function £ : T x T — R defined by
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Gaussian fields

o If F: 8 x T — Ris a centered, Gaussian field on T, then the
covariance kernel of F is the function £ : T x T — R defined by

8F(t1,t2) = E(Ft1 -th), Vi, b € T.
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Gaussian fields

o If F: 8 x T — Ris a centered, Gaussian field on T, then the
covariance kernel of F is the function £ : T x T — R defined by

8F(t1,t2) = E(Ft1 -th), Vi, b € T.

@ The covariance kernel contains all the important information about
the gaussian random field.
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A fundamental example of Gaussian fields

@ Suppose that T is a set and U is a finite vector space of functions
u:T—R. SetN:=dmU.
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A fundamental example of Gaussian fields

@ Suppose that T is a set and U is a finite vector space of functions
u:T—R. SetN:=dmU.
@ Fix an inner product on U and define the Gaussian measure

1
d (U) = N
ATy

e~ zIv? |dul.
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A fundamental example of Gaussian fields

@ Suppose that T is a set and U is a finite vector space of functions
u:T—R. SetN:=dmU.
@ Fix an inner product on U and define the Gaussian measure

1
d (U) = N
ATy

e~ zIv? |dul.

@ We can view (U, dv) as a probability space and we obtain a
random field

F:UxT—=R, (ut)— F(u)=u(l).

Liviu . Nicolaescu (Notre Dame) 30/48



A fundamental example of Gaussian fields
@ Suppose that T is a set and U is a finite vector space of functions
u:T—R. SetN:=dmU.
@ Fix an inner product on U and define the Gaussian measure

d~(u) L

= _e21U? |qu|.
(2m)2

@ We can view (U, dv) as a probability space and we obtain a
random field

F:UxT—R, (ut)— F(u)=u(t).

@ This is a centered Gaussian field, with covariance kernel

N
E(ty, k) = Z Wi (t)Vi(2),
k=1

where (VW )1<k<n is an orthonormal basis of U.
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The key formula through a probabilistic lens

@ We return to our original geometric setup, (M, g) compact
connected Riemann manifold of dimension m > 1, and

U, = EPker(A — Ag).
A<L
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@ We return to our original geometric setup, (M, g) compact
connected Riemann manifold of dimension m > 1, and

U, = EPker(A — Ag).
A<L

@ Assume L is large enough so that U, is 2-ample.
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The key formula through a probabilistic lens

@ We return to our original geometric setup, (M, g) compact
connected Riemann manifold of dimension m > 1, and

U, = EPker(A — Ag).
A<L

@ Assume L is large enough so that U, is 2-ample.
@ Fix an orthonormal basis (V,)n>0 of L2(M, g) consisting of
eigenfunctions

Agu’n:>\n\un7 )\OSA2§"'~
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The key formula through a probabilistic lens

@ We return to our original geometric setup, (M, g) compact
connected Riemann manifold of dimension m > 1, and

U, = EPker(A — Ag).

A<L

@ Assume L is large enough so that U, is 2-ample.
@ Fix an orthonormal basis (V,)n>0 of L2(M, g) consisting of
eigenfunctions

Agwn:/\nwm )\OSAZS"‘-

@ As explained above, U, defines a random field on M with
covariance kernel
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The key formula through a probabilistic lens
@ We return to our original geometric setup, (M, g) compact
connected Riemann manifold of dimension m > 1, and

U, = EPker(A — Ag).

A<L

@ Assume L is large enough so that U, is 2-ample.
@ Fix an orthonormal basis (V,)n>0 of L2(M, g) consisting of
eigenfunctions
Agwn:/\nwm )\O §>\2 <

@ As explained above, U, defines a random field on M with
covariance kernel

EL(p,q) = Y Va(P)Vn(q).
An<L
This function is also known as the spectral function of the
Laplacian Ag(M).

Liviu I. Nicolaescu (Notre Dame) Critical sets of random functions 31/48



The key formula through a probabilistic lens

Liviu I. Nicolaescu (Notre Dame)



The key formula through a probabilistic lens

Fix p € M. We want to give probabilistic interpretations to the
quantities

1
—3|u?

e
Jg(p) and hi(p) = /Ug]detHessp(u)]Tug]du\.

(2m) 2
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The key formula through a probabilistic lens

Fix p € M. We want to give probabilistic interpretations to the
quantities
1 2
e_§|u|
Jg(p) and h.(p) = /UO | det Hessp(U)| Tugydm.
b (2r) 2

@ For any function f € C>(M) we denote by Hp(f) the Hessian of f
at u defined using the Levi-Civita connection on M.
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The key formula through a probabilistic lens

Fix p € M. We want to give probabilistic interpretations to the
quantities

—3lul?

e 2

Jg(p) and h.(p) = /0 ]detHessp(u)|m|du|.
% (2m) 2

@ For any function f € C>(M) we denote by Hp(f) the Hessian of f
at u defined using the Levi-Civita connection on M. We regard it
as an element of §( TpM), the space of symmetric operators
ToM — TpM.
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The key formula through a probabilistic lens

Fix p € M. We want to give probabilistic interpretations to the
quantities
e_%‘u|2
Jo(p) and hy(p) = / |detHess,(u)| -, |dul.
% (2m) 2"

@ For any function f € C>(M) we denote by Hp(f) the Hessian of f
at u defined using the Levi-Civita connection on M. We regard it
as an element of §( TpM), the space of symmetric operators
ToM — TpM.

@ The pushforward of the Gaussian measure on U, via the Hessian
map f — Hp(f) is a centered Gaussian measure dI, , on 8(TpM).
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The key formula through a probabilistic lens

Fix p € M. We want to give probabilistic interpretations to the
quantities
e_%‘u|2
Jo(p) and hy(p) = / |detHess,(u)| -, |dul.
% (2m) 2"

@ For any function f € C>(M) we denote by Hp(f) the Hessian of f
at u defined using the Levi-Civita connection on M. We regard it
as an element of §( TpM), the space of symmetric operators
ToM — TpM.

@ The pushforward of the Gaussian measure on U, via the Hessian
map f — Hp(f) is a centered Gaussian measure dI, , on 8(TpM).
We denote by X, , its covariance form.
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The key formula through a probabilistic lens

@ The pushforward of the gaussian measure on U, via the map
U, > uw— du(p) € ToMis a centered Gaussian measure dv, ,
with covariance form o, ,. One can prove that

Jg(p) =1/ det O'L’p.
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The key formula through a probabilistic lens

@ The pushforward of the gaussian measure on U, via the map
U, > uw— du(p) € ToMis a centered Gaussian measure dv, ,
with covariance form o, ,. One can prove that

@ The direct sum of the Gaussian random vectors u — Hp(u) and
u — du(p) is a Gaussian random vector. The co-area formula
implies that the integral h;(p) is a conditional expectation

hu(p) = E(|det Hp| |du(p) = 0).
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The key formula through a probabilistic lens

We now invoke the regression formula. We denote by C, , the
covariance form of the random vectors Hp and u — u(p). We deduce
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The key formula through a probabilistic lens

We now invoke the regression formula. We denote by C, , the
covariance form of the random vectors Hp and u — u(p). We deduce

h.(p) = E(|det(Y))),
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The key formula through a probabilistic lens

We now invoke the regression formula. We denote by C, , the
covariance form of the random vectors Hp and u — u(p). We deduce

h.(p) = E(|det(Y))),

where Y : U — 8(TpM) is a centered Gaussian random symmetric
matrix with covariance

_ —1 At
Sip=XLp— CLpo L,pCL,p'
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The key formula through a probabilistic lens

We now invoke the regression formula. We denote by C, , the
covariance form of the random vectors Hp and u — u(p). We deduce

h.(p) = E(|det(Y))),

where Y : U — 8(TpM) is a centered Gaussian random symmetric
matrix with covariance

_ —1 At
Sip=XLp— CLpo L,pCL,p'

The main point of the above equality is that the quantities o, p, X, p
and C, , can be explicitly described in terms of derivatives the spectral
function along directions normal to the diagonal in M x M.
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Estimating N (M, g)

The behavior of the spectral function along the diagonal is rather well
understood.
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Estimating N (M, g)

The behavior of the spectral function along the diagonal is rather well
understood.

The first major breakthrough is due to L. Hérmander (1968) who used
the kernel of the wave operator to obtain estimates of the spectral
functions more refined than the ones obtained via the heat equation.
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Estimating N (M, g)

The behavior of the spectral function along the diagonal is rather well
understood.

The first major breakthrough is due to L. Hérmander (1968) who used
the kernel of the wave operator to obtain estimates of the spectral
functions more refined than the ones obtained via the heat equation.

X. Bin (2004) pushed H6rmander’s technique further and obtained
information about the partial derivatives of the spectral function along
the diagonal.
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Estimating N (M, g)

Using these estimates of the spectral function one can prove that as
L — oo we have

m+4 m+2

SLyp ~ arnLT Sm, 0'[_7p = meT ﬂm,

where
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Estimating N.(M, g)
Using these estimates of the spectral function one can prove that as

L — oo we have

m+4 m+2

Sip~amLl 2 Sm, oLp=bml 2 1,

where

@ am, by are explicit positive constants,
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Estimating N (M, g)

Using these estimates of the spectral function one can prove that as
L — oo we have

m+4 m+2
SL,p ~ amL 2 Sm7 O'L7p = me 2 ﬂm,

where

@ anm, by are explicit positive constants,

@ S, is an explicit O(m)-invariant positive definite operator
Sm — Sm, Sm = the space of real, symmetric m x m matrices
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Estimating N (M, g)

Using these estimates of the spectral function one can prove that as
L — oo we have

m+4 m+2

SL,p ~ amLT Srn7 O'L7p = brnLT ﬂm,
where

@ anm, by are explicit positive constants,
@ S, is an explicit O(m)-invariant positive definite operator
Sm — Sm, Sm = the space of real, symmetric m x m matrices

@ and we have identified TpoM with R via a g-orthonormal frame of
TpM.
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Estimating N (M, g)

Using these estimates of the spectral function one can prove that as
L — oo we have

m+4 m+42

Sip~amLl 2 Sm, oLp=bpl 2 1y,
where

@ anm, by are explicit positive constants,

@ S, is an explicit O(m)-invariant positive definite operator
Sm — Sm, Sm = the space of real, symmetric m x m matrices

@ and we have identified TpoM with R via a g-orthonormal frame of
TpM.

Puting together these facts we obtained the claimed asymptotic
estimate of N, (M, g).
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Estimating Cp,

Using tricks from random matrix theory we can rewrite

2
Cm_1 = constpy / pm(S) \/je—zszds,
R ™
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Using tricks from random matrix theory we can rewrite
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where pp(s)ds is the so called 1-point correlation function.
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Estimating Cp,

Using tricks from random matrix theory we can rewrite

2
Cm-1 = constpy / pm(S) \/je—zszds,
R ™

where pp(s)ds is the so called 1-point correlation function. Intuitively,
pn(8)ds is the probability that a random symmetric n x n matrix has at
least one eigenvalue in the interval [s, s + ds].
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Estimating Cp,

Using tricks from random matrix theory we can rewrite

2
Cm-1 = constpy / pm(S) \[ezszds,
R ™

where pp(s)ds is the so called 1-point correlation function. Intuitively,
pn(8)ds is the probability that a random symmetric n x n matrix has at
least one eigenvalue in the interval [s, s + ds].

The function pn(s) can be expressed explicitly in terms of Hermite
polynomials.
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Estimating Cp,

Figure: A depiction of p1g(x), |x| < 8.
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Estimating Cp,
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Estimating Cp,

Theorem (Wigner’s semi-circle law)

V2 — x2,
0,

s

(/) = () = 1 {
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Estimating Cp,
@ Set pn(x) = #Pn(\/ﬁx)-
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Estimating Cp,

@ Set pn(x) = #Pn(\/ﬁx)-
@ Then

3mx?

(3m)%e‘ 2
(271')%

=:Wn(X)

Cm—1 = consty / pm(X) ax.
R
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Estimating Cp,
@ Set pn(x) = #Pn(\/ﬁx)-

@ Then
(3m)te %"
Cm_1 - COI‘IStm/ ﬁm(X) - 1 dX.
R (27r)§
=:Wm(x)

@ limp_o Wn(Xx)dx — 09 = Dirac delta at the origin.
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Estimating Cp,
@ Set pn(x) = %Pn(\/ﬁx)-

@ Then
(3m)te %"
Cm_1 - COI’lStm/ ﬁm(X) - 1 dX.
R (271')5
=:Wm(x)

@ limp_o Wn(Xx)dx — 09 = Dirac delta at the origin.

@ We deduce that the above integral is close to p(0) = %
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Estimating Cp,
@ Set pn(x) = #Pn(\/ﬁx)-

@ Then
(3m)te %"
Cm_1 - COI’lStm/ ﬁm(X) - 1 dX.
R (271')5
=:Wm(x)

@ limp_o Wn(Xx)dx — 09 = Dirac delta at the origin.
@ We deduce that the above integral is close to p(0) = v2,

™

@ Finally, as m — oo,

m
2

47 m r(m+§)
Cm ~ (m+4) r(1 +§> % 7T2m2+m72(m_|_2)mT_2.
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Estimating Cp,
@ Set pn(x) = #Pn(\/ﬁx)-

@ Then
(3m)te %"
Cm_1 - COI’lStm/ ﬁm(X) - 1 dX.
R (271')5
=:Wm(x)

@ limp_o Wn(Xx)dx — 09 = Dirac delta at the origin.
@ We deduce that the above integral is close to p(0) = %

@ Finally, as m — oo,

m
2

47 m r(m+§)
Cm ~ (m+4) r(1 +§> % 7T2m2+m72(m_|_2)mT_2.

@ Now use Stirling’s formula.
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Random trigonometric polynomials

Denote by Z, the number of critical points of a trigopnometric polynomial

P(0) = ap + Z(aj cos j6 + bjsin j§),
j=1
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Random trigonometric polynomials

Denote by Z, the number of critical points of a trigopnometric polynomial

P(0) = ap + Z(aj cos j6 + bjsin j§),
j=1

where a;, b; are normally distributed independent random variables
with expectation 0 and variance 1.
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Random trigonometric polynomials

Denote by Z, the number of critical points of a trigopnometric polynomial

P(0) = a+ > _(ajcos jo + bysin jo),
j=1

where a;, b; are normally distributed independent random variables
with expectation 0 and variance 1.

Theorem
As v — oo, we have
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Random trigonometric polynomials

Denote by Z, the number of critical points of a trigopnometric polynomial
P(0) = ap + Z(aj cos j6 + bjsin j§),
j=1

where a;, b; are normally distributed independent random variables
with expectation 0 and variance 1.

Theorem
As v — oo, we have

E(Z) ~ 2\/gu, var(Z,) ~ cv, (Nic. 2010)
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Random trigonometric polynomials

Denote by Z, the number of critical points of a trigopnometric polynomial

P(0) = a+ > _(ajcos jo + bysin jo),
j=1

where a;, b; are normally distributed independent random variables
with expectation 0 and variance 1.

Theorem
As v — oo, we have

E(Z) ~ 2\/2’/’ var(Z,) ~ cv, (Nic. 2010)

where ¢ =~ 0.35, E= expectation, var= variance.

Liviu I. Nicolaescu (Notre Dame) Critical sets of random functions 41/48



About the variance estimate
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About the variance estimate

@ The variance estimate shows a high concentration of Z, near its
expectation.
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About the variance estimate

@ The variance estimate shows a high concentration of Z, near its
expectation.

@ The proof uses

» Results in the theory of stationary gaussian processes to evaluate
the second moment of Z,.
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About the variance estimate

@ The variance estimate shows a high concentration of Z, near its
expectation.

@ The proof uses

» Results in the theory of stationary gaussian processes to evaluate
the second moment of Z,.
» Estimates of certain trigonometric sums.
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About the variance estimate

@ The variance estimate shows a high concentration of Z, near its
expectation.

@ The proof uses

» Results in the theory of stationary gaussian processes to evaluate
the second moment of Z,.
» Estimates of certain trigonometric sums.

@ Related recent results of A. Granville, |. Wigman suggest that Z,
satisfies a central limit theorem.
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The spectral function

To give an idea of the subtlety of the spectral function estimates we
consider the special case when M = S2.
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consider the special case when M = S2.

@ The spectrumof Age isn(n+1),n=10,1,....
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The spectral function

To give an idea of the subtlety of the spectral function estimates we
consider the special case when M = S2.

@ The spectrumof Age isn(n+1),n=10,1,....
@ In this case, for any x,y € S?, we have

n+1 P, cos ¢) — Pp(cos
Enmin)(X.¥) = Enf) = - ) . Poa( coi)go _1n( ?)

where
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The spectral function

To give an idea of the subtlety of the spectral function estimates we
consider the special case when M = S2.

@ The spectrum of Ageisn(n+1),n=0,1,....
@ In this case, for any x,y € S?, we have

n+1 P, cos ¢) — Pp(cos
Entnr1) (X, ¥) = En(p) = ( i ) % 1 ( COS:)SO_ 1n( )

9

where
1 n

2nnl dxn

Cosp =X-y, Py(x)= (x® —1)".
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The spectral function

To give an idea of the subtlety of the spectral function estimates we
consider the special case when M = S2.

@ The spectrum of Ageisn(n+1),n=0,1,....
@ In this case, for any x,y € S?, we have

n+1 P, cos ¢) — Pp(cos
8,,(,,+1)(x, y) = En(e) = ( i ) % i1 ( COS:)SO_ 1n( ©)

9

where
1 n

2nnl dxn

Cosp =X-y, Py(x)= (x® —1)".

@ Along the diagonal in S? x S? we have cos ¢ = 1 and

2
Enn1) (X, X) = %.
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The spectral function

To give an idea of the subtlety of the spectral function estimates we
consider the special case when M = S2.

@ The spectrum of Ageisn(n+1),n=0,1,....
@ In this case, for any x,y € S?, we have

n+1 P, cos ¢) — Pp(cos
8,,(,,+1)(x, y) = En(e) = ( i ) % i1 ( COS:)@_ 1n( ©)

9

where
1 n

2nnl dxn

Cosp =X-y, Py(x)= (x® —1)".

@ Along the diagonal in S? x S? we have cos ¢ = 1 and

2
En(n+1)(X, X) = (HL:) :
@ The Legendre polynomials Pp(x) have a highly oscillatory

behavior.
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The spectral function

1=
0.8
0.6
0.4

0.2 o

! VAN : V
\/ OW 0.2 0.3
Figure: A depiction of %Emo(cp), 0 < ¢ < §. Note that there are 11 zeros

inside an interval of length § < 0.4
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The spectral function

0.998 :
0.996 :
0.994 :
0.992 :
0.990 :
0.988 :
0.986 :
0.984 :

0.982 -

Figure: A depiction of 7> E1o0(157), 0 < ¢ < 5. The rescaling ¢ — 15

moved the oscillations at cc.
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Universal rescaling of the spectral function
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Universal rescaling of the spectral function

@ Suppose (M, g) compact Riemann manifold of dimension m,
Po € M,and x = (x', ..., x™) normal coordinates at p,.
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Universal rescaling of the spectral function

@ Suppose (M, g) compact Riemann manifold of dimension m,
Po € M,and x = (x', ..., x™) normal coordinates at p,.

@ In a neigborhood of (pgy, py) We regard &, as a function &, (x, y)
defined in a neighborhood of (0,0) € R x R™.
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Universal rescaling of the spectral function

@ Suppose (M, g) compact Riemann manifold of dimension m,
Po € M,and x = (x', ..., x™) normal coordinates at p,.

@ In a neigborhood of (pgy, py) We regard &, as a function &, (x, y)
defined in a neighborhood of (0,0) € R x R™.

@ Define
- 1 X y
8 X) .= ‘jﬁ’g 1y 1
L,Po( ) 12 L(L; L;)

We regard the space Vp, := {x + y = 0} as the fiber over (py, py)
of the normal bundle of the diagonal.

x+y:0'
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Universal rescaling of the spectral function
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Universal rescaling of the spectral function

Denote by r the distance-to-the diagonal function

r= \l 2 i(x" —yh2.
i=1
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Universal rescaling of the spectral function

Denote by r the distance-to-the diagonal function

Theorem (Lapointe-Polterovich-Safarov, 2009)

The functions &, p (x) converge as L — oo to the SO(m) invariant
function on Vp,

1
Enlr)i= g da ().

where J,, denotes the Bessel function of the first kind and order v.
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The meaning of Ej,
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The meaning of Ej,

@ Denote by BJ the ball of radius R in R centered at the origin.
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The meaning of E,

@ Denote by Bf the ball of radius R in R centered at the origin.

@ The function E; : R™ x R™ — R given by

1 .
E,Ln(x,y) = @) /m ‘c,-l(é,x—y)|d§|7 vx,y € R"
B
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The meaning of Ej,

@ Denote by Bf the ball of radius R in R centered at the origin.
@ The function E; : R™ x R™ — R given by

EL(x,y) =

i(é,X—y) m
@) /Bnke |d¢], vx,y € R

is the spectral function of the Laplacian on R™.
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The meaning of E,

@ Denote by Bf the ball of radius R in R centered at the origin.
@ The function E; : R™ x R™ — R given by

EL(x,y) =

1 )
(2r)m /Bm elExXde|, vx,y e R™
v

is the spectral function of the Laplacian on R™.
@ For any x € R™ we have

1 )
Enl(x) = Eb(x.0) = s [ Aot
1
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