THE COHOMOLOGY OF SHEAVES

LIVIU I. NICOLAESCU

ABSTRACT. A fast introduction to the the construction of the cohomology of sheaves pioneered by
A. Grothendieck and J.L. Verdier. The approach is from the point of view of derived categories,
though this concept is never mentioned.

1. SHEAVES

Let R commutative ring with 1. We denote by pMod the category of R-modules.

For any topological space X we denote by Open(X) the collection of open subsets. It can be
organized as a category in which the morphisms are given by inclusions. A pre-sheaf of R-modules
is a contravariant functor

S : Open(X) — rMod, Open(X)>sU — I'(U, 8) € gMod.

For any inclusion U c V, we have a restriction map r = Syy : I'(V,8) — I'(U,8). The module
(U, 8) is called the module of continuous sections of 8 over U. If s € T'(V,8), V < U, we set
s|lu := ryy(s) when there is no danger of confusion.

A morphism of sheaves of R-modules 8y and 8; is a collection of morphisms of R-modules

¢U : F(U> 80) - F(U> 81)

compatible in the obvious way with the restriction maps. We obtain a category Pshgr(X) of pre-
sheaves of R-modules over X. For any morphism of presheaves ¢ : §g — 81 we can define a kernel
presheaf ker ¢ and an image presheaf. For a sub presheaf Sy < 8§; we can define the quotient
presheaf, 81/8y. We can also define the direct sum of two presheves. Rigourously, Pshr(X) is an
Abelian category in an obvious fashion.

A preseheaf § € Pshr(X) is called a sheaf if for any open cover (U;)er of X, and for any
collection of sections s; € I'(U;, 8) such that

silu;nu; = silu;nu;, Vi, J

there exists a unique section s € I'( X, §) such that s|y, = s;, Vi.

To any presheaf $ € Pshp(X) we can associate a canonical sheaf § € Shp(X) as follows.
For z € X we define the stalk of 8 at x to be the inductive limit

8¢ := lim, U, §).
Note that we have natural morphisms
Yo : T(U,8) = 8y, uel.

For s e T'(U,8) and u € U the element 7,(s) € 8, is called the germ of s at u.

We define I'(U, g) to be the submodule of | [ ;s 8. consisting of collections (s,)uer satisfying
the conditions
Sy € 8y, YueU.

Vue U, 3V € Open(U), dseT(V,8) such that ue V and 7,(s) = sy, VO E V.
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The correspondence U +— T'(U, g) defines a sheaf called the sheafification of §. If ¢ is a morphism
of sheaves, its kernel is also a sheaf. However, its image is only a preshef, and we define the image
sheaf to be the sheafification of the image presheaf. The quotient of two sheaves is a presheaf, and
we define the quotient sheaf to be the sheafification of the quotient presheaf. We obtain in this
fashion an (Abelian) category Shr(X) of sheaves of R-modules on X.

2. COMPLEXES OF SHEAVES

We denote by C*(X) the category of bonded from below complexes of sheaves, i.e., complexes of
sheaves (8° = @,ez8", d) such that 8" = 0 if n « 0. Let K1(X) be the category whose objects are
bounded from below complex of sheaves on X, but whose morphisms are the homotopy classes of
cochain maps. For a complex (A®,d4) € C*(X) and k € Z we denote by (A°[k], dap)) the complex
defined by

A'[k] := A™E dapg = (—1)Fda.

The cohomology of a complex of sheaves (A®,d4) is the direct sum of sheaves

H*((A) = P H"(A), H"(A):=ker(ds : A" > A""1)/Im(¢: A" 1 — A").

A complex is called acyclic if its cohomology is trivial. A morphism of complexes is called a quasi-
isomorphism (qis for brevity) if it induces an isomorphism in cohomology. We will use the notation

A 25 B to denote a qis.

Observe that any sheaf A € Shr(X) can be tautologically identified with a complex A® where
A = A, A" = 0, Yn # 0. We will denote by [A] this complex. A resolution of A is then a qis
[A] o (8%, ds).

A morphism of complexes of sheaves ¢ : (A*,d4) — (B°®,dp) determines a new complex Cone(¢)
called the cone of ¢ defined by

Cone(¢)" := B" @ A[1]"

| dp ¢
d¢'_[ 0 dap ]

The cone fits in the middle of a short exact sequence of complexes

and differential

0 — B -5 Cone(¢) 5 A[1] — 0

where ¢ and 7 denote respectively the canonical inclusion and projection. From the above short
exact sequence we obtain the following result.

Proposition 2.1 (The cone trick). Suppose ¢ : (A®,d4) — (B®,dp) is a morphisms of complezes.
We have a long exact sequence of sheaves

=% g(B) B H"(Cone()) =5 H™HL(A) =25 HMHY(BY 5 ...
In particular, ¢ is a qis if and only if Cone(¢) is acyclic. |

Definition 2.2. Let A*, B* € CT(X).
(a) A left roof from A to B is a diagram of morphisms of complexes of sheaves of the form

A'/S/ e.\y
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The complexes A®, B, C* are called the nodes of the roof. We will use the notation A°® « C* I, pe
to denote the above left roof. We denote by T¢(A®, B*) the collection of left roofs from A* to B*.
(b)A right roof from A to B is a diagram of morphisms of complexes of sheaves of the form

A'/D.\\t\ﬂz-

The nodes are defined in a similar way. We will use the notation A°* % D* o~ B* to denote the
above right roof. We denote by T"(A*®, B*) the collection of right roofs from A* to B°.

(c) A left roof A = A* < C° I, B* is said to be equivalent to the right roof p = A* 5 D* < B,
and we right this A = p, if the diagram below

SN
N A

is commutative in K1(X), i.e., the morphism of complexes t o f and g o s are homotopic.
(d) Two right roofs p = A*® 9K Dy, BN B, k = 1,2 are called equivalent, and we write this
p1 ~r p2 if there exists a third right roof D} A> Dg @A D3 such that the diagram below is

homotopy commutative
D3
N
D3 D3

| >

A* B*

We have the following important fact whose proof can be found in [!, §I.1,8§1.5] and [3, Thm.
TI1.4.4].

Proposition 2.3 (Trading trick). (a) Any left (respectively right) roof in C*(X) is equivalent to
a right (respectively left) roof in CT(X).

(b) The binary relations "~¢” and "~,” are equivalence relations.

(c) Suppose A1, Ay € TE(A®, B*), p1, po € TEA®, B*), and N\, ~ pi, k =1,2. Then

A1 ~¢ A2 = p1 ~p p2. o

Remark 2.4. (a) Observe that any morphism of complexes f : A®* — B* defines left and right
triangle

Af) = A daas Lse o) = A0 LB anpe
and A(f) ~ o).
(b) A left roof A = A® « C* 1, B* defines a morphism

Ayt H*(A®) > H*(B), Ae = fuo(s:)7",
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while a right roof p = A* 9y D* «on B* defines a morphism
ps = H*(A") = H*(B), psx= (t*)il O G-

Let us observe that equivalent triangles induce identical morphisms in homology. |

3. GENERATING SUBCATEGORIES
Definition 3.1 (Generating subcategory). A generating subcategory of Shr(X) is a collection
I(X) of sheaves of R-modules on X satisfying the following conditions.

(1) 0 I(X).

(2) If Je I(X), and J € Sh(X) is isomorphic to J, then J € I(X).

(3) If 3,J e I(X), then I®J € I(X).

(4) If 0 —» Jg — J; — J2 — is a short exact sequence in Shr(X) and Jy,J1 € I(X), then
32 € I( )

(5) For any A € Shr(X) there exists short exact sequence 0 - A — I, with J e I(X).

We denote by C; (X) the bounded from below complex of sheaves (J*,d;) such that " € I(X).
We will refer to the complexes in Cf (X) as I(X)-complexes. A left/right I(X)-roof is a left/right

roof such that all its nodes are T(X)-complexes. Two right I(X)-triangles I 75 7, BN 35, k=1,2,
are called I(X)-equivalent if there exists a I(X)-triangle J; wA> g3 <A~ g% such that the diagram

below is commutative
3
AN

7 _ d3
91T >< th
33 Be
We have the following important result whose proof can be found in [, §L.7].
Theorem 3.2 (Approximation principle). (a) For any complex (A*,ds) € CT(X) there exists a
qis A* s J*, where " € I(X), Vn € Z. We say that A* W25 9% is a I(X)-resolution of A°.

(b) Any short exact sequence of sheaves 0 — A LB 9% B 0 can be completed to a diagram
commutative in K+ (X) (that is homotopy commutative) of the form

f g
0 [A] [B] [€] 0
{ ! !
{o (B 0
v v v
0% Ty —— T ——0
where 7%,3%,7¢8 € Cf (X). m]

Proposition 3.3. Consider two right I(X)-triangles pi = J; Ll BN 31, k= 1,2. The following
statements are equivalent.

(a) The triangles p1 and p2 are I(X)-equivalent.

(b) The triangles p1 and pa are equivalent.
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Proof. Clearly (a) = (b). Assume (b). We then have a homotopy commutative diagram
A.
N
1 a5

e

7 78

where the J’s and the J’s are I(X)-complexes. Choose a I(X)-resolution A® w~» J5. We obtain the
homotopy commutative diagrams

a3 d3
g N
ar 7 i
i .
d1 d3 Js 7
=g
75 Ji
which show that p; and py are I(X)-equivalent. o

Proposition 3.4 (Refined trading trick). Any left roof A = 1§ < A* 4, J3, where 75,33 € CF (X),
A* € CT(X) is equivalent to a right I(X)-roof I EN 73 “on J3. Moreover, any two I(X)-roofs p, p
equivalent to X are I(X)-equivalent.

Proof. Using the trading trick we can find a right triangle Jg b oge A J7. From the approximation

theorem (a) we can find a I(X)-resolution B* vinr J5. Now look at the homotopy commutative
diagram of complexes of sheaves

If we set g = t” oh and t = t” o ' we see that the triangle Jo 2 I3 n J{ has all the desired
properties. The second part of the proposition follows from Proposition 3.3. m|

4. DERIVED FUNCTORS

Suppose X, Y are topological spaces and we have a left exact Abelian covariant functor
F:Shr(X)— Shr(Y),
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i.e., a functor satisfying the following conditions.

F(0)=0, FIA®B)=F(A)®B), VA,Be Shr(X)
e The induced map

F, : Homgp,(x) (A, B) — HomShR(y)(F(.A), F(B) )
is a morphism of Abelian groups.

e If 0> AL B eis an exact sequence in Shr(X), then the sequence

0 FA) =Y Fpe) 9 pe)

is exact in Shr(Y).
Suppose further that I(X) is an F-acyclic generating subcategory of Shr(X), i.e., I(X) is a
generating subcategory of Shr(X) satisfying the additional condition

If0— Jy i J1 By Jo — 0 is a short exact sequence of sheaves in I(X), then the sequence of
sheaves on Y
0 — F(Io) =9 pa)) 29 peg,) - 0
is also exact.
We list a few elementary properties of the the pair (F, I(X)).
Proposition 4.1. (a) If (3°,d) € C§ (X) is acyclic, then so is (F(J*), F«(d)).
(b) If ¢ : (A®,d4) — (B*,dp) is a morphism of complexes of sheaves on X then

F(Cone(¢) ) = Cone( F.(¢))
(¢) For any qis J° R g°, 3°,3° € C{(X) the induced morpism F.(¢) is also a qis F(J
F(7°).

Proof. (a) We can assume without any loss of generality that J* = 0, Vn < 0 so that the acyclic
complex J° leads to a long exact sequence.

oy Fu(9)
) s

0708 hgp2d
We obtain short exact sequences
0—Jy— I3 > kerds >0, 0— kerd; — I' - 9% - kerds — 0, 0 — kerd,, —» I" — kerd, 1 — 0.

Observe that kerd; =~ Jy € Ix. From Definition 3.1(4) we deduce inductively that kerd, € I(X),
Vn. Because I(X) is F-acyclic we deduce that we have short exact sequences

0 — ker Fy(dn) — 77 78 or Py (dst) — 0

which shows that the complex (F(J°%), F(d)) is acyclic.

Part (b) is obvious. For part (c) let us observe that Definition 3.1(3) implies that Cone(¢) €
C7 (X). From the cone trick we deduce that Cone(®) is acyclic. Using (a) and (b) we deduce that
Cone(F«(¢) is also acyclic. Invoking the cone trick again we deduce that F.(¢) is a gis. ]

Proposition 4.2. Suppose A* € CH(X), and A* VA 32, k =0,1 are two I(X)-resolutions. Then
the complezes F(J;) € CT(Y) , k = 1,2, have isomorphic cohomology.

Proof. Using the refined trading trick we deduce that the left roof J§ <& A* s I3, is equivalent

to a right roof J§ to, I35 L J3. Clearly tp must be a qis as well because tyosg = t1 051, and sg, 1,1
are qis. From Proposition 4.1(c) we deduce that the maps

F*(tk) : F(jé) - F(j];), k=0,1,
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are qis. m|

Definition 4.3. For every A* € CT(X) we set R*F(A*) := H*(F(J*)) where J* is a I(X)-
resolution of A°®. O

Proposition 4.4. Suppose A®,B* € CT(X) and A® J%, B* s J% are I(X)-resolutions.
Then any morphism of complexes f : A* — B* defines a unique equivalence class of right roofs
from F(J%) to F(J%) called the equivalence class of (f,a, [3)

Proof. Consider the left roof
(4.1)

A.
AN
) T

Choose any equivalent right roof

N

Using Proposition 4.1(c) we get a roof

F(J%) F(J5
\ /
F(3°)

I3, %€ CF (X).

).

If
I3, 9" € CF (X).

N

is another right roof equivalent to the left roof (4.1), then the roofs
7% 590 Ty and 7y 5T Ty

are equivalent and thus, according to Proposition 3.3, they are also I(X)-equivalent. Hence there
exists a T(X)-roof J* w0 K* «rn J* such that the diagram below is homotopy commutative

T I
o~
o~ !
\L ~ 2
:fjﬂ ¢
Je aJ°
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We get a homotopy commutative diagram of complexes of sheaves on Y

F(7%) JF(fJF;)
=y
POy F(3°)

(
\\\ /
F(X")

Above the qis’s are transformed into qis’s by F' due to Proposition 4.1(c). This proves that the two
right roofs

B, F(W) F(T3)

F(T%) F(J3
F(J) F(3°)

are equivalent. |

Let A® v J%, B* s J%, and f: A®* — B* as in the above proposition. For any right roof

F(7%) 5 e < F(T%) (4.2)
in the equivalence class of (f, a, ) we get a morphism in cohomology
syl ods  HY(F(3%)) — H*(F(J%))
This morphism depends only on the equivalence class of the roof (4.2), and thus depends only on

(f, o, 3). We will denote it by Fgq(f)
Observe that if f : A* — B* and g : B* — €* are morphisms of complexes and A* Vo> T%,

B L I, C* whs J% are I(X)-resolutions, then
F'ya(g of)= F’yﬁ(g) OFBa(f)-
5. EXAMPLES

Example 5.1. Note that when Y consists of a single point * then the category Shg(x) can be
identified with the category rMod of left R-modules. The sections functor

I': Shr(X) — gMod, 8§ —I'(X,38)

can be viewed as a left-exact Abelian functor Shr(X) — Shpr(x).
The functor

e : Shr(X) - gMod, 8§ — I'.(X,8) = section of 8§ with compact support
is also a left exact Abelian functor Shr(X) — Shg(x). o

Example 5.2. Any continuous map f : X — Y defines a functor f, : Shr(X) — Shr(Y)
Shr(X) 3 A f.A := the sheaf associated to the presheaf fuA,
where
(U, fuA) :=T(f'(U),A), YU X, U open.
The functor fi : Shr(X) — Shgr(Y) is left exact and Abelian. Note that when Y = {x} and

f: X — Y is the collapse map f = ¢ then we can identify the functor ¢, with the functor I' in the
previous example. ]
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Example 5.3. For any continuous map ¢ : Y — X we get a functor g~ : Shp(X) — Shr(Y),
where for any 8 € Shr(X), g~'8 denotes the sheaf associated to the presheaf given by

YoU—-= @VDg(U) I'(V,8), U open subset of Y,

where the above inductive limit is taken over all open sets V containing g(U). The functor g~! is

exact in the sense that if 0 —» §yp — 8; — 81 — 0 is a short exact sequence of sheaves on X then
0— g '8y — g8 — g7 181 — 0 is a short exact sequence of sheaves on Y.

Observe that if S © X is a closed subset of X, 7 : S — X denotes the natural inclusion, and
F € Shr(X) then we define the space of sections of F on S to be

['(S,9):=T(S,i 'F).
Note that we have a natural map

lim  _T(V,F) > I(S,5).

—V>S

If X is paracompact then the above map is an isomorphism. ]

Example 5.4. (a) For any closed subset S < X we denote by i : S — X the canonical inclusion
map and we define the adjunction functor as : Shr(X) — Shr(X) by the equality ag = i,

The adjunction functor is left exact. |

Definition 5.5. (a) A sheaf F € Shr(X) is called flabby if for any open subset U — X the
restriction map I'(X, F) — I'(U, F) is surjective.

(b) A sheaf 8§ € Shr(X) is called soft if for every closed subset C' ¢ X the natural map I'(X, 8) —
I'(C, 8) is surjective.

(c)A sheaf 8 € Shr(X) is called c-soft if for every compact subset K < X the natural map
I'(X,8) —» I'(K, §) is surjective. ]

Remark 5.6. If X is a paracompact space then a sheaf F € Shr(X) is soft if for any closed set
C, any open set U D C and any section u € I'(U, F) there exists an open subset C < V < U and
a section v € I'(V,8) such that the restriction of u to V coincides with v. For example if X is
a smooth (paracompact) manifold and E is a smooth vector bundle on X then the sheaf C% of
smooth sections of E is soft. In particular, the sheaf Q% of smooth forms of degree p is a soft sheaf.
Let us observe that on a paracompact space any flabby sheaf is automatically soft and c-soft. o

Proposition 5.7. (a) On any topological space X the subcategory of flabby sheaves of R-modules
is a generating subcategory of Shr(X).

(b) On any paracompact space X the category of soft sheaves of R-modules is a generating subcat-
egory of Shr(X).

Proof. (a) The conditions (1),(2),(3) in Definition 3.1 are obvious. To deal with the condition (4)
we need the following result. See [2, Chap. IV] for a proof.

Lemma 5.8. Consider a short exact sequence of sheaves
0->Fyg—>F 1 >F—>0
such that Fg is flabby. Then for any open subset U < X the sequence
0->IU%F) -»TUF) -TUF,) —0

1S exact.
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If now we have a short exact sequence 0 - Fy —» F; — F9 — 0 such that Fy and F; are flabby,
then for every open subset U © X we obtain a commutative diagram in which the rows are exact

0—=I(X, %) —= (X, %)) —= (X, F) —>0

OHF(U,EFO) HF(U,S‘]) HF(U,EFQ) —0
Since Fy and Fy are flabby we deduce that the morphisms rg, 1 are surjective. This forces r9 to

be surjective so that Fs is also
To conclude the proof of part (a) it suffices to show that any sheaf 8 injects in some flabby sheaf

S. We define sheaf $ to consist of the discontinuous sections of 8, i.e.,

T(U,8) ={f:UJ]80: flu)es,}.

uelU

It is not difficult to see that § is a flabby sheaf and § is a subsheaf of .

(b) The conditions (1),(2),(3) in Definition 3.1 are obvious. The condition (5) is satisfies since any
sheaf is a subsheaf of a flabby sheaf, and thus a subsheaf of a soft sheaf. To deal with the condition
(4) we need the following result. See [2, Chap. IV] for a proof.

Lemma 5.9. Consider a short exact sequence of sheaves
0->Fy—->F 1 >F, -0
such that Fg is soft. Then for any closed subset C < X the sequence
0->T(C,F) - T(C,F1) > T(C,F3) >0
18 exact.
We now conclude as in part (a). ]
Proposition 5.10. Suppose f: X — Y is a continuous map, X paracompact, S is a closed subset

of X, and I(X) denotes either the category of flabby sheaves or the category of soft sheaves. Then
I(X) is both an ag and fy-acyclic generating subcategory of Shr(X).

Definition 5.11. For any continuous map f : X — Y, and any sheaf § € Shr(X) we will refer to
the sheaves R* f4(8) € Shr(Y) as the higher direct images of 8§ via f. When f is the collapse map
f=c: X - {x} we set

H*®(8) := R*c4(8),
and we will refer to these modules as the cohomology of S. m|

The cohomology of a sheaf 8§ € Shr(X) on a paracompact space X can be computed a follows.
Choose a soft (or flabby) resolution of 8, i.e., a complex of soft sheaves

So 58 % ...
and a morphism of sheaves § — 8¢ such that the resulting long sequence of sheaves
0588 58 5.
is exact. The the cohomology of 8 is the cohomology of the complex of R-modules (I'(X,8°*), d).

Example 5.12. Suppose M is a (paracompact) smooth manifold. Consider the constant sheaf
BM?
I'(U,R,,) = locally constant functions U — R.
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The Poincaré lemma shows that the DeRham complex of sheaves

0 4ol 4

is a resolution of R, i.e., the sequence of sheaves and morphisms of sheaves
d d

is exact. We deduce that the cohomology of the sheaf R,, is isomorphic to the cohomology of the
complex (I'(M,Q3,),d) which is precisely the DeRham cohomology of M. =
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