
THE COHOMOLOGY OF SHEAVES

LIVIU I. NICOLAESCU

Abstract. A fast introduction to the the construction of the cohomology of sheaves pioneered by
A. Grothendieck and J.L. Verdier. The approach is from the point of view of derived categories,
though this concept is never mentioned.

1. Sheaves

Let R commutative ring with 1. We denote by RMod the category of R-modules.
For any topological space X we denote by OpenpXq the collection of open subsets. It can be

organized as a category in which the morphisms are given by inclusions. A pre-sheaf of R-modules
is a contravariant functor

S : OpenpXq Ñ RMod, OpenpXq Q U ÞÑ ΓpU, Sq P RMod.

For any inclusion U � V , we have a restriction map r � SUV : ΓpV, Sq Ñ ΓpU, Sq. The module
ΓpU, Sq is called the module of continuous sections of S over U . If s P ΓpV, Sq, V � U , we set
s|U :� rUV psq when there is no danger of confusion.

A morphism of sheaves of R-modules S0 and S1 is a collection of morphisms of R-modules

φU : ΓpU, S0q Ñ ΓpU, S1q

compatible in the obvious way with the restriction maps. We obtain a category PshRpXq of pre-
sheaves of R-modules over X. For any morphism of presheaves φ : S0 Ñ S1 we can define a kernel
presheaf kerφ and an image presheaf. For a sub presheaf S0 ãÑ S1 we can define the quotient
presheaf, S1{S0. We can also define the direct sum of two presheves. Rigourously, PshRpXq is an
Abelian category in an obvious fashion.

A preseheaf S P PshRpXq is called a sheaf if for any open cover pUiqiPI of X, and for any
collection of sections si P ΓpUi, Sq such that

si|UiXUj � si|UiXUj , @i, j

there exists a unique section s P ΓpX, Sq such that s|Ui � si, @i.
To any presheaf S P PshRpXq we can associate a canonical sheaf rS P ShRpXq as follows.
For x P X we define the stalk of S at x to be the inductive limit

Sx :� limÝÑUQx
ΓpU, Sq.

Note that we have natural morphisms

γu : ΓpU, Sq Ñ Su, u P U.

For s P ΓpU, Sq and u P U the element γupsq P Su is called the germ of s at u.
We define ΓpU,rSq to be the submodule of

±
uPU Su consisting of collections psuquPU satisfying

the conditions
su P Su, @u P U.

@u P U, DV P OpenpUq, Ds P ΓpV, Sq such that u P V and γvpsq � sv, @v P V .
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The correspondence U ÞÑ ΓpU,rSq defines a sheaf called the sheafification of S. If φ is a morphism
of sheaves, its kernel is also a sheaf. However, its image is only a preshef, and we define the image
sheaf to be the sheafification of the image presheaf. The quotient of two sheaves is a presheaf, and
we define the quotient sheaf to be the sheafification of the quotient presheaf. We obtain in this
fashion an (Abelian) category ShRpXq of sheaves of R-modules on X.

2. Complexes of sheaves

We denote by C�pXq the category of bonded from below complexes of sheaves, i.e., complexes of
sheaves pS
 � `nPZSn, dq such that Sn � 0 if n ! 0. Let K�pXq be the category whose objects are
bounded from below complex of sheaves on X, but whose morphisms are the homotopy classes of
cochain maps. For a complex pA
, dAq P C

�pXq and k P Z we denote by pA
rks, dArksq the complex
defined by

Anrks :� An�k, dArks � p�1qkdA.

The cohomology of a complex of sheaves pA
, dAq is the direct sum of sheaves

H
ppAq �
à
n

HnpAq, HnpAq :� kerpdA : An Ñ An�1q{ Impφ : An�1 Ñ Anq.

A complex is called acyclic if its cohomology is trivial. A morphism of complexes is called a quasi-
isomorphism (qis for brevity) if it induces an isomorphism in cohomology. We will use the notation

A
φ
ù B to denote a qis.
Observe that any sheaf A P ShRpXq can be tautologically identified with a complex A
 where

A0 � A, An � 0, @n � 0. We will denote by rAs this complex. A resolution of A is then a qis

rAs
φ
ù pS
, dSq.

A morphism of complexes of sheaves φ : pA
, dAq Ñ pB
, dBq determines a new complex Conepφq
called the cone of φ defined by

Conepφqn :� Bn `Ar1sn

and differential

dφ :�
�
dB φ
0 dAr1s

�
.

The cone fits in the middle of a short exact sequence of complexes

0 Ñ B
i
Ñ Conepφq π

Ñ Ar1s Ñ 0

where i and π denote respectively the canonical inclusion and projection. From the above short
exact sequence we obtain the following result.

Proposition 2.1 (The cone trick). Suppose φ : pA
, dAq Ñ pB
, dBq is a morphisms of complexes.
We have a long exact sequence of sheaves

� � �
�φ�
ÝÑ HnpBq

i�
Ñ HnpConepφqq π�Ñ Hn�1pAq

�φ�
ÝÑ Hn�1pBq

i�
Ñ � � � .

In particular, φ is a qis if and only if Conepφq is acyclic. [\

Definition 2.2. Let A
,B
 P C�pXq.
(a) A left roof from A to B is a diagram of morphisms of complexes of sheaves of the form

C


s

}} }=
}=
}=
}= f

!!B
BB

BB
BB

B

A
 B
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The complexes A
,B
,C
 are called the nodes of the roof. We will use the notation A
 s
ø C


f
Ñ B


to denote the above left roof. We denote by T`pA
,B
q the collection of left roofs from A
 to B
.
(b)A right roof from A to B is a diagram of morphisms of complexes of sheaves of the form

D


A


g
=={{{{{{{{

B


t
aa a!
a!
a!
a!
a!

The nodes are defined in a similar way. We will use the notation A
 g
Ñ D
 t

ø B
 to denote the
above right roof. We denote by TrpA
,B
q the collection of right roofs from A
 to B
.

(c) A left roof λ � A
 s
ø C


f
Ñ B
 is said to be equivalent to the right roof ρ � A
 g

Ñ D
 t
ø B
,

and we right this λ � ρ, if the diagram below

C


s

}} }=
}=
}=
}=
}=

f

!!C
CC

CC
CC

C

A


g !!C
CC

CC
CC

C B


t}} }=
}=
}=
}=
}=

D


is commutative in K�pXq, i.e., the morphism of complexes t � f and g � s are homotopic.
(d) Two right roofs ρk � A
 gkÑ D


k
tk
ø B
, k � 1, 2 are called equivalent, and we write this

ρ1 �r ρ2 if there exists a third right roof D

1

s1
ù D


0
s2
ø D


2 such that the diagram below is
homotopy commutative

D

0

D

1

s1
>>
>~
>~
>~
>~

D

2

s2
``
` 
` 
` 
` 

A


OO 66mmmmmmmmmmmmmmm
B


hh h( h( h( h( h( h( h( h( h( h(

OO
O�
O�
O�

We have the following important fact whose proof can be found in [1, §I.1,§I.5] and [3, Thm.
III.4.4].

Proposition 2.3 (Trading trick). (a) Any left (respectively right) roof in C�pXq is equivalent to
a right (respectively left) roof in C�pXq.
(b) The binary relations ”�`” and ”�r” are equivalence relations.
(c) Suppose λ1, λ2 P T`pA
,B
q, ρ1, ρ2 P T`pA
,B
q, and λk � ρk, k � 1, 2. Then

λ1 �` λ2 ðñ ρ1 �r ρ2. [\

Remark 2.4. (a) Observe that any morphism of complexes f : A
 Ñ B
 defines left and right
triangle

λpfq � A
 1A


ø A
 f
Ñ B
, ρpfq � A
 f

Ñ B
 1A


ø B


and λpfq � ρpfq.

(b) A left roof λ � A
 s
ø C


f
Ñ B
 defines a morphism

λ� : H
pA
q Ñ H
pBq, λ� � f� � ps�q
�1,
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while a right roof ρ � A
 g
Ñ D
 t

ø B
 defines a morphism

ρ� � H
pA
q Ñ H
pBq, ρ� � pt�q
�1 � g�.

Let us observe that equivalent triangles induce identical morphisms in homology. [\

3. Generating subcategories

Definition 3.1 (Generating subcategory). A generating subcategory of ShRpXq is a collection
IpXq of sheaves of R-modules on X satisfying the following conditions.

(1) 0 P IpXq.
(2) If I P IpXq, and J P ShpXq is isomorphic to I, then J P IpXq.
(3) If I, J P IpXq, then I` J P IpXq.
(4) If 0 Ñ I0 Ñ I1 Ñ I2 Ñ is a short exact sequence in ShRpXq and I0, I1 P IpXq, then

I2 P IpXq.
(5) For any A P ShRpXq there exists short exact sequence 0 Ñ A Ñ I, with I P IpXq.

We denote by C�
I pXq the bounded from below complex of sheaves pI
, dIq such that In P IpXq.

We will refer to the complexes in C�
I pXq as IpXq-complexes. A left/right IpXq-roof is a left/right

roof such that all its nodes are IpXq-complexes. Two right IpXq-triangles I
0
gkÑ Jk

tk
ø I
1, k � 1, 2,

are called IpXq-equivalent if there exists a IpXq-triangle J1
s1
ù J
3

s2
ø J
2 such that the diagram

below is commutative
J
3

J
1

s1
??
?�
?�
?�
?�

J
2

s2
__
_�
_�
_�
_�

I
0

g1

OO 77ooooooooooooooo
B


gg g' g' g' g' g' g' g' g' g'
t2

OO
O�
O�
O�

We have the following important result whose proof can be found in [1, §I.7].

Theorem 3.2 (Approximation principle). (a) For any complex pA
, dAq P C
�pXq there exists a

qis A
 φ
ù I
, where In P IpXq, @n P Z. We say that A
 φ

ù I
 is a IpXq-resolution of A
.

(b) Any short exact sequence of sheaves 0 Ñ A
f
Ñ B

g
Ñ B Ñ 0 can be completed to a diagram

commutative in K�pXq (that is homotopy commutative) of the form

0 // rAs
f //

α

�� �O
�O
�O

rBs
g //

β

�� �O
�O
�O

rCs //

γ

�� �O
�O
�O

0

0 // I
A F
// I
B G

// I
C
// 0

where I
A, I


B, I



C P C�

I pXq. [\

Proposition 3.3. Consider two right IpXq-triangles ρk � I
0
gkÑ Jk

tk
ø I
1, k � 1, 2. The following

statements are equivalent.
(a) The triangles ρ1 and ρ2 are IpXq-equivalent.
(b) The triangles ρ1 and ρ2 are equivalent.
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Proof. Clearly (a) ñ (b). Assume (b). We then have a homotopy commutative diagram

A


J
1

s1
>>
>~
>~
>~
>~

J
2

s2
``
` 
` 
` 
` 

I
0

g1

OO 77oooooooooooooooo
I
1

gg g' g' g' g' g' g' g' g' g' g'
t2

OO
O�
O�
O�

where the I’s and the J’s are IpXq-complexes. Choose a IpXq-resolution A
 r
ù J
3. We obtain the

homotopy commutative diagrams

J
3

A


r

OO
O�
O�
O�

J
1

s1
>>
>~
>~
>~
>~

J
2

s2
``
` 
` 
` 
` 

I
0

g1

OO 77oooooooooooooooo
I
1

gg g' g' g' g' g' g' g' g' g' g'
t2

OO
O�
O�
O�

J
3

J
1

rs1
??
?�
?�
?�
?�

J
2

rs2
__
_�
_�
_�
_�

I
0

g1

OO 77ooooooooooooooo
I
1

gg
g' g' g' g' g' g' g' g' g'

t2

OO
O�
O�
O�

which show that ρ1 and ρ2 are IpXq-equivalent. [\

Proposition 3.4 (Refined trading trick). Any left roof λ � I
0
s
ø A
 f

Ñ I
1, where I
0, I


1 P C

�
I pXq,

A
 P C�pXq is equivalent to a right IpXq-roof I
0
g
Ñ I
2

t
ø I
1. Moreover, any two IpXq-roofs ρ, ρ1

equivalent to λ are IpXq-equivalent.

Proof. Using the trading trick we can find a right triangle I0
h
Ñ B
 t1

ø I
1. From the approximation

theorem (a) we can find a IpXq-resolution B
 t2
ù I
2. Now look at the homotopy commutative

diagram of complexes of sheaves
A


f

  A
AA

AA
AA

A
s

~~
~>
~>
~>
~>

I
0
h

  A
AA

AA
AA

A

t2�h

��0
00

00
00

00
00

00
00

I
1
t1

~~
~>
~>
~>
~>

t2�t1

��
�G
�G
�G
�G
�G
�G
�G
�G
�G

B


t2

�� �O
�O
�O

I
2

If we set g � t2 � h and t � t2 � t1 we see that the triangle I0
g
Ñ I
2

t
ø I
1 has all the desired

properties. The second part of the proposition follows from Proposition 3.3. [\

4. Derived functors

Suppose X,Y are topological spaces and we have a left exact Abelian covariant functor

F : ShRpXq Ñ ShRpY q,
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i.e., a functor satisfying the following conditions.

F p0q � 0, F pA`Bq � F pAq `Bq, @A,B P ShRpXq


 The induced map

F � : HomShRpXq

�
A,B

�
Ñ HomShRpY q

�
F pAq,F pBq

�
is a morphism of Abelian groups.

 If 0 Ñ A

f
Ñ B

g
Ñ C is an exact sequence in ShRpXq, then the sequence

0 Ñ F pAq
F�pfq
ÝÑ F pBq

F�pgq
ÝÑ F pCq

is exact in ShRpY q.
Suppose further that IpXq is an F -acyclic generating subcategory of ShRpXq, i.e., IpXq is a

generating subcategory of ShRpXq satisfying the additional condition

If 0 Ñ I0
f0Ñ I1

f1Ñ I2 Ñ 0 is a short exact sequence of sheaves in IpXq, then the sequence of
sheaves on Y

0 Ñ F pI0q
F�pf0q
ÝÑ F pI1q

F�pf1q
ÝÑ F pI2q Ñ 0

is also exact.
We list a few elementary properties of the the pair pF , IpXqq.

Proposition 4.1. (a) If pI
, dq P C�
I pXq is acyclic, then so is pF pI
q,F �pdqq.

(b) If φ : pA
, dAq Ñ pB
, dBq is a morphism of complexes of sheaves on X then

F
�
Conepφq

�
� Cone

�
F �pφq

�
(c) For any qis I


φ
ù J
, I
, J
 P C�

I pXq the induced morpism F �pφq is also a qis F pI
q
F�pφq
ù

F pJ
q.

Proof. (a) We can assume without any loss of generality that In � 0, @n   0 so that the acyclic
complex I
 leads to a long exact sequence.

0 Ñ I0 d0Ñ I1 d1Ñ I2 d2Ñ � � �

We obtain short exact sequences

0 Ñ I0 Ñ I1 Ñ ker d2 Ñ 0, 0 Ñ ker d1 Ñ I1 Ñ I2 Ñ ker d3 Ñ 0, 0 Ñ ker dn Ñ In Ñ ker dn�1 Ñ 0.

Observe that ker d1 � I0 P IX . From Definition 3.1(4) we deduce inductively that ker dn P IpXq,
@n. Because IpXq is F -acyclic we deduce that we have short exact sequences

0 Ñ ker F �pdnq Ñ In
F�pdnq
Ñ ker F �pdn�1q Ñ 0

which shows that the complex pF pI
q,F �pdqq is acyclic.
Part (b) is obvious. For part (c) let us observe that Definition 3.1(3) implies that Conepφq P

C�
I pXq. From the cone trick we deduce that Conepφq is acyclic. Using (a) and (b) we deduce that

ConepF �pφq is also acyclic. Invoking the cone trick again we deduce that F �pφq is a qis. [\

Proposition 4.2. Suppose A
 P C�pXq, and A
 sk
ù I
k, k � 0, 1 are two IpXq-resolutions. Then

the complexes F pI
kq P C
�pY q , k � 1, 2, have isomorphic cohomology.

Proof. Using the refined trading trick we deduce that the left roof I
0
s0
ø A
 s1

ù I
1, is equivalent
to a right roof I
0

t0Ñ I
2
t1
ø I
1. Clearly t0 must be a qis as well because t0 �s0 � t1 �s1, and s0, s1, t1

are qis. From Proposition 4.1(c) we deduce that the maps

F �ptkq : F pI
2q Ñ F pI
kq, k � 0, 1,
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are qis. [\

Definition 4.3. For every A
 P C�pXq we set R
F pA
q :� H

�
F pI
q

�
where I
 is a IpXq-

resolution of A
. [\

Proposition 4.4. Suppose A
,B
 P C�pXq and A
 α
ù I
A, B
 β

ù I
B are IpXq-resolutions.
Then any morphism of complexes f : A
 Ñ B
 defines a unique equivalence class of right roofs
from F pI
Aq to F pI
Bq called the equivalence class of pf, α, βq

Proof. Consider the left roof

A


α~~ ~>
~>
~>
~> β�f

  A
AA

AA
AA

A

I
A I
B

(4.1)

Choose any equivalent right roof

I
A

φ ��@
@@

@@
@@

I
B

s
~~ ~>
~>
~>
~>

I


, I
 P C�
I pXq.

Using Proposition 4.1(c) we get a roof

F pI
Aq

$$H
HH

HH
HH

HH
F pI
Bq

zz z:
z:
z:
z:
z:

F pI
q

.

If

I
A

ψ ��@
@@

@@
@@

I
B

t�� �?
�?
�?
�?

J


, I
 P C�
I pXq.

is another right roof equivalent to the left roof (4.1), then the roofs

I
A
φ
Ñ I


s
ø I
B and I
A

ψ
Ñ I


t
ø I
B

are equivalent and thus, according to Proposition 3.3, they are also IpXq-equivalent. Hence there
exists a IpXq-roof I


p
ù K
 q

ø J
 such that the diagram below is homotopy commutative

I
A

�� ((PPPPPPPPPPPPPPPP I
B

vv v6
v6 v6
v6 v6
v6 v6
v6 v6
v6

�� �O
�O
�O

I


!!!a
!a
!a
!a
!a

J


}} }=
}=
}=
}=

K
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We get a homotopy commutative diagram of complexes of sheaves on Y

F pI
Aq

�� **TTTTTTTTTTTTTTTTTTT F pI
Bq

tt t4 t4
t4 t4
t4 t4
t4 t4
t4 t4
t4 t4

�� �O
�O
�O

F pI
q

$$$d
$d
$d
$d
$d

F pJ
q

zz z:
z:
z:
z:
z:

F pK
q

Above the qis’s are transformed into qis’s by F due to Proposition 4.1(c). This proves that the two
right roofs

F pI
Aq

$$H
HH

HH
HH

HH
F pI
Bq

zz z:
z:
z:
z:
z:

F pI
q

, F pI
Aq

$$H
HHHHHHHH

F pI
Bq

zz z:
z:
z:
z:
z:

F pJ
q

are equivalent. [\

Let A
 α
ù I
A, B
 β

ù I
B, and f : A
 Ñ B
 as in the above proposition. For any right roof

F pI
Aq
φ
Ñ C


s
ø F pI
Bq (4.2)

in the equivalence class of pf, α, βq we get a morphism in cohomology

s�1
� � φ� : H


�
F pI
Aq

�
Ñ H


�
F pI
Bq

�
This morphism depends only on the equivalence class of the roof (4.2), and thus depends only on
pf, α, βq. We will denote it by F βαpfq

Observe that if f : A
 Ñ B
 and g : B
 Ñ C
 are morphisms of complexes and A
 α
ù I
A,

B
 β
ù I
B, C


γ
ù I
C are IpXq-resolutions, then

F γαpg � fq � F γβpgq � F βαpfq.

5. Examples

Example 5.1. Note that when Y consists of a single point � then the category ShRp�q can be
identified with the category RMod of left R-modules. The sections functor

Γ : ShRpXq Ñ RMod, S ÞÑ ΓpX, Sq

can be viewed as a left-exact Abelian functor ShRpXq Ñ ShRp�q.
The functor

Γc : ShRpXq Ñ RMod, S ÞÑ ΓcpX, Sq � section of S with compact support

is also a left exact Abelian functor ShRpXq Ñ ShRp�q. [\

Example 5.2. Any continuous map f : X Ñ Y defines a functor f� : ShRpXq Ñ ShRpY q

ShRpXq Q A ÞÑ f�A :� the sheaf associated to the presheaf f#A,

where
ΓpU, f#Aq :� Γ

�
f�1pUq,A

�
, @U � X, U open.

The functor f� : ShRpXq Ñ ShRpY q is left exact and Abelian. Note that when Y � t�u and
f : X Ñ Y is the collapse map f � c then we can identify the functor c� with the functor Γ in the
previous example. [\
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Example 5.3. For any continuous map g : Y Ñ X we get a functor g�1 : ShRpXq Ñ ShRpY q,
where for any S P ShRpXq, g�1S denotes the sheaf associated to the presheaf given by

Y � U ÞÑ� limÝÑV�gpUq
ΓpV, Sq, U open subset of Y ,

where the above inductive limit is taken over all open sets V containing gpUq. The functor g�1 is
exact in the sense that if 0 Ñ S0 Ñ S1 Ñ S1 Ñ 0 is a short exact sequence of sheaves on X then
0 Ñ g�1S0 Ñ g�1S1 Ñ g�1S1 Ñ 0 is a short exact sequence of sheaves on Y .

Observe that if S � X is a closed subset of X, i : S Ñ X denotes the natural inclusion, and
F P ShRpXq then we define the space of sections of F on S to be

ΓpS,Fq :� ΓpS, i�1Fq.

Note that we have a natural map

limÝÑV�S
ΓpV,Fq Ñ ΓpS,Fq.

If X is paracompact then the above map is an isomorphism. [\

Example 5.4. (a) For any closed subset S � X we denote by i : S Ñ X the canonical inclusion
map and we define the adjunction functor aS : ShRpXq Ñ ShRpXq by the equality aS � i�i

�1.
The adjunction functor is left exact. [\

Definition 5.5. (a) A sheaf F P ShRpXq is called flabby if for any open subset U � X the
restriction map ΓpX,Fq Ñ ΓpU,Fq is surjective.
(b) A sheaf S P ShRpXq is called soft if for every closed subset C � X the natural map ΓpX, Sq Ñ
ΓpC, Sq is surjective.
(c)A sheaf S P ShRpXq is called c-soft if for every compact subset K � X the natural map
ΓpX, Sq Ñ ΓpK, Sq is surjective. [\

Remark 5.6. If X is a paracompact space then a sheaf F P ShRpXq is soft if for any closed set
C, any open set U � C and any section u P ΓpU,Fq there exists an open subset C � V � U and
a section v P ΓpV, Sq such that the restriction of u to V coincides with v. For example if X is
a smooth (paracompact) manifold and E is a smooth vector bundle on X then the sheaf C8

E of
smooth sections of E is soft. In particular, the sheaf Ωp

X of smooth forms of degree p is a soft sheaf.
Let us observe that on a paracompact space any flabby sheaf is automatically soft and c-soft. [\

Proposition 5.7. (a) On any topological space X the subcategory of flabby sheaves of R-modules
is a generating subcategory of ShRpXq.
(b) On any paracompact space X the category of soft sheaves of R-modules is a generating subcat-
egory of ShRpXq.

Proof. (a) The conditions (1),(2),(3) in Definition 3.1 are obvious. To deal with the condition (4)
we need the following result. See [2, Chap. IV] for a proof.

Lemma 5.8. Consider a short exact sequence of sheaves

0 Ñ F0 Ñ F1 Ñ F2 Ñ 0

such that F0 is flabby. Then for any open subset U � X the sequence

0 Ñ ΓpU,F0q Ñ ΓpU,F1q Ñ ΓpU,F2q Ñ 0

is exact.
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If now we have a short exact sequence 0 Ñ F0 Ñ F1 Ñ F2 Ñ 0 such that F0 and F1 are flabby,
then for every open subset U � X we obtain a commutative diagram in which the rows are exact

0 // ΓpX,F0q

r0
��

// ΓpX,F1q

r1
��

// ΓpX,F2q

r2
��

// 0

0 // ΓpU,F0q // ΓpU,F1q // ΓpU,F2q // 0

Since F0 and F2 are flabby we deduce that the morphisms r0, r1 are surjective. This forces r2 to
be surjective so that F2 is also

To conclude the proof of part (a) it suffices to show that any sheaf S injects in some flabby sheafrS. We define sheaf rS to consist of the discontinuous sections of S, i.e.,

ΓpU,rSq �  
f : U

º
uPU

S0; fpuq P Su
(
.

It is not difficult to see that rS is a flabby sheaf and S is a subsheaf of rS.
(b) The conditions (1),(2),(3) in Definition 3.1 are obvious. The condition (5) is satisfies since any
sheaf is a subsheaf of a flabby sheaf, and thus a subsheaf of a soft sheaf. To deal with the condition
(4) we need the following result. See [2, Chap. IV] for a proof.

Lemma 5.9. Consider a short exact sequence of sheaves

0 Ñ F0 Ñ F1 Ñ F2 Ñ 0

such that F0 is soft. Then for any closed subset C � X the sequence

0 Ñ ΓpC,F0q Ñ ΓpC,F1q Ñ ΓpC,F2q Ñ 0

is exact.

We now conclude as in part (a). [\

Proposition 5.10. Suppose f : X Ñ Y is a continuous map, X paracompact, S is a closed subset
of X, and IpXq denotes either the category of flabby sheaves or the category of soft sheaves. Then
IpXq is both an aS and f�-acyclic generating subcategory of ShRpXq.

Definition 5.11. For any continuous map f : X Ñ Y , and any sheaf S P ShRpXq we will refer to
the sheaves R
f�pSq P ShRpY q as the higher direct images of S via f . When f is the collapse map
f � c : X Ñ t�u we set

H
pSq :� R
c�pSq,

and we will refer to these modules as the cohomology of S. [\

The cohomology of a sheaf S P ShRpXq on a paracompact space X can be computed a follows.
Choose a soft (or flabby) resolution of S, i.e., a complex of soft sheaves

S0
d
Ñ S1

d
Ñ � � �

and a morphism of sheaves S Ñ S0 such that the resulting long sequence of sheaves

0 Ñ S Ñ S0
d
Ñ S1

d
Ñ � � �

is exact. The the cohomology of S is the cohomology of the complex of R-modules pΓpX, S
q, dq.

Example 5.12. Suppose M is a (paracompact) smooth manifold. Consider the constant sheaf
RM ,

ΓpU,RM q � locally constant functions U Ñ R.
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The Poincaré lemma shows that the DeRham complex of sheaves

Ω0
M

d
Ñ Ω1

M
d
Ñ � � �

is a resolution of R, i.e., the sequence of sheaves and morphisms of sheaves

0 Ñ RM Ñ Ω0
M

d
Ñ Ω1

M
d
Ñ � � �

is exact. We deduce that the cohomology of the sheaf RM is isomorphic to the cohomology of the
complex pΓpM,Ω


M q, dq which is precisely the DeRham cohomology of M . [\
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