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Remark 3.6. As pointed out to the author by S. Akbulut and R. Fin-
tushel, the Brieskorn spheres %(2,3,13) and ¥(2, 3,25) bound contractible
smooth manifolds and in these cases Corollary 3.4 follows from Donaldson’s
first theorem ([DK], Thm. 1.3.1). Also, as indicated by Nikolai Saveliev,
%(2,3,7) bounds a rational ball (with 2-torsion in its first homology) and in
this case the Corollary 3.4 also follows from Donaldson’s first theorem.

The properties P1-P5 and Theorem 3.1 have another interesting topo-
logical consequence.

Proposition 3.7. Suppose Z,,. < 8 and X is a 4-manifold with the fol-
lowing properties.

(i) 80X = X(a,b,c)

(i) The intersection form q of X is negative definite and splits as q =
q1 D q2 where g3 # 0 is even.

Then g2 = —Es, q1 is diagonal and Yy . = 8.

Warning. The above proposition does not prove Zape=8=>Yop =81t
only shows this is the cases provided X(a, b, c) bounds a manifold satisfying
(ii) above.

Proof. Indeed, from P4 we deduce

O(q1) +1k(g2) < 8.

By P3 ©(q1) > 0 so that rk(gg) < 8 which forces go = —FEjg. In particular
©(q1) = 0 so that ¢; must be diagonal according to P3. Hence O(q) = 8
Using P5 and (3.8) we deduce

8= @(Q) < Ya,b,c < Za.,b,c < 8. O

We can also prove a counterpart of Proposition 3.3.

Proposition 3.8. Denote by Qi, Fy and respectively Z, the quantities
P2,3,6k—1; Fz,g’ek_1 and respectively Zgyg,ek_l. Then

_ [Tt k=2
(3.11) Q’““{ T, k=2j+1
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Figure 2: The plumbing diagram of ¥(2, 3, 6k — 1)

|8, k=2j+1
(3.12) Fk—-—{o  k=2j .

In particular, Zy = 8 for allk > 1.

Proof. Follows the same lines as the proof of Proposition 3.3. The only
difference now is in the Seifert invariants of £(2, 3, 6k — 1). They are

&=(2,3,6k-1), F=1,2,5k—1).

The Dedekind-Rademacher reciprocity law drastically reduces the computa-
tions using the following continuous fraction decomposition of (5k—1)/(6k—

1)

5k — 1 1
= . 0
6k—1 1+ Ly

k

Corollary 3.9. (i) Y23¢6xk—1 =8 forallk > 1.

(ii) If X = ¥(2,3,6k — 1) and the intersection form q of X is negative
definite and splits as ¢ = q1 ®qo, g2 # 0 even, then q; is diagonalizable
and ¢q» = —Fg.

Proof. To prove part (i) we will show that the Hirzebruch-Jung plumbing
X33 6k—1 satisfies all the conditions in Proposition 3.7. Since Zr36k-1 =8
this will prove the equality Y53 6x—1 = 8.

The intersection form I'y 3 651 can be read from the plumbing diagram in
Figure ??. Arguing as in Remark 3.5 we deduce that T’y 36r—1 = diagonal &
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(—Eg). Thus Ya36x—1 = Z236k—1 = 8. The second part of Corollary 3.9 is
a special case of Proposition 3.7. a

Remark 3.10. The case k = 1 in the above corollary was first proved in
(FY].

Remark 3.11. Set
d =0 d,=4+12+4+.---8n-12=4(n—-1)(n—-2) +4

and define
Dn(T) =) T*.
k=1

Numerical experimentations reveal a beautiful structure of the polynomials
P = P2+ Ak+1,4k+3- More precisely they show

P(T):=D1(T)=T, P(T)= Pe_1+TDy(T).
Here are the first few of the polynomials Py

T
T5 + 2T
T3 4 275 4+ 3T
T2 4 2T13 4+ 375 44T
T4 4 9725 4 3T13 4 4T3 + 5T

Numerical experimentations also show that Fg4xt+14k+3 = 0 so that
Z2 4k+1,4k+3 = Y2 4k+1,4k+3 = 0. Thus, the only negative definite 4-manifolds
which can bound X(2, 4k + 1,4k + 3) must have diagonalizable intersection
form. One can give an alternative proof of this fact. More precisely, ac-
cording to [CH] the Brieskorn manifold £(2,4k + 1,4k + 3) bounds a con-
tractible manifold B(2,4k + 1,4k + 3). If X is negative definite and bounds
¥(2,4k + 1,4k + 3) then

M = XU-B(2 4k +1,4k + 3)

is closed and negative definite and, by Donaldson’s theorem, its intersection
form is diagonal. A strikingly similar pattern is observed for the polynomials
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P;:gs +1,3s+2- We list the first few of them (s = 1,...,4) and let the reader
deduce the recurrence

T
T+ 2T
TV 4 2T7 4+ 3T
T37 4+ 2718 4 377 + 4T

Again F335413k+2 = 0 so that Y3 3k+1,3k+2 = 0. This agrees again with the
conclusions of [CH] where it is established the spheres (3, 3k + 1,3k + 2)
bound contractible manifolds.

3.3. Concluding remarks.

The results we have established so far raise the following natural questions.
o Is it true that Yo p o = Zap o = Ogpc for all (a,b,c)?

The inequality (3.8) shows the answer is positive provided one can establish
only the purely number theoretic identity

Za,b,c = ea,,b,c-

To answer this question a more manageable description of Zape and Oy
(defined by (3.7)) is highly desirable.

¢ Remark 3.11 suggests the following question
Is it true that any 3(a, b, ¢) which bounds a smooth contractible

manifold must have Yo 3. = 07

¢ Another number theoretic problem with possible interesting topological
implications is the following. First define an equivalence relation on the
space of negative definite Z-quadratic forms as follos.

L~ @2 = Omp(-1) ¥ g ®my(—-1)

for some nonnegative integers ms, mo.

Is it true that for any k > 0 there exist only finitely many ~-
equivalence classes of negative definite Z-quadratic forms g
satisfying ©(q) < K?
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In [E] it is proved that the answer is positive if £ < 16. Recently, M. Gaulter
has shown in [Gau] that the result continues to hold for £ < 24. If the answer
to the above question were positive this would mean that the invarinat ©
can be regarded as a ” measure of complexity’ of a negative definite quadratic
form, i.e. the larger ©(q) the further is ¢ from being diagonalizable. The
equality Yo pc = Zgpc = ©Oap conjectured above would then mean that
the Hirzebruch-Jung resolution is the “most complicated” negative definite
4-manifold bounding a given Brieskorn sphere!

e The Euler characteristic of the Seiberg-Witten-Floer homology of
Y(a,b,c) (with the Thurston metric) is 2P, .(—1). Following [C1-2] and
[KM] define

1
a(a,b,¢) = 2P, p.(—1) — -8—Fa,b’c.
(The negative sign in front of F, . follows from our “orientation” of the
Dirac operator which, although is the canonical one in the sense of [BC], it
is not the one traditionally used in Seiberg-Witten-Floer theory.) Note that

a(2,3,6k+1) = -k = (2,3,6k — 1) = —k.

The calculations in [FSt] imply that
«(2,3,6k 1) = %0(2, 3,6k +1) = A\(2,3,6k+ 1)

where o(a, b,c) denotes the signature of the Milnor fiber of £(a,b,c) and
A(a, b, c) denotes the Casson invariant of ¥(a,b, c).

We now define for any oriented homology 3-sphere N and any good
metric g on N (in the sense of [Mar]) the quantity

a(N,g) = x(N,g) - -:;F(N,g)

where x(N, g) denotes the Euler characteristic of the Seiberg-Witten Floer
homology of (N, g) (defined in [Mar]) and

F(N1 g) = 477dir(g) + nsign(g)'

The wall crossing formula of [Mar] and the variational formule for the eta
invariants show that a(N,g) is independent of the metric and thus it is a
topological invariant of N.

In [KM], P.Kronheimer and T. Mrowka conjectured that this invariant
coincides with the Casson invariant and announced a proof of its validity
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when N is a Brieskorn 3-sphere. In this case the conjecture is equivalent to
an interesting number theoretic identity

1 1
ga(a', b7 C) + 2Pa»byc(1) = _gFa,b,c-

The left hand side can be expressed in terms numbers of lattice points inside
some convex regions of Z3 (see [FSt], [HZ]) while the right hand side is
expressed in terms of Dedekind-Rademacher sums. In [N3] we prove the
above identity (for arbitrary a, b, ¢) using a lattice point count.
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