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Abstract

With an eye towards index theoretic applications we describe a Schubert like stratification on the Grass-
mannian of hermitian lagrangian spaces in C" @ C”". This is a natural compactification of the space of
hermitian n x n matrices. The closures of the strata define integral cycles, and we investigate their in-
tersection theoretic properties. We achieve this by blending Morse theoretic ideas, with techniques from
o-minimal (or tame) geometry and geometric integration theory.
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Introduction

A hermitian lagrangian subspace is a subspace L of the complex Hermitian vector space
C?" = C" @ C" satisfying L = JL, where J : C" @ C" — C" @ C" is the unitary operator
with the block decomposition

_ 0 —jl@n
J= |:]1(C" 0 i| )
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We denote by Lag,, (n) the Grassmannian of such subspaces. This space can be identified with a
more familiar space.

Denote by F* c C? the +i eigenspace of J, F* = {(e,Fie); e € C"}. V.I. Arnold has
shown in [2] that L € C?" is a hermitian lagrangian subspace if and only if, when viewed as a
subspace of F* @ F~, it is the graph of a unitary operator F* — F~. Thus we have a natural
diffeomorphism Lag,, (n) — U (n). The space Herm,, of hermitian operators C* x C" embeds in
Lag),(n) via the graph map, and the restriction of the Arnold diffeomorphism to Herm,, is none
other that the classical Cayley transform

Herm, > A (1 —iA)(1 +iAd)~ e U®).

The unitary groups are arguably some of the most investigated topological spaces and much
is known about their cohomology (see [14, Chap. IV], [46, VIL4, VIII.9]). One could fairly
ask what else is there to say about these spaces. To answer this, we need to briefly explain the
question which gave the impetus for the investigations in this paper.

Atiyah and Singer [3] have shown that a certain component F8y of the space of bounded
Fredholm self-adjoint operators on a separable complex Hilbert space H is a classifying space
for the (complex) K -theoretic functor K !. The graph of an operator A € F8, defines a hermitian
lagrangian I'4 in the hermitian symplectic space H @ H which intersects the horizontal axis
H @0 along a finite dimensional subspace. We denote by Lag;, (co) the space of such lagrangians.
In [36] we have shown that the graph map F8y — Lag, (c0) is a homotopy equivalence.

The integral cohomology of Lag, (co0) is an exterior algebra A(xy, x3,...), where degx; =
2i — 1. If X is a compact, oriented smooth manifold, dim X = n, then the results of [36] imply
that any smooth! family (A;)yex Fredholm self-adjoint operators defines a smooth map A :
X — Lag;, (00). We thus obtain cohomology classes A*x; € H*-1 (X, 7).

We are interested in localization formule, i.e., in describing concrete geometric realizations
of cycles representing the Poincaré duals of these classes. Some of the most interesting situations
arise when X is an odd dimensional sphere X = S§2m=1 Tn this case, the Poincaré dual of A*x,, is
a 0-dimensional homology class, and we would like to produce an explicit O-cycle representing
1t.

For example, in the lowest dimensional case, X = S 1 we have such a geometric realization
because the integer | g1 A*xy is the spectral flow of the loop of self-adjoint operators, and as is
well known, in generic cases, it can be computed by counting with appropriate multiplicities the
points 6 € S' where ker Ag = 0. Thus, the Poincaré dual of A*x; is represented by a certain
0-dimensional degeneracy locus.

Equivalently, we could view the family (Ag)ycg1 as aloop in Lag, (00). Adopting this point of
view, we can interpret the integer | g1 A%x1 as a Maslov index, and using the techniques developed
by Arnold in [1] one can explicitly describe a O-cycle dual to the class A*x; see [32].

To the best of our knowledge there are no such degeneracy loci descriptions of the Poincaré
dual of A*x,, in the higher dimensional cases A : §2m=1 _ (00), m > 1, and the existing
descriptions of the cohomology ring of U (n) do not seem to help in this respect.

With an eye towards such applications, we describe in this paper a natural, Schubert-like,
Whitney regular stratification of Lagy, (n), and we investigate its intersection theoretic properties.

1 We will not elaborate here on the precise meaning of differentiability of a family of possibly unbounded operators.
This rather delicate issue is addressed by D. Cibotaru in his dissertation [5].
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As in the case of usual Grassmannians, this Schubert-like stratification of Lag,, (n) has a Morse
theoretic description. Many of the ideas involved are classical, going back to the pioneering work
of Pontryagin, [40]. We recommend the nice presentation by Dynnikov and Vesselov in [12].

We denote by (e;) the canonical unitary basis of C", and we define the hermitian operator

1
A:C"—= C", Ae,-:(i——)ei, Vi=1,...,n.

The operator A defines a function f = f4 : U(n) - R, f(S) = —Retr(AS) + % This is a

Morse function with one critical point S; € U (n) for every subset I C {1, ..., n}. More precisely
e, iel,
Srei = { l .
—ei, 1¢1.

Its Morse index is ind(S7) = f(S7) = ZieIU(Zi — 1), where I¢ denotes the complement of / in
{1,2,...,n}. In particular, this function is self-indexing.

We denote by W,jE the stable/unstable manifold of S; with respect to the (negative) gradient
flow @; of fa. These unstable manifolds are loci of certain Schubert-like incidence relations
and they can be identified with the orbits of a real algebraic group acting on Lag,,(n). Basic
facts of real algebraic geometry imply that the stratification given by these unstable manifolds
is Whitney regular. In particular, this implies that our gradient flow satisfies the Morse—Smale
transversality condition. We can thus define the Morse—Floer complex, and it turns out that the
boundary operator of this complex is trivial.

The collection of strata has a natural Bruhat-like partial order given by the inclusion of a
stratum in the closure of another. In Section 4 we give a purely combinatorial description of
this partial order, and we relate it to the natural partial order on the critical set of a gradient
Morse—Smale flow. In [38] we carry a deeper investigation of the combinatorics of this poset.

Given that the Morse—Floer complex of the gradient flow @; is perfect, it is natural to ask if the
unstable manifolds W, define geometric (co)cycles in any reasonable way, and if so, investigate
their intersection theory. Several possibilities come to mind.

One possible approach, used by Vassiliev in [44], is to produce resolutions of W, ", i.e., smooth
maps f : X; — Lagj,(n), where X is a compact oriented manifold, f(X;) =¢cl(W, ), and f is
a diffeomorphism over the smooth part of ¢/(W;"). As explained in [44], this approach reduces
the computation of the intersection cycles fi[X;] e fi[Xs] to classical Schubert calculus on
Grassmannians, but the combinatorial complexity seems to hide the simple geometric intuition.

M. Goresky [17] has explained how to associate (co)cycles to Whitney stratified (co)oriented
objects and perform intersection theoretic computations with such objects. While the closures of
W, are stratified cycles in the sense of Goresky, this possible approach seems difficult to use in
concrete computations due to the stringent transversality conditions needed for such a calculus.

G. Ruget [42] proposed another technique? of associating a cocycle to a (possibly) singular
analytic subvariety. This seems the ideal approach for infinite dimensional situations, but has one
small finite dimensional problem: it does not mesh well with the Poincaré duality.

Instead, we chose the most basic approach, and we looked at the integration currents defined
by orienting the semi-algebraic sets W, . This seems to be an ideal compromise between the

2 U. Koschorke uses a very similar idea in [27].
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approaches of Goresky [17] and Ruget [42] afforded by the elegant theory of intersection of
subanalytic cycles developed by R. Hardt [18-20]. In these papers R. Hardt lays the foundations
of a geometric intersection theory over the reals. The cycles are integration currents supported
by subanalytic sets. A key fact in this theory is a slicing theorem which is essentially a real
analytic version of the operation of pullback of complex cycles via flat holomorphic maps. For
the reader’s convenience, we have included in Appendix B a short survey of Hardt’s main results
in a topologists’ friendly language.

The manifolds W, are semi-algebraic, have finite volume, and carry natural orientations
ory, and thus define integration currents [Wy, or]. In Proposition 33 we show that the clo-
sure of W, is a naturally oriented pseudo-manifold, i.e., it admits a stratification by smooth
manifolds, with top stratum oriented, while the other strata have (relative) codimension at
least 2. Using the fact that the current [W; , or] is a subanalytic current as defined in [20],
it follows that d[W,”, or ] = 0 in the sense of currents. These cycles define homology classes
aje H(U(n), 7).

The currents [W,, or ;] define a perfect subcomplex of the complex of integrally flat currents.
This subcomplex is isomorphic to the Morse—Floer complex of the gradient flow &;, and via the
finite-volume-flow technique of Harvey—Lawson [21] we conclude that the cycles «; form an
integral basis of H,(U (n), Z). This basis coincides with the basis described in [14, IV, §3], and
by Vassiliev in [44].

The cycle a7 has codimension w(l) = ZieI(Zi — 1). We denote by Ot-; € H*(U(n), 7Z) its
Poincaré dual. When [ is a singleton, I = {i}, we use the simpler notation ¢; and oc:.f instead of
a;y and respectively oc{i.}. We call the cycles «; the basic Arnold—Schubert cycles. Let us point

out that oﬂlL is the hermitian analogue of the real Maslov class described in [1].

It is well known that the cohomology of U (n) is related via transgression to the cohomology
of its classifying space BU (n). We prove that the basic class ot:.f is obtainable by transgression
from the Chern class c;.

More precisely, denote by E the rank n complex vector bundle over S' x U(n) obtained
from the trivial complex vector bundle of rank n over the cylinder [0, 1] x U (n) by identifying
the point Z € C" in the fiber over (1, g) € [0, 1] x U(n) with the point gz in the fiber over
(0, g) €[0,1] x U(n). We denote by p : S! x U(n) = U(n) the natural projection, and by

priH*(S' x Un),Z) - H* (U (n), Z)

the induced Gysin map. The first main result of this paper is a transgression formula (Theo-
rem 37) asserting that

t)(;-r = p!(ci(E)). (M

We prove the above equality at the level of currents by explicitly representing ¢; (E) as a Thom—
Porteous degeneracy current.

This shows that the integral cohomology ring is an exterior algebra with generators o
1,...,n, so that an integral basis of H*(U (n), Z) is given by the exterior monomials

"

i°

i =

aJ.rIUu-Uot., 1<iij<--<ip<n, 0<k<n.
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The second main result of this paper, Theorem 47 gives a description of the Poincaré dual of
oc:.fl u---u “iTk as a degeneracy cycle. More precisely, if I = {i] <--- < i}, then

aI:aTU---UalTk. (€3

i

The last equality completely characterizes the intersection ring of Lagy, (r) in terms of the integral

basis oc}r.

The intersection theory investigated in this paper is closely related to the traditional Schubert
calculus on complex Grassmannians, but we used very little of the traditional Schubert calculus.
In the complex case the difficulties have mostly a combinatorial nature, while in this case the
difficulties are essentially geometric in nature. Given that the cycles involved are represented
by singular real semi-algebraic objects, there are some orientation issues to deal with, and the
general position arguments are considerably more delicate.

We deal with the transversality problems in a novel way. Unlike the case of complex Grass-
mannians, we do not move cycles in general position by using the rich symmetry of Lag; (n) as a
homogeneous space. Instead, we use the unitary group incarnation, Lag; (n) = U (n), and we rely
on the following simple observation: any degree 1 semi-algebraic continuous map @ : S — §!
induces via functional calculus a semi-algebraic continuous map

Un)s T &(T)eUn)

semi-algebraically homotopic to the identity. These maps may not even be Lipschitz continuous,
but the push-forward of semi-algebraic currents by semi-algebraic maps is still a well defined
operation according to the results of R. Hardt [19,20]. By using certain maps @ which are not
homeomorphisms, but still are semi-algebraic and homotopic to the identity, we can deform
the Schubert—Arnold cycles to semi-algebraic cycles for which the transversality issues become
trivial.

These cycles, although homologous to AS-cycles, they have a rather different description, as
spectral loci consisting of unitary matrices whose spectra have certain types of degeneracies.

As an application of this Schubert calculus we discuss a spectral multiplicity problem closely
related to the recent K -theoretic investigations by R. Douglas and J. Kaminker in [7]. In Propo-
sition 49 we show that the locus X , C U (n) consisting of unitary matrices which have at least
one eigenvalue with multiplicity > k defines a cycle representing the homology class —nota . .

The factor n above becomes a serious issue when n = co. The Maslov class ocI is an ob-
struction to renormalization in the following sense. Suppose X is a smooth compact real analytic
oriented manifold, and g : X — U(n) is a smooth subanalytic map. If g*oe; = 0 then, under
certain generic transversality conditions we can find continuous subanalytic maps

AMyoo Ay X—>R

such that for every x € X the spectrum of g,, including multiplicities, is {¢!*®); 1 <k <n} and
Ai(x) <--- < Ay(x). Then the locus

Skn={xeX: M) = =)}

determines a closed subanalytic integration current [Sg ] and n[ Sk ,] = [g_1 Yknl-Whenk =2,
the Poincaré dual of [Sk ,] is a 3-dimensional cohomology class p2(g) € H3(X, 7). We believe
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that this is the finite dimensional analogue of the 3-dimensional class constructed by Douglas
and Kaminker [7, Sect. 6]. We will investigate this in more detail elsewhere.

In Proposition 52, Corollary 53 and Proposition 57 we describe the various compatibilities
between the above Schubert calculus and the operation of symplectic reduction, while in Propo-
sition 54 we show that the symplectic reduction can be interpreted as an asymptotic limit of a
natural Morse—Bott flow on Lag,,(n). This type of Morse—Bott flow appears under a different
guise in the work of D. Quillen, [41, §5.B]. In fact, Quillen’s transgression formula are special
cases of our formule in Corollary 55.

The sought for localization formulz are built in our Morse theoretic approach. More precisely,
if @, denotes the (downward) gradient flow of the Morse function f, then @, is a tame flow in
the sense of [37], and in particular, it is a finite volume flow in the sense of Harvey—Lawson [21].
If we denote by @ the (matrix valued) Maurer—Cartan form on U (n), and by B(x, y) = Flff;ig)
the Euler Beta function, then the results in [21] imply that the closed forms

B(k,k)é*tr(w_/\(yc—l)) c QZk—l(U(n)),

Q) (1 \k+1
Ou(n) = (D ]

converge as currents when t — —oo to the currents oy

Since the basics of tame geometry do not seem to be familiar to many geometers, we felt
compelled to outline the most salient features of this theory in Appendix A.

The infinite dimensional extension and the index theoretic applications of the above Schubert
calculus were developed by Daniel Cibotaru in his PhD dissertation [5]. There he observes that
any Hilbert basis of H determines a similar Schubert-like stratification of Lagj, (co) with strata
of finite codimension. Moreover, one can associate an increasing filtration by open subsets

Lag (o0, 1) C Lagy(00,2) C - --.

The open set Lag, (0o, n) is a finite union of Schubert strata, and the symplectic reduction process
defines smooth fiber bundles R,  : Lag;, (0o, n) — Lag; (n) with contractible fibers. The maps
Rn.c0 are compatible with the stratifications, and the canonical inclusions Lagy, (n) < Lag;, (c0)
are sections of these fibrations.

If %15 % ri> L, € Lagy,(o0) is a smooth map, then LS c Lagy, (oo, n), for all suf-
ficiently large n. If we set L, := R,.00 0 L : S*~1 — Lag, (n), then L*x; € H*~1(5%*~1) is
represented by a 0-dimensional co-oriented submanifold Dy (L) (degeneracy locus) of S2¢~1
which is the preimage via £, of a certain Schubert-like variety in Lagj, (n) of codimension 2k — 1.

The set Dy (L) is independent of n, but depends on a (generic) choice of a (k — 1)-dimensional
subspace V C H. In fact

Dp(L)=Dp(L, V) ={x e S* 71, 0 (LyN(HB0)) C (Va0 ).
There is an equivalent way of looking at the Grassmannian Lag,, (n) which has proved quite
useful in K -theoretic problems, [24,33].
Denote by Cl,, the complex Clifford algebra with n-generators, i.e., the C-algebra with gen-

erators uy, ..., u, and relations

uiuj—i—ujui:—ZSij, V1i<i,j<n.
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A hermitian Cl,-module is a representation p : Cl, — End(c(if ) of Cl,, on a hermitian vector
space E , such that the endomorphisms J; := p(u;) are skew-hermitian. A (Z/2-)grading of this
module is a hermitian involution R of E which anticommutes with each Ji. Note that such a
grading induces isomorphisms

ker(i — Jy) —> ker(i + Ji), V1<k<n.

In the simplest case, n = 1, we see that a hermitian Cl;-module is a pair (E ,J), where J is a
skew-hermitian operator such that J> = —1. Such a Cl;-module admits a grading if and only
if the eigenspaces (i &= J) have the same dimension. Moreover, a hermitian involution R of E
is a grading if and only if the fixed subspace of R, L = ker(1 — R), is a hermitian lagrangian
subspace, i.e., L = J L. The relationship between this point of view and the Cayley transform
is nicely explained by D. Quillen in [41, §2].

In [33] we used methods borrowed from symplectic geometry to investigate the homotopy
theory of the spaces of gradings of Cl,-modules and their K -theoretic relevance. In this paper
we look only at the case n = 1, but we have a different goal in mind: describe a natural geometric
homology theory for the space of gradings of Cl;-modules, or equivalently, a geometric homol-
ogy theory for the unitary group. However, the techniques in this paper extend to arbitrary n.

Notations and conventions

For any finite set /, we denote by #/ or || its cardinality.

L,:={-n,...,—1,1,...,n}, IF ={1,...,n}.

i:=+—1.

For an oriented manifold M with boundary d M, the induced orientation on the boundary is

obtained using the outer-normal first convention.

e For a fiber bundle F — E — B with orientable base, fiber and total space, we orient the
total space by using the fiber-first convention.

e For any subset S of a topological space X we denote by ¢l(S) its closure in X.

o For any complex hermitian vector space we denote by End™ (E) the space of hermitian linear
operators £ — E.

e For every complex vector space E and every nonnegative integer m < dimc E we denote by
Gr, (E) (respectively Gr™ (E)) the Grassmannian of complex subspaces of E of dimension
m (respectively codimension m).

e Suppose E is a complex vector space of dimension n and

Fl,:={FoCF|C---CF,}

is a complete increasing flag of subspaces of E, i.e., dimF; =i, Vi =0, ...,n.

For every integer 0 < m < n, and every partition © = @1 > 2 --- such that yu; < m and
i =0, for all i > n —m, we define the Schubert cell X, (Fl,) to be the subset of Gr™ (E)
consisting of subspaces V satisfying the incidence relations dim(VNF ;) =i,Vi=1,...,m,
Vism+i—p <j<m+i— iyl
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1. Hermitian lagrangians
In this section we collect a few basic facts concerning hermitian lagrangian spaces which we
will need in our study. All of the results are due to V.I. Arnold, [2]. In this section all vector

spaces will be assumed finite dimensional.

Definition 1. A hermitian symplectic space is a pair (E ,J), where Eisa complex hermitian
space, and J : E — E is a unitary operator such that

J>=—1z,  dimcker(J — i) =dimcker(J +i).

An isomorphism of hermitian symplectic spaces (E, Ji),i=0,1,is aunitary map T : EO — E,
such that T Jo = J; T

If (E , R, J) is a hermitian symplectic space, and % (e, @) is the hermitian metric on E , then
the symplectic hermitian form associated to this space is the form

w: E x E\—>(C, w(u,v)=h(Ju,v).
Observe that w is linear in the first variable and conjugate linear in the second variable. Moreover,
oW, v)=—ow{,u), Yu,ve E.
The R-bilinear map

q:ExE—>R, q(u,v):=Reh(iJu,v)

is symmetric, nondegenerate and has signature 0. We denote by Sph(E J) the subgroup of
GL(C(E ) consisting of complex linear automorphisms of E which preserve w, i.e.,

o(Tu,v)=w(u,v), Vu,veE.
Equivalently,
Spy(E, J) ={T € GLc(E); T*JT =J}.

Observe that Sph(f , J) is isomorphic to the noncompact Lie group U (n,n), n = % dimc¢ E. We
denote by sp, (E. J) its Lie algebra. We set

+.=ker(+i — J).

We fix an isometry T : F* — F~ and we define

- 1 ~ 1
E* :={§(f+Tf):feF+}, E- :={2—i(f—Tf);feF+}-
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Observe that E~ is the orthogonal complement of E*, and the operator J induces a unitary
isomorphism E* — E~. Thus, we can think of E¥ as two different copies of the same hermitian
space E.

Conversely, given a hermitian space E, we form E=E®E, and we define J : E > E by

with reflection
0 —1g
J= [ﬂE ! } .

Note that

={(ix,£x) e E® E; x € E},

. . . T .. _
and we have a canonical isometry F* 5 (ix,x) —> (ix, —x) € F™.
For this reason, in the sequel we will assume that our hermitian symplectic spaces have the
standard form

= |10 —1g
E=E®E, J_|:]1E 0 ]

Weset EY:=E@®0,E~ :=0 @ E. We say that ET (respectively E ~) is the horizontal (respec-
tively vertical) component of E.

Definition 2. Suppose (E J) is a hermitian symplectic space. A hermitian lagrangian subspace
of Eisa complex subspace L C E such that L+ = JL. We will denote by Lag, (E ) the set of
hermitian lagrangian subspaces of E.

Remark 3. If o is the symplectic form associated to (E , J), then a subspace L is hermitian
lagrangian if and only if

L={ueE; w(u,x)=0, Vx € L}.

This shows that the group Spj, (E ,J) acts on Lag,, (E ), and it is not hard to prove that the action
is transitive.

Observe that if L e Lagh(E ) then we have a natural isomorphism L & JL — E. It follows
that dim¢ L = 3 dlm(c E. We set 2n = dim¢ E and we deduce that Lag,, (E) is a subset of the
Grassmannian Gr;, (E ) of complex n-dimensional subspaces of E. As such, it is equipped with
an induced topology.

Example 4. Suppose E is a complex hermitian space. To any linear operator A : E — E we
associate its graph

I"A:{(x,Ax)EEGBE; er}.

Then I'4 is a hermitian lagrangian subspace of E @ E if and only if the operator A is self-adjoint.
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More generally, if L is a lagrangian subspace in a hermitian symplectic vector space E,
and A: L — L is a linear operator, then the graph of JA : L — JL viewed as a subspace
in L @ JL = E is alagrangian subspace if and only if A is a hermitian operator.

The following elementary observation will play a central role in this paper. We refer to [2] for
a proof.

Lemma S (Arnold). Suppose E is a complex hermitian space, and S : E — E is a linear operator.
Define

LS::{(i(]l+S)x,(Jl—S)x);er}CE@E. (1.1)
Then Lg € Lag, (E @ E) if and only if S is a unitary operator.
Lemma 6. If L € Lag,, (E) then L N F* = {0}.

Proof. Suppose f € F* N L.Then Jf € L' so that (Jf, f) = 0. On the other hand, J f = =i f
so that

0=(Jf, f)=%ilf? = f=0.

Using the isomorphism E =F' ® F~ we deduce from the above lemma that L can be rep-
resented as the graph of a linear isomorphism 77 : F* — F~,ie.,

L=Graph(Tp)={f®TLf; feF"}.

Denote by I+ : E — F* the unitary map

1 . 4
E>x—> —(ix,—x)e F~.

2

We denote by 8y : E — E the linear map given by the commutative diagram

St
E—FE

Li lj , 1.e., Graph(Ty) = (J4+ x J_)Graph(8).
Fy —— -~
+ T F

A simple computation shows that L = Lg, . From Lemma 5 we deduce that the operator 8, is
unitary, and that the map

Lag,(E) 5 L +>5 8, € U(E)

is the inverse of the map S +— L. This proves the following result. O
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Proposition 7 (Arnold). Suppose E is a complex hermitian space, and denote by U (E) the group
of unitary operators S : E — E. Then the map

L:U(E)— Lag,(E®E), St Lg

is a homeomorphism. In particular, we deduce that Lagh(f ) is a smooth, compact, connected,
orientable real manifold of dimension dimg Lag;,(E) = (dim¢c E )2,

Suppose A : E — E is a self-adjoint operator. Then its graph 4 is a lagrangian subspace of
E = E @ E, and thus there exists a unitary operator S € U (E) such that

Iy =Ls={(i@+S)x, @1 —S)x): x € E}.

Note that the graph I'4 intersects the “vertical axis” E-=00E only at the origin, so that the
operator 1 4 S is invertible.
Next observe that for every x € E we have (1 — S)x =i A(1 — S)x so that

A=—i(1—8)(1+ 5 ' ==2i@+5) " +i. (1.2)
We conclude
S=8p, =CGA):=1+iA)A—id) ' =20 +id)~ —1. (1.3)

The expression C(i A) is the so called Cayley transform of i A. For this reason, we will refer
to the inverse diffeomorphism 8 = L' : Lag,,(E @ E) — U(E), as the Cayley transform (of a
hermitian lagrangian space).

Observe that we have a left action “x” of U(E) x U(E) on U (E) given by

(T4, T )+ S=T_ST*, VT.,T_,SeU(E).

To obtain a lagrangian description of this action we need to consider the symplectic unitary
group

U(E,J):=UE)NSp,(E,J)={T e UE); TJ=JT).

The subspaces Ff are invariant subspaces of any operator T € U (E , J) so that we have an
isomorphism U (E, J) 2 U(FT) x U(F~). Now identify F* with E using the isometries

1
—ZJi:E—>Fi, J,:E®E—>FteF .

V2

We obtain an isomorphism
UE,J)>T v+ (Ty,T-) € U(E) x U(E).
Moreover, for any lagrangian L € Lagh(f), and Se U(E),andany T € U(E, J) we have

St =Ty, T-)*8, L, 7yxs =TLs. (1.4)
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2. Morse flows on the Grassmannian of hermitian lagrangians

In this section we will describe a few properties of some nice Morse functions on the Grass-
mannian of complex lagrangian subspaces. The main source for all these facts is the very nice
paper by L.A. Dynnikov and A.P. Vesselov [12].

Suppose E is complex hermitian space of complex dimension n. We equip the space E=
E & E with the canonical complex symplectic structure. Recall that

E+:=Ee}0, E‘::OEBE.

For every symmetric operator A : ET — E* we denote by A:E—E the symmetric operator

—~ A 0 - -
A._[O _A].E—>E.

Let us point out that Ae P, (E, J). Define
fa:U(EY) =R, £4(S) :=Retr(AS),
and
ga:Lag(E) >R,  @a(L)=Retr(APL),
where P; denotes the orthogonal projection onto L. An elementary computation shows that

1 * Log_ ¢x
P _1|:Jl+§(S+S) LS — 5% } o

STl As-5H 1-3(S+59
and we deduce
0a(Ls) = fa(S), VSeU(E™).
The following result is classical, and it goes back to Pontryagin, [40].

Proposition 8. If ker A = {0}, then a unitary operator S € U(E"’) is a critical point of f4 if and
only if there exists a unitary basis e1, ..., e, of E consisting of eigenvectors of A such that

Sep ==er, Vk=1,...,n.

We can reformulate the above result by saying that when ker A # 0, then a unitary operator S
is a critical point of fj4 if and only if S is an involution and both ker(1 — S) and ker(1 + §) are
invariant subspaces of A. Equivalently this means

S=8*  §’=1p, SA=AS.

To obtain more detailed results, we fix a unitary basis ey, ..., e, of E. For any & € R" such that

O<oa) < - <ay, 2.2)
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we denote by A = A; the symmetric operator E — E defined by Aey = akey, Vk. We set f; 1=
fa;, and we denote by Crgz C U(E T) the set of critical points of f5. For every € € {:1}" we
define Sz € U(E™) by
Szer = erex, k=1,2,...,n.
Then
Cr; = {Sg; €e {:I:l}"}.
Note that this critical set is independent of the vector & satisfying (2.2). For this reason we will

use the simpler notation Cr,, when referring to this critical set.
To compute the index of f; at the critical point Sz we need to compute the Hessian

d2
Qz(H) := e Retr(ASze'™), H e u(E) = the Lie algebra of U (E).
t=0

We have
Qz(H) = Retr(AzS: H?) = —Retr(A; S: HH*).
Using the basis (e;) we can represent H € u(E) as H =iZ, where Z is a hermitian matrix

(Zjk)1<i,j<n» Zjk = Zkj- Note that z; is a real number, while z;; can be any complex number if
i # j. Then a simple computation shows

Qe(iZ) =~ Z(Eiai +eja))lzijl* =~ Zfiai|zii|2 - ZZ(Eiai +eja))lzijl* (2.3)
i

ij i<j
Hence, the index of f; at Sz is
na€) :=#{i; & =1} +2#{(, j); i <], i +€jaj >0}

Observe that if i < j then €;a; +€;a; > 0if and only if €; = 1. Hence

na@ =) @2j-1.

€j=1

In particular, we see that the index is independent of the vector « satisfying the conditions (2.2).
It is convenient to introduce another parametrization of the critical set. Recall that

H,T ={l,...,n}
For every subset I C I we denote by S; € U (E *) the unitary operator defined by

S {ej, Jel,
1ej = .
4 —ej, jé¢l.
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Then Cry, :={S;; I C I}, and the index of S; is

ind(S;) = Z(zi — 1. (2.4)
iel
The co-index is
coind(S;) = ind(S;c) =n? — uy, (2.5)

where /¢ denotes the complement of 1, 1€ := H,j \ 1.

Definition 9. We define the weight of a finite subset I C Z~ to be the integer

0, I =0,

w(l) = { Y, Qi—1), T#0.

Hence ind(S;) = w(7). Let us observe a remarkable fact.

Proposition 10. Let

- (13 2n—1 .
§_<§,§,..., 7 )e@,

and set fo:= fg, 90 := ¢ Then for every I C I} we have

2 2

D= fo(S)) + = = o(A)) + -
w(l) = fo( 1)+?—§00( 1)+7-

In other words the gradient flow of f: is self-indexing, i.e.,

Jo(S1) — fo(Sy) =w(J) —w(l).

Proof. We have
1
fo(sn) =3 (w(d) = w(i)).

On the other hand, we have

n2

%(w(l) +w(I9) = %w(]I,J[) -7

Adding up the above equalities we obtain the desired conclusion. O

The positive gradient flow of the function f4 has an explicit description. More precisely, we
have the following result [12, Proposition 2.1].
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Proposition 11. Suppose A = Az where a € R" satisfies (2.2). We equip U(E™) with the left
invariant metric induced from the inclusion in the Euclidean space Endc (E) equipped with the
inner product

(X,Y)=Retr(XY¥).

We denote by V f4 the gradient of fa:U (E ) — R with respect to this metric, and we denote
by

®4:RxU(ET) > U(EY), S+ @),

the flow defined by V fa, i.e., the flow associated to the o.d.e. S =V fa(S). Then, for any S €
U(E™) and any t € R, we have

-1

@', (S) = (sinh(rA) + cosh(tA)S) (cosh(r A) + sinh(rA)S) (2.6)

It is convenient to have a lagrangian description of the above results via the diffeomorphism
L:UE +) — Lag,, (E ). First, we use this isomorphism to transport isometrically the metric on
U(E™"). Next, for every I C LY weset A; :=Lg,. Forevery i € I we define

e =ei OEEDE, fi=0®e;c EDE.
Then
=ker(1 — S;) @ ker(1 4 S;) = span{e;; i € I} +span{ f;; j € I°].

The lagrangians A; are the critical points of the function ¢4 : Lag, (E ) — R. Using (1.1) and
(2.6) we deduce that for every S € U (E +) we have

P 2.7)
The above equality describes the (positive) gradient flow of ¢4 on Lag, (E ). We denote this flow
by V.
We can use the lagrangians A to produce the Arnold atlas as in [1]. Define
Lag,,(E); := {L € Lag, (E); LN A} =0}.

Then Lagh(E)l is an open subset of Lag;, (E), and

Lagh(f) = ULagh(E)I.
I

Denote by EndE (A7) the space of self-adjoint endomorphisms of A;. We have a diffeomorphism
End{: (A7) — Lag,,(E);,

which associates to each symmetric operator T : Aj — Aj the graph I'jr of the operator JT :
A — A regarded as a subspace in A; @ A ~E.
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More precisely, if the operator T is described in the orthonormal basis {e;, f;; i € I, j € 1}
by the hermitian matrix (¢;;)1<;, j<n, then the graph of JT is spanned by the vectors

e (T) :Zei+2ti’ifi’_ztjieja iel, (2.8a)
i'el jel¢

FiM =f+) tiifi— Y tpjep. jel. (2.8b)
iel jlel¢

We will refer E(\) the inverse map A : Lag, (E ) — EndE(A;) as the Arnold coordinatization
map on Lagy (E);. R

Let I C IF. If L € Lag;,(E); has Arnold coordirlates Ar(L) =T, ie., T is a symmetric
operator T : A; — Ay, and L = I'y7, then W} L = e'ATy7 is spanned by the vectors

e'Yie; + E ti/ie_mi/fi/ - E tj,-em‘fej, iel,

i'el jel¢
e_mffj + Zfije_taifi — Z l‘j/jetaj/ej/, ] (S ]C,
iel jlelc
or, equivalently, by the vectors
i+ Y e e fL N gy el (2.92)
i'el jele
Fi+D e @D fi =3 "yl Crte; jelr. (2.9b)
iel jlele

This shows that EI‘ZF_]T € Lagy, (E),, so that Lagy, (E); is invariant under the flow lI//g.
If we denote by Aj the restriction of A to Ay, and we regard A; as a symmetric operator
A7 — Ay, then we deduce from the above equalities that

¢ ATyr =Ty s,
We can rewrite the above equality in terms of Arnold coordinates as
Ar(W'L) =M A (L), VL € Lag,(E);. (2.10)
3. Unstable manifolds
The unstable manifolds of the positive gradient flow of ¢4 have many similarities with the
Schubert cells of complex Grassmannians, and we want to investigate these similarities in great

detail.
The stable/unstable variety of A; with respect to the positive gradient flow E[/A is defined by

Wi = {L e Lag, (E); lim AL = A,] @10 [L eLag,(E);; lim 4 A;(L)e' = o}.
t—>00 t—+o00
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If A;(L) = (tij)1<i, j<n- then the equalities (2.9a) and (2.9b) imply that
lim SMANL)EA =0 = 1;;=0, ifi,jel,orjel’ ielandj<i.
——00

We can rewrite the last system of equalities in the more compact form
W, ={T € End"(A)); 1;; =0, V1< j<i, iel}. (3.1

This shows that W, has real codimension ) _;;(2i — 1). This agrees with our previous compu-
tation (2.5) of the index of A;. Thus

1 ~
codimg W, = w(l), dimg W; =n* —w(l) = 5 dimg Lag), (E) — @o(Aj).

For any L € Lag,, (E) we set
L*:=LNnE*

The dimension of L is called the depth of L, and will be denoted by §(L). From the description
(3.1) of the unstable variety W, #I = k we deduce the following result.?

Proposition 12. Le L € Lag, (E), I C {1,...,n}, k =#I. We denote by S € U(E™") the unitary
operator corresponding to L. The following statements are equivalent.

() LeW,.

(b) L €Lag,(E); andlim,_, oo e "Lt = AT.

(¢) dim L™ =k and lim;_,c e AL = AT.

(d) dimker(1 — §) =k and lim,, c e "4 ker(1 — §) = A7.

Proof. The description (3.1) shows that (a) = (b) = (c). Suppose that L satisfies (c) and let
Ay =limyee AL, ie, L€ W . Then using the implication (a) = (b) for the unstable man-
ifold W, we deduce lim,, o e’*LT = AT.

On the other hand, since L satisfies (c) we have lim;_, o ALt = Af. This implies I = J

which proves the implication (c) = (a). Fin,a\lly, observe that (d) is a reformulation of (¢) via the
Cayley diffeomorphism 8 : Lag, (E) — U(E™"). O

The condition lim;_, oo e ALY = Af can be rephrased as an incidence condition. We arrange

the elements of / in decreasing order, / = {v| > --- > v}. Then lim;, o0 e "ALT = AT if and
only if L™ is the graph of a linear map

X:AT > Aj.  Xei=) xlej Viel,
Jjel¢

suchthatxijzo,‘v’iel,jelc,j<i.

3 The characterization in Proposition 12 depends essentially on the fact that the eigenvalues of A satisfy the inequalities
0 <oy < --- < ay. This corresponds to a choice of a Weyl chamber for the unitary group.
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We consider the complete decreasing flag FI°* = {E"’ =F'> F'>...> F" =0} of sub-
spaces of ET,

Ft = spanc{e;;i > £},

and we form the associated increasing flag Flg = {Fo C --- C F,}, F; = F"~J. Then
lim/—, 0o e AL+ — AT if and only if

Vi=0,1,....k: dimc(LYNFY) =i, V¢ vy <<,

or, equivalently,
Vi=0,1,...,k: dim(c(L+ﬂFU):i, Yoy, n+1—vy;<v<n—vy, vy=n+l.

We define u; so that

n—k+i—pui=n+1—-v;, << ui=vi—k+1-1),
and we obtain a partition p; = (1 = p2 = --- = g = 0). We deduce that L™ € X, (Fl,),
where X, (Fl,) C Gri(E *) denotes the Schubert cell associated to the partition p, and the
increasing flag Fl,.
Remark 13. The partition (u1, ..., k) can be given a very simple intuitive interpretation. We
describe the set I by placing e’s on the positions i € I, and o’s on the positions j € I€. If

I ={v; > --- > v}, then y; is equal to the number of o’s situated to the left of the e located on
the position v;. Thus

iy =Gk —=1,0,...,0), g gtk =1"F=(1,...,1).

A critical lagrangian Aj is completely characterized by its depth k = §(A;) = #1, and the
associated partition . More precisely,

I={u1+k>pur+k—1>--->pup+1}. 3.2)

The Ferres diagram of the partition y; fits inside a k x (n — k) rectangle. We denote by C, the
set

erz = {(k, M)§ ke {0,...,1’1}, Me?k,n—m}a

where Py, is the set of partitions whose Ferres diagrams fit inside a k x (n — k) rectangle. We
have a bijection

IF ST 7y =@#I, ) €Cy.
For every = = (m, 1) € €, there exists a unique I C [7 such that r; = (m, ). We set

. + o wE
Ay =41, WE  =WE.
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Observe that

codimg W, =m?+2|u|, where |u|:= Z“i’ (3.3)

i
and

dimgp W

gy =1 —m* = 2|p| = (n —m)? + dimg 3. (3.4)

The involution / — ¢ on the collection of subsets of I} is mapped to the involution
Crom=(mp "= (n—mp*)et,,

where p* is the transpose of the complement of w in the k x (n — k) rectangle. In other words,
TTjc = 7'[7.

Remark 14. There is a remarkable involution in this story. More precisely, the operator
J:E — E defines a diffeomorphism J :Lagh(f) — Lagh(ﬁ), L— JL.

If we use the depth-partition labelling, then to every pair 7 = (k, u) € €, we can associate a
Lagrangian Ay , and we have J A; = Ay«. We list some of the properties of this involution.

faJL)=—fa(L),VL € Lagh(E) because Py; =17 — P and A and tr A =0.
A J = Je'A because JA=—AJ.

JL* = (JL)¥,VL € Lag, (E).

JA = Aje, VICI["'

JWIi_WIC,VIC{l .l

The involution is transported by the diffeomorphism § : Lag, (E ) — U(E) to the involution
St —SonU(E).

Proposition 12 can be rephrased as follows.
Corollary 15. Let L € Lag,, (E) and set S := 8(L) € U(E). Then the following hold.

(a) Le W(:n,m if and only if dimker(1 — S) = m and ker(1 — §) € X, (Fl,) C Gr,,(E).
b) Le W(—}c_,k) if and only if dimker(1 4+ S) =n — k and ker(1 + S) € X« (Fl,) C Grf(E).

Finally, we can give an invariant theoretic description of the unstable manifolds W, .
Definition 16.
(a) We define the symplectic annihilator of a subspace U C E to be the subspace U™ := JU*,
where U~ denotes the orthogonal complement.

(b) A subspace U C E is called isotropic (respectively coisotropic) if U C U (respectively
U™ c U). (Observe that a lagrangian subspace is a maximal isotropic space.)
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(c) A decreasing isotropic flag of E is a collection of isotropic subspaces
0 1 n . k [ T
o7 5.--27"=0, dimJ* =n —k, n:idlm@E.

The top space J° is called the lagrangian subspace associated to J°.
Consider the decreasing isotropic flag J* given by 3¢ = span{e;; i > ¢}. If
I={u <<},

then

LeW, <& Vi=01,...,k: dim(c(LﬂfJ’)zi, Vr, viy1 <r<v, vo=n+1.
(3.5)
Define the (real) Borel subgroup
B =B(3°) :={T e Sp,(E., J); TI* I, VI<e<n).
Proposition 17. The unstable manifold W, coincides with the B-orbit of Aj.
Proof. Observe that W, is B-invariant so that W,” contains the B-orbit of A;. To prove the
converse, we need a better understanding of B.

Using the unitary basis ey, ..., e, f1,..., f, we can identify B with the group of (2n) x
(2n) matrices T which, with respect to the direct sum decomposition E™ @ E~, have the block

description
T TS
7= [ 0 (197! } ’

where T is a lower triangular invertible n x n matrix, and § is a hermitian n x n matrix. The Lie
algebra of B is the vector space X consisting of matrices X of the form

T S
[ 4]
where T is lower triangular, and S is hermitian. In particular, we deduce that

dimp B=n(n+ 1) +n’> =2n* +n.

Observe that the matrix A defining the Morse flow ¥ on Lag;, (E ) belongs to the Lie algebra
of B, and for any open neighborhood N of A; in W, we have

wr=Jw'ov.

teR
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Thus, to prove that BA; = W, , it suffices to show that the orbit BAj contains a tiny open
neighborhood of Ay in W, . To achieve this we look at the smooth map

B—->W,, g g-Ap,

and it suffices to show that its differential at 1 € B is surjective.
The kernel of this differential is the Lie algebra of the stabilizer of A; with respect to the
action of B. Thus, if we denote by St; this stabilizer, it suffices to show that

dimB — dimSt; = dim W; = w(I°).

Observe that X belongs to the Lie algebra of St; if and only if the subspace X A; is contained
in Ay, or equivalently, any vector in A+ = Aje is orthogonal to X A;. If we denote by (e, ) the
hermitian inner product on E we deduce that X belongs to the Lie algebra of St; if and only if

(ej. Xei) = (fi. Xer) = (fi. Xf;)=(ej. Xf;)=0, Vii'el jj el

If we write X in bloc form

T S . N
|:0 —T*}’ T:(ti)1<i,j<n’ SZ(Si)lgi,jgn’
then we deduce that X is in the Lie algebra of St; if and only if

3 _ . J . . -
] =5,=0, Viel, jj el
Suppose I = {iy < --- < i1}. The equalities s]], =0, j, j € I° impose (n — k)?* real constraints
on the matrix S. For an i, € I, the equalities il.i =0,jelig<jimpose (n —ip — €+ 1)
complex constraints on 7. The vector space of lower triangular complex n x n matrices has real
dimension n(n + 1) so that the Lie algebra of St; has real dimension

k k
nn+1)=2Y (n—ig—L+D+n*—(—k>=n+n—k*+2) Gr+L—1)
=1 =1

k
=n2+n—k+22ig=n2+n+w(l).
£

We deduce that dimg B — dimg St; =n? — w(I) =dimW; . O

Corollary 18. The collection of unstable manifolds (W") -+ defines a Whitney regular stratifi-
cation of Lagh(ﬁ ). In particular, the flow W' satisfies the Morse—Smale transversality condition.

Proof. The statement about the Whitney regularity follows immediately from Proposition 17

and the results of Lander [28]. For the reader’s convenience, we include an alternate argument.
The unstable varieties W, areAthe orbits of a smooth, semi-algebraic action of the

semi-algebraic group B on Lag,(E). If W; C ¢l(W;) then, according to the results of
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C.T.C. Wall [45], the set R of points in W}~ where the pair (W,”, W} ") is Whitney regular is
nonempty. Since B acts by diffeomorphisms of Lagh(f ) the set R is a B-invariant subset of
W3, so it must coincide with w;.

Since the stratification by the unstable manifolds of the flow ¥’ satisfies the Whitney regular-
ity condition we deduce from [37, Thm. 8.1] that the flow satisfies the Morse—Smale transversal-
ity condition. O

4. Tunnellings
The main problem we want to investigate in this section is the structure of funnellings of the

flow W' = ¢'4 on Lag, (E). Given M, K C ¥, then a tunnelling from Ay to Ak is a gradient
trajectory

1> WiL=¢"L, Lelag,(E),
such that
lim ¥, 'L = Ay, lim ¥} L = Ag.
t—00 t—00

We denote by T(M, K) the set of tunnellings from A, to Ag, and we say that M covers K, and
write this K < M, if T(M, K) # . Equivalently, K < M if and only if W,, N W;(' # (). Observe
that

LeWy < JLeWg.
Hence
Wy, NWg =W, NJIWg,
so that
K<M < Wy;NJWg #0.

Let us observe that, although the flow ¥ depends on the choice of the hermitian operator
A:Et - ET, the equality (3.1) shows that the unstable manifolds W,  are independent of
the choice of A Thus, we can choose A such that

1
Ae; = 5(21' —De;, Vi=1,...,n.

Using Proposition 10 on self-indexing we obtain the following result.

Proposition 19. If J < I, then w(J) > w([I) so that dimW; <dim W .
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Definition 20.

(a) Forany nonempty set K C I of cardinality k we denote by vk the unique strictly decreasing
function vg : {1,...,k} —> ]I,;|r whose range is K, i.e.,

K = {UK(k) << VK(I)}.

(b) We define a partial order <1 on the collection of subsets of I by declaring J < [ if either
I =0,or#J > #I, and for every 1 < £ < #I we have vy () < vy ().

We have the following elementary fact whose proof is left to the reader.
Lemma 21. Let K, M C I} Then the following statements are equivalent.

(a) K< M.
(b) Forevert e ]I;l" we have #(K N [£,n]) > #(M N [£, n)).
(¢c) M° < K°.

Proposition 22. Suppose K, M C It. Then K < M if and only if K <\ M.
Proof. Suppose L € W,,. Then (JL)™ = JL~, and we deduce that

LeWyNWE = lime L =47 and lim e JL™ = A%..

In other words,
LeWy,NW¢ < LTeXy(FI*), JL € Xk (FI*).

We denote by U = U, the orthogonal complement of L* in Et,and by T = (tij)i<i,j the
Arnold coordinates of L in the chart Lagy, (E) y.
Observe that U™ contains J L™, the subspace L™ is spanned by the vectors

vV, =e; — E tjjej, ieM,
jeMe, j>i

and U™ is spanned by the vectors

uj=ej+ Z tijei=e;+ Z t_jiei, jeMe.
ieM,i<j ieM,i<j
If we write

Mcz{jn—m<"'<jl}: Kc:{gn—k<"‘<el},

then the condition JL™ € Yk« is equivalent with the existence of linearly independent vectors
of the form

wi=ex+ Y anes, keKC, @.1)

s>k
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which span JL™. Arguing exactly as in [29, §3.2.2] we deduce that the inclusion
JL = span{wk; ke KC} cUt = span{uj; je€ MC}
can happen only if
n—m=dimU" >dimL" =n—k and ji>¢, Vi=1,....,n—k, 4.2)

ie., M QK¢ sothat K < M.
Conversely, if (4.2) holds, then arguing as in [29, §3.2.2] we can find vectors wy as in (4.1)
and complex numbers 7;; i € M, j € M€, i < j, such that

span{wk;keKC}CSpan{eJ-+ Z Tijei; jeMC}.
ieM,i<j

Next complete the collection (z;;) to a collection (#;;)1<;, j<n sSuch that #;; = t_ji , Vi, j,and t;; =0
if i € M and j < i. The collection (#;;) can be viewed as the Arnold coordinates in the chart
Lag;, (E)y of a Lagrangian L € W,;, N W,'(". O

Remark 23. Proposition 22 implies that if K < M and M < N then K < N, so that < is a partial
order relation. This fact has an interesting consequence.

If Ko, Kq,...,K, C I[,;Ir are such that forevery i =1, ..., v there exists tunnelling from Ag,_,
to Ag;, then there must exist tunnelling from Ak, to Ag, .

Proposition 24. Suppose M, K C IT. The following statements are equivalent.

(a) K <M.
(b) We Ccl(W,)).

Proof. The implication (b) = (a) follows from the above remark. Conversely assume K < M.
Then we deduce Ax C cl(W,,). Since cl(W,,) is B invariant, where B is the real Borel group
defined at the end of Section 3, we deduce that BAg C c¢l(W,,). We now conclude by invoking
Proposition 17. O

Corollary 25. For any M C ]I;C we have el (W) = [ |x gp Wi

Corollary 26. Let K, M C I}, and set k = #K, m = #M. The following statements are equiva-
lent.

o Wp Ccd(Wy)) anddimWy =dimW,, — 1.
e {1}eKand M =K \ {1}.

Remark 27. The poset defined by < has many beautiful combinatorial properties which makes
it resemble the Bruhat poset of Schubert varieties of a complex Grassmannian. For more details
we refer to [38].
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5. Arnold-Schubert cells, varieties and cycles

We want to use the results we have proved so far to describe a very useful collection of subsets
of Lag;, (E ). We begin by describing this collection using the identification Lagy, (E )=U(E +)

For every complete decreasmg flag FI®* = {E+ =F'>F!'>...5 F"=0}of E*, and for
every subset [ = {vg <--- <v;} CLF, wesetvg=n+1, vp41 = O, and we denote by W (FI°)
the set

=g cU(E"); dimg F Nker(1 —g) = j, vjs1 <L<vj, j=0,...,k}.

We say that W, (Fl,) is the Arnold-Schubert (AS) cell of type I associated to the flag FI°. Its
closure, denoted by X;(FI°®) is called the AS variety of type I, associated to the flag Fl,. We
want to point out that

ge WI_(FI’) — dimcker(l —g)=
If we fix a unitary basis e = {eq, ..., €,} of E+ we obtain a decreasing flag
Fl*(e), FI”(e) := spanc{e;; j > v}.

We set

W7 (e) :==Wj (FI*(e)).
As we know, the unitary symplectic group U(E, J) Z U(E*) x U(E ™) acts on U(E ™), by

(84,8 )xh=U_SU},
and we set

W, (FI°, g..8_):=(g4.8-) * W[ (FL,).

We denote by X;(FI®, g,,g_) the closure of W, (FI®, g, ,g_). When I is a singleton,
I ={v}, we will use the simpler notation W and X, instead of W,,, and Xy,). For every unit
complex number p we set

W7 (FI°, p) :=Wj (FI*, p1,1) = W (FI®, 1, p1)
{geU(E+) dlm(cF Nker(p —g)=j, vj+1 < £<vj,j=O,...,n}.

When FI°® = FI°*(e) we will use the alternative notation

Wy (e.p) =Wy (FI*e.p)).  Xile. p) =i (FI*(e. p)). (5.1)
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Example 28. Suppose e = {ey, ..., e,} is an orthonormal basis of E™*. For every v € [* and
every unit complex number p we have

W (e, p) = {g cU(E"):3zv41, .. 2 € C: ker(p — 8) =8pan{ev+2zjej”.

j>v
Moreover
Xu(e. p)={ge U(E+) ker(p — g) Nspan{e,, ..., e,} #0}.

Definition 29. Let / C I)". We say that a subset X C Lagh(E ) =U(E) is an Arnold—Schubert
(AS) cell, respectively variety, of type I if there exists a flag FI°® of E, and g, € U(E) such that
X =W, (FI*, g,,g_), respectively ¥ = X,(FI*,g,,g ). We will refer to X, as the basic
AS varieties.

Note that an AS cell of type I is a non-closed, smooth, semi-algebraic submanifold of
Lag,, (E ), semi-algebraically diffeomorphic to R~ The AS cells can be given a description
as incidence loci of lagrangian subspaces of E.

We denote by FLAGiSO(E) the collection of isotropic flags of E. The unitary symplectic
group

UE.J)={T eUE); TJ=JT},

maps isotropic subspaces to isotropic subspaces and thus acts on FLAG;;,. It is easily seen that
this action is transitive.

For any decreasing isotropic flag J* € FLAGis,, and any subset / = {v; > --- > 3} C LI we
set vg :=n + 1, viy1 :=0, and we define

W, (9°) := [L e Lag,(E); dimLNJ" =i, Vi, w41 <v < ;).

If we choose a complete decreasing flag FI°® of :Izi +, then FI°® is also a decreasing isotropic flag,
and we observe that the diffeomorphism L : U(E™) — Lag,, (E) sends W7 (FI®) to W, (FI°).
If e is a unitary basis, then we will write

W (e) := W[ (FI*(e)).

As we explained earlier, the unitary symplectic group U (E J) is isomorphic to U (E+) X
U(E™), so that every T € U(E J) can be identified with a pair (T, 7_) € U(E™) x U(E™),
such that for every S € U(E +) wehave TLg =L sty We deduce that

W, (FI*, Ty, T )<—>TW (F1°).

Since U (E , J) acts transitively on FLAGjs, we conclude that any AS cell is of the form W, (J°)
for some flag J* € FLAG;s,.

#3 In the sequel we will use the notation W, when referring to AS cells viewed as subsets of
the unitary group U (E +) and the notation W when referring to AS cells viewed as subsets of
the Grassmannian Lag;, (E).
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Remark 30. We have a real algebraic version of Kleiman’s transversality result, [26]. Suppose
X is a smooth manifold and f : X — Lag, (E ) is a smooth map. Then there exists an isotropic
flag J* € FLAG:, such that f is transversal to W, (J°), for all /.

To prove this, we fix an isotropic flag J® and we consider the smooth map

F:Spy(E, J) x X — Sp;,(E, J) x Lag,(E), Spu(E,J) x X3 (g,x) > (g, 8- f(x)).

The transitivity of the action Sph(E J) on FLAG;s, implies that for every I the map F is
transversal to the submanifold Sph(E J) x W, (J°) of Sph(E J ) X Lagh(E) Thus, the set
2 = I(Sph(E, J) x W,) is a smooth submamfold of Sph(E, J) x Lagh(E). A generic
g €Sp, (E , J) is aregular value of the natural map

7 :2; C Sp,(E, J) x Lag, (E) — Sp,,(E, J).
For such a g the map

fo: X = Lagy(E), x> g-f(x)
is transversal to W, (J*) and thus f is transversal to W, (g~ 19°).

We would like to associate cycles to the AS cells and, to do so, we must first fix some orien-
tation conventions. First, we need to fix an orientation on U (E™T). Via the Cayley map we then
transport this orientation to Lag, (E).

To fix an orientation on U (E ) it suffices to pick an orientation on the Lie algebra u (E =
T1U(E™). This induces an orientation on each tangent space TsU (E) via the left translation
isomorphism

TWU(EY) — TsU(EY), TwU(ET)> X+ SX e TsU(EY).
To produce such an orientation we first choose a unitary basis of E*,
e:={ey,...,e,}.
We can then describe any X € u (E T) as a skew-hermitian matrix
X = (xiji<i,j<n-

We identify u(E™) with the space of hermitian operators E+ — E, by associating to the skew-
hermitian operator X the hermitian operator Z = —i X. Hence X =iZ, and we write

Zij(X) = —ix,-j.

Note that z;; € R, Vi, but z;; are not real if i # j. The functions (z;;)1g;; define linear coor-
dinates on u(E +) which via the exponential map define coordinates on an open neighborhood
of 1 in U(E+) More precisely, to any sufficiently small hermitian matrix Z = (z;;)1<;, j<n One
associates the unitary operator ez,

Using the above linear coordinates we obtain a decomposition of E(E"’), as a direct sum
of a n-dimensional real vector space with coordinates z;;, 1 <i < n, and a (g)—dimensional
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complex vector space with complex coordinates z;;, 1 <i < j < n. The complex summand has
a canonical orientation, and we orient the real summand using the ordered basis

ad a

2112 = YZnn -t

Equivalently, if we set
0l = Rez;;, @ = Imz;;, 0 =z,

then the linear functions 6/, 6%/ goij : g(ﬁ"‘) — R form a basis of the real dual of E(E—'—). The
functions z;; : u(E ) — C are R-linear and we have

ij i L - 1
0 N = Ezij A Zij ZEZij AZji-

The above orientation of u (1’§ T) is described by the volume form
n
2, = (/\9‘) A ( /\ oY /\<p”>.
i=1

1<i<j<n
The volume form £, on u (E*) is uniquely determined by the unitary basis e, and depends
continuously on e. Since the set of unitary bases is connected, we deduce that the orientation
determined by £2,, is independent of the choice of the unitary basis e. We will refer to this as
the canonical orientation on the group U (E*). Note that when dimg Et = 1, the canonical
orientation of U(1) = S! coincides with the counterclockwise orientation on the unit circle in
the plane.

Using the Cayley diffeomorphism we transport the above orientation to an orientation on
Lag,, (E ). We will need to have a description of this orientation in terms of Arnold coordinates.
For a lagrangian A € Lag,, (E ) we denote by Lagh(f ) 4 the Arnold chart

Lag,(E)a := |L € Lag,(E); LN AT =0)}.
The Arnold coordinates identify this open set with the space EndE (A) of hermitian operators
A — A. By choosing a unitary basis of A we can identify such an operator A with a hermitian

matrix (a;;)1<i, j<n» and we can coordinatize End(é(A) using the functions (a;;)1<i<j<n- We
want to prove that the orientation of Lag, (E) is described on Lag,,(E) 4 by the form

(—1>”2< /n\dai,) A (
i=1

The relationship between the Arnold coordinates on the chart Lag;, (E Vg+ = Lagh(f )H;r and the

1
/\ 2—ida,-j /\daji). (+)

1<i<j<n

above coordinates on U (E *+) is given by the Cayley transform. More precisely, if g = ¢!Z, Z her-
mitian matrix, and A are the Arnold coordinates of the associated lagrangian L, the according
to (1.2) we have

1+g=201+iA)"! «— iA=20+g ' -1
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To see whether this correspondence is orientation preserving we compute its differential at g = 1,
ie., A=0. We set

g =", QA =201+g)" -
we deduce upon differentiation at r = 0 that Ag = —2Z.

Thus, the differential at 1 of the Cayley transform is represented by a negative multiple of
1dent1ty matrix in our choice of coordinates. This shows that the orientation (4) on the chart
Lagh(E )+ agrees with the canonical orientation on the group U (E +)

To show that this happens for any chart Lag, (E )a wechoose T = (T4, T-) e U (E J) such
that TE = A. Then

Lag,, (E) o = T Lag,,(E) g+

We fix a unitary basis {eq, ..., e,} of E™T and we obtain unitary basis e; = T'e; of A. Using these
bases we obtain the Arnold coordinates

A:Lag,(E)g+ — Endf:(C"),  A’:Lag,(E)s — End(C").

Let L € Lag,, (E )g+ NLag, (E ) 4. The Arnold coordinates of L in the chart Lag;, (E ) 4 are equal
to the Arnold coordinates of L' = T~!L in the chart Lag, (E )5+, 1€,

ALy =A(T'L).
Using (1.4) we deduce
871, =T8Ty =T " %8.
From (1.2) and (1.3) we deduce
S1 = Ci(AL)) := (1 —iA(L)) (1 +iAL))
iA(L) =iA(T'L) =21+ T8, Ty) ' —1=€ ' (T*8,Ty).
We seen that the transition map
End(C") 3 A(L) — A'(L) € End{:(C")

is the composition of the maps

—1

End%(C") 5 Uy 15 U S5 Endf(C).

This composition is orientation preserving if and only if the map g — T * g is such. Now we
remark that the latter is indeed orientation preserving because it is homotopic to the identity map
since U(E™) is connected.
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Fix I = {v; <--- <v;} C I, and a unitary basis e = {ey, ..., e,} of ET. We want to de-
scribe a canonical orientation on the AS cell W;” = W, (e). We will achieve this by describing
a canonical co-orientation.

The cell W, is contained in the Arnold chart Lagh(f )1, and it is described in the Arnold
coordinates (Zp4)1<p<g<n On this chart by the system of linearly independent equations

tji=0, iel, j<i.
We set
upg =Retp,, vy =Imt,,, VI<p<gq.

The conormal bundle T‘*V, Lagh(E) of W, C Lagh(f) is the kernel of the natural restriction
1

map T* Lagh(f )|W1_ — T*W, . This bundle morphism is surjective and thus we have a short

exact sequence of bundles over W, ,
0— T;’f Lag,(E) — T* Lagh(E)lwf — T*W; - 0. (5.2)

The 1-forms duj;, dvj;, dtik i el, j<i, trivialize the conormal bundle. We can orient the
conormal bundle T‘j“,_ Lag, (E) using the form
1

W] = (_1)w(l) dt; A ( /\ du j; Advj,->, (5.3)

j<ijiel
where d¢; denotes the wedge product of the 1-forms d#;;, i € I, written in increasing order,
dt; =dtyy N Ndtyy,.

We denote by or} this co-orientation, and we will refer to it as the canonical co-orientation.
As explained in Appendix B this co-orientation induces a canonical orientation or; on W, . We
denote by [W;, or}] the current of integration thus obtained.

To understand how to detect this co-orientation in the unitary picture we need to give a unitary
description of the Arnold coordinates on W} (e) C U (E .

Definition 31. Fix a unitary basis e of E*. For every subset / C I we define U; € U (E, ]) to
be the symplectic unitary operator defined by

e, kel,
Jer, k¢l

fi kel,

e | I kel

ul(fk)={

Via the diffeomorphism

UE,J)>T (T, T-) e U(E") x U(E"),
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the operator U; corresponds to the pair of unitary operators U = T7, U, =77, where

e, kel,
ih(ek):{izk oy (5.4)

Observe that U, Et = = Ay, and that the Arnold coordinates A; on Lagh(f ); are related to the
Arnold coordinates A on Lag, (E) £+ via the equality A; = Ao Ul_l. We deduce that if S €
U(E™") is such that L € Lagh(E+)1, then

Ar(Ls) =€ (U *S) Ci(T1STD).
Example 32. Let us describe the orientation of W, C U (E™) at certain special points. To any

map p:I¢— S'\ {1}, j — pj, we associate the diagonal unitary operator D = D € W}
defined by

5 I, jel,
oy el

Every tangent vector g € TpU (E T) can be written as ¢ =i DZ, Z hermitian matrix, so that
Z=-iD"'g.
The cotangent space T,5U (E T) has a natural basis given by the R-linear forms

07,07, Pl TpU(E) > R,  0P(Z) = (Zep, e)),
0P1(Z) =Re(Zey, e)), e’ =Tm(Zey, ep).

To describe the orientation of the conormal bundle T, U (E T) we use the above prescription.
The Arnold coordinates on W, are given by

W, >5g— A;(g):=Ci(T1gT)=—i(Q—-T;gT)A+ TgT7)"' € End* (E+).

Using the equality
Ci(TigTN=-2i+TgTH " +i1
we deduce
d itz . d itz \—1 . d . —1
—| Ar(De'")==2i—| (1+T;D"T;)  =-2i—| (L+TDA+itZ)T;)
dt =0 dt =0 dt =0

(14T DZT (1 + TIDTU)”)f1

d
= 2i(1+ T, DT ' —
i(L+7;DTy) arl

=20+ DT ' DZT, A+ T, DT =
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Hence
1 . 1 .
Z =~ D'T{(1+T;DTNAQL+T;DT)) =~ D*Tj(1+ T;D)A(1 + T D).

Note that

ej, jel,

Tie; =
1¢] {—e,-, jele.

If i € I, then for every j <i we have

. 1 .
(Zej,ei) = —E(A(]l +T2D)e;, T D(1L+T3iD)e;),

_(A(]l‘F‘-T%D)ej’ei):[T(Aej’ei)’. J:GI’
3(pj — D(Aej,e;). jelf.
Foriel, jel, j<iweset
u'(A) = (Ae;, e)), ul (A= RE(Aej, e;), Vv (A) = Im(Aej, e;).
We deduce
i i

u'=—¢', utl A vt =kj9ij A QH,

where k; is the positive constant

L {1, jel,
T hle = 1A jels

Using (5.3) we conclude that the conormal bundle to W} is oriented at D by the exterior mono-
mial

il A o),
j<ijiel

where 0/ denotes the wedge product of {#7};<; written in increasing order.
In particular, if I = {v} and D =S, i.e., p; = —1, Vj € I¢, then the conormal orientation of
W is given at S, = Sy, by the exterior monomial

v
(z)J' =0 A (911} /\(plv) Ao A (Qv—l,v /\wv—l,v).
The tangent space T, W{_U} is oriented by the exterior monomial

0r=(=D"T9 A AT AT A AT A ( /\ oI* /\(pjk), (5.5)
j<k, kst
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because

wJ‘/\a)Tz.Qn:(/n\G')/\(

i=1

)

1<i<j<n
Proposition 33. We have an equality of currents
[W;  orr]=0.

In other words, using the terminology of Definition 67, the pair (W, , orf) is an elementary
cycle.

Proof. The proof relies on the theory of subanalytic currents developed by R. Hardt [20]. For
the reader’s convenience we have gathered in Appendix B the basic properties of such currents.

Here is our strategy. We will prove that there exists an oriented, smooth, subanalytic subman-
ifold Y, of Lag,, (E) with the following properties.

@ W, cYceW,)=X;.
(b) dim(X;\Y;) <dimW, — 1.
(c) The orientation on Y, restricts to the orientation or; on W, .

Assuming the existence of such a Y; we observe first that, dimY; = dim W, and that we
have an equality of currents [W; ", or;] =[Y;, or]. Moreover

suppd[Ys,or;1 Cel(Yp)\Yr =X\ Y1,
so that,
dimsuppd[Y;,or;] <dimY; — 1.
This proves that
A[Wy . or]=0[Ys,0r/]1=0.

To prove the existence of an Y; with the above properties we recall that we have a stratification
of X; (see Corollary 25)

X = |_| w7, (5.6)
J=<I

where
dim W, =dimW; +w(l) —w(J).

We distinguish two cases.

A. 1 € I. In this case, using Corollary 26 we deduce that all the lower strata in the above strati-
fication have codimension at least 2. Thus, we can choose Y; = W;~, and the properties (a)-(c)
above are trivially satisfied.



2394 L.1. Nicolaescu / Advances in Mathematics 224 (2010) 2361-2434

B. 1 ¢ I. In this case, Corollary 26 implies that the stratification (5.6) had a unique codimension
1-stratum, WI:, where I, := {1} U I. We set

H[IZW{UWI:.

We have to prove that this Y; has all the desired properties. Clearly (a) and (b) are trivially
satisfied. The rest of the properties follow from our next result.

Lemma 34. The set Y; is a smooth, subanalytic, orientable manifold.

Proof. Consider the Arnold chart Lag,, (E )y+. For any L € Lagh(f )1+ we denote by #;; (L) its
Arnold coordinates. This means that #;; =;; and that L is spanned by the vectors

ei(L)=ei + Z tii fir — thieji, i €ly,

i'ely Jjelg
Fi=Fi+) tifi— Y tpjey, Jjelf.
i€l jelg

The AS cell W, is described by the equations
tji=0, Viel,, j<i.
We will prove that
W, NLag,(E);, = 2:=[L e Lag,(E)p+; 1;;(L) =0, Vi€ I, j <i, t11(L) #0}. (5.7)
Denote by A € EndE(E *) the hermitian operator defined by Ae; = «;, Vi € I, where the real

numbers o; satisfy 0 < o] < -+ < .
Extend A to A: E — E by setting A f; = —a; f;. Note that L € W, if and only if

lim e AL = A;.
=00

Clearly, if L € £2,then L; = e~ ' ALis spanned by the vectors

e (L) =eg +t11€2a1tf1 — Z l‘jlet(a'_aj)ej,

JEIC, j#1
. — e L pt@i—aj) ,. ;
ei(L;)=e — tjje Ve, 1€l
JEIL, j>i
_ t(oj—aj —t(oj+a;r) . *
fJ(L’)_fl+ Z tije(’ f)fi—th/je S ej, JEIC.
ieli<j Jjely

‘We note that as t — oo we have
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span{el (Lt)} — span{f}, span{e,- (L,)} — span{e;}, Viel,
span{ f ; (L)} — span{f;}, Vjelf.

This proves L; — Ay sothat 2 C W, N Lagh(E)I*.
Conversely, let L € W;” N Lag, (E) 1,- Then

lim L, = A;, where L; = e AL,
—00

The space L; is spanned by the vectors

el(L) =e; +t1162°”tf1 + Ztilet(a1+af)fi _ Z tjlel(al—ﬁlj)ej’

iel Jelg
e Haita o .
ei(Ly) =e; + ;e @0 f, 4 Zt,-/ie (@itei) f., Z tjie' i e;, el
i'el jelg
fj(Lt) = fj +t1jet(oz1 ozj)fl + Ztijgt(al a;)fl. — Z tirje (“-’+a.f’)e/~/, je ]:.
iel Jels

Observe that
ei(Ly), fj(L;) Lspanfe;;iel}, Vje I,
and using the condition L; — A; D span{e;; i € I} we deduce
spanf{ei (L), f;(Ly); jeI{} —span{f;: jelI‘}CA;.
On the other hand, the line spanned by e;(L;) converges as t — oo to either the line spanned

by ey, or to the line spanned by f;, for some i € I,. Since the line spanned by e, and the line
spanned by f;, i € I, are orthogonal to Ay we deduce

span{ei(L,)} — span{f},
which implies
t11 #0, ti1=0, Viel.
Hence

ei(L)=e + Zfi'iet(aiJrai/)fi/ - Z tjie' e, Viel.

i'el Jel§
Now we observe that e; (L;) L fj, Vj € I¢, and we conclude that

span{e;(L;); i € I} — span{e;; i € I}.
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Since (e;(L;) —e;) L ey, Vi, i’ € I,i#i’, we deduce that span{e; (L;)} — span{e;}. This implies
that

Lir=0, t;=0, Vii'el, jel j<i.
This proves that W, N Lagh(E )1, C £2 and thus, also the equality (5.7). In particular, this im-
plies that Y; = W, u le is smooth, because in the Arnold chart Lag, (E);, which contains the
stratum W, " is described by the linear equations

tjj=0, iel, j<i. (5.8)

To prove that Y; is orientable, we will construct an orientation or;, on Y; N Lag;, (E )+ with the
property that its restriction to

Y, NLag,(E); NLag,(E);, C Wy
coincides with the canonical orientation or; on W, .

We define an orientation orj, on Y; N Lagh(f )1, by orienting the conormal bundle of this
submanifold using the conormal volume form

1
w, = (—l)w(l)dtl A ( /\ <2— dlj,' /\dtij>),
l

iel,j<i
where #;; (L) are the Arnold coordinates in the chart Lag, (E )1, Let
L € Lag,(E); NLag,(E);, C W, .

Then L is spanned by the vectors

ell)=er+uifi+Y tfi— Y tiej,

iel jelg
ei(Ly=e+tifi+ Y tyify— Y tjiej. i€l
i'el Jjelg
FilD=fi+nfi+Y tiifi— Y tpjey, Jeli.
iel Jjels

The space L belongs to Lag, (E )1 if and only if
LNAf=LNspanfe;, fisiel, jel}=0.

This is possible if and only if 11 7% 0. We set
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1 1 tin til
/ . l J
f](L)~=—el(L)=f1+—el+§ _fi/_E — ej,
1 58 —~ m — 11
i'el — ~ jeli ——~
=X =Xj1

e;(L):=e;(L) —t1; f1(L)

it i nitj1 .
:ei+z(li/i— fi/—t—el—z ljl_ - ej, 161,
e

t
i'el « 1 _ \1_/1 jelg

=X =Xl =iXji

FiL) = f(L) =11, f1(L)

tjti 11 1jtjn y
=f,~+Z<fij— fi_ael_z tpj———— ey, Jj €I
—_—— ~—~—— _— —

t t
icl 11 11

=1xjj =:x1; =X

The space L is thus spanned by the vectors eg (L),ieland f ’j (L), j € I¢, where we recall that
1 € I¢. Also, since t;; = f1; we deduce that

Xpg =Xgp, V1< p,qg<n.
This implies that x,, must be the Arnold coordinates of L in the chart Lag,, (E )i-

In these coordinates the canonical orientation or; of W, is obtained from the orientation of
the conormal bundle given by the form

1
W] = (—1)w(1)dx1 A ( ' /\ 2_idxj[ /\dX,'j),
j<ijiel

where dx; denotes the wedge product of the forms dx;;, i € I, in increasing order with respect
to i. Observe that

Hitit ti1

Xii =tij — s Xil=_—, Viel,
11 11
hjtil . :

Xij =tij — ty Viel, jel°\({l1}.

Along W;~ we have
ti1=l‘ij=0, Viel, jel¢, j<Ii.

We will denote by O(1) any differential form on Lagy, (E )rn Lagh(f )1, which is a linear com-
bination of differential forms of the type

f(tpﬁl)dtpl({l AREN Adtpm‘{m’ f|Wf =0.

Then
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dx;j=dtij+0), Viel,

t .
dx,'jzdt,-j—t]—jdti1+0(1), Viel, jel®, j#1,
11
1
dx;i = —dt;; + 0(1).
58
We deduce that

1
©1 = Tl +0().
11

The last equality shows that the orientations or; and orj« coincide on the overlap W, N
Lag,, (E )1+. This concludes the proofs of both Lemma 34 and of Proposition 33. O

Remark 35. Arguing as in the first part of Lemma 34 one can prove that for every k € I the
smooth locus of X, contains the strata W, , m > k, and W | (LA} In particular, the singular locus
of X has codimension at least 3 in Xj.

The codimension 3 is optimal. For example, the variety X; C Lag;(2) is a union of three
strata

X =Wy UW; UW, .

The smooth locus is W;” UW; . The stratum W, is one dimensional and its closure is a smoothly
embedded circle. The stratum W{_1 2) is zero dimensional. It consists of a point in X; whose link

is homeomorphic to a disjoint union of two S?-s. One can prove that X is a 3-sphere with two
distinct points identified.

We see that any AS cell W, (Fl,, g, g_) defines a subanalytic cycle in U(E*). For fixed 1,
any two such cycle are homologous since any one of them is the image of [W} ', or;] via a
real analytic map, real analytically homotopic to the identity. Thus they all determine the same
homology class

s € Hp_yy(U(EY). Z),
called the AS cycle of type I C I} . By Poincaré duality we obtain cocycles
«; e H*D(U(EY), 2).

We will refer to these as AS cocycles of type 1. When I = {v}, v € [T we will use the simpler
notations o, and ocI to denote the AS cycles and cocycles of type {v}. We will refer to these
cycles as the basic AS (co)cycles.

Example 36. Observe that the AS cycle ay is the orientation cycle of Lag;, (E).

The codimension 1 basic cycle a is the so called Maslov cycle. It defined by the same inci-
dence relation as the Maslov cycle defined in [1] in the case of real lagrangians.

The top codimension basic cycle o, can be identified with the integration cycle defined by the
embeddingU(n —1)>T+— T d1eU(n).
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6. A transgression formula

The basic cycles have a remarkable property. To formulate it we need to introduce some
fundamental concepts. We denote by € the rank n = dim¢ E *+ complex vector bundle over S! x
U(E) obtained from the trivial vector bundle

Fx (-1, 11 x U(ET)) = [-1,11 x U(E™),
by 1dent1fy1ng the pointu € E E* in the fiber over ( 1,g)el[-1,11 xU(E +) with the point v =
guck E* in the fiber over (1,g)el[-1,1]xU (E+) Equivalently, consider the Z-equivariant
bundle
S_FEt x (Rx U(E+)) — R x U(E+),
where the Z-action is given by

7 x (E+ xRxU(E))a(k;u,@,g)H (gku,é?—i—2k,g)61’5\4r x R x U(E+).

Then € is the quotient vector bundle Z\E —>Z\(R x U (E ). R R
The sections of this bundle can be identified with maps u : R x U(E") — E™ satisfying the
equivariance condition

u®+2,8) =gu@,g), Vi,geRxU(E").
Denote by
m:H*(S'x U(EY),2) — H* Y (U(ET),Z)
the Gysin map determined by the natural projection
z:S'xU(EY) > U(EY).
Forevery v={l,...,n} wedefine y, € HY Y U(EY),Z) by setting
Yy i=men(8),

where ¢, (E) e H?(S! x U(E"’), 7)) denotes the v-th Chern class of £.

Theorem 37 (Transgression Formula). For every v ={1, ..., n} we have the equality

ocI =y,
Proof. Here is briefly the strategy. Fix a unitary basis e = {ey, ..., e,} of E™, and consider the
AS variety

X, (=1) —{geU(E+) dimker(1 + g) Nspanc{e,, ..., e,} > 1}.

It defines a subanalytic cycle [X, (—1), or,]. We will prove that there exists a subanalytic cycle
cin S' x U(E*) such that the following happen.
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e The (integral) homology class determined by ¢ is Poincaré dual to ¢, ().
e We have an equality of subanalytic currents 1 ¢ = [X,(—1), or,].

To construct this analytic cycle we will use the interpretation of ¢, as the Poincaré dual of a
degeneracy cycle [22,29].

We set V :=spanc{e,, ..., e,}, and we denote by V the trivial vector bundle with fiber V over

x U (E ). Denote by ]P’(V) the projective space of lines in V, and by p the natural projection

p:P(V)x S' x U(E") — S' x U(EY).

We have a tautological line bundle £ — P(V) x S! x U (E T) defined as the pullback to P(V) x
stxu (E T) of the tautological line bundle over P(V).

To any morphism 7 : V — & of vector bundles over §' x U (E T) we can associate in a
canonical fashion a bundle morphism T:L— p*E. We regard T as a section of the bundle
L*@ p*€. If T is a Cc?, subanalytic section such that the associated section T vanishes transver-
sally, then its zero locus 2(T)isa C! subanalytic manifold equipped with a natural orientation
and defines a subanalytic current [Z,(T)] Moreover, by Thom—Porteous formula (see [22, VI.1]),
the subanalytic current p,[Z(T)] is Poincaré dual to ¢, (€). We will produce a C2, subanalytic
bundle morphism 7T satisfying the above transversality condition, and satisfying the additional
equality of currents

P [2(D)] = [Xu(=1), 0r,].

To construct such a morphism 7 we first choose a polynomial n € R[6] satisfying the following
conditions

n'©) >0, VOe[-1,1],

n(=1) =0, n()y=1, n(0) = =
1
n'(0) = T 7' (£1) =" (£1) =0.

Note that a bundle morphism T : V — € is uniquely determined by the sections Te;, v < j <n,
of €. Now define a vector bundle morphism

T:Vx (-1, I xU(EY)) — ET x (I-1, 1 x U(EY)),
given by,
Vx (1,11 xU(E")) > (v;6,8) > (SO)v;6,8) € EY x ([—1, 11 x U(ET)),
where
S@)=50,8)=1+n0)g—-1)=(1-nO)1+n0®)g.
Observe that S(—1) is the inclusion of V in E, while S(1) = g. Thus, for every v € V the map

Wy [, UIxU(EY) = ET,  ¥,0,8) =SSO,
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satisfies ¥, (1, g) = gW¥,(—1, g) and defines a C 2—semi-algebraic section of €. Hence T deter-
mines a C2-semi-algebraic bundle morphism T : V — €.

Let (¢,0,¢) € 2T) cP(V) x S x U(E+). This means that the restriction of S(0) to the
line £ C V is trivial, i.e.,

¢ Cker((1—=n@))1+n(0)g).

Clearly when n(t) = 0, 1 this is not possible. Hence () # 0, 1 and thus — 1;279()9 ) must be an

eigenvalue of the unitary operator g. Since 1n(0) € (0, 1), and the eigenvalues of g are com-

plex numbers of norm 1, we deduce that — ];("9()9 ) can be an eigenvalue of g if and only if

— 1210 — 1 50 that no) = % From the properties of n we conclude that this happens if and

n(9)
only if 6 = 0. Thus

2(T)={(¢,0,8) eP(V) x S' x U(ET); =0, £ Cker(1+g)}.
Lemma 38. The section T constructed above vanishes transversally.
Proof. Let (4,0, g¢) € 2(T). Fix v € V spanning £y. Then we can identify an open neighbor-

hood of £y in P(V') with an open neighborhood of 0 in the hyperplane Eé NV:toanyu € Zé nv
we associate the line ¢, spanned by vg + u. We obtain in this fashion a map

~ F ~
(g NV)x(=1,1) x U(E") > (u,0,8) —> (1+n0) (g —1))(vo+u) e ET, (6.1)
and we have to prove that the point (0,0, g¢) € (Zé NV)yx(—1,1) x U(E*) is a regular point
of this map.
Choose a smooth path (—¢,¢&) >t +— (u;,6;, g,) € (Eé- NV) x (=1,1) x U(E™) such that
uy=0, 6o =0, 81=0= &o-

We set

and
X = gglgo =g080. le., &o=2goX.

Observe that X is a skew-hermitian operator Et — ET, and we can identify the tangent space
to Zé NV x (—=1,1) x U(E™) at (0,0, So) with the space of vectors

(1,6, X)elg NV x Rxu(E").

Then

d 1 . . .
7 F(u:,0;,8)= E(]l + &)ito + 1'(0)60 (g0 — 1) (vo) + n(0)govo
t=0
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(—1vo = govo, ' (0) = 1)

1 . 1. 1 1 . 1 .
= 5(1 + go)io + EQOgOUO + Egono = 5(1 + go)io + 5&.’0(90]l + X)vo.
The surjectivity of the differential of F at (0, 0, g) follows from the fact that the R-linear map

Rxu(E*)3 (6o, X)—> G0+ X)voe EF

is surjective for any nonzero vector vy € Et. O

The above lemma proves that Z(T) is a C! submanifold of P(V) x S! x U (E . It carrigs a
natural orientation which we will describe a bit later. It thus defines a subanalytic current [Z(T)].
Observe that

2(T) CP(V) x {0 =0} x U(EY) CP(V) x ' x U(E™).

The current p*[Z(f”)] is the integration current defined by Z(f) regarded as submanifold of
P(V) x U(E™). Its support has the description

2(T) ={(t, g) e P(V) x U(E): (1+g)|e=0}.
We set
2(T)* = {(t,8) € UT); L=ker(1+g), e, ¢ £},
Note that the projection
m:=P(V)xU(ET) > UE), (g r g.

maps 2(T) surjectively onto X, (—1). Moreover, 2(T)* is the preimage under m of the top
stratum W (—1) of X,,(—1),

2T ==~ (W (=D),
and the restriction of & to Z(f*) is a bijection with inverse
W, (=1)> g+ (ker(L +g), g) € 2(D)*.
Lemma 39. The map « : 2(T)* — Wy is a diffeomorphism.

Prqof. It suffices to show that the differential of & is everywhere injective. Let {o = (£o, g¢) €
Z(T)*. Suppose £y = span{vg}. We have to prove that if

(—&,8)3 (b, g,) € 2(T)*

is a smooth path Z(7)* passing through ¢y at ¢ = 0 and 8o:= j—tl,zogt =0, then % l(=0l; = 0.
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We write ¢; = span{vg + u,}, where t — u; € E(J)- NVisa Cl-path such that ug = 0. Then
g(votu)=—-vo—u, Vi,
and differentiating with respect to ¢ at t =0 we get
—to = golto + £0(vo) = golto-

Hence 5o € ker(1 + g(). We conclude that &g = 0 because ker(1 + g) is the line spanned by
vo,and iig L vg. 0O

Lemma 39 implies that we have an equality of currents
Tap[2(D)] = £[X0 (= D].
To eliminate the sign ambiguity we need to understand the orientation of 2(T).

We begin by describing the conormal orientation of 2(T) ata special point &y = (£, 0, g¢),
where

i=v,

_1’
o =spancfe,}, and goe,:{1 Py

Observe that g is self-adjoint and belongs to the top dimensional stratum W (—1) of X, (—1).
Denote by F the differential at § of the map F* described in (6.1).
The fiber at & of the conormal bundle to Z(T') is the image of the real adjoint of F,
b ! ~
F':T§EY — TE (P(V) x ' x U(E™)).
Since F is surjective, its real dual FT is injective. The fiber at £ of the conormal bundle is the
image of F ¥, and we have an orientation on this fiber induced via F ' by the canonical orientation
of ET as a complex vector space. R
The canonical orientation of the real cotangent space 7;'E * is described by the top degree
exterior monomial
a' ABY A A" A BT,
where of, 85 € Homp (E ™, R) are defined by
of(x) =Re(x, er), B*(x)=Im(x,ex), VxeEt k=1,...,n.
For every itg € V, 119 L ey, peRandiZ € E(E“') we have
F'o* (g, 60, iZ) = Re(F (ito, 00, Z), ex)
1 . 1 s
=3 Re((1 + go)iio, ex) + 3 Re(go(00 +iZ)e,, e)

1 ) 1 C
=3 Re(iig, (1 + go)er) + 3 Re((6o +iZ)e,, goex),
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F'B% (0,600, i2) = 3 Im(ito, (1 + go)ex) + 3 Im((6o +iZ)ey, goex).

To simplify the final result observe that the restrictions to E(J)- NV of the R-linear functions o, B k.
k > v determine a basis of Hom(ﬁ& N V,R) which we will continue by the same symbols. We
denote by dt the tautological linear map ToR — R.

Recall (see Example 32) that the real dual of u (E *) admits a natural basis given by the
R-linear forms

07(Z) = (Zej,e;), 07(Z)=Re(Zej,e)), ¢ =Im(Zej,e;), i<jell, iZecu(E").
Observe that
07 =07, gl =—gl Vi)

For every iig € (- NV, 6y € ToR, i Z € u(E™) we have
0

koo
Re(l’.tOs (]1 + go)ek) o {za (“0), k >V,

0, k<v,
k .
Im(io, (1 + go)ex) = {?’8 (1), ]Ii Z ::
Re((60 +iZ)e,, goer) = Sukdt (6o) — { O’,w k=v,
©*(Z), k#v,
Im((6 +iZ)ey, goer) = {OZ(Z)’ k=v,
0% (Z), k#v.

We deduce the following.

o If k < v, then

1 - 1
Tk — _ Z kv Fi k _ka
Fla AR F'p 3
o If k =v, then
Fra' = Lar F'p’ = L 4oy
F 5 ar F 540"

e If j > v, then
toj P k 1.
Ea/=a/+§(p"/, ETIB =13/+59w'

Thus, the conormal space of Z(T) —PV)x S IxUu (E ) at &y has an orientation given by the
oriented basis
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_(plv’glv’ o _(pv—l,v’el,v’dt’dgv’

1 1 1 1
v+1 ~ v+l v+1 _91),11-‘1-1 n ~.vn n _gvn
o +2<,0 , B +2 N4 +2(p B +2

which is equivalent with the orientation given by the oriented basis

ol o, ... 0% 0" dr,deY,

1 1 1 1
v+1 v,v+1 pu+1 v,v+1 n v,n pn v,n
QT —Uv gyl gl gl BT 4 e,
2 2 2 2

We will represent this oriented basis by the exterior polynomial

@™™ e AT (P(V) x S' x U(EY)),

A B N
@™ (/\9"”/\<p )Adt/\d@”/\( /\ (af+§<p”f>/\(ﬁf+§9”/)).

k<v j=v+l1
The zero set Z(T) is a smooth manifold of dimension
dimg 2(T) = dimp (P(V) x S' x U(E*)) — dimg E*
=Cn-2v)+1+n*-2n=n>—Qv—-1)=n>—wQ).
The orientation of Tz, (P(V) x S I'xu (E T)) is described by the exterior monomial

Sl:th( /n\ aj/\ﬁj>/\<i/j\19i>/\(/\9ji/\¢ji>.

j=v+1 Jj<i

2,

The orientation of TSOZ(T) is given by any @ € A"z_"’(”)Tg; (P(V) x S x U(E+)) such that

2 =" Ao

‘We can take w to be

w:a)mn:=(—1)v_191/\~--/\9V_1/\9v+1/\~--/\9n/\( /\ 9jk/\<p-/k>. (6.2)
j<k, kstv

If we now think of Z(T) as an oriented submanifold of P(V) x U(E) cP(V) x St x U(E+),
we see that its conormal bundle has a natural orientation given by the exterior form

norm (/\ka/\(p )/\d@‘}/\< /\ (aj_’_%(pw)/\(ﬁj_’_%evj)).

k<v Jj=v+1
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The discussion in Example 32 shows that the tangent space Ts, W, (—1) C Ts,U (E *) is also ori-
ented by @n. This proves that the differential D : T(g,, SO)Z(T) — Ts, W, (—1) is orientation
preserving. This concludes the proof of Theorem 37. O

Remark 40. The proof of Theorem 37 shows that we have a resolution f)NCv = X, of X,,, where
={(t.g) eP(V,) x U(ET); (1—g)le=0}, V,:=spancfe,.....en},

and 7 is induced by the natural projection P(V,) x U (E )y—>U (f T). The map 7 is a resolution
in the sense that it is semi-algebraic, proper, and it is a diffeomorphism over the top dimensional
stratum W of X,,.

The map 7 is also a Bott—Samelson cycle (see [10,39] for a definition) for the Morse function
U(E*)> g+ —RetrAg € R and its critical point g, € U(E™) given by

€y, k =V,
e, =
Evek=1_er, kv
All the AS-varieties X; admit such Bott—Samelson resolutions (see [39]), p; : X 1 — Xj. Using
these resolutions Vassiliev defined in [44] the cycles a¢;. O

Remark 41. We want to describe explicitly an invariant differential form on U (n) representing
the cohomology class otz € H*~1(U(n)) and compare it with the computations in [41, §5]. As
in [41], we do this to present a consistent set of sign conventions and normalization factors.

The proof of Theorem 37 shows that the Poincaré dual of the Chern class mc, (&) is rep-
resented by a cycle contained in the slice {0} x U (E ). If we denote by j the inclusion
{0} x U(E™T) < S! x U(E™) we deduce

1
(&) = ja) —2—d0/\1r *al, V. (6.3)

Now denote by chy (€) the homogeneous part of degree 2k of the Chern character of €. From the
classical Newton identities we deduce that

(©) —( D : (©) _1 ( (©) (5))

chi (&) = k(&) + —Prci1(E),...,ch— ,

k *k—1)! k X k(€1 k—1

where Py(cy, ..., ck—1) denotes a universal homogeneous polynomial of degree 2k with integral

coefficients in the variables ¢; (€), 1 <i < k, degc; = 2i. Using the equality (6.3) we deduce

(— )k+1
k—1)!

chy (&) = ck (&),

so that

@] = (=D (k= Dimichi(8). (6.4)
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Let n = dimE™ and identify U (E +) with U(n) using a unitary basis of E*. We can use the
last equality to describe a DeRham representative for O(Z = ocz’n e H* (U (n)) using the left
invariant Maurer—Cartan form o = w,, = g_ldg = —d(g)_lg on U(n).

Consider the Z-equivariant connection of the Z-equivariant vector bundle € S RxU (n)
given by

V=Vt f()g ldg =V’ - f(1)(d(®) "),

where V° denotes the trivial connection on the trivial rank n bundle over R x U(n) and
f iR — Ris a smooth strictly decreasing function such that f (1) =0, and satisfying the equiv-
ariance condition

ft+2k)=f(t)—k, VieR, kel

For example, we can take f(¢) = —%. The sections of € can be identified with Z-equivariant
sections of &, i.e., maps u : R x U(n) — C" satisfying the condition

ut—2,8)=g 'u@t,g), v, g eRxU().

Observe that

(Vu)(t —2) =Vu(t —2) + f(t —2)g" ' dgu(t - 2)
=Vg lu@®) + f(g ' [dg)g  u(t) + g (dg)g u ()
= (d(®) u@) + g~ ' Vou) - f)(d(g) " )ut) — (d(g)")ult)
=g (V0= f()gd(®) "u(t) =g~ ' Vu®).

Thus, V induces a connection on the vector bundle €. Using the Maurer—Cartan identity deo =
—w A @ we deduce that its curvature is given by

F(V)=d(fo)+ fPo nw =df Ao + f(f — Do Aw.

Thus the cohomology class chy () is represented by the 2k-form

ik

Qm)kk!

-k
w(F(V)) = (2;),%, w(f5Cf = D a0 1k (F(f = 1) df A D),

Integrating with respect to t € [—1, 1] using the (decreasing) change in variables ¢ <> f and the
sign conventions in (B.2) we deduce that \chy (E) is represented by the form

(—i)k \ k=1 k=1 AQk—1)
Qkk—1)! /f - pNlaf |loeo _
0
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In the above integral we recognize the Beta function B(k, k) = % From the equality

(6.4) we deduce that a,t e H*=Y(U)) is represented by the form

Bk, k
1Bk B )tr

O, =0, = (Dt
k=0 = (=1 ik

(D), (6.5)

This shows that the differential form %@ x coincides with the differential form chy_1/2 in
[41, Def. 5.4].

Observe that whenk =1andn =1,sothat U(1) = S1, then O1= %d@ is the angular form
on S' with integral periods. Note that for every n > 0 we have a determinant map det : U (n) —
S'=U(l)and @, =det* @ ;.

7. The Morse-Floer complex and intersection theory

It is well known that the integral cohomology ring of U (n) is an exterior algebra freely gen-
erated by elements x; € H 2i-1 WUm),Z),i =1,...,n. The transgression formula implies that as
generators x; of this ring we can take the AS cocycles ocj. In this section we would like to prove
this by direct geometric considerations, and then investigate the cup product of two arbitrary AS
cocycles.

Proposition 42. The AS-cycles ay, I C Hj, form a Z-basis of H,(Lag, (E), 7).

Proof. We will use a Morse theoretic approach. Consider again the Morse flow ¥! = ¢'4 on

Lag,, (E ).

Lemma 43. The flow W' is a Morse—Stokes flow, i.e., the following hold.

(a) The flow ' is a finite volume flow, i.e., the (n*> + 1)-dimensional manifold
{(r.w"'(L), L); 1€ (0,11, L eLagy(E)} C (0, 1] x Lag, () x Lag, (E),

has finite volume.
(b) The stable and unstable manifold W,jE have finite volume.
(c) If there exists a tunnelling from Ay to Ay then dim W, <dim W, .

Proof. From Theorem 64 in Appendix A we deduce that &' is a tame flow. Proposition 63 now
implies that the flow satisfies (a) and (b). Property (c) follows from Proposition 24. O

As in Harvey and Lawson [21], we consider the subcomplex C,(¥') of the complex
Co(Lag, (E )) of subanalytic chains generated by the analytic chains [W;, or ], and their bound-
aries. According to [21, Thm. 4.1], the inclusion C,(¥') — €, induces an isomorphism in
homology.

Proposition 33 implies that the complex C,(¥?) is perfect. Hence the AS cycles, which form
an integral basis of the complex C,(¥"), also form an integral basis of the integral homology
of Lag,, (E ). O

Remark 44. The complex C,(¥") is isomorphic to the Morse—Floer complex of the flow ¥’ [35,
§2.5].
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The results of Harvey and Lawson [21] have the following consequence.

Corollary 45. Consider the invariant forms @y € H*~1(U (n)) defined in the previous section.
For every t € R define

Ok(t) = (¥ ") Oy.

Then, as t — oo, the form @ (t) converges in the sense of currents to the integration current
defined by og.

Using the Poincaré duality on U (E™) we obtain intersection products

o:Hpy ,(UE").Z)xHp ,(UEY).Z)—> H,_, ,(UEY).Z).
For every pair of nonempty, disjoint subsets 7, J C Il such that
I'={ii<---<iph J={j1<-<Jgh
we define €(/, J) = %1 to be the signature of the permutation (i1, ...,ip; j1,..., jg) of TU J.

Proposition 46. Let I, J C ¥ such that w(I) + w(J) = w(I;}) = n?. Then

0, INJ#4,
ajeay=
PP = Ve, ), 1=1e.
Proof. Fix a unitary basis {eq, ..., e,} of E™, and consider the symmetric operator
~ ~ 2i —1
Ag:E* S E*,  Agei= 12 .

We form as usual the associated symmetric operator Ao: E — E, and the positive gradient flow
e'40 on Lag,, (E) associated to the Morse function

9o :Lag, (E) > R, L+ Retr(AgPy).

For every critical point Ag of g9 we have

2

n
dim Wy =w(K) = @o(Ag) + >

For every M C I} we denote by W, the stable manifold at A7,
Letw(l)+w(J) = w(]I,f). Using the equality

Wi = Jw;

we deduce that W;Z is also an AS cell of type J, so that we can represent the homology class oy

by the subanalytic cycle given as the integration over the stable manifold WIJZ equipped with the
orientation induced by the diffeomorphism J : W; — W;C.. We denote by I)C;. its closure.
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We have ¢o(A jc) = —¢o(A ), and the equality w() + w(J) = n? translates into the equality
@o(Aje) =q@o(Ap) =1 k.
Observe that,
X\ {As} Clpo>x), X7 \{A7} Clpo <x).

This shows that if /¢ %% J and w(/¢) = w(J) the supports of the subanalytic currents [I)Cj}] and
[DCI_] are disjoint, so that, in this case, o; e vy = 0.

When J = € we see that the supports of the above subanalytic cycles intersect only at Aj.
In fact, only the top dimensional strata of their supports intersect, and they do so transversally.
Hence the intersection of the analytic cycles [DCJJ’C] and [X; ] is well defined, and from Proposi-
tion 69 in Appendix B we deduce

[ ]e [X7] = #1471,

where [A;] denotes the Dirac 0-dimensional current supported at A;. The fact that the correct
choice of signs is €(/, I¢) follows from our orientation conventions. O

From the above result we deduce that for every cycle ¢ € Hy (U (n), Z) we have a decomposi-
tion

c= Y e(L.I%cear)a;. (7.1)

w(l)=k

Theorem 47 (Odd Schubert calculus). If I = {ix < --- <i1} CLI then

‘xIZaik.'”.aila (72)
or equivalently,
ozj:ocjk/\m/\oz;. (7.3)

Proof. Let us first describe our strategy. Fix a unitary basis e of ET,an injection p : I — S'\
{£1}, i — p;, and consider the AS varieties X;(p;) = X;(p;,e), i € I, defined in (5.1). We
denote by [X;(p;)] the associated subanalytic cycles. We will prove the following facts.

A. The varieties X;, intersect quasi-transversally, i.e., for any subset J C I we have

codim () X (p;) = w(J).
jeJ

B. There exists a continuous semi-algebraic map = : U (E H—>U (E*), semi-algebraically
homotopic to the identity such that

E(ﬂxi(m)) C X = (D).

iel
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C. The intersection current [X;, (p;, )] @ --- @ [X;, (0;,)] @ [Xjc(1)] is a well defined zero dimen-
sional subanalytic current consisting of a single point with multiplicity e (/, [€).

We claim that the above facts imply (7.2). To see this, note first that A implies that, according to
[18] (see also Appendix B), we can form the intersection current

n= [xik(pik)] e---0 [xil (le)]

The current 7 is a subanalytic current whose homology class is «;, ® - - - @ &;,, and its support is

supp(n) = (ﬂ Xi (/Ji)>-

iel

The push-forward & (n) is also a subanalytic current and it represents the same homology class
since & is homotopic to the identity. Moreover, property B shows that

supp & () C X7 (1).

Consider again the dual AS varieties Xt, w(J)=w(). In the proof of Proposition 46 we have
seen that

X;NXt =@, ifJ#£I
Hence, the equality (7.1) implies that there exists an integer k = kj such that
o, e---ea; =koy,
where
kp=e(l,1)(ai, @ -oat) oaye.
The equality k; = 1 now follows from C.

Proof of A. Since the set of unitary operators with simple eigenvalues is open and dense, we
deduce that the set

Y= ﬂ Xj(oj)

jeJ
contains a dense open subset O consisting of operators g such that
dimcker(p; —g)=1, Vjel.
Forv e ]I,;|r we set I, :=span{e;, i < v}.
Observe that if g € Oy, then for every j € J we have ker(p; — g) C F j.-_l. Suppose that

J ={jm < -+ < j1}, and define

®:0y —>IP’(F;) X e xIP(Fﬁfl), g (ker(pj, — 8).....ker(pj, — g)).
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The image of @ is

®(0)) ={Un.....01) eP(F} ) x --- x P(F;,

o)l Lt Vi £

The resulting map O; — @(0;) is a fibration with fiber over (€,, ..., £1) diffeomgrphic to the
manifold F consisting of the unitary operators on the subspace (£,, & --- @ £1)* C ET which do

not have the numbers p;, j € J, in their spectra. The manifold & is open in this group of unitary
operators. Now observe that

dimg @(07) =2(n — jm) + 200 =1 = jm—1) +---+2(n — (m — 1) — ju)

=2nm —m(m —1)—2)"j.
jel

The fiber F has dimension (n — m)? so that

dimRo,z(n—m)2+2nm—m(m—1)—2Zj=n2—2(2j—1).
jedJ jelJ

Hence
codimY; =codimO; = w(J).
Proof of B. In the proof we will need the following technical result.

Lemma 48. For any finite subset R C S' \ {—1} there exists a C*-semi-algebraic map & : S' —
S which is semi-algebraically homotopic to the identity and satisfies the condition

e~1(1)=R.

Proof. For every p € R, we define 7(p) to be the unique real number ¢ € (—1, 1) such p = el
t; € (—m, ), and we consider a C2-semi-algebraic map

fil=m ] — [—-m, 7]
satisfying the following conditions (see Fig. 1, where k = #R)

o f(£m)=+m.
e f710)={t(p); p € R}.

Now define £ : S — S by setting
E(ei’) =0 te[-m, 7).
We have a C? semi-algebraic homotopy between & and the identity map given by

Eg(e") = U OTD g ef0,1], te[-m,7]l. O
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k=2 k=3

Fig. 1. Constructing degree 1 self maps of the circle.

Using the map & in Lemma 48 where R = {p;; i € I} we define
E:U(EN)—>UET). gr 5.

The map = is semi-algebraic because its graph I's C U (E HxU (E+) can be given the de-
scription

rz={(g.8); A€ U(E"’), AgA* =Diag(ri, ..., Ay), Ag'A* =Diag(§(\1),....E0w))}.

The continuity of & is classical; see e.g. [11, Theorem X.7.2].
If we consider the set O; defined in the proof of A then we notice that Z(0;) C W (e, 1)
and thus

E(ﬂxi(pi)> = Z(cl(0))) C el (W (1)) =X (D).

iel
This proves B.
Proof of C. Forv € and p # —1 we set
Wi (p) :={S €W, ; dimcker(p — ) =1, ker(1 + S) =0}.

Note that *W; (p) is an open and dense subset of W; (p). We first want to produce a natural
trivializing frame of the conormal bundle of *W; (p). Set A := —i 1=p

The Cayley transform I+p
g —il—-ga+g"
maps *W; (p) onto the subset R* of the space of hermitian operators A : E+ — E7 such that
e dimker(A — A) = 1.

o ¢;j Lker(A—A),Vj<v.
o (ey,u)#0,Vu eker(A — A), u #0.
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Note that for any A € R} there exists a unique vector u = uy € ker(A — A) such that
(u,e,) = 1. For A € R} we denote by (A — A1 the unique hermitian operator E Et - E*
such that

0=y, =0, 00— A—Av=v, Vv_Llus.

If (—e,e) 3t A; € R} is a smooth path, and u; := u4,, then differentiating the equality
Asu; = Auy at t =0 we deduce

Aouo = (L — Ao)ito.
Taking the inner product with up we deduce
(Aouo, uo) =0
We write itg = cug + Vg, where (vo, uo) = (v, €;) =0, Vj < v. We deduce
vo = (r — Ag) " Aguy,
so that
(Aouo, (n — Ap)t"e;) = (vo,e;) =0, Vj<v.
This shows that the fiber at Ay of the conormal bundle of R} contains the R-linear forms
Ag > u”(Ao) = uy (Ao) = (Aouo, uo),
Ao > 1 (Ag) = ul (Ag) = Re(Aguo, (h — Ap)~e;),
Ag> vV (Ag) = vA (Ag) = Im(Agug, (A — Ag)l~He;).

Since the vectors e, j < v lie in the orthogonal complement of ker(A — Ag) we deduce that the
vectors (L — Ag)l e j» J < v are linearly independent over C. A dimension count now implies
that the above linear forms form a basis of the fiber at A of the conormal bundle of R¥. Since

the forms u'}, u A , v A " depend smoothly on A € R}, we deduce that they define a smooth frame
of the conormal bundle. Moreover, the canonical orlentation of R} is given by

w(u) v/\/\u]v U]v

j<v

In particular, we deduce that if g € *W, (p) is a unitary operator such that the vectors e; are
eigenvectors of g, then the canonical orientation of the fiber of S of the conormal bundle of
*Wy, (p) is given by

2R /\Gj”/\(pj”,

j<v

where for any g € TgU(E+) we have
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0"(8) = (—ig 'ges.e,),  07(§) =Re(—iS 'ge,. ¢;),
¢’ (@) =Im(~ig~'ges. ;).
We deduce that if p: I — st \ {£1} is an injective map, then the manifolds *Wl_ (pi), i €l,
intersect transversally.

Now observe that the manifolds *W; (p;), i € I, and W}, (1) intersect at a unique point g, €
U(E™), where

pjej, Jjel,

8o¢j = {ej’ jelc.

The computations in Example 32 show that this intersection is transversal, and moreover, at Sy
we have

orf]; /\~~~/\0rfl‘ /\orﬁ = 6(1, Ic)or(T;OU(E+)).

The equality k; = 1 now follows by invoking Proposition 69 in Appendix B applied to the

elementary cycles [* W, (i), orf-] = [X;, oriJ-], iel,and [W, orﬁ] which intersect conve-
niently. O

We conclude this section with a simple application of the above Schubert calculus motivated
by the index theoretic results in [7].

Proposition 49. For 1 < k < n we denote by Xy, the locus of unitary n x n matrices that have
an eigenvalue of multiplicity > k. Then Xy , is a semi-algebraic set, and the integration current
defined by Xy ,, equipped with a suitable orientation is a cycle Poincaré dual to the cohomology

class na; U---uU ot,: € H*(U (n)).

Proof. The set {g € U(n); dimker(1 — g) > k} is the closure X1 2.k of the AS-cell Wy 2 .
This determines the AS cycle a1, . Consider now the double fibration

S x Umn)

/ \ (7.4)

Un) Un)
where & is the natural projection, and u is the multiplication map
S'xUm)> g 2"'geUm).

Both maps 7 and u define trivial principal S'-bundles over U (n). Moreover, we have the set
theoretic equality

S =m (e (X 0). (7.5)
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Set Zj := p~'(X1.._x), and denote by Zy; the subset of 2 consisting of pairs (z, g) € S'x U(n)
such that z is an eigenvalue of g of multiplicity precisely k, while all the other eigenvalues of g
are simple. Note that Z; is a semi-algebraic variety of dimension

dimZ, =1+dimX 2, 4,

while Z is an open and dense semi-algebraic subset of 2. Hence dim Z; = dim Z.

The induced map Z; = Xk n 18 semi-algebraic. Since k > 1, this map is also injective, and its
image X, is open and dense in Xy ,. The scissor principle (see Appendix A) implies that X~
is a semi-algebraic set of dimension

dim ¥ , =dim E;:,n =dim ZZ =14+dimX; 7, =dimXy .

We can use the diagram (7.4) to define the (closed) current 7, ,u_l [X1.2.... k]. The above discus-
sion shows that it can be identified with the current of integration along Z‘,f’n equipped with an
appropriate orientation. We will denote this current by [ Xy ,].

The Poincaré dual of [ X} ,] is given by the cohomology class

oo * T
Opn =T Oy 5 ko

where my: H*(S! x U(n), Z) — H*~1(U(n), Z) denotes the Gysin morphism induced by .
We can write u as the composition

p=mo®@, &:S'xUmn)—S'xU®n), (z,8 (z,zflg).

Hence

T *_x T
ak,n —71.'!@ T al,Z,...,k'

Set =y := @*n*oc,t. From the Schubert calculus we deduce that
Okn=m(E1T A A Ey).

Denote by 6 the angular coordinate on S'. Recall that oz}: is represented by the form @ defined
in (6.5)

B(k, k)

2k71)
’ Qri)k’

_])k+1

O =ritr(w re = ( w=g ldg.

We have the following result whose proof will be presented later.

Lemma 50.

(a) P*n* O = —5-db +n*O).
(b) Forany j > 2 the form ®*x*®; — x*O; is exact.
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From the above lemma we deduce that
Ey=-n[d0)2n]+x* Otl, Er=mn"a

so that

Proof of Lemma 50. For simplicity we write
() :tr(g—ldg)AQj—l) — tr(e) %1,
Then
o*tr(g ' dg) ¥ —u(cg ' d(z ' g) P ")

= tr((—zf1 dzlcn + g~ dg)A(ijl))
_ tr(g_ldg)A(zj_l)

2417

2j-2 . . .
— tr( Z (g_1 dg)N A (z_1 dz) A (g_1 dg)A(zj_z_'))

i=0
2j—2

=tr(g'dg) ¥V - ( > =Dz dz) A
=tr(ew)\® D — tr((z_1 dz) A w’\(zf)).
From the Maurer—Cartan equality dow = —@ A @ we deduce
o* (1) = (@) F 7V + (1) (27 dz A (dw)
If j =1, then
P*rw =troo — tr(z_1 dz Jl((;n) =trw —ido,
so that
n
nd*trw =ritro — —do.
2

If j > 1, then we observe that

twr(z " dz A (dw) V) = —d ez dz A A (de) 0 72),

( —1dg)A(2j—2))

i=D).
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Remark 51. The factor # in the equality o4 , = :bnoc; u.--u ocz can be an annoyance if the goal
is to investigate the case n = co. Here is one possible strategy of getting rid of it.

Suppose X is compact, oriented real analytic manifold and g : X — U (n), x > g, is smooth
tame (e.g. subanalytic) map. We define the spectral flow of the map g to be the cohomology class
SF(g)e H'(X,7Z)

1
SF(g)=g"a] = (detg)*(— d9>,
2

where % d0O denotes the canonical generator of H 181, 7). Note that we have a branched cover
T:X—> X , where

X:={(zx)eS" x X; det(z — g,) =0},
and 7 is induced by the canonical projection S! x X — X. Under certain transversality assump-
tions one can prove that, if the spectral flow of the family g is trivial, then we can find continuous
tame maps

uy, ..., u,: X = C", AM,..o A X =R

such that for every x € X the following hold.

e The collection (u1(x), ..., u,(x)) is an orthonormal frame of C".
o Li(x) < < A ().
o goup(x) =MWy (x), Vk=1,...,n.

For every 1 <i < n we consider the locus
Zikn ={xeX; Lix) =" =Aipx—1(0)},

where we for any i € Z we set Ajy, = A;. The loci X; ; , define closed subanalytic currents
satisfying

n[Ziknl =[2knl, VI<i<n.
We will carry out the details elsewhere. O
8. Symplectic reductions

The stratifications we have constructed behave well with respect to a standard operation in
symplectic geometry, namely the operation of symplectic reduction. We briefly recall a special
case.

Suppose J C Etisan isotropic subspace of E,sothatJ C JJ+. The quotient space

o~

Ey:=(J94)/1
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is a hermitian symplectic space called the symplectic reduction of E mod J. If we denote by

JtJl_or the orthogonal complement of J in E™, then we can identify Eq with the subspace J}Jl-or ®
J Jﬁor C E. We denote by Pg the orthogonal projection onto this subspace.

We say that a lagrangian L € Lagh(E) is clean mod J it L N'J =0, and we denote by
Lag;, (E, J) the open and dense subset consisting of such lagrangians. The symplectic reduction
mod J is the map
Ry : Lag, (E) — Lag,(Ey), Lag,(E)> L+ Ly:=Pg(L N (ET + J%s,)) € Lag,(Ey).
The restriction of R to Lag, (E,J) is continuous. We want to analyze in greater detail a special
case of this construction since it is relevant to our main problem.

For every positive integer N we denote by Ey the hermitian symplectic space

Ey:=CNgcCV

equipped with the natural symplectic structure, and we set Lag;, (N) := Lag,, (En). We denote
by (e;) the natural unitary basis of CV @ 0 and by (f ;) the natural unitary basis of 0 & CN. We

set IV =0, and for n < N we denote by J” the isotropic subspace of E, n defined by
J" = spanc{e;; i > n}.
We have a natural isomorphism E,, = (E N)gn.
For I C{1,2,..., N} we denote by DC?’ the Arnold—Schubert variety determined by / and the
decreasing isotropic flag (J®). In particular, when I = {k} we have
XY, = {L e Lag,(N); LnI*#0}.
We set Lag, (N; n) := Lag, (EN, J™"). Observe that
Lag;,(N; n) = Lag;, (N) \ XY, |.
We obtain an increasing filtration by open subsets
Lag, (N, 1) C Lag,(N,2) C --- C Lag, (N, N) = Lag, (N). (8.1)
Forevery I CIF ={1,...,n} we set
Afv =spancie;; i €I} @ span(c{fj; je€ ]I‘,C \ I} € Lag, (N),
and
Lag, (N); = {L € Lag,(N); LN JyA} =0}.

Observe that 7" C Jy AY, VI C IF, so that

|J Lag, (N); c Lag, (N.n).
Ichy
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In fact, we can be more precise.

Proposition 52. Let R, n denote the symplectic reduction map Lag,(N,n) — Lag,(n). Then
for every I C It we have

Lag,(N); = R, \ (Lagy (n)1), R (Lagy(N)7) = Lag, ().

In particular,

|J Lag,(N); =Lag, (N:n).
Ichy

Proof. Let L € Lag, (N, n), and denote by L’ the symplectic reduction of L mod J". We have to
prove two things.

A. If L' € Lagy, (n); for some I C If, then L € Lag, (N);.
B. If L € Lag, (N); for some I C I}, then L’ € Lag,(n);.

Proof of A. We know that L' N J, A7 = 0 and have to prove that L N JnAY =0. We argue by
contradiction. Suppose that 3u € L N Jy AY, u # 0. Observe that

AY = A} @spanc{f;: j>n}=A} @ InI.
Note that u € L N (J A} @ J,) so we can write
u=v+w, veJA], wel,.
Since L NJ,, =0 we deduce v # 0. Observe that E,, = JJ- ® JfJJ- AT @ J AY, where JJ- denotes
the orthogonal complement of J,, in CN @ 0. If P,, : Ey — E, denotes the orthogonal projection,
then we have
L'=RynL =Py (LN (E, @)

Note thatu € L N (En @ J,). We conclude that v € L' N J A} = 0. This contradiction proves A.

Proof of B. Since L € Lag, (EN)I we can find a hermitian matrix (x;;)1<;, j<n such that L is
spanned by the vectors e; (L) i € I, and f;(L), j € Iy, = ]I; \ I, where,

ei(L)=ei+Zx,-/ifi/— ij,-ej, iel, (8.2a)
i'el Jely

FiD=Fi+Y xijfi— Y xjpjep, jely. (8.2b)
iel J'ely

From the above we deduce that the collection of vectors

lei(L), fr(L): i€l kel :=TF\ 1}
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is a basis of L N (En @®J,). Hence L N (En @ J,,) has complex dimension n, and we deduce that
the vectors

ei(L)=Puei(L)=ei+ Y xpify— Y xuew. i€l (8.3a)
i'el kel

FoL)=Pufr(L)=fr+ > xinfi— Y xwjcew. kel (8.3b)
iel k'elf

form a basis of L’. This shows that L’ € Lag (n);, and in fact, that the Arnold coordinates of L
in the chart Lag, (n) are described by the hermitian matrix (¢;;)1<i,j<n- O

Denote by {W, ;1 C ]I;} the Arnold—Schubert stratification of Lag, (N) determined by the
isotropic flag 9 59! > ... Observe that if I C I}, then

Lag,(N.n)= | ] W} . (8.4)
Ichy

From the proof of Proposition 52 we deduce the following consequences.

Corollary 53. The symplectic reduction map R, n : Lag, (N, n) — Lag,,(n) is a surjective sub-
mersion with fibers diffeomorphic to RN 2o, Moreover; for every I C I we have

Win =9%,,’N(W,_’N), Wi =9%;§V(W,_n)
Moreover, if N > n > m, then
Rn.n =RmnoRnN.
The fibration X,y : Lag, (N, n) — Lag,, (n) admits a natural section (extension map)
Lag;,(n) > L'+ &y, (L") = L' ® spanc{ f;; k > n} € Lag, (N, n).
Using the extension map €y , we can give a Morse theoretic interpretation of the symplectic
reduction map.

Consider the hermitian matrix B = B, Nt E N — E N given such that

S S Oa lén,
_Bfk:Be":{k n<k<N (8:3)

‘We obtain as before a Morse—Bott function f;, : Lag, (N) — R, f,(L) =Re tr(§ Pr). The (posi-
tive) gradient flow of this function is given by

@ (L)y=e'BL, VL eLag,(N).

Using (8.2a)—(8.2b) we deduce that if L € Lag,(N);, I C Hj, and (x;j)1<;i, jgn are its Arnold
coordinates then (8.3a)—(8.3b) and (8.5) we deduce the following result.
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Proposition 54.

(a) The submanifold Ey ,(Lag,(n)) C Lag,(N) is the critical submanifold of f, consisting of
the absolute minima. The region Lag;, (N, n) is the repelling region (unstable variety) of this
critical set.

(b) Forevery L € Lag, (N, n) we have

lim e~B(L) = &y (Ran (L)),
— 00

where B is described by (8.5).
(c) The flow L — e 'BL extends to a smooth map

~

¥ : [0, 00] x Lag, (N,n) — Lag,(N,n),  (t,L)+> li}ne_tBL.
s/t

Proof. Suppose that L € Lag;, (N);, I C ]I,J{, and (x;;)1<ig<j<n are its Arnold coordinates. Us-
ing (8.2a)—(8.2b) we deduce that the Arnold coordinates of L, = ¢’ B are
Xij ifi <j<n,
xij(1) = 1 e/'xij ifi<n<j,

e(”j)’xij ifn<i<j.

The last equality proves (a) and (b). The smoothness of ¥, away from ¢ = oo is obvious. Near

t = 0o we use the coordinate s defined by e~ = % ie.,t= Fés' Then
Xij ifi <j<n,
xij(—t) = ijij ifi <n<j,

s(i+-/)xij ifn <i<j,
which proves the smoothness of ¥nearr =co. O

Let us observe that the extension map €y, : Lag, (n) — Lag;, () corresponds via the Cayley
diffeomorphisms Lagj, (m) — U (m) to the map

Ey,:U@n)— U(N), Un)sgr—>g® (—1en-n) e UN).
This map has the property that
E} Oy =0k, Vk<n, (8.6)

vlhere the closed differential forms @y ,, € Q%=1 (U (m)) are defined by (6.5). We denote by
Oinm € .QZk_l(Lagh (m)) the pullbacks of @y ,, via the Cayley transform. Using (8.6) and
Proposition 54 we obtain the following result.
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Corollary 55. For every integers 1 < k < n < N there exists a canonical form /O\k’n’ N €
92k_2(Lagh (N, n)) such that

@k,N|Lagh(N,n) - :R*N,n@k,n =dOia.nN.
Proof. The form '671(, »,N 1s obtained by integrating along the fibers of the natural projection

[0, 00] x Lag;, (N, n) = Lag, (N, n)

the form #*@;. y € 2%~1([0, 0] x Lag,, (N, n)), i.c., Oxnny =m¥*Os y. O

Remark 56. In the most trivial case, n = 0, we have B = 1 and the flow (¢, L) — e*’éL is
precisely the deformation used by Quillen in [41, §5.B].

The above result has a homological counterpart.

Proposition 57. Suppose X is a compact, oriented real analytic manifold and F : X — Lag;, (N)
is a real analytic map.

(a) There exists a decreasing isotropic flag (3™ )o<m<n of CN @ CN such that F is transversal
to the Armold—Schubert strata (W, ), I defined by J°. We set

(b) Fix a transversal isotropic flag (J°) as above. Then F(X) C Lag, (N, n) ifdim X < (2n+1).

(c) Fix n such that 2n + 1) > dim X, denote by R, y : Lag, (N, n) — Lag,, (n) the symplectic
reduction map, and by F, the composition

Fpo=R,NoF.

Then for every 1 < k < n we have F_l(f)C,](V) = Fn_l(f)CZ).
(d) The current of integration over the smooth locus of F~! (:)c,fg’ ) is a subanalytic cycle Poincaré
dual to F*(at] ).

Proof. Part (a) follows from Remark 30. Observe that the complement DC,’ZV = Lag, (N) \
Lag;, (N, n) has codimension (2n 4+ 1). Part (b) now follows from the transversality of F. Part
(c) follows from Proposition 52.

Via the map F' the Whitney stratification of Lagj, (N) by Arnold—Schubert strata pulls back
to a Whitney regular stratification of X by real analytic and globally subanalytic strata. The
smooth locus of F~! (DCIICV ) is naturally co-oriented, it has finite volume, and its complement has
codimension > 2. Denote by [F -1 (DC,ZCV )] the current of integration over the smooth locus of
F~! (x,fj ). This current is a subanalytic cycle.

In Lag, (N), the subanalytic current defined by DC,]CV is Poincaré dual to az’ ~- The fact that
[F _I(DC,’(V )] is the Poincaré dual of F *(oc,t’ ) follows from the (proof of the) slicing theorem
(Theorem 66) coupled with the transversality and the tameness of F. O

Remark 58. The real analyticity of the map F seems unavoidable if we are to stay in the realm
of currents. We can dispense with this assumption, and allow F' to be only C* if we define the
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cocycles a}' using Cech cohomology. This approach is explained in great detail in Cibotaru’s
dissertation [5].
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Appendix A. Tame geometry

Since the subject of tame geometry is not very familiar to many geometers we devote this
section to a brief introduction to this topic. Unavoidably, we will have to omit many interesting
details and contributions, but we refer to [6,8,9] for more systematic presentations. For every set
X we will denote by P(X) the collection of all subsets of X.

An R-structure® is a collection § = {8"}n>1, 8" C P(R™), with the following properties.

E;. 8" contains all the real algebraic subvarieties of R”, i.e., the zero sets of finite collections of
polynomial in n real variables.

E;. For every linear map L : R" — R, the half-plane {X¥ € R"; L(x) > 0} belongs to 8".

P;. Forevery n > 1, the family 8" is closed under boolean operations, U, N and complement.

P,. f Ac 8™, and B € 8", then A x B € §"1".

P3. If A€ 8, and T : R"™ — R" is an affine map, then T (A) € §".

Example 59 (Semi-algebraic sets). Denote by 8, the collection of real semi-algebraic sets.
Thus, A € Sglg if and only if A is a finite union of sets, each of which is described by finitely
many polynomial equalities and inequalities. The celebrated Tarski—Seidenberg theorem states
that 8 is a structure.

Let S be an R-structure. Then a set that belongs to one of the 8"s is called S-definable. If
A, B are 8-definable, then a function f : A — B is called S-definable if its graph I'y := {(a, b) €
A X B; b= f(a)}is 8-definable.

Given a collection A = (A,)y>1, A, C P(R"), we can form a new structure S(A), which is
the smallest structure containing & and the sets in A,. We say that S(A) is obtained from S by
adjoining the collection A.

Definition 60. An R-structure is called o-minimal (order minimal) or tame if it satisfies the
property

T. Any set A € St is a finite union of open intervals (a,b), —oo < a < b < 0o, and single-
tons {r}.

4 Thisisa highly condensed and special version of the traditional definition of structure. The model theoretic definition
allows for ordered fields, other than R, such as extensions of R by “infinitesimals”. This can come in handy even if one
is interested only in the field R.
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Example 61.

(a) (Tarski—Seidenberg) The collection 8, of real semi-algebraic sets is a tame structure.

(b) (A. Gabrielov, R. Hardt, H. Hironaka [16,20,23]) A restricted real analytic function is a
function f : R” — R with the property that there exists a real analytic function f defined in
an open neighborhood U of the cube C,, :=[—1, 1]" such that

fx), xeCy,

f(x):{o, X eR"\ Cy,

we denote by 8., the structure obtained from 8., by adjoining the graphs of all the restricted

real analytic functions. Then 8, is a tame structure, and the 8,,-definable sets are called

globally subanalytic sets. R
(¢) (A. Khovanskii, P. Speissegger, A. Wilkie [25,43,47]) There exists a tame structure S,

with the following properties

(c1) 8an C 8an- N R

(c2) If U C R”" is open, connected and S,,-definable, Fy,..., F, : U x R — R are §,,-

definable and C!, and f : U — Ris a C' function satisfying

%:Fi(x,f(x)), VxeR, i=1,...,n, (A.])

then f is /S\M deﬁnable
(c3) The structure Sa,, is the minimal structure satisfying (d1) and (d>).
The structure San is called the pfaffian closure® of 8y,.
Note that log x and ¢* are SM definable. Moreover if f : (a,b) — R is cl, 8an definable,
and xg € (a, b) then the antiderivative F(x) = f f(@)dt, x € (a,b), is also San definable.

The definable sets and function of a tame structure have rather remarkable tame behavior
which prohibits many pathologies. It is perhaps instructive to give an example of function which
is not definable in any tame structure. For example, the function x + sinx is not definable in a
tame structure because the intersection of its graph with the horizontal axis is the countable set
7 Z which violates the tameness condition T.

We will list below some of the nice properties of the sets and function definable in a tame
structure S. Their proofs can be found in [6,8].

e (Piecewise smoothness of tame functions) Suppose A is an S-definable set, p is a positive
integer, and f : A — R is a definable function. Then A can be partitioned into finitely many
8 definable sets Si, ..., Sk, such that each S; is a C”-manifold, and each of the restrictions
fls; is a CP-function.

o (Triangulability) For every compact definable set A, and any finite collection of definable
subsets {S7, ..., S}, there exists a compact simplicial complex K, and a definable homeo-
morphism @ : |K| — A such that all the sets @ ~'(S;) are unions of relative interiors of faces
of K.

5 Our definition of pfaffian closure is more restrictive than the original one in [25,43], but it suffices for the geometrical
applications we have in mind.
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e (Dimension) The dimension of an S-definable set A C R” is the supremum over all the non-
negative integers d such that there exists a C! submanifold of R” of dimension d contained
in A. Then dim A < oo, and dim(¢l(A) \ A) < dim A.

e (The scissor principle) Suppose A and B are two tame sets. Then the following are equivalent
e The sets A and B have the same Euler characteristic and dimension.

e There exists a tame bijection f : A — B. (The map f need not be continuous.)

e (Crofton formula [4], [15, Thm. 2.10.15, 3.2.26]) Suppose E is an Euclidean space, and
denote by Graffk(E ) the Grassmannian of affine subspaces of codimension k in E. Fix an
invariant measure @ on Graff(E).% Denote by HF the k-dimensional Hausdorff measure.
Then there exists a constant C > 0, depending only on w, such that for every compact,
k-dimensional tame subset S C E we have

Hk$)=C f x(LNS)du(L).
Graff* (E)

e (Finite volume.) Any compact k-dimensional tame set has finite k-dimensional Hausdorff
measure.

In the remainder of this section, by a tame set (or map) we will understand a ga,, -definable set
(or map).

Definition 62. A tame flow on a tame set X is a topological flow
D RxX—>X, (t,x)—> ®;(x),

such that the map @ is tame.
We list below a few properties of tame flows. For proofs we refer to [37].

Proposition 63. Suppose @ is a tame flow on a compact tame set X. Then the following hold.

(a) The flow @ is a finite volume flow in the sense of [21].

(b) For every x € X the limits lim;_, 100 DP;(x) exist and are stationary points of ®. We denote
them by @400 (x).

(¢c) The maps x — @ 10(x) are definable.

(d) For any stationary point y of ®, the unstable variety W~ = GD:;O (y) is a definable subset
of X. In particular, if k = dim W, then W™ has finite k-th dimensional Hausdorff measure.

Theorem 64. (See Theorem 4.3, [37].) Suppose M is a compact, connected, real analytic, m-
dimensional manifold, f : M — R is a real analytic Morse function, and g is a real analytic

6 The measure /4 is unique up to a multiplicative constant.
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metric on M such that in the neighborhood of each critical point p there exists real analytic
coordinates (x')1<i<m and nonzero real numbers (A;)1<i<m Such that,

m
VEf = Zx,-ax,-, near p.
i=1

Then the flow generated by the gradient V8 f is a tame flow.
Appendix B. Subanalytic currents

In this appendix we gather without proofs a few facts about the subanalytic currents introduced
by R. Hardt in [20]. Our terminology concerning currents closely follows that of Federer [15]
(see also the more accessible [31]). However, we changed some notations to better resemble
notations used in algebraic topology.

Suppose X is a C2, oriented Riemann manifold of dimension n. We denote by £2;(X) the
space of k-dimensional currents in X, i.e., the topological dual space of the space .pr,(X ) of
smooth, compactly supported k-forms on X. We will denote by

(0.0): 25, (X) x 2u(X) > R

the natural pairing. The boundary of a current T € §2;(X) is the (k — 1)-current defined via the
Stokes formula

(. 0T) := (da, T), Vo e 25" (X).
For every o € 2K(X), T € 2,,(X), k <m definea N T € 2,,_;(X) by
(B.aNT)=(aAB.T), VBeL" ).
We have
(B,d@NT))=(dB, (@NT))=(a AdB,T)
=(=D*d@ArB)—darB,T)=(-D"B,andT) + (—D"(B,danT)
which yields the homotopy formula
B(aﬂT)z(—l)deg"‘(aﬂaT—(da)ﬂT). (B.1)
The manifold X together with its orientation defines a current [ X] € §2,,(X). The induced map
NIXT: 25(X0) = 20k (X)
is the Poincaré duality map and the morphism of complexes

(2°x),d) X (2,_.(%), 9)
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induces an isomorphism in cohomology. We denote this isomorphism by P Dx. The homology
of the complex of currents (£2,(X), d) is the Borel-Moore homology of X with real coefficients
(if X is not too wild at co). We denote it by HFM (X) so that the Poincaré duality is a map
PDx : H*(X) — HBM (X).

If X and Y are compact oriented real analytic manifolds of dimensions n and respectively
m, and f : X — Y is a smooth map, then we have a pull-back map f*: H*(Y) — H*(X),
a push-forward morphism f, : HEM (X) — HEM(Y) and a Gysin map

fii H*(X) — H*~"=™(y)
defined by
fi=PDy' f.PDy.

Let us say a few words about the various sign conventions hidden in the above definition.

If 7 : S' x M — M is the canonical projection, where M is a compact oriented manifold, and
we orient S' x M by using the orientation of S! followed by the orientation of M, then for every
o € HY(M) we have

bid (d@ A n*(x) =2ra. (B.2)

In other words, 7, coincides with the integration-along-the-fibers map, where we use the fiber-
first orientation convention to fix an orientation on the total space of the bundle defined by 7.

We say that a set S C R” is locally subanalytic if for any p € R" we can find an open ball B
centered at p such that B N S is globally subanalytic.

Remark 65. There is a rather subtle distinction between globally subanalytic and locally subana-
lytic sets. For example, the graph of the function y = sin(x) is a locally subanalytic subset of R?,
but it is not a globally subanalytic set. Note that a compact, locally subanalytic set is globally
subanalytic. O

If S € R” is an orientable, locally subanalytic, C ' submanifold of R" of dimension k, then
any orientation or g on S determines a k-dimensional current [S, or g] via the equality

(o, IS, 0r5]>:=fa, Va € 2}, (R").
N

The integral in the right-hand side is well defined because any bounded, k-dimensional globally
subanalytic set has finite k-dimensional Hausdorff measure. For any open, locally subanalytic
subset U C R" we denote by [S, ors] N U the current [S N U, org].

For any locally subanalytic subset X C R” we denote by Cr(X) the Abelian subgroup of
2 (R"™) generated by currents of the form [S, org], as above, where ¢I(S) C X. The above
operation [S, ors] N U, U open subanalytic extends to a morphism of Abelian groups

C(X)>T > TNUeC(XNU).

We will refer to the elements of C(X) as subanalytic (integral) k-chains in X.
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Given compact subanalytic sets A C X C R" we set
(X, A) ={T € € (R"); suppT C X, suppdT C A},
and
Be(X, A)={dT +8; T € Zy11(X, A), S € Zk(A)}.
We set
F (X, A) = Zp (X, A)/Bi(X, A).
R. Hardt has proved in [19,20] that the assignment
(X, A) — H.(X, A)

satisfies the Eilenberg—Steenrod homology axioms with Z-coefficients. This implies that
He (X, A) is naturally isomorphic with the integral homology of the pair. In fact, we can be
much more precise.

If X is a compact subanalytic we can form the chain complex

B C(X) D Gy (X) D

whose homology is H, (X).

If we choose a subanalytic triangulation @ : |K| — X, and we linearly orient the vertex set
V = V(K), then for any k-simplex 0 C K we get a subanalytic map from the standard affine
k-simplex Ag to X

P A — X.

This defines a current [o] = @ ([Ak]) € Cx(X). By linearity we obtain a morphism from the
group of simplicial chains Co(K) to C4(X) which commutes with the respective boundary oper-
ators. In other words, we obtain a morphism of chain complexes

Co(K) — Co(@IK]).

The arguments in [13, Chap. III] imply that this induces an isomorphism in homology.

To describe the intersection theory of subanalytic chains we need to recall a fundamental re-
sult of R. Hardt, [18, Theorem 4.3]. Suppose Ey, E; are two oriented real Euclidean spaces of
dimensions ng and respectively ny, f : Eo — Ej is a real analytic map, and T € C,,—.(Eop) a
subanalytic current of codimension c. If y is a regular value of £, then the fiber £~!(y) is a sub-
manifold equipped with a natural co-orientation and thus defines a subanalytic current [ f~!(y)]
in Eg of codimension ny, i.e., [ f -1 (] € Cgy—a, (Ep). We would like to define the intersection
of T and [f’1 (y)] as a subanalytic current T [f’] ("] € Cpy—c—n, (Ep). It turns out that this is
possibly quite often, even in cases when y is not a regular value.
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Theorem 66 (Slicing Theorem). Let Eo, E1, T and f be as above, denote by d Vg, the Euclidean
volume form on E1, by @y, the volume of the unit ball in E1, and set

Ry (T) = {y € Ey; codim(suppT) N ' (y) > ¢ +ny,
codim(suppdT) N £~ (y) = c +ny + 1}.

For everye > 0andy € E| we define T o, f~1(y) € $2ng—c—n, (Eo) by

(. T oo £ (1)) := ((f*ave) ne, TO(fFH(B())), Ve e 200" (Eo).

@y, &M

Then for every y € Ry(T), the currents T o, f ~1(y) converge weakly as ¢ > 0 to a subanalytic
current T e f’1 (y) € Cpy—c—n, (Eo) called the f-slice of T overy, i.e.,

—1 .
R
1

((f*ave) Aa, TO(fH(B:(2)))), Yo € Qo0 " (Eo).

Moreover; the map
fRf Sy—>Te f_l(y) € Gdo_c_dl (Rn)
is continuous in the locally flat topology.

We will refer to the points y € R¢(T') as the quasi-regular values of f relativeto T .

Consider an oriented real analytic manifold M of dimension m, and T; € C,,—, (M), i =0, 1.
We would like to define an intersection current Ty e 71 € C,,—¢y—¢, (M). This will require some
very mild transversality conditions.

The slicing theorem describes this intersection current when 77 is the integration current de-
fined by the fiber of a real analytic map. We want to reduce the general situation to this case. We
will achieve this in two steps.

e Reduction to the diagonal.
e Localization.

To understand the reduction to the diagonal let us observe that if Ty, 77 were homology
classes, then their intersection 7y e T} satisfies the identity

Jx(To @ T1) = (=)= (Ty x Ty) @ Ay,

where Ay denotes the diagonal class in M x M, and j : M — M x M denotes the diagonal
embedding; see [34, Sec. 7.3.2].

We use this fact to define the intersection current in the special case when M is an open subset
of R™. In this case the diagonal A}y is the fiber over 0 of the difference map

§:MxM—R", 8(mg,m)=my—mj.

If the currents Ty, T} are quasi-transversal, i.e.,
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codim(supp Tp) N (supp 71) = co + c1, (B.3a)
codim((supp To Nsupp dT7) U (supp 3Ty N supp Tl)) 2co+c+1, (B.3b)
then 0 € R™ is a Ty x T1-quasi-regular value of § so that the intersection
(Tox T1) ¢87(0) = (To x T1) @ An

is well defined.
The intersection current 7y e 77 is then the unique current in M such that

Je(Ty e Ty) = (=)= (Ty x T1) 0 571 (0).
If M is an arbitrary real analytic manifold and the subanalytic currents are quasi-transversal, then

we define Tj e 77 to be the unique subanalytic current such that for any open subset U of M real
analytically diffeomorphic to an open ball in R”* we have

(ToeT)NU =(ToNU) e (T1 NU).
One can prove that
(To e Ty) = (—1)O1(3Ty) @ Ty + T @ (3T}), (B.4)
whenever the various pairs of chains in the above formula are quasi-transversal.

One of the key results in [19,20] states that this intersection of quasi-transversal chains induces
a well defined intersection pairing

L m—co(M) X :}Cm—c‘] (M) — -'}Cm—co—cl (M).

These intersections pairings coincide with the intersection pairings defined via Poincaré duality.
This follows by combining two facts.

e The subanalytic homology groups can be computed via a triangulation, as explained above.
e The classical proof of the Poincaré duality via triangulations (see [30, Chap. 5]).

For a submanifold S C M of dimension k£ we define the conormal bundle TS*M to be the
kernel of the natural bundle morphism

i*:T*M|s — T*S,

where i : § < M is the inclusion map. A co-orientation of S is then an orientation of the conor-
mal bundle. This induces an orientation on the cotangent bundle of S as follows.

e Fix 5o € §, and a positively basis by = {e!, ..., ek} of the fiber of T¢ M over sg.
o Extent the basis b, to a positively oriented basis b = {el,...,e"} of T;SM .
e Orient 7g S using the ordered basis {i* (e, ik e™)).
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We see that a pair (S, or) consisting of a C', locally subanalytic submanifold S <> M, and
a co-orientation orL defines a subanalytic chain [S, ort]le G (M). Observe that

suppd[S, ort] Cel($)\ S.
Thus, if dim(cl(S) \ §) <dim S — 1, then 9[S, ort]1=0.
Definition 67. An elementary cycle of M is a co-oriented locally subanalytic submanifold
(S, or*) such that 3[S, ort]=0.

We say that two elementary cycles (S;, oriL), i =0, 1, intersect conveniently if the following
hold.

e The submanifolds Sy, S intersect transversally.
o cl(Sp)Necl(S)) =cl(SoN Syp).

Remark 68. Let us point out some simple properties of elementary cycles intersecting conve-
niently. The last condition in the above definition implies that

COdim(Cl(So) Necl(S1)\ (SpN Sl)) = codim(cl(So NS\ (SN Sl))
> codim(Sp N §1) = codim Sy + codim S;.  (B.5)

The intersection Sy N Sy is transversal and the conormal bundle of Sy N §7 is the direct sum of
the restrictions of the conormal bundles of Sy and S,

T;;)ﬂS| M= (T;:) M) }Soﬂsl @ (T;] M) |S0r151 !

There is natural induced co-orientation oré A orf- on Sp N S; given by the above ordered direct

sum.

Proposition 69. Suppose (S;, orf‘), i =0,1, are elementary cycles intersecting conveniently.
Then

[So.org] e [S1,0r{]=[SoNSi,0rg Aort].
Proof. From (B.4) we deduce that
3([So,ory] e [S1,0r1]) =0.
On the other hand,
supp([So. ory ] @ [S1,0r1]) C el (So) Nel(S1) = el (S N Sy).

Using (B.5) we deduce that in order to find the intersection current [Sp, or(J)-] e[Sy, orf-] it suffices
to test it with differential forms o € £2°07¢1 (M) such that

suppa Nel(So) Nel(S1) C Sp N Sy.
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Via local coordinates this reduces the problem to the special case when Sy, S1 are co-oriented
subspaces of R” intersecting transversally in which case the result follows by direct computation
from the definition. We leave the details to the reader. 0O
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