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We have thus proved:

LemMa 4.1. — If u is an optimal control then so is its symmetric
rearrangement u*.

Let u be an optimal control. By (4.6) we have

0, pr<ax
u(x) =1 (A)ai-a) > pr=2
L, pF>a

u*-its symmetric rearrangement is then equal to

L 5 IJCl € [O, Rl]
u(x) =1 (Aa)a1-q) » x| € [R1, Ry)
0, I)CIE[Rz,R].

Here R, <R, satisfy wg RY = m[p > 1], on(RY — RY) =m[p = 2] where p is
the adjoint state corresponding to u in virtue of Theorem 3.1.

We prove that either Ry =R,, or =0, o1 (Aa)yq-o =L i.c. u has the
form indicated in the statement of Theorem 4.1.

Let us suppose R; < R, and (Aa),1- < L. Let z=y, and g the adjoint
state corresponding to the optimal control u*.

According to Proposition 4.1 we get g(x) = when R, < |x| <R, and
hence z(x) = (Aa)y(-. When R, <|x|<R,. Hence Vz(x) =0 R, < |x|<R,.
z satisfies the following equation with mixed boundary values

—-Az+2z°=0, R,<|x|<R
z=0, x| =R
9z/av =0, x| =R;.

Hence z=0 on R,<|x|<R. Since z € C(Q) we get (Az)yq-. =0 that is
A=0.

We have thus proved that if u is an optimal control then so is u* and
moreover u* has the form indicated in the statement.

To prove the remaining part of the theorem is suffices to observe that if
the range of u consisted of more then three elements then so would be true
for the range of its symmetric arrangement whish is necessarilly bang-bang.

g.e.d.
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We give a nother application of general theory
(P) Minimize f y(x)dx over all (y, u) subject to
o

(4.1.1) —-Ay+f(y)=u, in Q
(4.1.2) y=u, onI'.
Here f(r)=|r|*'r, »=0 and |

(4.1.3) uek=|veL(@N0<v<L, [vix=M
g
The optimality conditions are
(4.9 Ap* e HY(Q): — Ap* +z;%T;p* =-1, a.e. in [y*>0]
p*=0, a.e. in [y*=0]
I ut(x) = 0 P2
L, pr>a.
Proceeding as in Proposition 4.1 we get A<0 and
0, pr<a
u*(x) =1 (= A8)u(i-a) » pr=2
L, pr> .

When Q = Bg(0) and ¢ = const. then one can say more. It is convenient to
consider a more general formulation

(Py) Min f H(y)dx over all (y, u) subject to
| — Ay +f(y) =u, in Q= Be(0)
y=u, onI"uek.

Here H: R—R is a continuous convex increasing function while
f: R— R denotes a concave increasing function satisfying the conditions in
section 2.

PROPOSIZION 4.2. — The problem (P,) has a least one radially symmetric
optimal control.

Proof. - We use another symmetrization method, yet very different of
that used in Theorem 4.1.
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Let G = O(N) the N-th orthogonal group (g€ O(N)<gg,=1) Gis a
compact Lie group. Our symmetrization method starts from the simple
remark that a function u: Bg(0)— R is radially. symmetric if and only if

(4.10) Vge G u=u® where u8(x)=u(gx)
(gx denotes the action of G on Bg(0)). This remark is an easy consequence
of the fact that G acts transitively on SV L.

One can define on G a Haar measure y translation invariant such that

+(G)=1 (see e.g.[12]). We denote dy = dg.
Let

(4.11) uC(x)= [ us(x)dg

G

ug is radially symmetric since y in translation invariant. For example when
N=1,0=]|-R,R|

uO0(x) = 2 [u(x) + u(= x)]
and when N=2, Q= {z/|z| <R}
u99(z) = ZI; f nu(exp [i6] z) + u(exp [i6] 2) db .

By Fubini theorem we get

[ dg [wsydx=[ax [us(oydg.

Since
detgl=1 [us(x)dr = [u(x)dx.

Therefore i ’

(4.12) Jutxydx= [ ut(x)ax, ((G)=1).

If ¢ is any continuous convex (concave) function ¢: R— R then

(4.13) s [wmax)<@) [ s@)dg

G G
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ie.
(4.13") )< (=)(3ou)® (see Appendix).

Because gg' =1 then Ay® = (4)%) (4 is rotation invariant) Vy € Cx(Q) and
passing to the limit

Ay = (4y), Vy e W(Q)
Let (y, u) be an admissible pair. y, satisiies

— AyE+ f(y®) = uf, in 2
yE=pu, on I'.

We integrate with respect to ge G. We get

f~Aygdg+ ff(yg)dg=u0, in Q
’ yGG=M, on I'.
Since
[aysdg=1 [ yrag, Vy e CX@)
é é
we obtain at limit
—Ay® + ff(yg)dg=uG, in Q
;G=/4 ’ on I'.

f is concave. Using the concave part of (4.13) we infer

—Ay% + f(y%)=u, in Q
yC=u, on [

u® e K owing to (4.12). i
We infer from the comparison principle that y®=y*". H is increasing
$O

[ H® ax= [ H() dx

H is also convex. From (4.13) we get

H(y°)<[H(y)]°.
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Hence using (4.12)

[ H(ydx< [ B ax.

We draw the conclusion:

«If uis an optimal control then so is uC which is radially symmetric».
q.e.d.

Hence problem (P) has a radially optimal control.

Proposition 4.1 is useful in many other situations. Let us consider the
following control problem

(OP) Minimize f y(x)dx over all (y, u) subject to

BR(0)

—Ay+u=0
(4.14.1)
y=0 in Br(0)
(4.14.2) (—4y+u)y=0
(4.14.3) ylp=1 and

(4.144) ueK=lve XBxO<v<L, [ vy dx=m
B

(4.14.1)-(4.14.3) is the well-known obstable problem. For N=2 it models
the deformation of a circular membrane that has its boundary clamped at
height 1 above a rigid obstacle in the horizontal plane.

The membrane is subjected to a distribution of forces of density u.

If we set y=z+ 1 the state equations can be rewritten as

(4.15) —Az=f(z+D>3-u, z|r=0
where
¢, r<@,
B(ry=11-=,0], r=0,
0, r>0.

Let us consider the following approximative problems
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(OP) Minimize J y(x)dx over all (y, u) subject to
Bg

—Az+B(z+1)=—u, uek

le=0.

Here and 8,(r) = (1/e)r_.
3, is a concave increasing function. Hence by Proposition 4.2 (OP,) has

at least one radially symmetric optimal control. We denote it by u’. Let the
corresponding state be zf =y, —1. z{is also radially symmetric.

It is well-known that
w'—u*  weakly in LXQ)

&

z¥—>z* weakly in Hy@Q) (z*=y*—1)

where (u*, y*) is an optimal pair for (OP) see for instance 2]

Since y*— y* strongly in L,(Q) we get that y.;*— y* a.e. on a
subsequence. Therefore y* is radially symmetric.

Thus we have proved that (OP) admits at least one optimal pair

(y*, u*) such that state y* is radially symmetric. Since the mapping u — y*

(= solution of (4.14.1)-(4.14.2) corresponding to u) is not necessarilly one-
to-one it is to be expected that the same state can be obtained using

different controls. However one can prove

PROPOSITION 4.4. — Let (y*, u*) be an optimal pair for (OP) such that y*
is radially symmetric. Then u* is bang-bang.

Proof. - We use the necessary optimality conditions for (OP) (see [2]).

These conditions are:
«There exists p* € H}(Bg) such that

(4.16.1) —Ap*+1=0, in [y*>0]
(4.16.2) pH(—Ay*+u*)=0, a.e. in By
(4.16.3) p € dl(u*), a.e. in Bg

(4.16.3) can still be defined to

0, p*>2a
(4.16.4) ax ut(x)=
pr>a.

*

Inspecting the proof of these optimality conditions we find that p* was
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obtained as a weak H} limit of negative functions and consequently
p*=0.

Owing to this fact in (4.16.4) 2<0.
2* would be known if we knew its values on the set [p* = A]. This is
what we want to find. We distinguish two situations

A 2<0
(4.17) —Ay*+u* =0, a.e. in [p*=21].

Furthermore y* =0 a.e. in [p* =2]. Indeed, if we supposed the contrary
them m([p* = Al N [y* >0])>0.

p* e Hi[y">0] (see [6]) and therefore 4p* =0 a.e. on [p*=2]n
A [y*> 0] by Stampacchia’s lemma. This last conclusion does not agree
with (4.16.1). .

By standard regularity results ([10]) we infer y € W*#(Bg). Hence
Ay*=0a.e. in [p* = 2] since y*=0a.e. on [p* =2]. By (4.17) we deduce
u*=0 ae. in [p*=21] i.e. u* is bang-bang.

B. 2=0. Asin case A. we have y*=0a.e.inp* = 0. Recalling that
p* <0 we rewrite (4.16.4) as

0, p*#0,
(4.18) u*(x) =
undefined, p*=0.

Since f u* dx = M we get m{p* =0]>0. Since [p* = 0} c [y* = 0] we infer
Br

the coincidence set C =[y* = 0] has non-zero measure. This set has nice

properties namely:

1) [y*=0] 3B = ¢ since y~ Vo, =1
2) Since y* € W*?(Bg), Vp €1, o[ and y attains its minimum on C
we get Vy* =0 on C.
3) C is radially symmetric compact and m(C)>0.
Let r,=min {r € [0, RYC c B,{0)}. From the properties 1) and 3) above
we get that 0<ry<R.
Moreover from the definition of ry we infer

(4.19) yrx) =0, Wy x)=0, Vx| =ro,
(4.20) y*(x)>0, Vx| >1.

We knaw that p* 50 on [y* > 0] and by (4.18) we get u* =0 on [y* >0].
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Therefore y* satisfies the equation

—Ay* =0, ro<|x|<R
(4.21) y*x) =0, x| =ro
y(x) =1, lx|=R
and
(4.22) 3y*lov=0, on |x|=r.

By Hopf’s maximum principle we infer that y* obtaines its minimum at a
point Xo, |%o| =79 and in this point dy*/dv+ 0 in contradiction to (4.22).
Hence in (4.16.4) alway 5 <0 and therefore u* is bang-bang. q.e.d.

As we have previously mentioned a given state can be eventually
obtained using several controls. However Proposition 4.3 sets up severe
restrictions on the optimal controls leading to radially symmetric states.
Namely all such controls should be bang-bang.

We also see that this non-uniquenes of the controls derives from the
fact that we don’t know their behaviour on the coincidence set [y*=0].
Hence Proposition 4.3 restricts this behaviour on [y* =0].

Let us observe that if y= y* (u; € K) then every 0<u,<1 such that

(1) uy=u, on [y>0],

(i) Juldx= Juzdx.

{y=0] [y=0]

We have ue K and y =y¥.

If now suppose y =Y" a radially symmetric optimal state and u;, U, the
above two optimal controls leading to y then Proposition 4.3 says that all
uy, u, satisfuing (i)-(iii) should be bang-bang.

This additional condition leads us to the conclusion that every control
corresponding to the optimal state y* should be constant on the coinciden-
ce set [y*=0] (in a.e. sense).

Indeed if this thing did not happen then one can easily find a control v
satisfying (i)-(ii) and which is not bang-bang.

Moreover the constant value of u ony = 0 can be uniquely determined
from the value of

udx
[y"=0]

which is the same for all controls leading to y*. Hence y* can be obtained
from a unique control u* which is bang-bang and radially symmetric.
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We have thus proved:

ProposiTioN 4.5. — a) The obstacle problem (OP) admits at least one
radially symmetric optimal state y*.
b) y* is obtained from a uniquely determined control u* which is
radially symmetric and bang-bang.
¢) u* has the additional property u* =const on [y* =0].

AppENDIX. ~ Let (X,u) be a measured space that w(X) =1 and let
¢: R—R be a continuous convex function. Then for each f: X— R the
following generalized Jensen inequality holds true:

© s [ du|< [ 3(f0) a0

Proof. — Let f,: X — R be a sequence of step mappings such that fn—f
ae. and L. For step mappings (J) is another way of writing Jensen’s
inequality. Hence VneN

s [y de | < [ 6(f0)) du

Letting n— ® we get the general inequality. g.e.d.

Aknowledgements.

1 wish to thank Professor V. BARBU whose valuable advice contributed
to the improvement of this paper.

REFERENCES

[1] C. BANDLE, Isoperimetric Inequalities and Applications, Pitman, 1980.

[2] V. Barsu, Optimal Control of Variational Inequalities, Pitman, 1983.

[3] V. Barsu, T. PRECUPANY, Convexity and Optimization in Banach Spaces, D. Reidel
Publishing Company, 1986.

[4] J. 1. Diaz, Nonlinear Partial Differential Equations and Free Boundaries, Pitman,
1986.

[5] 1. 1. Diaz, Applications of Symmetric Rearrangements to Certain Nonlinear Elliptic
Equations with a Free Boundary, in Nonlinear Diff. Eq., Pitman, 1985, ed. J. HaLE
and P. MARTINEZ.

[6] A. FRIEDMAN, Partial Differential Equation, Holt Rinehert-Winston, 1969.

[7] A. FriebMan, Optimal Control for Variational Inequalities, SIAM J. Control and
Optimization, 1987.



Optimal conirol for a nonlinear diffusion equation 27

[8] D. GILBARG, N. S. TRUDINGER, Elliptic Partial Differential Equations of Second Order,
Springer Verlag, 1984.

[9] HarDY-LITLEWOOD-POLYA, Inequalities, Cambridge, 1934.

[10] D. KINDERLEHRER, G. STAMPACCHIA, An Introduction to Variational Inequalities and
Their Applications, Academic Press, 1980.

[11] G. PoLya, G. SzeGo, Isoperimetric Inequalities in Mathematical Physics, Princeton,
1951.

[12] W. RuDIN, Functional Analysis, Mc Graw-Hill, 1973.

Pervenuto alla Redazione il 29 aprile 1987






